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Preface 


Objectives 


This third edition of Topics in Management Science provides an updated 
survey of the field of management science. Management science encom- 
passes both a series of quantitative techniques and a logical methodology 
for applying these techniques to decision making. The text is oriented 
toward the utilization of the theory and methodology of management sci- 
ence within modern organizations. It is specifically designed for the survey 
course in management science that has become a requirement in under- 
graduate and graduate programs in business administration. Undergrad- 
uate or graduate students in engineering, public administration, health 
administration, or economics may also find it instructive. 


The major objective of this third edition is to provide a better understanding 
of the usefulness and limitations of a wide range of management science 
techniques. It is unlikely that most of its readers will become specialists in 
management science. Instead, many of them will become managers or ad- 
ministrators who will be users of the results of management science studies. 
As such, they will need to 


1. Recognize problem situations in which management science can be ap- 
plied. 

2. Participate intelligently in problem formulation and in the specification 
of the data requirements for the solution to the problem. 

3. Communicate with a technical specialist (generally, the management 
science analyst) who is responsible for modeling the problem and ob- 
taining its solution. 

4. Interpret the computer output that is typically produced by a manage- 
ment science study. 

5. Understand and assess the results of a management science study so 
that a good decision with respect to the original problem can be made. 


This textbook provides this managerially-oriented group with insights 
on how they can utilize management science to make more effective deci- 
sions. Chapter 1 introduces this decision-making orientation within the 
framework of the scientific method. The following 16 chapters emphasize 
this decision-making orientation, while addressing a broad range of man- 
agement science techniques. Finally, Chapter 18 addresses the important 
managerial problem of implementing the results of management science 
studies. 

For the group of students who may decide to seek a professional career 
in management science, this textbook provides a comprehensive and in- 
sightful overview that will motivate them and prepare them for advanced 
study. This third edition contains an even more comprehensive review of 
the ideas and methods of management science that are fundamental to its 
practice. 

This edition continues to be oriented toward providing the student with 
a thorough coverage of those management science techniques that are of 
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the greatest significance in both profit and not-for-profit sectors. It has a 
strong application focus toward the users of management science studies 
It includes a large number of applications examples, figures, tables, clari- 
fying definitions, case studies, and completely worked problems, which are 
couched as real-world scenarios. It emphasizes the use of computers in 
solving management science problems and presents computer output 
throughout. At the end of each Chapter are glossaries of terms, discussion 
questions, and numerical problems that provide the student with an ор- 
portunity to gain a skill and understanding of various management science 
concepts and techniques. 


Numerous changes have been made in this third edition as a result of 
Suggestions made by former students, professors who used the first and 
second editions, and reviewers. The major changes are as follows: 


New Chapters. Completely new chapters on РЕКТ/СРМ (Chapter 8) and 
Game Theory (Chapter 12) have been added. 


New Case Studies. New case studies have been included at the end of 
each chapter. The case studies have been chosen to reflect the international 
nature of management science as well as its applicability to both manufac- 
turing and service firms and to private and public organizations. These 
cases help students interrelate management science with real managerial 
situations. 


Addition of Computer Illustrations. Computer illustrations have been 
added to virtually all chapters. Particular emphasis is placed on the use of 
microcomputer software packages to solve management science problems. 


Updating of Previous Edition. Several portions of the third 
edition have been extensively rewritten or revised, as a result of classroom 
use, suggestions from previous adopters, or reviewers’ comments. In par- 
ticular, all of the chapters dealing with mathematical programming have 
been revised and made notationally simpler. Virtually all chapters have 
been changed to some extent. The bibliographic references have also been 
updated, and there are many more illustrative examples, figures, and tables. 


Revision of Problem Sets. The problem sets in several chapters have been 
revised. New problems have been added and certain problems have been 
revised or deleted. Answers to all even-numbered problems are included 
in the back of the book. 


Revision of Discussion Questions. The discussion questions at the end 
of several chapters have been revised. New discussion questions have been 
added and certain discussion questions have been revised or deleted. 


The mathematical prerequisites needed for use of this text are an under- 
standing of basic algebra and some exposure to probability and statistics. 
The book uses algebra, probability, and statistics in the development of 
various management science techniques and models. It assumes a level of 
mathematical ability comparable to that acquired in a standard college course 
in finite mathematics and probability and statistics. A brief review of prob- 
ability and statistics is provided in Appendix A. 


Торіса! Coverage 


and Organization 


Some knowledge of calculus ін also desirable but is not essential for an 
understanding and use of the book. A brief review of differential and in- 
tegral calculus is furnished in Appendix В 

The book also utilizes matrix algebra in several places. To aid the student, 
а review of the basics of matrix algebra is included in Appendix С 

Finally, Appendix D includes a number of mathematical tables that are 
useful in solving problems. It also contains a review of the mathematical 
notation and symbols used throughout the book. 


The sequence of the 18 chapters in the textbook is indicated in the table 
of contents. Following Chapter 1, which is an introduction to management 
science, Chapters 2 through 6 concentrate on various aspects of linear and 
goal programming. Chapters 7 through 12 addrew additional and advanced 
topics in mathematical programming. Chapters 2 through 12 essentially 
treat deterministic models (i.e., models that do not involve probability con- 
siderations within their structure). Stochastic models (i.e., models that do 
treat probability considerations within their structure) are analyzed in Chap- 
ters 13 through 17. Chapter 18 then provides a synthesis for the book in 
terms of implementation of management science. 

Although this book is organized around a series of mathematical tech- 
niques, management science encompasses much more. I believe that be- 
ginning students of management science can best gain an understanding 
of it by concentrating on the formal structure of decision-making techniques 
rather than on the formulation and model-building aspects of some par- 
ticular problem. Students who become familiar with basic management 
science techniques can then learn to apply them as these students become 
more experienced in their working environment. Throughout the book 
various decision-making situations are verbalized in order to indicate how 
management science facilitates decision making. Also, several approaches 
to solving the same kind of problem are presented. 

My personal judgment has obviously been used in topic selection and in 
the depth of treatment given to the various topics. This judgment has been 
guided by some 20 years of teaching and consulting experiences in a wide 
variety of businesses and governmental organizations. Many of the prob- 
lems and examples in the text are derived from real problems that the 
author has encountered. The depth of coverage and sequence of topics 

ted is reflective of the author's experience as to what is useful in a 
real world context. 


What you will be studying is basically applied mathematics. This means you 
will be required to do a lot of diligent reading to gain an understanding of 
the text material. Also, you will need to study the details of the many 
numerical examples that are presented and discussed. Additionally, you 
must develop a problem-solving skill to master the course and this will 
involve solving a substantial number of the problems presented at the end 
of each chapter. 

Your instructor will typically assign homework assignments involving a 
few problems at the end of a particular chapter. You will find it instructive 
and useful to allow yourself several study sessions to complete such assign- 
ments. А typical problem assignment of four or five problems сап be ex- 
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tremely tedious, and perhaps frustrating, it you try to complete it the eve- 
ning before it is collected. The microcomputer software packages discussed 
in the text are good problem-solving aids. However, your instructor will 
probably require you to be able to formulate and solve problems manually, 
in addition to being able to solve them using a computer. 

Some of the problems presented at the end of the chapters are already 
formulated. These problems are designed for drill purposes, that is, to 
provide you with practice in developing computational skills for various 
management science techniques. Many other problems involve verbal de- 
scriptions of various decision-making situations. These problems are de- 
signed to develop your reasoning and analytical skills, as well as to provide 
further computational experience. Herein you may expect some ambiguity 
in terms of problem formulation. Although it is not possible to completely 
resolve this formulation ambiguity, you will usually find that much of your 
dilemma can be eliminated if you explicitly state on paper the assumptions 
you are using, and then proceed. Remember that these formulation ex- 
ercises are designed to enhance your analytical skills and by forcing you to 
make explicit assumptions such analytical skills can be improved. 

Although the emphasis in management science—as evidenced in this 
book, is on quantitative techniques, the student should also strive to develop 
an understanding of the concepts and terminology of the field. Extensive 
glossaries of important terms are provided at the end of each chapter as a 
reference, and they should be consulted regularly. A set of discussion ques- 
tions is also included at the end of each chapter. The instructor may include 
some discussion questions as a part of your homework assignment or, if 
not, you may want to review these discussion questions with your classmates 
in order to enhance your overall understanding of the text material. 


As noted previously, this textbook is designed primarily for a one-semester 
introductory course in management science. It is unlikely that the entire 
book can be covered in such a one-semester course. Instead, the broad topic 
coverage provided in the book is designed to give the instructor a great 
deal of flexibility in choosing the topics to be stressed. 

In a one-semester management science course in which the students 
have some background in probability theory, statistics, and matrix algebra, 
the following priority scheme is suggested: 


Priority Framework 
Topics in Management Science 
A One-Semester Course 


First Priority Second Priority Third Priority 
1. Introduction 
2. Introduction to 

Linear 


Programming 


3. Simplex 
Method 
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Acknowledgments 


4. Duality and 
Sensitivity 
Analysis 


5. Transportation 
Problem 


6. Goal 
Programming 


7. Network 
Models 


8. PERT/CPM 
Models 


9, Integer 10. Nonlinear 


Programming ад Programming 
11 12 


. Dynamic . Game 
Programming Theory 


13. Waiting-Line essay Markov 


Models Processes 


15. Inventory 
Models 


16. Simulation 317. Decision 
Models Analysis 


18. Implementation 


The third edition includes over 500 problems, many of which have mul- 
tiple parts. These problem sets are arranged in the same order as the 
material is presented in the various chapters. Each problem set is divided 
into two major parts: computational exercises and formulation exercises. 
'The computational exercises provide drill problems for applying compu- 
tational algorithms. The formulation exercises require the student to trans- 
late a verbal problem statement into a mathematical model, and then solve 
this mathematical model. A typical homework assignment given to students 
would probably include problems of both types. 

Discussion questions can also be included as a part of the homework 
assignment, and they afford a particularly good method for encouraging 
students to think about some of the underlying concepts and theories of 
management science. 


Initially, I would like to express my appreciation to the large number of 
students and professors who used the first and second editions, offered 
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many helpful suggestions for improvements, and indicated where correc- 
tions or changes were needed. Several academic colleagues have made val- 
uable suggestions. Among these persons are L. Douglas Smith, Robert M. 
Nauss, Joseph Martinich, Lori Franz, Ken Darby-Dowman, Marvin Troutt, 
Belgin Buke, Russell Fogler, and Shawnee K. Vickery. I particularly ap- 
preciate the many helpful suggestions made by Jim Sweigart, a fellow pro- 
fessor at the University of South Carolina, who used the first and second 
editions for several MBA classes. 

Administrative support for this third edition was again provided by Dean 
James Е. Kane, and the typing was done by Ms. Julia Moton and Mrs. Leigh 
Hopkins. A former Ph.D. student, Clive Sanford, provided tremendous 
assistance with this third edition by developing computer examples and 
performing numerous editorial duties. I am also grateful for the assistance 
provided by Ms. Cheryl Mehalik, my editor at Wiley, and for the many 
suggestions made by the reviewers: Edward Baker, University of Miami; 
Ravinder Nath, Memphis State University; A.W. Smith, Texas A&M Uni- 
versity; Enrique Venta, Loyola University of Chicago; and Shawnee K. 
Vickery, Michigan State University. 

Finally, I deeply appreciate the continuing support of my wife, Mylla, 
and of my two sons, Kevin and Keith. 


Robert E. Markland 
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INTRODUCTION 


“ CHAPTER 1 


1.1 THE ORIGINS AND 
DEVELOPMENT OF 
MANAGEMENT SCIENCE 


Management science is concerned with the appli- 
cation of the scientific method to decision making 
in business, industrial, governmental, and military 
organizations. It encompasses a methodology and 
a set of techniques derived from the physical sci- 
ences and mathematics with an objective of im- 
proving the quality of managerial decisions. Im- 
proved decisions by executives are crucial to the 
survival of the firm in our competitive economic 
environment. Such decisions concern the acqui- 
sition and utilization of the basic factors of pro- 
duction: human beings, materials, machines, and 
capital. As such decisions are made, the firm’s 
market position either improves or worsens, and 
the value of the executive to the firm is judged 
accordingly. Consequently, the modern manager 
must have a basic understanding of the central 
ideas, techniques, accomplishments, and limits of 
management science. 

The practice of management science is based 
on the application of the scientific method to the 
study of managerial problems. The foundations 
of the scientific method can be found in the writ- 
ings of Aristotle and Plato, who fostered the idea 
that the methods used in mathematical reason- 
ing—that is, that all propositions that are not self- 
evident should be derived from others that are 
self-evident—should be extended to all branches 
of inquiry. The scientific method was perhaps 
structured first by Sir Francis Bacon, who in 1620 
set forth its basic principles in the Novum Organum. 
According to Bacon, the scientific method was built 
around four major elements: 


1. Observation and description of form 
2. Hypothesis and model building 

3. Hypothesis testing and analysis 

4. Model modification and refinement 


Bacon's principles were widely debated, and to 
some extent, refined by other scientific philoso- 
phers, such as Hume and Mill. Additionally, they 
were widely used by pure scientists and research- 
ers during the ensuing two centuries. At the same 
time, the Industrial Revolution was giving birth 
to the large-scale, functionally oriented enterprise 
that was not capable of being managed by a single 
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individual. During the Industrial Revolution there 
were several notable applications of the scientific 
method. Foremost among these were the work of 
Eli Whitney concerning mass production in the 
cotton industry and the classic book by Charles 
Babbage, On the Economy of Machinery and Manu- 
factures, which dealt with the systematic choice be- 
tween alternatives and comparative cost analyses. 

In the early 1900s Frederick W. Taylor pro- 
vided a major impetus to the use of science in 
management through his classic book, The Prin- 
ciples of Scientific Management, which described 
studies of work capacities. Taylor also had a num- 
ber of followers who expanded the use of his tech- 
niques within modern industrial organizations. 
Among the more noteworthy of these early “man- 
agement scientists" were Henry L. Gantt, Har- 
rington Emerson, and Frank and Lillian Gilbreth. 
Gantt is best known for his work in production 
scheduling, Emerson achieved significant results 
in cost reduction in the railroad industry, and the 
Gilbreths are recognized as the founders of the 
principles of motion study and additionally were 
the first to use motion pictures to analyze indus- 
trial operations. 

By 1912, George Babcock had formulated some 
basic principles for establishing the economical 
size of a production lot of parts. In 1915, his work 
was expanded into a prototype inventory model 
by F. W. Harris of the Westinghouse Company. 
During World War I, Thomas Edison studied 
antisubmarine warfare; his work included com- 
piling statistics for determining the best methods 
for evading and for destroying submarines and 
analyzing the value of zigzagging as a method for 
protecting merchant shipping. Another impor- 
tant contributor to the application of scientific 
principles to management was the Danish engi- 
neer, A. K. Erlang, who performed experiments 
concerning the fluctuations of demand for tele- 
phone facilities upon automatic dialing equip- 
ment. 

Other major achievements continued this early 
work. T. C. Fry applied probability theory to en- 
gineering problems, Walter Shewart pioneered the 
methods of statistical quality control, L. H. C. Tip- 
pett proposed a method for measuring delays in 
textile operations based on probability theory, and 
Horace C. Levison applied relatively sophisticated 
mathematical models to complex consumer be- 
havior data. 
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During World War II the scientist entered the 
environment of military decision making. The first 
notable use of scientific research in military op- 
erations occurred in Great Britain, under the di- 
rection of the distinguished physicist P. M. S. 
Blackett.' This type of scientific activity was called 
“operational research” in England, since it was 
primarily concerned with problems associated with 
the operational use of radar. By 1942 the same 
type of scientific activity had been introduced within 
the U.S. military environment. In the U.S. Air 
Force, it became known as “operational analysis,” 
and in the U.S. Army and Navy it was called 
“operations research and operations evaluation.” 
Thus, during World War II, numerous interdis- 
ciplinary study teams of mathematicians and sci- 
entists were formed to assist in the analysis of mil- 
itary operations. Notable achievements were made 
in determining how to protect a convoy, how to 
organize radar defenses, and how to drop bombs 
most effectively to destroy submarines. 

Following World War II, industrial operations 
research groups were formed in both England and 
the United States, as an attempt was made to 
transfer the newly developed, and successfully ap- 
plied, techniques of military operations research 
to the industrial decision-making environment. 
During this same time, a general industrial ex- 
pansion was occurring, and decision making in 
many organizations was increasing in complexity. 
In England, in particular, new types of manage- 
ment problems, caused by the nationalization of 
industry and the wartime destruction of industrial 
facilities, were approached using operations re- 
search techniques. é 

At least three other major factors can be iden- 
tified as providing strong impetus to the growth 
of the field of operations research during the post- 
World War II time period. First, the growth, prod- 
uct diversity, technological developments, and 
competitive and social pressures of the postwar 
industrial environment all served to enhance the 
need for precision in decision making and imple- 
mentation. A second important factor was the 
growth and widespread interest in basic research 
in the field. This led to rapid and important ad- 
vances in the state of the art following World War 


']. G. Crowder and R. Widdington, Science at War (London: 
Her Majesty's Stationery Office, 1947). 


II. A prime example of this type of advancement 
was the development of the simplex method for 
the solution of linear programming problems, ac- 
complished by George Dantzig in 1947. A third 
factor that provided a great thrust to the field was 
the development of the high-speed digital com- 
puter in this same time period. This development 
enabled the very complex problems that often 
resulted from operations research studies to be 
solved. 

Operations research as a field of study also 
found its way into university curricula. In 1948, 
the Massachusetts Institute of Technology estab- 
lished a course in the nonmilitary applications of 
operations research. In the spring of 1952, Co- 
lumbia University presented its first course in op- 
erations research, and similar courses were also 
developed by the Case Institute of Technology 
and Johns Hopkins University? Several profes- 
sional societies, composed of individuals actively 
working in the field, soon were formed. Rapid 
proliferation of knowledge concerning the field 
occurred, through numerous books and journals, 
such as Operations Research, Operational Research 
Quarterly, Naval Research. Logistics Quarterly, and 
Management Science. 


1.2 WHAT IS MANAGEMENT 
SCIENCE OR 
OPERATIONS RESEARCH? 


From the foregoing discussion of the origins and 
development ot operations research, a general un- 
derstanding of its nature may have been gained. 
However, let us now attempt to further our un- 
derstanding of the field of study, which is the con- 
cern of this book. As we begin let us immediately 
acknowledge that several terms are often used as 
synonyms to describe this type of work. Principal 
among these are operations research, or opera- 
tional research in England, and management sci- 
ence. Other less common terms sometimes used 
to describe the same general approach to man- 
agement decision making include systems analy- 


*Florence М. Trefethen, “А History of Operations Re- 
search," in Operations Research for Management, Vol. 1, Joseph 
F. McCloskey and Florence N. Trefethen, eds. (Baltimore: The 
Johns Hopkins Press, 1954), pp. 3-35. 


sis, systems engineering, managerial analysis, op- 
erations analysis, and planning research. Thus, 
the reader should be aware of minor semantic 
differences as we begin the development of an 
understanding of the field. 

Several definitions of operations research or 
management science have been suggested, in- 
cluding the following: 


For example, operations research may be de- 
scribed as a scientific approach to decision mak- 
ing that involves the operations of organizational 
systems. (Hillier and Lieberman 1986, p. 5) 

The term “management science” is not al- 
ways clearly understood. We shall define it sim- 
ply as the application of scientific methodology, 
or principles, to management decisions. (Dan- 
nenbring and Starr 1981, p. 1) 

Management science is the application of a 
scientific approach to solving management 
problems in order to help managers make bet- 
ter decisions. (Taylor 1986, p. 2) 


The key elements of these definitions is the 
application of the scientific method to managerial 
decision making situations, with an emphasis 
on finding an optimal solution or best course of 
action. 

The methodology employed consists primarily 
of defining the system under consideration, con- 
structing a mathematical model of the system, and 
manipulating the variables of the model to obtain 
an optimal solution to the problem of interest. 
Thus, the major focus of operations research is 
toward scientific problem solving involving total 
systems. However, operations research has be- 
come more than just a scientific approach to solv- 
ing complex problems. It is also more than just a 
collection of mathematical and statistical tech- 
niques. Essentially, operations research is a phi- 
losophy of quantification that rests upon the abil- 
ity to identify and quantify the pertinent variables 
and to discover the interrelationships that exist 
among these variables in a particular system or 
subsystem. It is an attempt to understand and to 
be able to manipulate industrial phenomena so as 

to select the optimal course of action from those 
available to the decision maker and to develop new 


courses of action so as to further the objective of 


the organization. This broader definition has led 
manv to refer to the application of the scientific 
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method to the mathematical analysis of business 
problems as management science rather than the 
narrower title of operations research. Indeed, the 
term "management science" is suggestive of a phi- 
losophy built on the need for a more rigorous 
analysis of the complicated problems of manage- 
ment. In addition, the term "operations research" 
is suggestive of research concerning operational 
problems, which would tend to be of a short-run 
nature. In reality, much of the practical work that 
has been done in this area deals with strategic 
problems, or problems of a more long-run nature. 

Тһе possible distinction between operations re- 
search and management science has been noted 
by Fabrycky, Ghare, and Torgersen (1984, p. 5), 
who state: 


While operations research tends to focus on the 
formulation and manipulation of mathematical 
models for common operational processes, 
management science tends to focus on the use 
of models in the practice of management. 


In spite of the possible distinction between op- 
erations research and management science, most 
practitioners, researchers, and writers in the field 
use the terms synonymously. Consequently, al- 
though personal preference is that of the broader 
term *management science," we will use the terms 
interchangeably throughout this textbook. 

In summary, the practice of management sci- 
ence can be characterized as follows: 

1. Theanalysis should utilize the principles of the 
scientific method. 

2. The analysis should consider the goals and ob- 
jectives of the organization in which the study 
is being made. 

3. The analysis should recognize the relation- 
ships between the significant variables of the 
system being analyzed. 

4. Theanalysis should be oriented toward achiev- 
ing optimality for the system. 

5. The results of the analysis should be reproduc- 
ible and verifiable. 

6. Where possible, a team approach should be 

utilized in making the analysis. 

The analysis will often utilize a digital com- 

puter to manipulate data, perform computa- 

tions, and deal with the complexity of the prob- 
lem. 


сі 
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1.3 THE METHODOLOGY OF 
MANAGEMENT SCIENCE 


The methodological process of management sci- 
ence is based on the previously discussed scientific 
method. The foundation of the scientific method 
is the belief that natural phenomena do have a 
cause and that by rigorous analysis this causal 
mechanism can be identified. Prior to making a 
management science study, the analyst must rec- 
ognize that, although identification of this causal 
mechanism in a perfect sense is likely to be un- 
attainable, it must be described in sufficiently ac- 
curate terms, and the management scientist must 
be prepared to repeat the steps of the scientific 
method until a satisfactory solution is obtained. 
The methodological process of management 
science is depicted pictorially in Fig. 1.1. It thus 
proceeds according to the following steps: 


1. Analysis of the System and Problem Formula- 
tion. The analysis begins by detailed observation 
of a real-world system, and from this observation 
a specific management problem is isolated. Ad- 
ditionally, the analyst attempts to specify the ob- 


jectives of the study in a rigorous manner. This 


requires an examination of the characteristics of 
the system being studied. Major parameters and 
variables of the system are identified, and the ex- 
tent to which they are subject to control is deter- 
mined. Often, analysis of the system will be ac- 
companied by an overall feasibility study, in which 
questions are asked concerning: 


(a) Technical Feasibility. Do management sci- 
ence techniques exist that are capable of solv- 
ing the problem? 

(b) Economic Feasibility. 1s solution of the 
problem possible with the given level of eco- 
nomic inputs? 

(c) Operational Feasibility, Can the solution 
procedure be made operationally viable on a 
continuing basis? 


Such a feasibility study is designed to appraise the 
difficulty of the study, measure its probable costs, 
and determine its probability of success. The usual 
result of an affirmative answer to the feasibility 
question is a detailed research plan that sets forth 
the various phases of the work that will be done 
in the study. 


2. Model Building. Based on the previous anal- 
ysis of the system and problem formulation, the 
second phase of the study concerns model build- 
ing. Initially, model building may be qualitative 
in nature, involving a rather informal descriptive 
approach. From this informal qualitative model, 
а formal quantitative model is developed. This 
quantitative model must mathematically depict the 
real system so that the model, rather than the 
physical system, can be manipulated. In addition, 
a typical management science model must express 
the effectiveness of the system under study as a 
function of a set of variables at least one of which 
is subject to control, 

A typical quantitative model contains the fol- 
lowing elements: 


(а) A Set of Decision Variables. Тһе decision 
variables are the unknowns that are to be de- 
termined by solving the model. A specific de- 
cision is made when decision variables take 
on specific values. ` 

(b) The Objective Function. The objective 
function changes value as a result of changes 
in the values of the decision variables. The 
objective function measures the desirability 
of the consequences of a decision. 

(c) A Set of Constraints. The constraints may 
be in the form of equations, or they may be 
a set of inequalities. Usually, the constraints 
restrict the range of the decision variables as 
a result of technological, economic, or phys- 
ical constraints on the system. 


(d) A Set of Parameters. Тһе parameters are 
the known values, or constants, of the model 
that relate the decision variables to the con- 
straints and objective function of the model. 


Model structuring will also generally require 
some type of computer formulation. Most mean- 
ingful management science modeling efforts are 
of a scope and complexity that requires comput- 
erization for testing and solution. Computer for- 
mulation is typically done in BASIC, FORTRAN, 
or PL-1 because of the mathematical and scientific 
nature of most management science models. Al- 
though this textbook does not stress the com- 
puter-programming aspects of management sci- 
ence modeling, it should be obvious that a com- 
puter programming capability is important for 
a management science practitioner. 
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3. Model and Hypothesis Testing. After model 
building has been completed, its structure must 
be verified experimentally. Actual experimenta- 
tion must necessarily be preceded by data collec- 
tion. Experimentation is usually of two types. The 
first type of experimentation simply involves ma- 
nipulating the model in a fashion that produces 
a relevant set of information. From this set of 
information various model refinements and mod- 
ifications may be suggested. These modifications 
can then lead to further experimentation in a 
feedback looping manner. At some point in time, 
the analyst must exercise judgment as to the 
modeling effort's validity. Then a second type of 
experimentation is done, in which a solution 
is derived for the model. Commonly, we say that 
an “optimal” solution is derived for the model. 
Indeed, much of the remainder of this book is 
devoted to the study of techniques designed to 
obtain optimal solutions for certain kinds of prob- 
lems. It should be emphasized, however, that 
such solutions are optimal only with respect to 
the type of model being employed. All models 
are necessarily abstractions of the real world, and 
thus the optimal solution with respect to the 
model may not be the optimal solution for the 
real-world problem. However, if the model is well 
formulated, and if experimentation and model 
refinement are done prior to the determination 
of the optimal solution, it is reasonable to expect 
that the resulting solution will be a good approx- 
imation for the real-world problem. 

The solution to the model typically will employ 
an algorithm. An algorithm is a set of procedures 
or rules that is followed in a step-by-step, or it- 
erative, manner that provides, or converges to, the 
best solution for a given model. It is important to 
note that a particular algorithm has a specific set 
of rules that apply only to a specific problem. ‘Thus, 
there are a large number of algorithms in exis- 
tence in management science, and many more are 
being developed currently. Since an algorithm is 
iterative in nature and converges to a solution, it 
will quite often be useful to program the algo- 
rithm on a digital computer. In this manner, the 
digital computer can be used to perform the cal- 
culations within the iterative process. 

4. Model Conclusions and Implementation. The 
final phase of a management science study in- 
volves drawing conclusions from the solution of 
the model and then implementing these conclu- 


sions. This phase is critical to any management 
science study, since the benefits of the study are 
realized only if this phase is successfully accom- 
plished. Implementation itself involves several 
steps. First, the solution to the model and the con- 
clusions drawn from this solution must be pre- 
sented to management in a clear and logical man- 
ner. This step represents a detailing of the technical 
aspects of the model. Next, the management sci- 
ence analyst works with management to develop 
the procedures necessary to ensure that the so- 
lution and conclusions are used on a continuing 
basis. This step focuses on the operating aspects of 
the model. Finally, the management science an- 
alyst should seek to develop mechanisms by which 
changes to the model can be made if future 

of the model indicates that such changes m 
be made. Implementation of management sci- 
ence, an important and complex subject, will be 
treated in a more detailed manner in the final 
chapter of this book. 


Throughout the methodological process of 
management science there should be involvement 
with management. Thus, in the analysis and prob- ` 
lem formulation phase, the analyst should seek 
the advice and assistance of the manager in order 
that the manager's real problem is considered. 
Likewise, the model-building phase should in- 
volve a continuing dialogue between the analyst 
and the manager, so that the model that is con- 
structed becomes a realistic and accurate repre- 
sentation of the real-world problem. During model 
and hypothesis testing, the manager will be asked 
to verify or validate the results produced by the 
model, and to suggest model refinements and 
modifications where necessary. Finally, in the con- 
clusion and implementation phase the manager 
actually has to make decisions using the results of 
the study, and may need to provide a mechanism 
for continued use of the results of the study. In 
summary, managerial involvement and interest is 
essential to the success of the application of the 
methodology of management science. 


1.4 MODEL FORMULATION IN 
MANAGEMENT SCIENCE 


As you study this text remember that you should 
be concentrating on the formulation, analysis, and 
solution of models. One of the most important 
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tasks of the manager, in either the private ог pub- 
lic sector, is problem solving. The management 
science approach to problem solving is through 
model building. Proficiency in model formulation 
and analysis is probably the most important aspect 
of the modeling process. Thus, we will focus our 
attention on model formulation, using small-scale 
problems and case studies of real-world manage- 
ment problems. In many instances we will observe 
that the solution of the model, in practice, is ob- 
tained using the digital computer. 

Model formulation is at the heart of manage- 
ment science. Formulation of a model allows the 
analyst to consider the complexities and uncer- 
tainties of a decision-making situation, and it re- 
quires that a logical structure be developed for 
the formal analysis and solution of the model to 
proceed. 

Model building is certainly nothing that is really 
new. A model is nothing more than an abstraction 
or representation of a real-life system. Most of us, 
in our earlier days, had some sort of experience 
with iconic models, which are physical represen- 
tations of real systems to scale. For example, a toy 
automobile or a toy doll is an iconic model. Per- 
haps some readers have studied civil, chemical, or 
electrical engineering and have employed analog 
models. An analog model utilizes one physical 
property to represent another physical property. 
For example, the author, in his undergraduate 
studies, used an electrical network as an analog 
model of fluid flows. Finally, virtually all of us have 
been exposed to a symbolic or mathematical model 
in which we have used a set of mathematical sym- 
bols and functional relationships to represent some 
physical situation, For example, the translation of 
a verbal description of a problem situation into a 
set of linear equations is a common undertaking 
in high school algebra. In management science, 
the models we employ are virtually always of a 
mathematical nature. As such, they should be 
our best approximation of the real-world problem 
situation. 

In the practice of management science four ma- 
jor types of mathematical models are employed. 
The first is a descriptive model, in which the mod- 
eler attempts to represent some particular phys- 
ical situation but does not indicate any preferred 
course of action. The waiting-line model de- 
scribed in Section 1.5 of this chapter is a descrip- 
tive model in that the modeler determines certain 
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output characteristics of the waiting line, given 
certain input characteristics. Another very impor- 
tant type of descriptive model that is utilized heav- 
ily in management science work is the simulation 
model, which generally is a mathematical model 
that is programmed for a computer and then used 
to replicate the behavior of the real-world system 
using the computer. Statistics describing the per- 
formance of the simulated system are accumu- 
lated as the simulation model is run on the com- 
puter, often using varying input conditions. The 
modeler then decides upon a course of action by 
examining the descriptive statistics that are gen- 
erated. It is important to note that the results ob- 
tained from a simulation model are inferential in 
nature, and not general, such as would be ob- 
tained from other mathematical models. 

_ The second major type of mathematical model 
that is employed is the normative or optimization 
model. The normative model is prescriptive in 
nature in that it prescribes the course of action 
that the decision maker should select to achieve 
some defined objective. Most mathematical mod- 
els employed in management science are norma- 
tive in nature and thus have an objective function 
that is optimized (maximized or minimized) sub- 
ject to constraints that utilize decision variables 
(і.е., the unknowns of the model) and parameters. 
The major characteristic of the normative model 
is that it allows the modeler to determine the best 
course of action. We will concentrate our work in 
this book on the study of a series of normative 
management science models. 

A third type of mathematical model that is com- 
monly employed in management science work is 
the heuristic model. Heuristic models are basi- 
cally models that employ intuitive rules or "rules 
of thumb" in the hope of generating "good" so- 
lutions. This is in contrast to optimization models 
that seek to generate the best solution. An ex- 
ample of a heuristic model might be an inventory 
model that simply states: "Carry an inventory 
equal to ў; of the average yearly demand for the 
last three years." Obviously, the modeler can think 
of a myriad of intuitive rules that might be applied 
to a problem situation. Thus, there are virtually 
an unlimited number of heuristic models that could 
be derived. We will not focus our attention on 
heuristic models in this text; however, they will 
be illustrated at several places in future chapters. 

A fourth type of mathematical model that is 
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commonly employed in management science is 
the predictive model, which typically is used to 
make a forecast of the future. A time series fore- 
casting model or a linear regression model that 
forecasts future sales as a function of several vari- 
ables is an example of a predictive model. Pre- 
dictive models will not be addressed in this text to 
any great extent, since they are typically studied 
in the statistics course that should be taken prior 
to a course in management science. 


1.4.1 MODEL SUBCLASSIFICATIONS 
IN MANAGEMENT SCIENCE 


Several types of model subclassifications are often 
employed in describing management science 
models. One common subclassification is the de- 
terministic model versus the stochastic model. 
In a deterministic model the functional relation- 
ships and parameters of the model are known with 
certainty. The linear programming model to be 
discussed in Section 1.5 is a good example of a 
deterministic model, because the coefficients of its 
objective function and constraint set and the phys- 
ical limitations on the system are all assumed to 
be known with certainty. If, instead, we were un- 
certain as to the profits associated with the two 
products being produced in this situation, we would 
then have to use a stochastic model that would 
incorporate this uncertainty in terms of a specified 
probability of achieving a certain profitability for 
each product. The models we will discuss in Chap- 
ters 2 to 12 will basically be deterministic while 
those discussed in Chapters 13 to 17 will basically 
be stochastic. 

A second common type of model subclassifi- 
cation used in management science is the linear 
versus the nonlinear model. A linear model is one 
in which all of the functional relationships be- 
tween the variables in the model are expressed in 
linear terms. A linear programming model is an 
example of a linear model in that its objective 
function and constraint function are all linear 
relationships. A nonlinear model utilizes one or 
more curvilinear or nonproportional functional 
relationships. In these nonlinear functional rela- 
tionships the variables may be raised to a power 
other than one, or they may be expressed as the 
product of two or more variables. The solution 
processes required to solve nonlinear models are 
much more complex than those required for lin- 
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ear models. In this text we will emphasize the use 
of linear models in managerial decisions, but var- 
ious kinds of nonlinear models are considered in 
detail in Chapters 9 to 11. 

A third subclassification of models employed іп 
management science is the static versus the dy- 
namic model. A static model is defined at а par- 
ticular point in time and encompasses a particular 
time period. For example, we may want to develop 
and solve an inventory model to determine the 
order quantity to purchase for the forthcoming 
month, with this decision being made on the last 
working day of the current month. In this model- 
ing process we normally will assume that the de- 
mand conditions are static, that is, the demand 
expected next month is the same as the demand 
experienced in the current month. A dynamic 
model differs from a static model in the sense that 
the modeler examines a multiple time period ho- 
rizon to select the optimal course of action. Thus, 
a sequence of interrelated decisions are made that 
encompass several time periods. Dynamic рго- 
gramming, in particular, considers the character- 
istics and solution processes for such dynamic 
models. 


1.5 MANAGEMENT SCIENCE 
PROBLEMS IN MINIATURE 


Before we attempt to classify the problem areas 
that have been investigated using management 
science, let us consider three highly simplified il- 
lustrations of how management science models 
are constructed to represent specific problem sit- 
uations. In each of these examples we will simply 
sketch out the model formulation without at- 
tempting to obtain a solution. 


EXAMPLE 1 A Production-Planning Problem 


The Ace Screwdriver Company manufactures two 
products, 6-іп. and 12-in. screwdrivers. Currently, it has 
organized its production effort to produce a batch of a 
single type of screwdriver in alternating weeks. Each 
type of screwdriver requires processing on three ma- 
chines. A young management scientist recently hired 
by the company has suggested that it may be more 
profitable, and more efficient in terms of machine uti- 
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lization, to produce some of both types of screwdrivers 
during each week. 

As the first step in considering this production-plan- 
ning problem, the operating management of the com- 
pany, working in team fashion with the management 
scientist has investigated the technical, operational, and 
economic feasibility of altering its current production 
process. This team has concluded that it may indeed 
be desirable to attempt to devise a more efficient and 
more economical production process. 

As the second step of the management science study, 
an attempt is made to construct a mathematical model 
of the system. First, a set of decision variables is spec- 
ified. Thus, let: 


x, = the (unknown) 
number of рго- 
duction lots (i.e., 
1000 units) of 6- 
in. screwdrivers to 
be manufactured 


in a week 
Decision variables (1-1) 
x, = the (unknown) 
number of рго- 
duction lots (i.e., 
1000 units) of 12- 
in. screwdrivers to 
be manufactured 
in a week 


Next, attention is focused on the construction of an 
objective function. The decision is made to attempt to 
maximize the total marginal profit resulting from pro- 
duction of these two products. As a result of an ac- 
counting analysis, the net profit for a production lot 
(ie., 1000 units) of 6-in. screwdrivers is found to be 
$20, while the net profit for a production lot of 12-in. 
screwdrivers is $50. Thus, the model's objective func- 
tion can be expressed as: 


Objective function (Maximize 


(total net profit) Р = $20 (x,) + $50 (xs) (1-2) 


Objective function parameters 


Тһе next consideration is that of defining a set of con- 
straints that restrict the ranges of the decision variables 
as a result of the physical limitations of the production 
system. To accomplish this objective, the basic time data 
for the production process are tabulated, as shown: 


Hours Required to Capaci 
Produce One Lot a, 
Machine Product1 Product 2 (Hours) 
1 1 2 35 
2 2 1 40 
3 1 3 37 
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From this tabular data, the following set of constraint 
inequalities can be constructed: 


Constraint set parameters 
Machine 1: Ix, + 2x, = 35 


Constraints4 Machine 2: 2x, + 1x, = 40 (1-3) 


Machine 3: Ix, + 3х, = 37 


Note that this constraint set describes the manner in 
which each of the three machine resources are linearly 
combined to produce the two products. The entire 
mathematical model of the production system can then 
be rewritten as: 


Maximize (total net profit) Р = 20x, + 50x, 


subject to: Ix, + 2x, = 35 
2x, + 1x, = 40 
Ix, + 3х, = 37 

with x, 210, х 2 0 


(1-4) 


Note that, both x, = 0 and xs = 0, since negative pro- 
duction has no meaning in this problem. This mathe- 
matical model is a linear programming representation 
of the production-planning problem. 

The remaining steps required for concluding the 
management science study will not be discussed further 
here, as our main concern has been in developing a 
mathematical representation (model) of the problem 
situation. For this problem, the values of x, and x, that 
produce the largest value of the objective function could 
be determined very easily by simple graphical methods. 
Implementation of these results would then simply re- 
quire the adoption of a production plan using the so- 
lution values for x, and x». It should also be apparent 
that it would not be desirable to make all of one product 
in alternate weeks, and that the optimal solution would 
result in the production of some of each of the two 
products during each week. 


EXAMPLE 2 An Inventory Control Problem 


Ms. Karen Silverton is the owner and manager of a 
candle shop in Sausalito, California. She has been ex- 
periencing difficulty in maintaining an adequate supply 
of plain white (12-in.) candles. She would like to apply 
a management science approach to the problem of de- 
termining how many white (12-in.) candles to order so 
that lost sales are avoided. She has concluded that it is 
technically, economically, and operationally feasible to 
replenish inventory on a more scientific basis. 

Ms. Silverton has decided to denote the unknown 
order quantity as Q. Her analysis of the problem further 
indicates that she sells 300 white (12-in.) candles per 
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Inventory 
Level 


Еден 


FIGURE 1.2 INVENTORY LEVEL—CANDLE EXAMPLE 


month and that this sales rate is constant. The inventory 
situation can be pictured as shown in Fig. 1.2. 

Іп proceeding to attempt to quantify this situation, 
Ms. Silverton concludes that she should try to choose 
Q in a fashion that achieves a balance between the in- 
ventory holding cost and the cost of making a replen- 
ishment order of size Q. Denoting the replenishment 
ordering cost as K and the inventory holding cost by h, 
and the per item purchasing cost as с, the average cost 
per month can be expressed as: 


Average cost per month 


replenishment ordering cost 


+ purchasing cost + inventory holding cost 
300 Q 
к (59 ) + ою + (S) 


The contribution that is due to replenishment ordering 
is K(300/Q), since there will be (300/Q) orders per month. 
The contribution due to purchasing costs isc(300), since 
300 candles are sold each month. Finally, the contri- 
bution that is due to inventory holding costs is h(Q/2), 
since Q/2 is the average inventory level, as can be seen 
in Fig. 1.2. 

The mathematical model for this inventory control 
problem can be stated in terms of finding a value of Q 
that minimizes the average cost per month, as given by 
Equation 1-5. This value of Q can be determined by 
differential calculus by setting the derivative of the av- 
erage cost per month with respect to Q equal to 0 and 
solving for Q. This model is known as the economic lot 
size for inventory control under a constant demand 
rate, with an instantaneous replenishment, and no “out 
of stock” allowed. We will not discuss the actual solution 
of the model at this point, but it will. be considered 
further in Chapter 15. 


(1-5) 


Ш 


EXAMPLE 3 А Waiting-Line Problem 


Mr. Bill Pitcor is the manager of the reservation office 
of the Memorial Arena, a large multipurpose audito- 
rium and sports arena in suburban Kansas City. He 
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AANA 


Time 


currently employs two reservation clerks. Each reser- 
vation clerk answers phone calls and takes incoming 
ticket reservations from two phone lines. 

Mr. Pitcor has observed the reservation process dur- 
ing the course of several days. His survey indicates that 
incoming phone calls are made at the rate of three calls 
per minute and that an average call will require 1 min- 
ute of the clerk's time for making the reservation. He 
is concerned that potential customers will encounter 
busy phone lines and become discouraged, and poten- 
tial business may be lost. He estimates that about one- 
half the callers that encounter a busy line will be ulti- 
mately lost as customers, and he feels that each lost 
customer represents a $1 loss in profits. However, he 
has also determined that the hiring of an additional 
reservation clerk and the installation and servicing of 
two additional phone lines will require an additional 
yearly expenditure of $7500. 

Тһе mathematical model required for this situation 
would attempt to balance the cost associated with the 
customer's inability to reach an open phone against the 
cost associated with that of the additional reservation 
clerk and phone equipment. Determination of the 
probabilities of having customers unable to reach an 
open phone line, for both the present system (two clerks) 
and the proposed system (three clerks), would use a 
queueing or waiting-line model. These probabilities 
would then be used to determine the losses, or savings, 
attributable to the present and proposed reservation 
systems. Again, we will not attempt to perform such an 
analysis here, but will consider waiting lines in detail in 
Chapter 13. 


1.6 PROBLEM-SOLVING MODELS ІМ 
MANAGEMENT SCIENCE 


There is no unique set of problems that can be 
attacked using management science. There are, 
however, several broad classifications of types of 
problems that are encountered under many cir- 
cumstances or across several industries. Thus, var- 
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ious management science models, ог techniques, 
can be grouped into several basic classes. It should 
be recognized that any of these basic problem- 
solving models may have a number of variations. 
Additionally, the development of a specific man- 
agement science model will often require the use 
of material from probability theory, statistics, ap- 
plied mathematics, engineering, and the physical 
sciences. 

This textbook will be structured around a series 
of management science models, or techniques. At 
this point we will provide an introductory, verbal 
description of these management science models. 
Their mathematical structure will be discussed in 
subsequent chapters. The problem-solving man- 
agement science models, or techniques, to be stud- 
ied in this textbook can be classified as follows: 


1. Mathematical Programming Models. 
Allocation problems arise when there are alter- 
native ways of accomplishing objectives or when 
resources or facilities are not available for accom- 
plishing each objective in the most effective man- 
ner. The allocation problem then becomes one of 
combining resources and activities in a manner 
that optimizes overall effectiveness. Most of the 
techniques used to solve allocation problems are 
of a type known as mathematical programming. 
A linear programming model is applicable when 
the objective function, such as profit, cost, or 
quantities of goods, can be expressed as a linear 
function and the restrictions on resources (con- 
straints) can be expressed as a system of linear 
equalities, or inequalities. If any of the constraints, 
or the objective function, are nonlinear, a nonlin- 
ear programming model is required. In other in- 
stances the solution values, or decision variables, 
for the problem may be restricted to being integer 
values. This restriction necessitates the use of an 
integer programming model. Another useful type 
of allocation model involves the assignment of a 
certain number of activities to an equal number 
of resources. Such a model is called simply an 
assignment model. This allocation problem type 
becomes more complex if the activities require 
more than one resource and if the resources can 
be used for more than one activity. The allocation 
model applied to such problems is called the trans- 
portation model. Finally, an allocation model may 
be structured in a manner that allows considera- 
tion of multiple goals within its objective function. 
This type of allocation model is called a goal pro- 
gramming model 
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2. Network Models. Network models are closely 
related to allocation models. They have proven to 
be particularly useful in the analysis of transpor- 
tation and logistics systems, research and devel- 
opment projects, and information theory. One 
basic problem that is encountered in network an- 
alysis involves finding the shortest route through 
a network. A similar network problem is that of 
choosing a set of connections that provides a route 
between any two points of a network in a way to 
minimize the total length of these connections. 
This type of network model is called a minimum 
spanning tree model. A third basic problem in 
network analysis involves allocating flows within 
a network, from a source to a destination, in a 
manner that maximizes the total flow for the net- 
work. This type of network model is termed a 
maximum-flow model. Project planning and con- 
trol is a fourth problem area that has been suc- 
cessfully analyzed using network techniques, es- 
pecially PERT (Program Evaluation and Review 
Technique) and CPM (Critical Path Method). 


3. Dynamic Programming Models. Dynamic 
programming is a direct outgrowth of mathe- 
matical programming and is particularly useful 
for problem situations having a structure involv- 
ing a sequence of interrelated decisions. Dynamic 
programming models are very valuable for ana- 
lyzing decision processes that extend over a num- 
ber of time periods or events. 


4. Inventory Models. Inventory problems in- 
volve two decisions: how much to order at a point 
in time and at what point in time to place an order. 
Inventory models thus require the balancing of 
inventory carrying costs against one or more of 
the following: order or run set-up costs, shortage 
or delay costs, and costs associated with changing 
the level of production or purchasing. 


5. Waiting-Line Models. Waiting-line, ог 
queueing, models are concerned with situations 
in which random arrivals are occurring at a serv- 
icing or processing facility of limited capacity. Thus, 
a product or customer requiring service is waiting 
for this service or a service facility capable of pro- 
viding the service is idle. The objective of waiting- 
line models is to determine the optimum number 
of personnel or facilities necessary to service cus- 
tomers or products that arrive at some random 
rate, while balancing the cost of service and the 
cost of waiting. 


6. Markovian Decision Models. Markovian de- 
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TABLE 1.1 USE OF OR/MS ІМ 125 LARGE COMPANIES 


Frequency of Use 
Methodology Never Moderate Frequent 
Statistical analysis 1.6 38.7 59.7 
Computer simulation 12.9 53.2 33.9 
PERT/CPM 25.8 53.2 21.0 
Linear programming 25.8 59.7 14.5 
Queuing theory 40.3 50.0 9.7 
Nonlinear programming SEE 38.7 8.1 
Dynamic programming 61.3 33.9 4.8 
Game theory 69.4 27.4 3.2 


Source: С. А. Forgionne, “Corporate Management Science Activities: An Up- 


date,” Interfaces, 13, no. 3 ( June 1983): 20. 


cision models are applicable to problems involving 
the analysis of the current movement of some vari- 
able in an attempt to predict the future movement 
of that same variable. Markovian analysis has re- 
cently become very important in marketing re- 
search as a tool for examining and forecasting the 
behavior of customers from the standpoint of their 
loyalty to one brand and their switching patterns 
to other brands. 


7. Decision Analysis Models. Decision analysis 
models are broadly applied to problems involving 
decision making under uncertainty. The main ele- 
ments found in decision analysis models include: 


(a) A set of alternative courses of action. 


(b) A set of different possible consequences as- 
sociated with each course of action. 


(c) A measurement of the degree of uncertainty 
associated with each possible consequence as- 
sociated with each course of action. 


(d) A decision criterion to be used in choosing a 
single course of action. 


Decision analysis models focus on the optimal se- 
lection of a course of action, given the possible 
consequences and their associated probability of 
occurrence. 

8. Simulation Models. Simulation models are 
used to evaluate the merits of alternative courses 
of action by experimenting with a mathematical 
model that is a representation of the real-world 
problem situation. The mathematical model is de- 
signed to indicate the functional relationships be- 
tween the decision variables. Repeated simulation 
experiments provide an indication of the conse- 


quences of adopting alternative courses of action 
with respect to the decision variables. Simulation 
models are thus experimental in nature, as distin- 
guished from the previously discussed models, 
which are analytical in structure. 


9. Game Theory Models. Game theory models 
are used to develop competitive strategies when 
two, or more, knowledgeable opponents are striv- 
ing to attain some objective. 


1.7 SURVEYS OF MANAGEMENT 
SCIENCE ACTIVITIES 
AND APPLICATIONS 


Management science has been applied in virtually 
every type of military, governmental, business, and 
industrial organization. Primarily utilized within 
military organizations in its early days, it has more 
recently been used extensively in the petroleum, 
paper, chemical, metal processing, brewing, food 
manufacturing, aircraft, rubber, transportation 
and distribution, mining, and textile industries. Fi- 
nancial- and corporate-planning uses of manage- 
ment science have also become important. 

Since its inception, numerous researchers and 
scholars have conducted surveys concerning its 
use. Іп 1978 Cox, Ledbetter, and Smith’ reported 
on the industrial-academic interface in manage- 


‘James Е Cox, William М. Ledbetter, and Jeanette M. Smith, 
“An Analysis of the Operations Research/Management Sci- 
ence Industrial-Academic Interface,” Interfaces, 9, No. 1 (No- 
vember 1978); 95-103. 


16 


ment science/operations research. А similar sur- 
vey was reported by Thomas and DaCosta“ in 1979. 
A study by Shannon, Long, and Buckles,’ re- 
ported in 1980, examined the respondents’ fa- 
miliarity with various quantitative techniques and 
sought to measure the extent to which they had 
used these techniques. A survey by Forgionne,* 
reported in 1983, involved a random sample of 
500 large corporations and disclosed some inter- 
esting findings concerning how management sci- 
ence/operation research was being used in these 
large corporations. A summary of Forgionne's 
findings for the 125 large companies that re- 
sponded to his survey is reported in Table 1.1. 
Finally, a recent study by Bradford, Ford, Cox, 
and Ledbetter’ updated the status of the man- 
agement science/operations research industrial- 
academic interface. 


1.8 THE INSTITUTIONALIZATION 
OF MANAGEMENT SCIENCE 


Because of the rapid growth and development of 
management science, several professional socie- 
ties devoted to this area of inquiry and its related 
activities have been founded in the United States. 
Тһе prominent professional societies are: 


1. Operations Research Society of America 
(ORSA). This group was founded in 1952, 
and according to its constitution: "The pur- 
poses of the Society shall be the advancement 
of operations research through exchange of 
information, the establishment and mainte- 
nance of professional standards of compe- 
tence for work known as operations research, 
the improvement of methods and techniques 
of operations research, and the encourage- 


‘George Thomas and Jo-Anne DaCosta, “A Sample Survey 
of Corporate Operations Research,” Interfaces, 9, no. 4 (August 
1979): 102-111. 

5R. E. Shannon, S. S. Long, and B. P. Buckles, “Operations 
Research Methodologies in Industrial Engineering: A Survey," 

АПЕ Transactions, 12, по. 4 (December 1980): 264—367. 
*Guisseppi A. Forgionne, Corporate Management Science 

Activities: An Update," Interfaces, 13, по. 3 (June 1983): 20- 

23. 

E 1D. A. Bradford, Е. М. Ford, J. F. Cox, and W. М. Ledbetter, 

"The Management Science/Operations Research Industrial- 

Academic Interface," Interfaces, 17, no. 2 (March-April 1987): 


39-48 
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ment and development of students of opera- 
‘tions research.” Ву 1988, its membership had 
grown to over 14,000. Its principal publicatoin 
is the bimonthly journal titled Operations Re- 
search, 


The Institute of Management Sciences 
(TIMS). ‘TIMS was founded in 1953 as “Ап 
international society to identify, extend and 
unify scientific knowledge pertaining to man- 
agement."? By 1988 it had over 9000 mem- 
bers. It publishes a monthly journal titled 
Management Science. 

3. Decision Sciences Institute (DSI). This group, 
primarily composed of academicians, was 
founded in 1969 as “an organization to pro- 
mote the development and application of quan- 
titative methodology to functional and behav- 
iorial problems of administration."'? It currently 
has a membership of over 3500 and publishes 
a quarterly journal titled Decision Sciences. 


ә 


In addition to these professional societies, which 
are U.S. based, there are similar groups in 40 for- 
eign countries. Many of these other groups print 
journals. Additionally, a number of other tech- 
nical and trade journals regularly publish articles 
having a management science viewpoint. A listing 
of the major periodicals containing articles of in- 
terest to the student or practitioner of manage- 
ment science is as follows: 


l. Periodicals having major emphasis on man- 
agement science/operations research: 


IIE Transactions 

Canadian Operational Research Society Journal 
Computers and Operations Research 

Decision Sciences 

European Journal of Operational Research 
Industrial Engineering 

INFOR 

Interfaces 

International Journal of Production Research 
Journal of Financial and Quantitative Analysis 
Journal of Operations Management 

Journal of the Operational Research Society 
Management Science 

Mathematical Programming 


"Constitution, Operations Research Society of America. 
Constitution, The Institute of Management Sciences. 
"Constitution, Decision Sciences Institute. 


Management Science and The Computer 


Mathematics of Operations Research 

Naval Research Logistics Quarterly 

Networks 

Omega-International Journal of Management Sci- 
ence 

Operations Research 

Production and Inventory Management 

Society for Industrial and Applied Mathematics Re- 
view 

Simulation 

Transportation Science 


nN 


Periodicals having an occasional article on 
management science/operations research: 


Accounting Review 

American Economic Review 

Bell Journal of Economics 

Computers and Urban Society 

Datamation 

Econometrica 

Financial Management 

Harvard Business Review 

IBM Journal of Research and Development 
Journal of the Association for Computing Machinery 
Journal of Business 

Journal of Finance 

Journal of Marketing 

Journal of Marketing Research 

Journal of Optimization Theory and Applications 
Journal of Regional Science 

Journal of Systems Management 

Marketing Science 

Sloan Management Review 

Technometrics 


3. Periodicals having abstracting service in man- 
agement science/operations research: 


International Abstracts in Operations Research 
Operations ResearchlManagement Science 


Management science also has been institution- 
alized into colleges and universities. Most of the 
major American universities currently offer course 
work in the field of management science, and many 
offer advanced degrees. Such courses may be found 
in more than one department within a university, 
including Departments of Business Administra- 
tion, Industrial Engineering, Applied Mathemat- 
ics, Computer Science, Economics, and Electrical 
Engineering, as well as in Departments of Man- 
agement Science and Operations Research. The 
traditional academic disciplines that have pro- 
vided entry to the field of operations research/ 
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management science include business administra- 
tion, engineering, economics, and mathematics. 

The growth in management science as an ac- 
ademic field has been accompanied by a prolif- 
eration of textbooks. There are probably more 
than 100 textbooks now in existence in manage- 
ment science, and many more are in the process 
of being written. Additionally, numerous text- 
books have been written that deal with a particular 
management science technique, that is, linear pro- 
gramming or inventory control. Presented at the 
end of this chapter is an extensive set of textbook 
references for the broad field of management sci- 
ence. Subsequently, at the end of each of the chap- 
ters of this textbook similar sets of references will 
be presented that deal with a specific management 
science technique. 


1.9 MANAGEMENT SCIENCE AND 
THE COMPUTER 


The development and proliferation of operations 
research/management science has been enhanced 
by the development and distribution of high-speed 
digital computers. OR/MS techniques typically 
require long, complex calculations. High-speed 
digital computers that are capable of performing 
these complex calculations, at incredible speeds, 
are a critical factor in the acceptance and use of 
an OR/MS methodology. 

In recent years much attention has been fo- 
cused on the interface of operations research/ 
management science with management infor- 
mation systems (MIS). Management information 
systems are computer-based systems for collect- 
ing, analyzing, and reporting information to man- 
agers. Many management information systems 
employ a data base, which is simply a large set of 
raw data structured according to some predefined 
set of rules. In addition to providing information 
for the manager, a data base often can be used to 
provide input data to support a quantitative 
modeling effort. The evolution in which the man- 
agement science model is embedded in the overall 
management information system is called a de- 
cision support system (DSS). A decision support 
system attempts to provide timely and relevant 
information to the decision maker. It also allows 
the decision maker to interact with, and make 
changes to, the model, thereby enhancing the de- 
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cision-making process. Decision support systems 
are the subject of a great deal of current attention, 
in both academic and industrial circles. Rapid 
developments in this area of interface between 
OR/MS and MIS offers an exciting future. 

With the tremendous growth in the availability 
of minicomputers and microcomputers in organ- 
izations of all sizes, easy access to a wide range of 
quantitative techniques is now possible. Virtually 
all of the management science techniques that you 
will study in this book have been computerized 
and can be accessed on a microcomputer using 
various software programs. These software pro- 
grams allow managers to solve large problems rel- 
atively easily, as the computer is supplied the data 
necessary to make the required computations. We 
will illustrate the role of the computer in decision 
making throughout this book. 


1.10 WHY STUDY 
MANAGEMENT SCIENCE? 


Before we begin our study of management sci- 
ence, it may be useful to consider the question: 
“Why study management science?” First, as has 
been noted previously in this chapter there has 
been a tremendous proliferation and acceptance 
of the use of operations research/management 
science techniques throughout business, govern- 
ment, and industry in the last three decades. Thus, 
whatever your personal career may be, you will 
probably be exposed to management science. For 
example, as a manager you may be required to 
make a decision concerning the location of new 
warehousing facilities on the basis of a report done 
by one of your staff members in which a mathe- 
matical programming model has been used to de- 
termine the most cost-effective warehouse loca- 
tions. Thus, although you might not directly be 
using management science techniques, it is quite 
likely that you will be involved in decision making 
using management science, Management science 
is, and will increasingly be, an important facet 
of the decision-making process for the modern 
manager. 

Second, because of the great growth in oper- 
ations research/management science, career op- 
portunities in this field are truly outstanding. The 
demand for well-trained, highly motivated ana- 
lysts far exceeds the supply. One can expect very 
good starting positions, with rapid advancement 
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possibilities. The nature of management science 
work is such that it necessarily projects the man- 
agement science analyst throughout the organiza- 
tion, giving him or her valuable and widespread 
exposure. The work of the management science 
analyst is challenging, interesting, and of an im- 
portant strategic nature to the organization. Thus, 
the management science analyst tends to be in a 
very good position to move into higher-level man- 
agement positions within the organization. In 
summary, management science is a good place to 
begin working in an organization and an excellent 
position from which to move on to higher-level 
managerial responsibilities. 

Third, some of you may seek careers involving 
basic research in management science. The course 
encompassed by this textbook is an introduction 
to this field. If you are particularly interested in 
management science from a research perspective, 
you will want to broaden your studies consider- 
ably. Specialized courses in various aspects of op- 
erations research/management science are of- 
fered in many departments at most universities. 
The research-oriented management scientist will 
want to pursue specialized training in fields such 
as mathematics, statistics, industrial engineering, 
business, or economics. This text affords a foun- 
dation for these advanced studies. 


1.11 OVERVIEW OF THE BOOK 


This textbook provides an introduction to the ma- 
jor topics of management science. It is organized 
in the following manner: 


Chapter 1 is a general, nonquantitative introduc- 
tion to management science. 

Chapters 2, 3, 4 explore linear programming, in- 
cluding model formulation, graphical solutions, 
the simplex method, and duality and sensitivity 
analysis. 

Chapter 5 describes the transportation model and 
the assignment problem. 

Chapter 6 treats goal programming, which con- 
siders multiple goals or objectives. 

Chapter 7 considers a series of network models. 

Chapter 8 addresses PERT/CPM models for proj- 
ect management. 

Chapters 9 and 10 review advanced topics in 
mathematical programming, namely, integer 
and nonlinear programming. 
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Chapter 11 discusses dynamic programming and 
its use in sequential decision making. 

Chapter 12 shows how game theory can be used 
in certain specialized decision-making situa- 
tions. 

Chapters 13 and 14 deal with problems of a prob- 
abilistic nature, namely, waiting-line models and 
Markov processes. 

Chapter 15 investigates inventory control prob- 
lems involving decisions of when and how much 
to order. 

Chapter 16 illustrates the use of simulation model- 
ing. 

Chapter 17 presents material concerning decision 
analysis and its application to problems involv- 
ing uncertainty. 

Chapter 18 completes the book with a discussion 
of the various problems and procedures in- 
volved in implementing management science. 


Throughout the book, emphasis is placed on 
presenting and illustrating those management sci- 
ence techniques that have been successfully ap- 


plied in managerial decision making. Numerous 
examples, illustrations, and case studies are pro- 
vided. A glossary of important terms is included 
at the end of each chapter. 

Тһе appendices to the book include reviews 
of three important mathematical areas which are 
used in the book. Appendix A discusses probabil- 
ity concepts and statistical techniques. Appendix 
B is a brief calculus review, and calculus is used 
in a few selected places in the book. Appendix C 
provides a review of matrix algebra, which is used 
extensively in the chapters dealing with linear pro- 
gramming and mathematical programming. 

Numerous computational problems and ex- 
ercises are provided at the end of Chapters 2 
through 17. Answers to the even-numbered prob- 
lems for these chapters are included at the end of 
the book. Appropriate tables to facilitate the so- 
lution of these problems are provided in Appen- 
dix D. Two of these tables (Tables 1 and 2) provide 
a glossary of the mathematical notation and sym- 
bols used throughout the book. Discussion ques- 
tions are also included at the end of each of the 
chapters of the book. 


Case Study: Management Science at 


Citgo Petroleum Corporation 


In 1983, Southland Corporation, began to integrate vertically by ac- 


quiring Citgo Petroleum Corporation. At the time of this acquisition South- 

land made two strategic decisions. First, it established Citgo as a wholly 

owned subsidiary with a full debt load. Second, it created a task force 

composed of Southland personnel, Citgo personnel, and external consul- 

tants and gave this task force the objective of improving Citgo's profitability. 
In August 1983, the task force began by evaluating the downstream 

petroleum industry (refining and marketing) and determined that it was 

an industry in the midst of an information explosion. This information 

explosion was the result of four major environmental changes that had 

occurred in the previous 15 years, namely: 

1. The increased emphasis іп most companies on making a profit from 
downstream operations. 

2. The number of new sources of crude oil and refined product. 

3. The narrowing of the price-volume relationship associated with whole- 
sale terminal sales. 

4. The 20- to 40-fold increase in the cost of financing working capital since 
1972. 


The industrywide information explosion bverloaded the decision-making 
capabilities of many downstream participants, but it also provided a critical 


20 An Introduction to Management Science 


competitive edge to those companies who were able to use it effectively. 
This, together with Southland’s profit-making orientation caused the task 
force to adopt two highly interrelated goals: 


1. To provide Citgo decision makers with the best possible management 
science tools to gather and analyze the information required for eco- 
' nomically rational decision making. 
2. To identify and implement the organizational changes necessary for 
utilizing management science successfully. 


Тһе task force made comprehensive changes at Citgo to achieve these 
goals. These major changes were: 


l. The installation of a linear programming-based refinery optimization 
system at the company's Lake Charles facility. 

2. Тһе development of a computer system called TRACS (Tracking, Re- 
porting, and Aggregation of Citgo Segmented Sales) to evaluate the 
profitability of existing markets. 


ge 


The development of a corporatewide, on-line production acquisition 
and supply system (PASS), a management data base, and a state-of-the- 
art data base management system. 


e 


Тһе deployment of an optimization-based supply, distribution, and mar- 
keting model which used the PASS data to make economically rational 
decisions. 


Тһе results of this comprehensive combination of management science 
techniques have been impressive. The company's management has been 
able to reduce working capital by approximately $150 million. The resulting 
benefits include an annual decrease in interest expense of approximately 
$18 million and a substantial reduction in Citgo's vulnerability of falling 
crude oil апа product prices. Marketing profits were improved by $2.5 
million and refining profits by $50 million in 1985. The total costs of the 
systems implemented was $20—30 million. 

With respect to the use of management science at Citgo Petroleum, John 
P. Thompson, chairman of the board, and Jere W. Thompson, chief ex- 
ecutive of the Southland Corporation, attest that: "We have been very 
gratified at the success that this approach, with its heavy dependence on 
management science and cooperative effort, has achieved at Citgo." 


Source: Darwin Klingman, Nancy Phillips, David Steiger, and Warren Young, "The Successful Deployment of Management 
Science Throughout Citgo Petroleum Corporation," Interfaces, 17, no. 1 ( January-February 1987): 4-25. 


Glossary of Terms 


Algorithm. А set of procedures, which is followed in an iterative manner 
and which converges to the optimum solution for a specific model. 

Analog Model. A model in which one physical property is used to rep- 
resent another physical property. 

Assignment Model. An allocation model that is characterized by a special 
structure in that it involves the assignment of a certain number of activ- 
ities to an equal number of resources. 
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Constraint. A mathematical function that limits or restricts resource uti- 
lization or allocation with respect to the decision variables of the model. 

Data Base. A set of data that is structured according to some predefined 
set of rules. 

Decision Analysis Models. A class of management science models de- 
signed to select an optimal course of action from a set of alternative 
courses of action given the possible consequences associated with each 
alternative and their associated probabilities of occurrence. 

Decision Support System. A management information system in which 
a management science model is incorporated. 

Decision Variables. The unknowns that are to be determined by solving 
the model. 

Descriptive Model. A model that describes some problem situation but 
does not indicate any preferred course of action. 

Deterministic Model. A model in which the functional relationships and 
parameters are known with certainty. 

Dynamic Model. A model that considers a multiple time period horizon. 

Dynamic Programming Model. A model that considers a multiple time 
period horizon in which the decisions made over time are interrelated. 

Economic Lot Size Model. An inventory control model that balances 
the inventory holding cost and the cost of making (purchasing) a re- 
plenishment order of a particular size. 

Feasibility Study. A comprehensive examination of the technical, eco- 
nomic, and operational aspects of a proposed problem-solving endeavor 
to appraise its difficulty, estimate its cost, and determine its probability 
of success. 

Goal Programming Model. A mathematical programming model that 
allows the consideration of multiple objectives or goals. 

Heuristic Model. A model that employs an intuitive rule or generates a 
“good,” but not necessarily optimum, decision. 

Iconic Model. A scaled physical representation of a real system. 

Integer Programming Model. A linear programming model in which 
one or more of the decision variables are restricted to assume integer 
values. 

Inventory Models. A class of management science models that deter- 
mines how much of a given item to order and at what point in time to 
place the order so as to minimize costs. 

Linear Model. A mathematical model characterized by strictly linear re- 
lationships between the variables in the model, 

Linear Programming Model. A mathematical programming model in 
which the objective function can be represented as a linear function and 
the restrictions on resources can be expressed as a system of linear equal- 
ities and/or inequalities. 

Management Information System. A computer-based system for col- 
lecting, analyzing, and reporting information to managers. 

Management Science. Encompasses a methodology and a set of tech- 
niques derived from the physical sciences and mathematics with an ob- 
jective of improving the quality of managerial decisions. 

Markovian Decision Models. A class of management science models 
that involves the analysis of the current movement of a given variable 
in an attempt to predict the future movement of the same variable. 

Mathematical Model. A model in which a set of mathematical symbols 
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and functional relationships are used to represent some physical situa- 
tion. 

Mathematical Programming Models. A class of management science 
models that seeks to combine resources and activities in a manner that 
optimizes the overall effectiveness of the systems being modeled. 

Maximum-Flow Model. A model that allocates flows within a network, 
from а source to a destination, to maximize the total flow for the network. 

Minimum Spanning Tree Model. A variation of the shortest-route model 
that determines a minimum length set of connections that provides a 
route between any two points of a network. 

Network Models. Graphical representations of problem situations that 
are frequently utilized in the analysis of transportation and logistics sys- 
tems, research and development projects, and information theory. 

Nonlinear Model. A mathematical model that employs one or more cur- 
vilinear or nonproportional functional relationships. 

Nonlinear Programming Model. A mathematical programming model 
in which the objective function and/or one or more of the constraints 
are nonlinear functions. 

Normative Model. A model that describes the functional relationships 
between the variables of a system and prescribes a course of action for 
the decision maker to follow in meeting some defined objective. 

Objective Function. A mathematical function defining the relationships 
among the decision variables in terms of optimizing some measure of 
effectiveness. 

Operations Research. The application of scientific methods, techniques, 
and tools to problems involving the operation of a system so as to provide 
those in control of the system with optimum solutions to the problems. 

Parameter. A known value, or constant, in a model. 

Predictive Model. A model used to make a forecast of the future. 

Qualitative Model. An informal descriptive model of the real system. 

Quantitative Model. A formal mathematical model of the real system. 

Scientific Method. А rigorous analytical approach to the study of natural 
phenomena that encompasses observation and description of form, hy- 
pothesis and model building, hypothesis testing and analysis, and model 
refinement and modification. 

Shortest-Route Model. A network model that determines the minimum 
length path through a network. 

Simulation Model. A model in which the behavior of a real-world system 
is replicated, often using a digital computer. 

Static Model. A model that is defined at a fixed point in time and that 
considers a fixed period of time. 

Stochastic Model. A model that incorporates uncertainty in its functional 
relationships. 

Transportation Model. A special type of linear programming model that 
involves the transportation of goods and services from several supply 
origins to several demand destinations. 

Waiting-Line or Queueing Models. A class of management science 
models that is concerned with situations in which random arrivals are 
occurring at a servicing or processing facility of limited capacity. The 
objective of these models is to determine the optimum number of per- 
sonnel or facilities necessary to serve Customers or produc ts that arrive 
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at some random rate, while balancing the cost of service and the cost of 
waiting. 
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Discussion Questions 


1. Briefly review the origins and development of operations research/manage- 
ment science. 
2. Develop a comprehensive working definition of operations research/manage- 
ment science. 
3. What are the major elements in the methodology of management science? 
4. What is the significance and importance of model buidling in management 
science? 
5. What are the major elements in a typical model? 
6. What questions are important in making a feasibility study of a particular 
system? 
7. What are the important aspects of implementing the conclusions of a man- 
agement science study? 
8. What is the difference between a descriptive and a normative model? 
9. What is the difference between a deterministic and a stochastic model? 
10. What is the difference between a linear programming model and a nonlinear 
programing model? 
11. What is the difference between a static and dynamic model? 
12. What are the major characteristics of a simulation model? 
13. What are some of the prominent professional societies in the field of operations 
research/management science? 
14. What post-World War II factors were important in the development of op- 
erations research /management science? 
15. Why is the study of management science of importance to the prospective 
manager? 
What are the basic elements of the scientific method? 
17. What are the major elements in the practice of management science? 
18. What are some of the job possibilities in operations research/management 
science? Consult the "help-wanted" ads in The Wall Street Journal and your local 


newspaper. 
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2.2 A Maximization Linear Programming Model 
2.2.1 Formulation: Profit Maximization Production Scheduling Model 
2.2.2 Graphical Solution: Profit Maximization Production Scheduling Model 


2.3.1 Formulation: Cost Minimization Chemical Blending Model 
2.3.2 Graphical Solution: Cost Minimization Chemical Blending Model 
М 2.4 Mathematical Forms of the Linear Programming Model 
i 2.4.1 Economic Interpretation: Activity Analysis Problem 
2.5 The Assumptions Used in Formulating Linear Programming Models 
2.6 Applications of Linear Programming: Formulation Examples 
2.6.1 The Diet Problem 
2.6.2 The Fluid Blending Problem 
2.6.3 A Multiperiod Investment Problem 
2.6.4 A Portfolio Selection Problem 
2.6.5 A Multiperiod Scheduling Problem 
2.6.6 A Media Selection Problem 
2.6.7 The Least Cost Shipping Network Problem 


2.7 Conclusion 
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2.1 INTRODUCTION 


Linear programming is probably the single most 
widely used technique in management science. 
Since George Dantzig introduced the simplex 
method for solving linear programming problems 
in 1947, it has been used in myriad applications. 
It is now a standard tool that has saved millions 
of dollars for companies in various countries of 
the world. Many articles and textbooks have been 
written about its applications. In point of fact, a 
1970 study made by IBM estimated that 25 per- 
cent of all computer usage was devoted to some 
form of linear programming. 

Basically, linear programming involves the 
general problem of allocating scarce resources 
among competing activities in an optimal manner. 
This type of allocation problem arises naturally 
in a number of situations, such as scheduling 
production to maximize profits, mixing ingredi- 
ents for a product to minimize costs, selecting an 
optimum portfolio of investments, allocating sales 
personnel to sales territory, and defining a least 
cost shipping network. In each of these situations, 
the common requirement is that some type of 
scarce or limited resource must be allocated to 
some specific activity. Since the resources gener- 
ally produce profits or incur costs, the linear 
programming problem becomes that of allocating 
the scarce resources to the activities in such a 
manner that profits are maximized or, alterna- 
tively, costs are minimized. 

Because of its significance and importance, we 
will devote this and the next four chapters to 
linear programming. In this chapter we will in- 
troduce the basic concepts of linear programming, 
emphasizing the model formulation process. We 
will also illustrate the use of a graphical procedure 
for solving linear programming problems having 
only two variables. Several applications of linear 
programming will then be presented, with these 
applications focusing on the model formulation 
process. 

In the following chapter, Chapter 3, we will 
consider the simplex method for solving linear 
programming problems. Then, in Chapter 4 we 
will discuss the further analysis of linear program- 
ming problems after the simplex method has been 

initially applied. Chapter 5 considers a special 
type of linear programming problem. Chapter 6 
then addresses an extension of linear program- 
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ming to problem situations having multiple 
objectives. 


2.2 A MAXIMIZATION LINEAR 
PROGRAMMING MODEL 


We begin our discussion with a miniature proto- 
type example involving a profit maximization 
production-scheduling problem. This example is 
also small enough to be solved graphically in a 
straightforward manner. 


2.2.1 FORMULATION: PROFIT 
MAXIMIZATION PRODUCTION 
SCHEDULING MODEL 


The Crafty Machine Works produces machined 
metal parts to customer specifications and oper- 
ates in “job shop” fashion. Management of the 
company is concerned with allocating excess pro- 
duction capacity to either, or both, of two new 
products: 


Product 1: bearing plate 
Product 2: gear 


The excess capacity that is available but might 
limit production is given in the following table: 


Available Excess Capacity 


Machine Type (machine hours/week) 
Milling machine 60 
Metal lathe 40 


The number of machine hours required to pro- 
duce each unit of the two products is given in the 
following table: 


Required Machine Hours 
(machine hours/unit) 


Machine Type Product 1 Product 2 
Milling machine 5 10 
Metal lathe 4 4 


The firm's marketing department has determined 
that the bearing plate can be priced to produce a 
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unit profit of $6 while the gear can be priced to 
produce a unit profit of $8. 

This problem situation can be formulated into 
a linear programming model, as follows. Let 
х() = 1, 2) be the number of units (unknown) 
of product j to be produced in a week, where 
x, = number of bearing plates produced per week 
and x; — number of gears produced per week. 
The x; are the decision variables, whose values we 
seek to determine as we solve the problem. We 
are interested in maximizing profitability, so that 
the profit function for the model can be written 
as: 


Maximize Z = $6x, + $8x, (2-1) 


This is the objective function for our problem 
formulation. In this objective function the values 
$6 and $8 are the profit parameters, or coefficients, 
of the objective function. 

The resource availabilities in this situation are 
the available excess capacities on the two ma- 
chines. Thus, a constraint must be developed for 
each of these two resource availabilities. These 
resource availabilities are referred to as right- 
hand-side values, or coefficients, and are resource 
availability parameters. 

The mathematical statement of the two re- 
source availability constraints is: 


5x, + 10x, = 60 hours (milling machine constraint) 


4x, + 4x, = 40 hours (metal lathe constraint) 
(2-2) 


This is the constraint set for our problem for- 
mulation. The first constraint states that 5 hours 
per unit times the number of units of bearing 
plates that are produced plus 10 hours per unit 
times the number of units of gears that are 
produced must be less than, or equal to, the 60 
hours of available excess capacity for the milling 
machine. The second constraint states that 4 
hours per unit times the number of units of 
bearing plates that are produced plus 4 hours per 
unit times the number of units of gears that are 
produced must be less than, or equal to, the 40 
hours of available excess capacity for the metal 
lathe. In each of these constraints, the coefficients 
of the decision variables x, and x» are the physical 
rates of usage or physical rates of substitution. 
These physical rates of usage are the parameters 
of the constraint set. They tell us the rate at which 
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the resources (milling machine hours or metal 
lathe hours) are used in the production of the 
desired end products (x, = bearing plates, x = 
gears). 

Finally, we must define the nonnegativity re- 
strictions for our problem formulation: 


x, 20, x, 20 (2-3) 


These nonnegativity restrictions simply state that 
nonnegative amounts of each of the two products 
must be made. 


2.2.2 GRAPHICAL SOLUTION: 
PROFIT MAXIMIZATION PRODUCTION 
SCHEDULING MODEL 


For simple two-variable linear programming 
problems,' a graphical approach can be used to 
obtain a solution. Additionally, the graphical so- 
lution provides a comprehensive illustration of 
the basic concepts of linear programming. How- 
ever, the reader should be cautioned that the 
graphical procedure is limited to two-variable 
problems, and the simplex procedure is used for 
problems whose size exceeds two variables. 

We will now illustrate the graphical solution 
procedure using the profit maximization produc- 
tion scheduling model. This very small problem 
has only two decision variables, so a two-dimen- 
sional graphical procedure can be used. This 
procedure involves constructing a two-dimen- 
sional graph with x, as the horizontal axis and хо 
as the vertical axis. To begin, note that the non- 
negativity restrictions x, = 0, x» = 0, require 
(хі, хә) to lie on the positive sides of the two axes 
(if not actually on either axis) The graphical 
representation of the nonnegativity conditions is 
shown in Fig. 2.1. 

Now, let us superimpose the constraint set on 
these nonnegativity conditions. Observe that the 
constraint set is composed of two linear inequal- 
ities, which can be represented by straight lines 
that form boundaries for permissible values of 
the decision variables, the x;. Each of the two 
constraints (inequalities) can be plotted from two 


‘Strictly speaking, three-variable linear programming 
problems can also be solved graphically. However, it is very 
difficult to obtain such a solution graphically because of the 
complexity associated with drawing in three dimensions. 


0 1 2 3 4 5 +00 


FIGURE 2.1 GRAPHICAL REPRESENTATION— 
NONNEGATIVITY CONDITIONS (x, = 0, ж = 0) 


intercept points. The intercept points (x, = 0, 
хә = 6) and (x, = 12, хә = 0) are used to plot 
the straight line representing the milling machine 
constraint 5x, + 10x = 60. This first constraint 
states that no (x,, xs) value can lie above the line 
5x, + 10х; = 60. Similarly, the intercept points 
(x, = 0,x = 10) and (x, = 10, x, = 0) are used 


ж 
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to plot the straight line representing the metal 
lathe constraint 4x, + 4x, = 40. This second 
constraint signifies that по (x), xs) value can lie 
above the line 4x, + 4x; = 40. The graphical 
representation of the constraint set superimposed 
on the nonnegativity conditions is shown in Fig. 
2.2. 

Figure 2.2 indicates the region of permissible 
values of (хі, xs). The final step in the solution 
process is to pick out the point that maximizes 
the value of the objective function Z = 6x, + 
8x. After a little practice this step becomes easy. 
But to see how it is done we proceed by trial and 
error. The objective function is graphed as a 
series of straight lines (often referred to as iso- 
profit, or "equal profit," lines in a profit maxi- 
mization problem) beginning at the origin (x, - 
0, x» — 0), where the objective function has a 
value of Z = 6x, + 8х, = 6(0) + 8(0) = 0, and 
continuing upward and to the right as a series of 
parallel lines to the point (x, = 8, x = 2) where 
the objective function has its maximum value of 
7 = 6x, + 8x, = 6(8) + 8(2) = 64. Therefore, 
the desired optimal solution to this problem is 
x, = 8, хә = 2, which indicates that the Crafty 
Machine Works should produce eight bearing 
plates and two gears with its excess capacity, and 


Milling Machine 
Constraint 
5x, + 10x; < 60 


Metal Lathe Constraint 


Ax, + 4x, € 40 


FIGURE 2.2 GRAPHICAL REPRESENTATION—NONNEGA- 
TIVITY CONDITIONS AND CONSTRAINT SET 
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Z = 6x, + Bx, 
= 6(0) + 8(6) = 48 


Z = 6x, + 8x, 
= 6(0) + 80) =0 


Sx, + 10x, < 60 
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Optimal Solution 
Z = 6x, + 8x; 
= 68) + 8(2) = 64 


4x, + 4x, « 40 
"ped 


= 60) + 8(0) = 60 


FIGURE 2.3 GRAPHICAL REPRESENTATION—PROFIT MAX- 
IMIZATION PRODUCTION SCHEDULING MODEL 


profit will be maximized at $64. The graphical 
representative of the complete profit maximiza- 
tion production scheduling model is shown in 
Fig. 2.3. 


Definitions 


1. Any set of x; that satisfies the contraint set is termed 
a solution to the linear programming model. 

2. Any set of x; that satisfies the constraint set and the 
nonnegativity restrictions is termed a feasible so- 
lution to the linear programming model. 

3. Any set of x; that satisfies the constraint set and the 
nonnegativity restrictions and optimizes (maximizes 
or minimizes) the objective function is termed an 
optimal feasible solution. 


These definitions are illustrated by referring 
to the graphical representation of Fig. 2.3. First, 
the solution space is defined by the constraint set 
that is bounded by the two straight lines, 5x; + 
10x, = 60 and 4x, + 4x; = 40. Next, the feasible 
solutions are points within the feasible solution 
space that is defined by the two constraints and 


the two nonnegativity restrictions, x, = 0 and 
x» = 0. The feasible solution space in Fig. 2.3 has 
been shaded. Finally, the optimal feasible solu- 
tion is seen to be the point (x, = 8, x, = 2) within 
the feasible solution space at which the value of 
the objective function is the largest (ie., 2 = 
6x, + 8x, = 6(8) + 8(2) = 64). Note how the 
values of the objective function, Z, are traced over 
the feasible solution space, beginning at the origin 
(хі = 0, xs = 0), with a straight line having the 
slope of the objective function (Slope = -с1/сҙ = 
—$ = —}). At the origin the value of the objective 
function is obviously, Z = 0. As the isoprofit line 
with slope = —} is moved upward and to the 
right, the point (x = 0, x» = 6) is reached and at 
this point, Z = 48. Moving further right and 
upward we obtain the point (x, = 10, х; = 0), at 
which the value of Z = 60. Finally, we move to 
the point (x, = 8, x» = 2) producing the optimal 
feasible solution, Z = 64. Thus, to maximize 
profit we have moved the isoprofit line (objective 
function) as far as possible from the origin, in- 
creasing the values of x, and хә, but have still 
remained within the feasible solution space. 


2.3 А MINIMIZATION LINEAR 
PROGRAMMING MODEL 


We continue our discussion with a miniature 
prototype example involving a cost minimization 
chemical blending problem. Again, this problem 
is small enough to be solved using the graphical 
solution procedure. 


2.3.1 FORMULATION: COST 
MINIMIZATION CHEMICAL 
BLENDING MODEL 


A photographic development company has de- 
termined the chemical requirements for blending 
a developer for a particular type of film. The 
company is able to purchase two brands of dry 
developing compounds that contain the required 
chemicals. The chemical requirements and the 
chemical contents and costs of the developing 
compounds are shown in the following table: 
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The first constraint states that 6 units per bag 
times the number of bags of developing com- 
pound 1 plus 3 units per bag times the number 
of bags of developing compound 2 must be equal 
to, or greater than, the 18 units of chemical A 
that are required. The second constraint states 
that 2 units per bag times the number of bags of 
developing compound 1 plus 4 units per bag 
times the number of bags of developing com- 
pound 2 must be equal to, or greater than, the 
12 units of chemical B that are required. The 
third constraint states that 2 units per bag times 
the number of bags of developing compound | 
plus 8 units per bag times the number of bags of 
developing compound 2 must be equal to, or 
greater than, the 16 units of chemical C that are 
required. 


Finally, there are the nonnegativity restrictions: 
x, 20, x, > 0 (2-6) 


These nonnegativity restrictions indicate that only 


—=— 


Developing Compound 
Chemical Units 
Required Brand 1 Brand 2 Required 
Chemical A 6 units per bag З units per bag 18 units 
Chemical B 2 units per bag 4 units per bag 12 units 
Chemical C 2 units per bag 8 units per bag 16 units 


Cost per bag $5.00 $4.00 


This problem situation can be formulated into 
a linear programming problem in the following 
manner, Let x; (j = 1, 2) be the number of bags 
(unknown) of developing compound j to be pur- 
chased. We are interested in minimizing cost; 
therefore, the cost function for the model can be 
written as: 


Minimize Z = $5x, + $4x, (2-4) 


The resource requirements in this situation are 
the unit requirements for chemicals A, B, and C, 
respectively. A constraint must be developed for 
each of the three chemical requirements. The 
mathematical statement of the three resource 
requirement constraints is: 


6x, + 3x, ғ 18 (chemical A) 


(сһетпіса! В) (2-5) 


(chemical С) 


nonnegative amounts of the two developing com- 
pounds can be purchased. 


2.3.2 GRAPHICAL SOLUTION: 
COST MINIMIZATION CHEMICAL 
BLENDING MODEL 


In Fig. 2.4 a graphical representation of the cost 
minimization chemical blending model is pre- 
sented. First, observe that the solution space for 
this model is defined by the three constraint 
inequalities given by Equation 2-5. Second, the 
feasible solution space is then defined by the three 
constraint inequalities and the two nonnegativity 
restrictions, and has been shaded. Third, the 
objective function is graphed as a series of straight 
lines (often referred to as isocost, or “equal cost,” 
lines in a cost minimization problem) beginning 
at the point (x, = 8, x, = 0) in the feasible 
solution space, where the objective function has 
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Z= 5x, + 4х; 
= 5(8) + 4(0) = 40 


FIGURE 2.4 GRAPHICAL REPRESENTATION—COST MINIMI- 
ZATION CHEMICAL BLENDING PROBLEM 


а value of Z = 5x, + 4x, = 5(8) + 4(0) = 40, 
and continuing downward and to the left to the 
point (x, = 2, x; = 2), where the objective 
function has a minimum value of Z = 5x, + 
4x, = 5(2) + 4(2) = 18. Therefore, the optimum 
solution indicates that two bags of chemical A and 
two bags of chemical B should be used in the 
blending process, and that cost will be minimized 
at $18. 


2.4 MATHEMATICAL FORMS 
OF THE LINEAR 
PROGRAMMING MODEL 


Based on our previous illustrations the general 
mathematical structure of linear programming 
models can now be stated. We seek to determine 
the values of ху; j = 1,2, ..., n, that maximize 
the linear function: 


Maximize ^ Z = cx, + аха t itt + x, ` (2-7) 
subject to the linear restrictions: 
ацху + Ayko +77 + анх S bı 
алх, “ауд + °°° + анх, = b, 
(2-8) 


аху + аха E + ах, 5 b, 


with — x,20,x,z0,...,x, 20 (2-9) 


where а, bj, and c; are known (given) constants 
or parameters of the model. The с; are the param- 
eters of the objective function, the а; are the 
parameters of the constraint set, and the b; are 
the right-hand-side parameters. The linear func- 
tion being maximized is the objective function. The 
linear restrictions given by Equation 2-8 are the 
constraint set. The conditions given by Equation 
2-9 are the nonnegativity restrictions for the decision 
variables, the x;. 

The set of data required for the linear pro- 
gramming model is summarized in Table 2.1. 
Observe that our two previous linear program- 
ming model formulations contained all the data 
shown in Table 2.1. 

This linear programming model can be written 
more compactly as: 


2- Eos 


Maximize 

n (objective function) (2-10) 
subject to: У ajx Sb, fori = 1,2,...,m 

Ys (constraint set) (2-11) 

with x20 forj = 1, 2,...,п 

(nonnegativity restrictions) (2-12) 
Or, using matrix notation: 
Maximize Z = сх (objective function) (2-13) 
subject to: Ах <b (constraint set) (2-14) 
with x20  (nonnegativity restrictions) (2-15) 
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TABLE 2.1 DATA FOR THE LINEAR PROGRAMMING MODEL 


Resource 


Change in Z/unit 
of activity 


where с = (с, со, ..., Cn) is а row vector, х = 
(хі, Хә,...,х,) is a column vector, A = [a,j] is an 
(m X n) matrix, b = (0, bs, ..., bm) is a column 
vector, and 0 is an n-dimensional null column 
vector. 

We should immediately note that the general 
linear programming model just presented can 
have other forms. First, we may seek to minimize, 
rather than maximize, the objective function. 
Second, the constraints need not be of the form 
"less than or equal to” (=) but, instead, can be of 
the form “greater than or equal to” (=), or they 
can be strict “equalities” (=). Third, it is possible 
to delete the nonnegativity restrictions for some 
of the decision variables and allow them to be 
unrestricted (+ or —) in sign. These various 
other forms of the linear programming model 
will be presented and discussed in detail in the 
material that follows. 

In the linear programming formulation given 
by Equations 2-7, 2-8, and 2-9, all the mathemat- 
ical functions that are used are linear functions 
of the decision variables (i.e., the x; are all ex- 
pressed to the first power). In later chapters of 
the book (Chapters 9 and 10) we will consider 
nonlinear programming problems that have the 
same structure as linear programming problems, 
with the important exception that the mathemat- 
ical functions used are not linear functions of the 
decision variables (e.g., a nonlinear programming 
problem may have terms such as x}, 2 V5). 


2.4.1 ECONOMIC INTERPRETATION: 
ACTIVITY ANALYSIS PROBLEM 


The word programming in the name linear pro- 
gramming does not refer to computer program- 
ming at all, although many computer programs 


Resource Required/ 
Unit of Activity 


Resource 
Availability 


have been written and are used to solve linear 
programming problems. In the title linear pro- 
gramming, the word “programming” refers to the 
planning of activities in a manner that achieves 
some “optimal” result, under restrictions of re- 
sources availability. 

The production scheduling linear program- 
ming problem formulated in Section 2.2 is an 
example of an activity analysis problem in which 
we seek to allocate scarce resources among com- 
peting activities. The economic interpretation of 
the problem is as follows: given n competing 
activities, the decision variables хі, x», ..., X, 
represent the levels of these activities. In a typical 
production scheduling problem, each activity is 
the production of a certain number of units of 
the jth product during a given period of time. 
Тһе c; represent the unit profits associated with 
unit increases in the ху. The number of relevant 
scarce resources is m, and each of the m linear 
inequalities in the constraint set corresponds to a 
restriction on the availability of one of these 
resources. Thus, the b; are the amounts of re- 
sources available for the m activities, and the а; 
represent the amount of resource i consumed by 
each unit of product j. The constraint set, in total, 
represents the total usage of the respective re- 
sources. The nonnegativity restrictions (x, = 0; 
j = 1,2,...,n) preclude the possibility of negative 
activity levels (i.e., we cannot produce a negative 
quantity of any product). 


2.5 THE ASSUMPTIONS USED IN 
FORMULATING LINEAR 
PROGRAMMING MODELS 


Having considered the formulation, the mathe- 
matical structure, and the graphical solution ap- 
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proach to linear programming problems, let us 
now consider the salient assumptions of the linear 
programming model. To illustrate these assump- 
tions, we will refer to our production scheduling 
example, whose structure has been reproduced 
in the following table. 


jective function increases as a linear combination 
of the number of units being produced of each 
of the two products (ie., 2 = 6x, + 8x2). The 
rate of increase in the objective function is pro- 
portional to the unit profit level associated with 
each product. Similarly, the constraint set рго- 


Requirements or Profits 


per Unit 
Product 1 Product 2 ^ Total Resource 
Item Bearing Plate Gear Availabilities 
Milling machine hours 5 10 60 hours 
Metal lathe hours 4 4 40 hours 
Unit profit ($) 6 8 Maximize 
Production level хі ха — 


Linearity. The basic assumption in every linear 
programming model is that the objective function 
and every constraint is linear with respect to the 
decision variables. In our production scheduling 
problem the property of linearity means that the 
marginal measure of profitability, as given by the 
objective function, and the marginal usage of 
each resource, as given by the constraints, are 
considered to be constant over the entire range 
of productive activity. In economic terms, linearity 
implies a "constant return to scale," regardless of 
the level of production. To illustrate, referring to 
the previous table, production of two bearing 
plates (x, = 2) and three gears (хә = 3) requires 
9 bearing plates times 5 milling machine hours 
per bearing plate plus 3 gears times 10 milling 
machine hours per gear equals 40 milling machine 
hours; 2 bearing plates times 4 metal lathe hours 
per bearing plates plus 3 gears times 4 metal lathe 
hours per gear equals 20 metal lathe hours, and 
yields 2 bearing plates times $6 profit per bearing 
plate plus 3 gears times $8 profit per gear equals 
$36. The linearity property is really a result of 
three other important properties of the linear 
programming model, namely, proportionality, 
additivity, and continuity. 


Proportionality. The proportionality property 
means that the measure of effectiveness employed 
in the objective function (e.g., profit in our pro- 
duction scheduling example) and the amount of 
each resource used in each constraint must be 
proportional to the value of each decision variable 
considered individually. In this example, the ob- 
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vides for linear restrictions оп resource usage. 
Again, resource usage is proportional to the level 
of activity associated with the production of each 
product. Thus, the bearing plate requires 5 hours 
of milling machine time and 4 hours of metal 
lathe time. This requirement would have to be 
met, regardless of the number of bearing plates 
being manufactured. To facilitate an understand- 
ing of the proportionality principle, let’s consider 
an example in which this property is violated. 
Suppose that the metal lathe is rather old and 
that increased usage results in a reduction in 
profit per unit for each additional unit produced 
due to higher maintenance costs and down time. 
The objective function might then appear as 
follows: 


Maximize Z = (6 ¬ 0.01х)х, + (8 — 0.01 x3)xs 
(2-16) 
or 
Maximize Z = бх, — 0.01х? + 8x, - 0.01x3 


In this case, the rate of increase in the objective 
function is not proportional to the unit profit 
level associated with each product, and thus we 
have a nonlinear objective function. 

More will be said about linear programming 
problems in which some or all of the decision 
variables are required to have integer values, as 
integer linear programming is discussed in detail in 
Chapter 9. 


Additivity. In addition to proportionality, it is 
required that each of the activities be "additive" 
with respect to the measure of resource usage, as 


specified by the constraint set, and to the measure 
of effectiveness, as specified by the objective func- 
tion. Thus, the manufacture of the first product 
cannot affect the profitability associated with man- 
ufacture of the second product, and vice versa. 
In essence, the total profitability and each total 
resource usage that results from the joint pro- 
duction of the two products must be the respective 
sum of the quantities resulting from the products 
being produced individually. From the preceding 
table, the production of one bearing plate (хі = 
1) and one gear (x; = 1) requires (5 + 10 = 1 
hours) of milling machine time and (4 + 4 = 
hours) of metal lathe time and yields ($6 + 8 
$14) profit. 

Violation of the additivity property would 
introduce a cross-product term or terms into the 
model since interactions between activities would 
be allowed. For example, if the manufacture of 
the bearing plate had a dampening effect on the 
profitability of the gear, the objective function 
might be formulated as: 


ll oc cx 


бх, + (8 — 0.05xi)xs 


І 


Maximize 2 
or (2-17) 
Maximize Z = 6x, + 8x; — 0.05x, x. 


The additivity property prohibits the appearance 
of such a crossproduct term (0.5x,x») in the 
objective function and the constraints of the 
model. 


Continuity. Continuity, or divisibility, means 
that fractional levels of the decision variables, the 
ху, are possible. Similarly, fractional amounts of 
resource usage are also possible. This property is 
to be expected, as the linear equations that form 
the feasible solution space are themselves contin- 
uous linear functions. Thus, the extreme points 
of the feasible region, and the optimal feasible 
solution, need not have integer values. 


Deterministic Coefficients. All the coefficients 
in the linear programming model (the a,,, 6,, and 
с,) are assumed to be deterministic (known) con- 
stants or parameters. Usually, these parameters 
are determined from production, marketing, or 
accounting data. It should be obvious that there 
will be many cases in which such coefficients may 
be neither a known quantity nor a constant. In 
such cases, the skill and judgment of the man- 
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agement science analyst is required to determine 
a set of coefficients that will allow the solution of 
the model in a fashion that produces a useful, 
rational decision. In Chapter 4 we will study 
sensitivity analysis in which we will examine the 
sensitivity of the optimal solution(s) of a linear 
program to variations in the input data. Sensitiv- 
ity analysis is concerned with determining how 
much the various coefficients of a linear program- 
ming model can vary before the optimal solution 
changes. 


2.6 APPLICATIONS OF 
LINEAR PROGRAMMING: 
FORMULATION EXAMPLES 


One of the most important aspects in gaining a 
thorough understanding of linear programming 
concerns developing the ability to recognize and 
analyze problem situations that are amenable to 
formulation and solution using linear program- 
ming. Although it is difficult, if not impossible, to 
teach someone what specific problem situations 
are amenable to solution using linear program- 
ming, it is very useful and instructive to consider 
a number of illustrative applications of linear 
programming. By developing an understanding 
based on these applications, the reader can per- 
haps begin to learn how to formulate problems 
using the framework of linear programming. 

In this section of the chapter we concentrate 
on problem formulation. The analytical method 
used to solve linear programming problems will 
be discussed in detail in Chapter 3. However, to 
enhance our general understanding of linear 
programming and the problem formulation pro- 
cess in particular, we present a summary of the 
solutions for each of the applications presented. 
It is recommended that the student use these 
solutions to check the consistency of the problem 
formulations. Note finally that two important 
applications of linear programming, namely, pro- 
duction scheduling and raw material blending, 
have already been discussed. 


2.6.1 THE DIET PROBLEM 


The Falston Company is a major manufacturer 
of dog food. It is considering the production of 
a. new dog food “Enriched Wow." This new dog 
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food must meet certain standards with respect to 
its calorie, protein, and vitamin content, and it 
can be blended from three basic ingredients. The 
standards for the dog food and for the calorie, 
protein, and vitamin content of the three basic 
ingredients are shown in the following table. Note 
also that the cost per pound for each of the three 
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ingredients is shown in this table. The objective 
of the linear programming formulation is to 
ascertain the quantities of the various ingredients 
that should be blended to meet the standards 
established for the dog food, while minimizing its 
cost. We will assume that the formulation is based 
on producing a 1.0-Ib unit of dog food. 


Required Total Nutritional 
Nutritional per Pound of Ingredient Requirement per 

Element Ingredient 1 Ingredient 2 Ingredient 3 Pound of Dog Food 
Calories 430 550 480 = 2000 
Protein 210 290 230 = 250 
Vitamin A 100 75 110 = vu 
Vitamin C 85 100 90 = ' 85 
Vitamin E 110 50 70 =) 4 55 
Cost per pound $0.17 $0.23 $0.16 


Let x; (/ = 1, 2, 3) represent the number of 
pounds (unknown) of ingredients 1, 2, and 3 to 
be blended in a pound of dog food. The linear 
programming model for this problem can be 
written as: 


Minimize Z = 0.17x, + 0.23x + 0.16x, (2-18) 
subject to: 
430x, + 550x, + 480x, = 2000 (calories) 
210x, + 290x, + 230x,2 250 (protein) 
100x, + 75x, + 110x,= 70 (vitamin А) 
85x, + 100x, + 90ху- 85 (vitamin C) 
110x, + 50х, 70x,2 55 (vitamin Е) 

x, + ха + х= 1.0 


(1-Ib production unit) (2-19) 


with х2 0, х, 2 0 and хұ>0 (2-20) 


Note that this problem formulation involves the 
minimization of cost rather than the maximization 
of profits. Also, the first constraint provides for 
an upper limit (maximum) of 2000 calories per 
unit of dog food, while the following four con- 
straints provide for lower limits (minimum) for 
protein, vitamin A, vitamin C, and vitamin E. The 
final constraint states that the sum of the ingre- 
dients used must total to 1.0 (Ib), which is the 
amount of dog food we are trying to produce. 
Thus, the first constraint is expressed as a "less 
than or equal to" constraint, the next four con- 
straints are expressed as "greater than or equal 
to constraints," and the final constraint is ex- 
pressed as an "equality" constraint. 

Тһе minimum-cost dog food blending plan is 
summarized in the following table. 


— mm 


Pounds А 
Ingredient Used Calories Protein 
1 = тте ES 
2 0.333 183.33 96.67 
3 0.667 320.00 153.33 
Total 1.000 503.33 250.00 


Cost per 
Pound of 


Vitamin A Vitamin C Vitamin E Dog Food 


25.00 33.33 17.67 0.076 
73.33 60.00 46.67 0.107 
98.33 93:95 64.34 $0.183 
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Note that this minimum-cost dog food blending 
problem does not utilize any of ingredient 1 and 
that 1.0 Ib of dog food is blended from 0.333 Ib 
of ingredient 2 and 0.667 lb of ingredient 3. 
Observe also how the constraints of this problem 
are satisfied by the optimal solution. 


2.6.2 THE FLUID BLENDING PROBLEM 


A problem that is somewhat related to the diet 
problem involves the blending of fluids, such as 
chemicals, plastics, or oils, to form a desired end 
product. Each of the fluids (resources) included 
in the blend has certain blending properties and 
an associated cost. The objective of the blending 
problem is to produce the final product in a 
manner that minimizes its costs while still meeting 
the criteria established for its blending. As will be 
shown, the blending problem also illustrates the 
use of doubly subscripted notation in the linear 
programming formulation. Consider now the fol- 
lowing highly simplified example of gasoline 
blending. 

Тһе Hexxon Company sells three brands of 
gasoline: Supreme, Regular, and Unleaded. Each 
brand of gasoline is composed of one or more of 
four blending constituents. The relevant data 
concerning the four blending constituents are 
shown in the following table. The supply per day 
figures shown in this table represent the maxi- 
mum supply per day available for each of the 
four blending constituents. 


Cost Supply 
Blending Octane ($ per per Day 
Constituent Rating | | barrel) (barrels) 
1 102 5.00 2500 
2 9% 4.00 3000 
3 93 3.00 3500 
4 110 8.00 2000 


Now, each of the three brands of gasoline must 
meet a minimum standard for octane rating, and 
each of the three brands of gasoline sells at 
different price and has a different demand rate. 
The relevant data concerning the three brands of 
gasoline are shown in the following table. The 
demand per day figures shown in this table rep- 
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resent the minimum demand per day required 
for each of the three brands of gasoline. For 
simplicity, it will be assumed that we are interested 
in making a blending decision for a single day 
and that all gasoline blended during this day can 
be either sold or stored at negligible cost. 


Selling 
Minimum Price Demand 
Brand of Octane ($ per per Day 
Gasoline Standard barrel) (barrels) 
Supreme 100 7.50 3000 
Regular 96 6.00 4000 
Unleaded 90 5.50 2000 


To formulate this linear programming model, 
let x; (i = 1, 2, 3, 4 andj = 1, 2, 3) represent 
the barrels of blending component i used in 
gasoline brand j. Observe that the use of this 
doubly subscripted notation greatly enhances the 
model’s formulation, as it makes specification of 
the variables much simpler than if singly sub- 
scripted variables had been employed. Using this 
doubly subscripted notation, the objective func- 
tion for this model can be written as: 


Maximize Z = (7.50 ~ 5.00)x,, + (7.50 — 4.00)x., 
+ (7.50 — 3.00)x,, + (7.50 — 8.00)x,, 
+ (6.00 — 5.00)x,, + (6.00 - 4.00)х; 
+ (6.00 — 3.00)x,, + (6.00 — 8.00)х, 
+ (5.50 ~ 5.00)x,, + (5.50 = 4.00)x« 


+ (5.50 — 3.00)xy + (5.50 — 8.00)x, 
(2-21) 


Тһе objective function indicates that there is a 
$2.50 profit on each barrel of blending compo- 
nent 1 used in Supreme, a $3.50 profit on each 
barrel of blending component 2 used in Supreme, 
а $4.50 profit on each barrel of blending com- 
ponent 3 used in Supreme, and a loss of $0.50 
on each barrel of component 4 used in Supreme, 
and so forth. These numbers are obtained by 
subtracting the cost of blending constituents i = 
1, 2, 3, 4 from the selling price ($7.50) assoc iated 
with brand j = 1 (Supreme). For example, blend- 
ing component i = 1 costs $5.00 per barrel, and 
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Supreme (brand j = 1) sells for $7.50 per barrel, 
giving a profit of $2.50, as indicated by the 
coefficient of the first term in the objective func- 
tion. 

Next, we formulate a set of constraints to satisfy 
the minimum octane rating required for each 
brand of gasoline. These constraints are "ratio 
constraints" of the form: 


102x,, + 96x, + 93x, + 110x4, 
Хи + xa + Xs, + Ха 


= 100 


(minimum octane 
standard, Supreme, j = 1) 


102х» + 96x» + 93xs + OX. | 


> 96 
Octane Ха + Xo + Ху» + Хз 
rating Ж 
constraints (minimum octane 


standard, Regular, / = 2) 


102x153 + 96x25 + 93x53 + 110х | 
Хз + Ха + Ха + Хаз 


90 


(minimum octane 
standard, Unleaded, j = 3) 
(2-22) 


The ratio constraints given by Equation 2-22 
are not in a particularly convenient form for a 
linear programming model. Employing simple 
algebra, they can be written first as: 


102x,, + 96x; + 93x, + 110х = 100(х + Xe 
+ ха + X41) 


109х |) + 96х» + 93xs + 110х = 96(хь + X» 
+ х» + X42) 


109х|; + 96x05 + 93х + 110х = 90(хіз + хәз 
+ Xss + X43) 
(2-23) 


and then as 
2x, = 4х — 7х3 + 10x, = 0 
бх. - хи + 14х20 (2-24) 
12x15 + бх + $Х + 20x > 0 


This latter form (Equation 2-24) would actually 

be employed in solving such a linear program- 

ming model. ( 
Proceeding, we formulate a set of constraints 


to restrict the four blending constituents used in 
the three brands of gasoline to the daily supply 
availability of those four blending constituents. 
These four daily supply availability constraints 
are written simply as: 

Xu + ху; + хуу S 2500 


(blending constituent, ; = 1) 
Xa + Хә + xy = 0 


SPERI i j (blending constituent, i = 2) 
a es xai He apr 9500 
constraints 


Ш 
- 
= 


(blending constituent, i 

Xa + хь» + X43 5 2000 
(blending constituent, i = 4) 
(2-25) 


Next, we formulate a set of constraints to satisfy 
the daily demand requirement. These constraints 
are written simply as: 


хи + xa + Xs, xq = 3000 


(Supreme brand, ј = 1) 
тер леви i Хә + хә + хә + x44 = 4000 
ЭЕ ОТЕ (Regular brand, / = 2) 
constraints 


Хз + хәз + Хау + Хау = 2000 
(Unleaded brand, ј = 3) 
(2-26) 


Finally, we must specify nonnegativity restric- 
tions of the form: 


x, 20 fori = 1,2,3,4 andj =1,2,3 (9-97) 


The maximum-profit gasoline blending plan is 
summarized in the following table. 


Blending 
Constituent i, Profit 
Used in Barrels ($ per Contribution 
Gasoline j Used barrel) to Profit 
Хи 2450 82.50 $6,125 
хр БО ТОО 50 
хә» 3000 2.00 6,000 
Xu 700 4.50 3,150 
ху 800 3.00 9,400 
Ха 2000 2.50 5,000 
Xa 150 — 2.00 —300 
Totals 9150 Maximum Z = $22,425 


Note that in this maximum-profit gasoline 
blending plan we utilize 150 barrels of blending 


constituent 4 in gasoline 2, (1.е., ха, = 150) even 
though this reduces the value of the objective 
function. This must be done to satisfy the second 
octane-rating constraint and the second demand 
requirement constraint. It is suggested that the 
reader verify the fact that each of the constraints 
of this problem are satisfied, using the values of 
the decision variables shown in the table. 
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2.6.3 A MULTIPERIOD 
INVESTMENT PROBLEM 


Linear programming can be readily applied to 
problems having a nonstationary or multiperiod 
time horizon. To illustrate, consider the following 
multiperiod investment problem. A wealthy inves- 
tor has three investment opportunities available 
at the beginning of each of the next five years 
and also has a total of $500,000 available for 
investment at the beginning of year 1. A summary 
of the financial characteristics of the three invest- 
ment alternatives is presented in the following 
table. 


Allowable 
Size of Immediate 
Initial Timing of Reinvestment 
Investment Investment Return (%) Return Possible 
1 $100,000 1 year later Yes 
2 Unlimited 2 years later Yes 
3 $ 50,000 3 years later Yes 


This wealthy investor wishes to determine the 
investment plan that will maximize the amount 
of money that can be accumulated by the begin- 
ning of the sixth year in the future. 

Let x; @ = 1, 2, 3 andj = 1, 2, 3, 4, 5) 


represent the unknown amount to be invested in 
alternative i at the beginning of year j. Similarly, 
let y; represent the unknown amount not invested 
іп any of the alternatives in period /. 

Тһе linear programming model of this prob- 
lem situation is: 


Maximize Z = 1.09х, + 1.06x,, + 1.10x55 + ys (2-28) 
subject to: 
(year ЙЫ + x + ху + у, = 500,000 
Yearl h (year 2) - у, — 1.09х + xi + xo + ху + y: = 0 
сана нт di: (year 3) - y, — 1.06х, - 1.09х + xis + xs + Xs + Ys = 0 
(year 4) – у, - 1.10x,, - 1.06х» - 1.09х + xj, + ху + х + у. = 0 
(year 5) - у, — 1.10х» - 1.06x4, - 1.09х; + хь + xs + х + у, = 0 
(2-29) 


хи = 100,000 х; = 50,000 
Size of Xi = 100,000 х» = 50,000 
investment 4 хі = 100,000 — x4, = 50,000 
constraints | x, = 100,000 x,, = 50,000 
хі = 100,000 — x4, = 50,000 

with — x;z0,y20 


fori = 1,2,3 and j = 1,2,3,4,5 (2-30) 


The first five constraints apply to the cash flows 
for years j = 1, 2,..., 5. Thus, іп year j = 1, 
the sum of the amount invested in the three 


alternatives plus the amount not invested must 
exactly equal the total amount, $500,000 initially 
available for investment. In year j = 2, the 
following situation would be possible. 


Investment alternatives = available funds 
Ха + Ха + Xs + yo = у, + 1.09%, 
or 


-y = 1.09x xg xs + ху + у, = 0 (2-31) 
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Note that the available funds at the beginning of 
year j = 2 are the sum of the funds not invested 
in year j = 1, that is, y,, plus the original invest- 
ment and its associated return for alternative i = 
l in period j = 1, or 1.09x,,. Thus, Equation 2- 
31 is essentially a "balance of funds" equality that 
must be satisfied. Years j — 3, 4, and 5 can be 
evaluated similary. The final 10 constraints apply 
to the maximum size of investment allowed for 
alternatives 1 and 3. The objective function to be 
maximized is that obtained from the optimal 
possible return from the three alternatives, taking 
into account the timing of the returns from each 


of the three alternatives. Since all funds available 
at the beginning of the year j = 5, may not 
necessarily be committed, the term y, must also 
be included in the objective function. 

In addition to demonstrating how a linear 
programming model can be constructed for a 
multiperiod problem, it indicates that constraints 
can also be of the "strict equality" variety. The 
use of strict equalities in this problem formulation 
was necessary to ensure the total commitment of 
funds, if desirable, in each year. 

Тһе solution to the multiperiod investment 
problem is summarized in the following table. 


Yearly Investment Plan 


Year 1 хи F ха + Xy +H = 500,000 
100,000 + 38,700 + 50,000 + 311,300 = 500,000 
Year 2 =y, — 1.09х + х + Xx + Xe + Je = 0 
—311,300 — 109,000 + 100,000 + 320,300 + 0 + 0 = 0 
Үеаг 3 =). — 1.06х; — 1.09х + Ху Xe + ху + уу = 0 
0 — 41,000 - 109,000 + 100,000 + 0 + 50,000 + 0 = 0 
Үеаг 4 —y — 1.110х; — 1.06х; - l.09xi + žu + Хх» + Xu + у, = 0 
—0 — 55,000 — 339,500 — 109,000 + 100,000 + 403,500 =0 
+0+0 
Year 5 —у, = 1.10х; = 1.06х - 1.09х, + Xis + X25 + Ху + Ys - 0 
—0 — 0 — 0 — 109,000 + 100,000 + 0 + 0 + 9,000 =0 


Maximum Z = 1.09x,, + 1.06х,, + 1.10xss + ys 


1.09(100,000) + 1.06(403,500) + 1.10(50,000) + 9,000 
109,000 + 427,710 + 55,000 + 9,000 = $600,710 


ШЕ! 


2.6.4 А PORTFOLIO SELECTION 
PROBLEM 


A problem commonly faced by institutional and 
individual investors is that of the selection of a 
portfolio of investments from a number of in- 
vestment opportunities. In making such a selec- 
tion, a number of factors, such as risk, working 
capital liquidity, growth potential, rate of return, 
and diversification requirements, must often be 
considered. The use of linear programming 1n 
portfolio selection will be illustrated by the follow- 
ing example. 

The Imprudential Insurance Company had 
developed a list of seven investment alternatives, 
with corresponding financial factors, for a 10- 
year investment horizon. These investments, and 


their corresponding financial factors, are pre- 
sented in the following table. Within this table, 
the meaning of the various financial factors is as 
follows. The length of investment is the expected 
number of years required for the annual rate of 
return to be realized taking into account the 
possibility of reinvestment. The annual rate of 
return is the expected rate of return over the 10- 
year investment horizon. The risk coefficient is a 
subjective, dimensionless estimate representing 
the portfolio manager's appraisal of the relative 
safety of each alternative, based on an ordinal 
scale of 10. The growth potential, expressed as a 
percentage, is again a subjective estimate repre- 
senting the portfolio manager's appraisal of the 
potential increase in the value of the investment 
alternative for the 10-year period. 
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ere 


Length of 

Investment Investment 
Alternative (year) 

1. Treasury bills 4 

2. Common stock 7 

3. Corporation bonds 8 

4. Real estate 6 

5. Growth mutual fund 10 

6. Savings and Loans 5 

7. Cash 


The Imprudential Insurance Company seeks 
to maximize the return on its portfolio of invest- 
ments, subject to the following restrictions on the 
selection of the portfolio. 


1. The average length of the investment for the 
portfolio should not exceed 7 years. 


The average risk for the portfolio should not 
exceed 5. 


Че. 


50 


The average growth potential for the portfolio 
should be at least 10 percent. 


> 


At least 10 percent of all available funds must 
be retained in the form of cash at all times to 
maintain working capital liquidity. 

5. The proportions of funds invested in the 
various alternatives must sum to 1.00. 


The linear programming model for this prob- 
lem situation can be constructed as follows. Let xj 
Q = 1, 2, 3, 4, 5, 6, 7) represent the proportion 
of funds to be invested in the jth investment 
alternative. The objective function and constraints 
for the linear programming model can then be 
written as: 


Maximize 7 = 0.03x, + 0.12x, + 0.09x, + 0.20x, 
+ 0.15х; + 0.06x, + 0.00x; 
(2-32) 
subject to: 


4x, + 7x, + 8x, + 6x, + 10x, + 5x, + Ox, <7 
(length of investment) 
Ix, + 5х, + 4х, + 8x, + бх, + 3x, + Ox, 5 
(risk level) 
0.00x, + 0.18х, + 0.10x, + 0.32x, + 0.20x, 
(growth) 


Annual 
Rate of Growth 
Return Risk Potential 
(9c) Coefficient (96) 
3 1 0 
19 5 18 
9 4 10 
20 8 32 
15 6 20 
6 3 7 


© 


к 0 0 0 
П eee الا ا‎ 


+ 0.07х + 0.00х; = 0.10 

(potential) 

x, 2 0.10 

(cash requirement) 

Xi + Хә Fxg box, + x5 + x6 +x, = 1.00 
(proportion of funds) 

(2-33) 


xı = 0, x, = 0, х, = 0, x, = 0,x, =0;x,=0 


(2-34) 


with 


The first constraint restricts the length of the 
investment for the portfolio to be less than, or 
equal to, 7 years. The second constraint provides 
a similar restriction on the risk level for the 
portfolio. The third constraint provides for a 
lower bound, which must be exceeded, for the 
average growth potential for the portfolio. The 
fourth constraint provides for the maintenance 
of at least 10 percent of the portfolio in the form 
of cash. The final constraint specifies that the 
proportions of funds invested in the various al- 
ternatives must sum to 1,00. 

This linear programming model formulation 
illustrates the mixing of constraints (5, =, апа 
=) within a single problem, а very common 
occurrence. Note also that the various constraints 
are expressed in different units. The first con- 
straint is defined in terms of years, the second 
constraint is defined in terms of a dimensionless 
risk measure, the third and fourth constraints are 
defined in terms of percentages, and the fifth 
constraint is defined in terms of proportions that 
must sum to 1.00. This constraint set illustrates 
the fact that all measures of resource usage need 
not be the same for all constraints. Rather, each 
constraint must express a consistent, linear mea- 
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sure of usage for each of the activities present in 
the constraint. In essence, this model illustrates a 
common situation in which the linear program- 
ming problem is constrained by a number of 
factors, each of which is measured in different 
units. 

The solution to the portfolio selection problem 
is summarized in the following table. 


Proportion Annual Contribution 


Investment of Funds Rate of to Total Rate 

Alternative Invested Return of Return 
Treasury bills, хі 0.3143 0.03 0.0094 
Real estate, x, 0.5857 0.20 0.1171 
Cash, x; 0.1000 0.00 0.0000 
Totals 1.0000 Maximum Z = 0.1266 


The reader should verify that the values for 
the decision variables given in the table satisfy 
each of the constraints of the problem. 


2.6.5 A MULTIPERIOD 
SCHEDULING PROBLEM 


Linear programming can often_be used for sched- 
uling production over several time periods rather 
than for a single time period as illustrated pre- 
viously. In such multiperiod scheduling situations, 
the manufacturer may seek to balance the cost of 
overtime production against the cost associated 
with carrying inventories from period to period. 
аа до Ааа E 


To illustrate multiperiod scheduling, consider 
the following problem situation. Dudley Manu- 
facturing Company produces diesel engines. The 
contract that it has signed with a large truck 
manufacturer calls for the following four-month 
shipping schedule. 


Number of Diesel Engines 


Month to Be Shipped 
January 3000 
February 4000 
March 5000 
April 5000 


Dudley Manufacturing can manufacture 3000 
diesel engines per month on a regular-time basis 
and 2000 diesel engines per month on an overtime 
basis. Its production cost is $1500 for a diesel 
engine produced on regular time and $2500 for 
a diesel engine produced on overtime. Its monthly 
inventory holding cost is $50. 

The linear programming model for this prob- 
lem situation can be constructed as follows. Let 
ха 2 = 1, 2, 3,457 = 1, 2; апак = 1, 2, 3, 4 
represent the number of engines manufactured 
in month i using shift j and shipped in month А. 
Note that, in this case, we are using a triply 
subscripted variable. For example, хі; would 
represent the number of engines manufactured 
in January (і - 1) оп an overtime basis (/ — 2) 
and shipped in March (k — 3). The objective 
function and constraints for this problem can now 
be written as: 


Regular-time production costs 


rea 
Minimize Z = $1500 (xi + Хз + хиз + Xin + Xonio + Xos + Xo 


Overtime production costs 


z қ ; 
+ хз + Хы + Xa + $2500 (хн + Хз + Хз + Xi Xm Ж Ха + Хаң 


One-month inventory cost 


f, 3 
+ хуу + Хуаң + Хан) + $50 (xis + Xi + Хаз + Хоз + Xs + Хм) 


Two-month inventory cost 


Three-month inventory cost 


کک 
eo ees‏ 
(xus + Хз + Хон + Хән) + $150 (xi + xin)‏ 100 + 


subject to: 


Xin + Хи: + хиз + Xin Ж 3,000 
Xag + Хаз + Xon 


Monthly 


= 3,000 regular-time 


Xsis + Xs 
Хан 


Xii T Xiz + Хз + Xj 5 2,000 
Хә + Xg93 + Хаң 


Xs + X304 
X 424 


Хи + Xiz 


Хиз + Xio + Xo + Ху» 
хиз + Хз + Xog + Ху + Хаз + Ха 


Ха + Ха + Ха + Xoy + Ху, + Ху + Xy + Хаң 


with айхы=0 (2-37) 


Note that in the objective function that we first 
account for the regular-time production costs. 
Next, the overtime production costs are consid- 
ered. Then, we successively consider the inventory 
holding costs for 1 month, 2 months, and 3 
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= 3,000 production 
= 3,000 constraints 
Monthly 
= 2,000 overtime 
= 2,000 production 
= 2,000 constraints 
= 3,000 Monthly gd 
- 4,000 demand 
= 5,000 Constraints 
= 5,000 


months, that is, to the end of the production 
scheduling horizon. The constraints for this prob- 
lem are obtained in a straightforward manner, as 
indicated. 

The solution to the multiperiod scheduling 
problem is summarized in the following table. 


Engines 
Manufactured Objective 
in Month i, Number Function 
Using Shift j, and of Cost 
Shipped in Month k Units Contribution 

xii 3000 $4,500,000 

хаз 3000 4,500,000 

Xsis 3000 4,500,000 

Xan 3000 4,500,000 

Хор 1000 2,500,000 

Хзәз 2000 5,000,000 

Хазм 2000 5,000,000 

Totals 17,000 Minimum Z = $30,500,000 


The reader should verify that the values for 
the decision variables given in the table satisfy 
each of the constraints of the problem. 


2.6.6 A MEDIA SELECTION PROBLEM 


Another type of allocation problem arises in the 
selection of various media to be employed in an 
advertising campaign. The usual objective in such 
an advertising campaign is to maximize its total 
effective advertising exposures, subject to mone- 
tary constraints and constraints upon the number 
of exposures possible for the individual commun- 


ication media. 

To illustrate the use of linear programming in 
media selection, consider the following problem 
situation. The Edward Belk Advertising Agency 
is preparing an advertising campaign for a group 
of travel agencies. These travel agencies have 
decided that their “target customer” should have 
the following characteristics, with relative impor- 
tance indicated in parenthesis. 


1. Female, married (0.2) 
2. Age: 25—40 (0.3) 


3. Household income: above $20,000 annually 
(0.5) 
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Furthermore, they do not want to spend more 
than $50,000 for their advertising campaign. 
In formulating an advertising campaign for 


these travel agencies, the Belk Agency has made 
a careful analysis of three available media and 
has compiled the following set of relevant data. 


Media 


Media 1—Women’s 


Data Item Magazine Media 2—Radio Media 3—Television 

Reader characteristics 

l. Female, married 80% 70% 60% 

2. Аре: 25-40 60% 50% 45% 

3. Income: $20,000, or more annually 40% 35% 25% 
Cost per advertisement $1,500 $2,000 $4,000 
Minimum number of ads allowed 5 5 
Maximum number of ads allowed 10 10 
Audience size/media 750,000 1,000,000 1,500,000 


In this problem situation the objective is to 
maximize the total effective exposures for all the 
advertising employed. Now the coefficients of the 
objective function are the products of the audi- 
ence sizes for the various media multiplied by the 
“effectiveness coefficients” for the various media. 
The effectiveness coefficients for the three possi- 
ble media are computed as follows: 


Effectiveness coefficient-media 1 = 
0.80(0.2) + 0.60(0.3) + 0.40(0.5) = 0.54 


Effectiveness coefficient—media 2 = 
0.70(0.2) + 0.50(0.3) + 0.35(0.5) = 0.465 


س ا — ~~ 


Maximize Z 


subject to: 


$1,500x, + $2,000x, + $4,000x; = $50,000 
(minimum number of ads 
constraints) 


Xi > 10 
Xs z 
х, 2 
х = 20 
i х; = 10 
x,s 10 
wih x20  forj = 1,2,3 (2-42) 


The solution to the media selection problem is 
summarized in the following table. 


= 405,000x, + 465,000x, + 570,000x, 


Effectiveness coefficient—media 3 = 
0.60(0.2) + 0.45(0.3) + 0.25(0.5) = 0.38 
(2-38) 


Then, the coefficients of the objective function 
can be computed as the products of the effetive- 
ness coefficients and the audience sizes. For ex- 
ample, the objective function coefficient сі, for 
media 1, is computed as 


c, = 0.54(750,000) = 405,000 (2-39) 


The linear programming model for this prob- 
lem situation can then be constructed in the 
following manner. Let xj, j = 1, 2, 3, represent 
the number of advertisements made using the jth 
advertising media. The objective function and 
constraints for the model can be written as 


(2-40) 


(total spending constraint) 


(2-41) 


(maximum number of ads 
constraints) 
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Number of 
Media Advertisements — Contribution-Effective 
Alternative to Be Made Advertising Exposures 
Women's magazine 13.33 5,400,000 
Radio 5.00 2,325,000 
Television 5.00 2,850,000 


Maximum Z = 10,575,000 


The reader should verify that the values for 
the decision variables given in the table satisfy 
each of the constraints of the problem. 


can then be written as: 


Minimize Z = 5х, + 4х + 7x4 + 1x04 


+ Txw + Txo + 3x54 + 4x55 (9-43) 
+ ӛх, + 4х, + 15% 
2.6.7 THE LEAST COST SHIPPING Tti d. Die 
NETWORK PROBLEM subject to: 
The management of the Aegis Pharmaceutical ^ Node 1: Хө хы + зн =] 
Corporation must determine the minimum-cost Node 2: — lxi + Ixy + lx + lxo =0 
shipping route from its production unit іп Kansas Node 3: — 1 xi + 1х + lxs =0 
City, Missouri, to its East Coast storage facility in Node 4: —1x, — 1x4 — Ixy, + 1x + Ixy = 0 
Spartanburg, South Carolina. The shipping man- Node 5: — lxs — Ixy + lxs + 1x57 =0 
ager has prepared the following network (Fig. Койебі іы зе Тее 1ху ей 
2.5), which depicts the most attractive alternatives Node 7: xg xg хо = 
and indicates the cost of shipping 100 units of (2-44) 
product for each route segment. In this shipping 
network each major city is shown as a circled with all xy = 0 (2-45) 


number (or *node"). The costs associated with 
shipping one hundred units of product for the 
various route segments (or “branches”) between 
the various cities are shown as the numbered 
arrows. 

The linear programming model for this prob- 
lem situation can be constructed as follows. Let 
Xy (4% = 1,2, 8, 4, 5, 65 = 2, 8, 4, 5, 6, 7) 
represent the “flow” of 100 units of products from 
node i to node j, where x, = 0 signifies no flow 
and x, = 1 signifies the flow of 100 units. The 
objective function and constraints for the problem 


The constraint for node 1 indicates that there 
must be flow out of one, and only one, of the 
branches leading out of node 1. Similarly, the 
constraint for node 7 indicates that there must be 
flow into one, and only one, of the branches 
leading into node 7. At nodes 2 through 6, the 
constraints are “conversion of flow” constraints 
indicating that the flow into the node must equal 
flow out of the node. For example, at node 2: 


Flow into node 2 
Ixy» 


Flow out of node 2 


Іхн + Ixy + Ixy 
(2-46) 


FIGURE 2.5 SHIPPING NETWORK 


Case Study: Personnel Planning at Canada Systems Group Incorporated 


or —lxj + 1х, + 1х6 + xs, = 0 The minimum-cost shipping network is thus: 


The solution to the least cost shipping network O-@-@©-O©-@® 
problem is summarized in the following table. 


Shipping 
Route 
Segment 


X2 


н Or OG «OE — Оо о о - 


Minimum 7 = $1 


2.7 CONCLUSION 


Cost per 100 units In this chapter we have introduced the basic 

($) concepts of linear programming and illustrated 
how a solution to simple, two-variable linear pro- 
gramming problems can be obtained graphically. 
We have also presented and discussed the prop- 
erties of the linear programming model. Addi- 
tionally, a number of applications of linear pro- 
gramming have been presented, in an attempt to 
facilitate the reader’s understanding of the use of 
linear programming in “real-world” problem solv- 
ing. In the following chapter we will focus our 
efforts on the development of a computational 
method, the simplex algorithm, that can be used 
to solve linear programming problems. 


с 


њо о о о о њ 
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Case Study: Personnel Planning at Canada Systems 
Group Incorporated 


The Financial Services Group, a division of Canada Systems Group Incor- 
porated, consisted of three separate strategic business units: Banking and 
Trust Services, Shared Processing, and the Financial Services Division. The 
Financial Services business unit included brokerage services, insurance 
services, and investment fund services (IFS). IFS was the only Canadian 
firm in the transaction processing business large enough to handle regis- 
tered retirement savings plans (RRSP) contributions. Canada’s RRSP is 
similar to the IRA in the United States. 

The RRSP processing season (late January to early March) created a 
transaction processing and staffing overload problem, as the volume of 
transactions had unexpectedly grown by more than 100 percent. The trans- 
action process of the IFS involved two major sequential tasks: data prep- 
aration and data entry. 

A task force, composed of the manager for operations and two staff 
members with management science training, was formed. This task force 
quickly determined that a more formal planning process for handling RRSP 
transactions was needed. It decided to develop a model which could be 
used for planning the incremental staffing requirements during the six- 
week period beginning February 1, 1985. The modeling effort centered 
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around two issues: 


1. What are the sources from which additional temporary personnel could 
be obtained? 


2. How could the decision variables for the model be appropriately de- 
fined? 


Additional temporary personnel were hired from a service bureau. 

The decision variables for the model were defined by the modeling group 
during the numerous discussions which occurred as the model was con- 
structed. Several of the decision variables were constrained by the trans- 
action processing environment. For example, the production of the data 
preparation department in a given period could not exceed the demand 
for that period and any backlog from the previous period. Correspondingly, 
the production of the data entry department was restricted by the output 
of data preparation and any backlog in the data entry area. Other modeling 
constraints included the number of computer terminals available in each 
shift and period, office space limitations, and the maximum number of 
people who could be recruited for respective periods, shifts, and tasks. 

The final step in the linear programming model's development involved 
deriving the objective function. Since IFS’s goal was to obtain staff at min- 
imum cost, the objective function consisted of terms specifying the number 
of clerks hired for respective periods, shifts, and tasks plus their respective 
pay figures including benefits. 

The complete linear programming model consisted of 202 constraints 
and 226 variables. It was solved using a large-scale computer software pro- 
gram, MPOS, and produced results which were immediately implemented. 
For 1985, the incremental cost of managing the short RRSP season was 
$170,000. For 1984, the corresponding cost was about $500,000. Conse- 
quently, in spite of somewhat higher wage rates and a 25 percent larger 
volume, net savings of over $320,000 were realized from this use of linear 
programming. 
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Glossary of Terms 


Additivity. A property of a linear programming model stipulating that 
each of the activities must be additive with respect to the measure of 
resource usage, as specified by the constraint set, and the measure of 
effectiveness, as specified by the objective function. 

Constraint Set. A collection of equalities and/or inequalities that along 
with the nonnegativity restrictions define the feasible region for a linear 
programming problem. 

Continuity. A property of a linear programming model that allows for 
fractional levels of the decision variables. 

Deterministic Coefficients. A property of a linear programming model 
which specifies that all coefficients in the model are known constants. 
Feasible Solution. Any set of x, that satisfies the constraint set and the 

nonnegativity restrictions of the linear programming problem. 

Feasible Solution Space. The region defined by the constraint set and 
the nonnegativity restrictions of the linear program. 
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Isocost Line. Equal cost line (objective function) in a cost minimization 
problem. 

Isoprofit Line. Equal profit line (objective function) in a profit maximi- 
zation problem. 

Linearity. A property of a linear programming model that means the 
marginal measure of profitability and the marginal usage of each re- 
source are being considered as constants over the entire range of pro- 
ductive activity. 

Linear Programming. A linear, deterministic model used to solve the 
problem of allocating limited resources among competing activities. 
Linear Programming Problem Formulation. In linear programming, 
problem formulation requires the determination of a linear objective 
function, a set of linear constraints, and the specification of nonnegativity 

restrictions on the decision variables. 

Nonnegativity Restrictions. The conditions that require the values of 
the decision variables to be nonnegative (x, = 0,7 = 1,..., п). 
timal Feasible Solution. Any set of x, that satisfies the constraint set 
and the nonnegativity restrictions and optimizes the objective function. 

Physical Rates of Usage or Physical Rates of Substitution. The 
parameters of the constraint set; they specify the rate at which resources 
are used in the production of desired end products in а classical allocation 
problem. 

Proportionality. А property of a linear programming model which 
means that the measure of effectiveness employed in the objective func- 
tion and the amount of each resource used in each constraint must be 
proportional to the value of each decision variable considered individ- 
ually. 

Right-Hand-Side Values. Parameters in the linear programming for- 
mulation; they specify the amounts of resources available for various 
activities in a classical resource allocation problem. 

Solution. A set of x; that satisfies the constraint set of the linear program- 
ming problem. 

Solution Space. The region defined by the constraint set of the linear 
program. | 
Unbounded Solution. A solution to a linear programming problem іп 
which one (or more) of the basic variables can be increased indefinitely 

(> +), so that the objective function goes either to +% or ~o, 
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Discussion Questions 


1. Give the economic interpretation of a production scheduling problem in linear 
programming format. 

2. What is the difference among a solution, a feasible solution, a basic feasible 
solution, and an optimal feasible solution with respect to a linear programming 
problem? 

3. Is the assumption of “additivity” in linear programming realistic with respect to 
the real world? 

4. How do you transform “ratios constraints” to a more convenient form so that 
they can be used in linear programming? 

5. What is the difference between a linear equality and a linear inequality in linear 
programming? 

6. Is an optimal solution a feasible solution? Is a feasible solution an optimal so- 

lution? 


EE 


Problem Set 


1. Graph each of the following constraints and indicate whether the so- 
lution space associated with each of them lies “above,” “below,” “to the 
right,” “to the left,” or “directly on” the constraint. 


5x, 510 
2x,2 6 
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3x, + 4x, = 12 
—4x, + 2x, = 16 
3x, + 5x, = 30 


2. Consider the following graph with an associated constraint set and 


nonnegativity conditions: 


4x; — 3x9 =3 


xi tx; 56 


with хх = 0 

(a) Give the (х, xs) coordinates of points А, В, C, D, and E on the 
graph, | 

(b) Give the (xi, x2) coordinates of the solution space on the graph. 

(c) Give the (ху, хә) coordinates of the feasible solution space on the 
graph. 

(d) If the problem has the objective function, maximize 7 = 3x, + 
1x», what is the optimal feasible solution? 

(e) If the problem has the objective function, minimize Z 
lx, what is the optimal feasible solution? 


Sk, T 


. Which of the following mathematical relationships could be found in 


a properly structured linear programming model and which could not? 
For those mathematical relationships that are unacceptable for a linear 
programming model, state the reason why. 


2x, + 6x, = 400 

Maximize Z = 3x, + x3 — 3x, 
2.5x, — Ix, = 10 

2х\ху = 20 

lx, + 6x,z0 

Minimize Z = 4x, — 3 Vx; 


4. Solve the following problem graphically: 


Maximize Z = 3x, — Ix, 


Ы 
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subject to: 4x, + Әхә 5 8 
3x, + 1x, = 10 


with x, 20,x,20 


. Solve the following problem graphically: 
Minimize Z = x, + 2x» 
subject to: 2x, - 9x. m 7 
Ix; + 2x, = 10 
with  x;z0,x; > 0 
Solve the following problem graphically: 
Maximize Z = 1x, + бх 
subject to: 4x, + 8x = 32 
5x; + 7х5 35 


it Bay Sd 


with x, =0,x,2=0 


. Solve the following problem graphically: 


Minimize Z =4x, + 8x, 

subject to: 7x; + 1x z 7 
2x, + Әх 56 
3x, + 2х5 2 6 
lx, + 4x, 2 4 


with хі т 0,хә > 0 


. Mrs. Minnie Fingers has a basement macrame shop in which she weaves 


two types of macrame products: hanging flowerpot holders and wall 
hangings. Each of these macrame items must be made using a com- 
bination of four ropes, but each rope type is available in a limited 
quantity. The rope availability is as follows: 


Rope Type Rope Availability (ft) 
A 150 
B 210 
с 130 
р 190 


Тһе rope requirement to manufacture the two items is as follows: 


Rope Requirement (ft) 
Rope Type Flowerpot Holder Wall Hanging 


A 17 5 
B 109 13 
С 3 18 
р 6 x 


Mrs. Fingers believes that she can sell her hanging flowerpot holders 
for $3 each and her wall hangings for $4 each. She can sell all that 
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11. 


she produces. Formulate as a linear programming model. 


Ye Olde Smokehouse Ltd. prepares and packages three Christmas gift 
packages containing sausages and cheeses. The "Taster's Delight" gift 
package contains 3 sausages and 6 cheeses, the "Succulent Delight" 
contains 5 sausages and 4 cheeses, and the "Gourmet Delight" contains 
6 sausages and 5 cheeses. The firm has 2500 sausages and 3000 cheeses 
available for packaging, and it believes that all gift packages can be 
sold (based on previous demand). Profits are estimated at $2.50 for 
the "Taster's Delight" gift package, $3.50 for the "Succulent Delight" 
gift package, and $4.00 for the "Gourmet Delight" gift package. For- 
mulate as a linear programming model. 


The Leather Boot Sporting Goods Company manufactures two types 
of leather soccer balls: “Competition Ball" and "Professional Ball." 
Each type of ball requires work by both of two types of employees: 
semiskilled and skilled. Basically, the semiskilled employees employ 
machines in the manufacture of the soccer balls, while the skilled em- 
ployees hand sew the soccer balls. The available time (per week) for 
each type of employee and the time requirement for each type of soccer 
ball are: 


Manufacturing Time 
T Requirement (hr) Time 
of “Competition “Professional Availability 
Employee Ball” Ball” (hours per week) 
ا ا ا‎ 
Semiskilled 2 3 80 
Skilled 4 6 150 


The cost of an hour of semiskilled labor is $5.50, and the cost of an 
hour of skilled labor is $8.50. To meet weekly demand requirements, 
at least 15 “Competition” balls and at least 10 “Professional” soccer 
balls must be manufactured. Formulate as a linear programming 
model. 

Ms. Betty Pan, RN, is trying to develop a diet plan for her patients. 
The required nutritional elements and the total daily requirements of 
each nutritional element are as follows: 


А 


Required 
Nutritional Total Daily 
Element Requirement 
Calories Not more than 2700 calories 
Carbohydrates Not less than 300 grams 
Protein Not less than 250 grams 
Vitamins Not less than 60 grams 


Ms. Pan has four basic food types to use in planning her menus. The 
units of nutritional elements per unit of food types are shown in the 
following table. Note that the cost associated with a unit of ingredient 
is also shown at the bottom of this table. 
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Units of Nutritional Elements 


More per Unit of Food Type 
Element Milk Meat Bread Vegetable 
Calories 160 210 120 150 
Carbohydrates 110 130 110 120 
Protein 90 190 90 130 
Vitamins 50 50 75 70 
Cost per unit $0.42 $0.68 $0.32 $0.17 


Formulate as a linear programming model. 


12. The Hippocrates Pharmaceutical Company has developed a new pill 
to be taken by smokers that will make them nauseous if they smoke. 
This new pill is a combination of four ingredients that are costly and 


in limited supply. The supply availabilities and costs are as follows. 


Supply 
Ingredient Availability (Ib) Cost ($ per Ib) 
1 22 28.00 
2 18 35.00 
3 20 52.00 
4 24 26.00 


Blending requirements for this new pill are as follows: 

Ingredient 1 must be at least 45 percent of the total but cannot exceed 
60 percent of the total. 

Ingredients 2 and 3 must each comprise at least 10 percent of the 


mixture, but their combined percentage cannot exceed 25 percent 
of the total. 


Ingredient 4 must be not more than 50 percent of the total. 


Additionally, at least 25 lb of the pill must be produced. Formulate as 
a linear programming model. 


13. The Stavrakos Candy Company mixes three types of chocolate to pro- 
duce its two major candy lines. The mixing requirements for these two 
candy lines are as follows. 


Selling Price 
Candy Line Ingredients ($ per ІҺ) 
“Premium” Not less than 30%, chocolate A 
Exactly 25%, chocolate B 2.50 
Not more than 40%, chocolate C 
“Par Excellence” Exactly 25%, chocolate A 
Not less than 50%, chocolate B 3.50 


Not more than 35%, chocolate C 


The supply availabilities of the three types of chocolate and their as- 
sociated costs are as follows. 
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Chocolate Supply Availability (Ib) Cost ($ per Ib) 


A 500 1.20 
B 750 1.40 
C 625 1.10 


То satisfy its demand forecast the Stavrakos Candy Company would 
like to produce at least 600 Ib of "Premium" candy and at least 800 Ib 
of "Par Excellence" candy. Formulate as a linear programming prob- 
lem to maximize profits. 


Тһе Slippery Oil Company produces three brands of oils: Regular, 
Multigrade, and Supreme. Each brand of oil is composed of one or 
more of four crude stocks, each having a different viscosity index. The 
relevant data concerning the crude stocks are: 


Crude Viscosity Cost Supply per Day 
Stock Index ($ per barrel) (barrels) 

1 20 7.10 1000 

2 40 8.50 1100 

3 30 7.70 1200 

4 55 9.00 1100 


Each brand of oil must meet a minimum standard for viscosity index, 
and each brand thus sells at different price. The relevant data con- 
cerning the three brands of oil are: 


Minimum Selling 
Brand Required Price Demand 


of Viscosity ($ per рег Day 

Oil Index barrel) (barrels) 

ee essei aM aiti RR ien 
Regular 25 8.50 2000 
Multigrade 35 9.00 1500 
Premium 50 10.00 750 

س 


You may assume that we are interested in determining a production 
plan for a single day and that all oil produced during this day can be 
either sold or stored at negligible cost. Formulate as a linear program- 
ming model to maximize profits. 

The Torn Tread Tire Company manufactures two brands of tires: 
“Spartans” and “Invincibles.” It has developed a six-month sales fore- 
cast for these two brands of tires, as follows. 


Sales Forecast 


Month “Spartans” “Invincibles” 
SS Ды 
January 500 750 
February 750 1000 


March 1000 800 
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Sales Forecast 


Month “Spartans” “Invincibles” 
April 900 800 

May 750 900 
June 800 1000 


It seeks to exactly meet these sales forecasts over the six-month time 
period. At the end of December, the company had an inventory of 
100 “Spartans” tires and 250 “Invincibles” tires. It wishes to have the 
same inventory levels for these two brands of tires at the end of June. 
The direct costs associated with tire production are as follows. 


$5.50 per hour for labor. 
$0.50 per tire per month for inventory holding. 


Additionally, the company has 2375 labor-hours available each month. 
A “Spartan” tire requires 1.0 labor-hours to produce while an “Invin- 
cible” tire requires 1.5 hours or produce. Formulate as a linear pro- 
gramming model, to minimize production and inventory holding costs. 


16. The Slick Copy Advertising Company employs linear programming 
in allocating its clients’ resources among various advertising medias. 
One particular client is particularly interested in the advertising reach- 
ing an audience having the following characteristics. 

Female, aged 25-35, married 
College graduate 

Family income > $20,000 
Own home 


Slick Copy has isolated four possible advertising vehicles, having the 
following characteristics. 


Advertising Vehicle 


1 2 3 4 
Women’s 
Characteristic Magazine Radio Television Newspaper 
Reader traits 
Female, age 25-35, 
married (%) 90 55 65 42 
College 
graduate (%) 30 20 25 38 
Family income 
>$20,000 (%) 10 6 5 13 
Own home (%) 21 23 27 30 
Cost per 
advertisement ($) $1000 $1500 $3500 $500 
Potential audience 
size 250,000 750,000 1,500,000 800,000 
Minimum number of 
advertisements required 10 5 3 15 


Additionally, the client has specified that the relative importance of 
the reader traits should be weighted as follows: 
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Reader Trait Weight 
Female, age 25—35, married 5 
College graduate 3 
Family income > $20,000 2 
Own home 2 


The client has $100,000 to spend at this point іп time. Formulate the 
linear programming model to maximize the effective exposure level. 


The Shiny Jewel Company, which imports silver jewelry from Mexico, 
deals in four pieces of jewelry and has received quotes for each piece 
of jewelry from four Mexican suppliers, as follows. 


Mexican Jewelry Item 

Supplier Necklace Bracelet Earrings Belt 
Ole $10.00 $8.00 $7.50 $5.00 
Zapata 9.50 8.10 6.90 4.30 
Juarez 11.00 9.00 8.00 3.00 
Carta Blanca 8.00 9.50 6.00 6.00 


With $1000 currently available to finance its jewelry purchases, the 
company would like to order at least $150 worth of jewelry from each 
of the four suppliers and feels that it cannot possibly sell more than 
100 necklaces, 200 bracelets, 300 earrings, and 50 belts. Formulate as 
a linear programming model. 

Major governmental officials in the St. Louis metropolitan region have 
become increasingly concerned with air pollution problems. In partic- 
ular they wish to reduce the annual emission rates for three major air 
pollutants as follows. 

Desired Reduction in 


Pollutant Annual Emission Rate (million lbs) 
Hydrocarbons 50 
Sulfur dioxides 60 
Particulate matter 70 


The governmental officials have contracted a local university to suggest 
feasible alternatives for reducing air pollution in the region. After a 
long and rigorous study the university researchers have arrived at the 
following set of recommendations and associated reductions of pol- 
lutants (in million of pounds): 


Recommendations 
Electrostatic 
Reduce Precipitation Improved Fuels 
Automobile for all for Energy and 
Pollutant Traffic Smokestacks Automobiles 

Hydrocarbons 60 40 50 
Sulfur dioxides 75 60 40 
Particulate matter 60 90 80 


19. 


20. 
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Additionally, the university researchers have specified the following 
sets of costs for each major alternative. 


Alternative Abatement Cost (million $) 
Reduce automobile traffic 15 
Electrostatic precipitation 30 
Improved fuels 20 


Formulate as a linear programming model in terms of an aggregate 
plan composed of various percentages of the three recommendations. 


The managers of several cattle feedlots are interested in determining 
how many of each of several types of livestock feeds to purchase in 
order to satisfy the nutritional requirements for their livestock. They 
wish to purchase these feeds in a manner that minimizes the cost of 
feeding their livestock. Relevant cost and nutritional data are as follows. 


Units of Nutritional Elements Minimum 
Required per Unit of Food Type Nutrient 
Nutrient Alfalfa Corn Soybeans Sorghum Requirement 
Nutrient A 40 50 30 60 500 
Nutrient B 30 60 35 40 750 
Nutrient C 25 30 25 50 600 
Cost per unit $1.00 $1.25 $0.95 $1.35 


aS, ARa‏ لے 


Formulate as a linear programming model. 

Olney Company manufactures paint at two plants. Firm paint orders 
have been received from three large contractors. The firm has deter- 
mined that the following shipping cost data is appropriate for these 
three contractors with respect to its two plants. 


А 


Order Size Shipping Cost ($ per gallon) 


Contractor (gallon) From Plant 1 From Plant 2 
Master Builder 750 1.80 2.00 
Zippy Homes, Inc. 1500 2.60 2.20 
Well-Bilt Ltd. 1500 2.10 2.25 


Each gallon of paint must be blended and tinted. The company's costs 
with respect to these two operations at each of the two plants are as 
follows. 


Hours Required Cost Hours 
Plant/Operation per Gallon ($ per hour) Available 
1—Blending 0.10 $3.80 300 
1— Tinting 0.25 $3.0 360 
2— Blending 0.15 $4.00 600 
2— Tinting 0.20 $3.10 720 


Formulate as a linear programming model. 
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Boatman’s Bank of Cape Girardeau, Missouri, is trying to select an 
investment portfolio for a wealthy Missouri “Bootheel” cotton farmer. 
The bank has determined a set of five investment alternatives, with 
subjective estimates of rates of return and risk, as follows. 


Investment Annual Rate of Return (%) Risk 
Tax-free municipal bonds 6.0 1.3 
Corporate bonds 8.0 1:5 
High-grade common stock 5.0 1.9 
Mutual fund 7.0 1.7 
Real estate 15.0 2.7 


Тһе bank officer in charge of selecting the portfolio would like to 
maximize the average annual rate of return on the portfolio. However, 
the wealthy investor has specified that the average risk of the portfolio 
should not exceed 2.0 and does not want more than 20 percent of the 
investment to be put into real estate. Formulate as a linear program- 
ming model. 


Тһе Bold Safari Tea Company is tryng to create a blend of tea that 
will maximize profitability. The company can sell 5000 tea bags daily 
of this blend of tea, and each tea bag produces $0.05 sales revenue. 
Тһе blend of tea is made from four types of teas having the following 
characteristics. 


------------------------- 
Daily 

Purchase 

$ Cost ОШпеѕѕ Bitterness Availability 

Tea per Bag Coefficient Coefficient (bags) 


Ceylon 0.03 2 6 2000 
Indonesian 0.02 4 5 2000 
Malaysian 0.04 1 4 1000 
Indian 0.01 6 2 3000 


A top-quality bag of blended tea should have an average oiliness coef- 
ficient that is not more than 4 and an average bitterness coefficient 
that is not more than 5. Additionally, each bag of blended tea can 
contain no more than 30 percent of “Indonesian” tea. Formulate as a 


linear programming model. 


The Homespun Company produces an air conditioner/heating unit 
for use in recreational vehicles. The company currently has firm orders 
for six months in the future. The company can schedule its production 
over the next six months to meet these orders in either a regular ( 500 
units per month) or an overtime (= 300 units per month) basis. Cus- 
tomer orders and the associated production costs for the next six 
months are as follows. 


24. 


25. 
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(Cost ($ per unit) | 


Кершаг Overtime 

Month Orders Production Production | 
January 590 50 62 | 
February 610 52 58 
March 650 51 63 
April 700 55 60 
May 500 47 55 

une 700 50 52 


At the beginning of January the company has 75 air conditioners in 
inventory. At the end of June it wishes to have at least 100 air con- 
ditioners in inventory. The inventory carrying cost for the air condi- 
tioners is $10 per unit per month. Formulate as a linear programming 
model. 

The Fairview school district has two high schools that serve the needs 
of its four major neighborhood areas. Each of its two high schools has 
capacity of 4000 students. Its four neighborhoods have sizes and mi- 
nority student percentages as follows. 


Number of Percentage of 
Neighborhood Students Minority Students 
1 2200 10 
2 2100 20 
3 1500 50 
4 1800 70 


The distances from the approximate center of each of the neighbor- 
hoods to each of the two schools are as follows. 


To 
From High School A High School B 
Neighborhood 1 1.7 L3 
Neighborhood 2 2.6 2.3 
Neighborhood 3 20 27 
Neighborhood 4 2.6 3.2 


A court-ordered desegregation plan has specified that each high school 
can have no more than 50 percent minority enrollment and not less 
than 25 percent minority enrollment. You have been asked by this 
school district to devise a school busing plan that will meet these in- 
tegration requirements while minimizing the number of student miles 
of busing required. Additionally, no student may be bused more than 
3 miles. Formulate as a linear programming model. 


The Thin Paper Company produces rolls of paper used in cash reg- 
isters. Each roll of paper is 500 ft in length and can be produced in 
widths of 1-, 2-, 3-, and 5-in. The company's production process results 
in 500-ft rolls that are 12 in. wide. Thus, the company must cut its 12- 
in. rolls to the desired widths. It has six basic cutting alternatives, as 
follows. 
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Cutting Number of Rolls 
Alternative l-in. 2-in. 3-in. 5-іп. Waste (in.) 
1 6 3 0 0 0 
2 0 8 9 0 0 
5 1 1 1 1 1 
4 0 0 2 1 1 
5 0 4 1 0 1 
6 4 2 1 0 1 


fF 


The minimum demand requirements for the four rolls are as follows. 


Roll Width Demand Requirements 
(in.) (rolls) 
1 3000 
2 2000 
3 1500 
5 1000 


The company wishes to minimize the waste generated by its production 
process, while meeting its demand requirements. Formulate as a linear 
programming problem. 


The Never Sink Shipping Company operates on a route from Charles- 
ton, South Carolina, to Miami, Florida, offering a cargo transportation 
service. Its ships are of a uniform size and have capacity limits on both 
weight and space for three storage compartments, as follows. 


Weight Space 

Storage Capacity Capacity 
Compartment (tons) (cu ft) 
Front 15 10,000 
Center 20 16,000 
Back 12 12,000 


A prospective customer would like to ship part, or all, of the following 
four cargoes on a forthcoming trip. 


Profit (to Never Sink) 


Weight Volume 
Cargo (tons) (cu ft per ton) ($ per ton) 
1 20 500 125 
2 18 800 160 
9, 22 600 130 


110 


4 10 400 


To balance the ship for flotation purposes, the weight of the cargoes 
allocated to the respective compartments must be the same proportion 
of that compartment’s weight capacity. Formulate a linear program- 
ming model to determine how much (if any) of each cargo should be 


' accepted, and how to distribute the cargo among the compartments 
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to maximize the total profit for the voyage for the Never Sink Shipping 
Company. 


The True-Strung Corporation is a leading producer of tennis rackets. 
It manufactures three types of tennis rackets, an all-graphite racket, a 
graphite-wood composition racket, and a wooden racket. It sells the 
graphite racket for $40 profit, the graphite-wood racket for $30 profit, 
and the wooden racket for $10 profit. The production process for 
these tennis rackets is composed of three major processes, and all three 
rackets require all of the three manufacturing processes. The following 
set of production information has been collected. 


س 


Monthly 
Production Time Requirement Production 

Production (hours per racket) Hours 

Process Graphite Graphite-Wood Wood Available 
Forming 0.50 1.00 1.25 18,000 
Lamination/ 

curing 3.50 1:345 1.25 20,000 
Painting/ 

finishing 0.75 1.25 1.00 22,000 


To avoid out of stock conditions, the company has adopted a policy 
that states at least 1000 rackets of each type will be produced each 
month. The marketing manager for the company has indicated that 
it can expect to sell no more than 5000 wooden rackets per month. 
The graphite racket and the graphite-wood racket sell for approxi- 
mately the same price at retail. Their combined demand is expected 
to be not more than 8000 rackets each month. Formulate as a linear 
programming model to determine the number of each type of tennis 
rackets to be produced monthly to maximize profit for the True-Strung 
Corporation. 


Bill and Karen Scanlon are the proud new owners of a “Ticky-Tacky- 
Taco" franchised restaurant in Myrtle Beach, South Carolina. They 
now face the problem of determining how many "Mexican food prep- 
aration specialists" (i.e., taco slingers) to hire and train during the next 
six months. Their requirements, expressed in terms of production 
hours, are 1000 in January, 1000 in February, 1000 in March, 1500 
in April, 1500 in May, and 1500 in June. The Scanlons have 13 trained 
taco slingers available from the previous owner's employees. 

Each taco slinger can work up to 100 hours per month. However, 
one month of training is required before a taco slinger can be put to 
work on a regular basis. Because of local labor market conditions, it is 
unrealistic to expect to hire more than four new people into the train- 
ing program during any month. Additionally, approximately 20 per- 
cent of the workers who are required on a regular basis either quit or 
are fired each month. Those individuals in the training program nor- 
mally do not quit, and are not fired, during their one-month training 
program. 

The monthly training cost is $1000 per worker for the first three 
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months and $1250 per work for the last three months. The monthly 
salary of a worker is $400. An employee who is hired in one month 
but does not begin work until a later month costs the Scanlon's $50 
for each month that he or she is idle. 

Formulate a linear programming model to determine a minimum- 
cost hiring schedule for the six-month period. 


A benevolent corporation in a major midwestern city has 15 acres of 
idle land near its corporate headquarters. It has agreed to permit a 
neighborhood civic association to grow vegetables on all or part of this 
idle land. Furthermore, the company will buy up to certain amounts 
of the vegetables produced from the neighborhood civic association, 
but also will allow them to produce and keep whatever they need for 
their own use. The civic association has decided to grow corn, tomatoes, 
cucumbers, and potatoes. The following table summarizes its expec- 
tations with respect to the four crops. 


Civic Expected Profit Expected 
Association Corporation from Saleto Yield per 
Demand Demand Corporation Acre 


Crop (Ib) (Ib) ($ per Ib) (Ib) 
Corn 15,000 25,000 0.20 10,000 
Tomatoes 15,000 20,000 0.25 6,000 
Cucumbers 25,000 20,000 0.30 12,000 
Potatoes 50,000 60,000 0.10 18,000 


The civic association has decided that its major priority is producing 
the vegetables required to exactly satisfy its own expected demand. 
Formulate the linear programming model to allocate land to each crop 
to maximize total profit, realizing that this profit applies only to the 
produce sold to the corporation in excess of that used to satisfy the 
civic association demand. 


Mr. Able Tiller owns and operates a large farm near Armstrong, Mis- 
souri. To feed his livestock for the next year he must produce wheat, 
corn, and alfalfa. His projected demand for wheat requires at least 225 
acres of land. Similarly, at least 160 acres of land are required for corn, 
and at least 275 acres of land are required for alfalfa. The total amount 
of land available for wheat, corn, and alfalfa are 200 acres in plot A, 
500 acres in plot B, and 260 acres in plot C. The labor-hour require- 
ments per acres for each crop, for the three plots of land, are as follows. 
OE 

Wheat Corn Alfalfa 
Plot A 12 15 14 
Plot B 15 10 16 
Plot C 18 13 12 


The labor costs per hour for each crop for the three plots of land are 
as follows. 
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Wheat Corn Alfalfa 
Plot A $10 $15 $12 


Plot B 14 16 10 
Plot C 9 11 14 


Formulate as a linear programming problem to minimize the total 
labor cost while satisfying the projected demand requirements. 


31. The Rivers Company manufactures four types of running shoes: the 
“Super,” the “Super-GT,” the “Flyer,” and the “Flyer-GT.” Each of the 
four types of shoes requires time to assemble, laminate soles, and do 
finish stitching. The time requirements for these operations, by type 
of shoe, are shown in the following table, together with an estimate of 
the time available for these operations for the next month. 


——— — ———— —————-— 


Monthly 
Type of Shoe and Production 
Production Time Requirements (hours per pair of shoes) Hours 
Operation “Super” “Ѕирег-СТ” “Flyer” “Flyer-GT” — Available 
Assembly 0.5 0.75 1.0 1.25 2000 
Lamination 1.0 1.0 1.5 1.75 2700 


Finish stitching 0.5 0.5 1.0 1.5 1600 


In addition, due to a strike at the factory that produces the soles for 
the running shoes, there is a shortage of soles. The supplier has in- 
dicated that it will not be able to supply more than a total of 1500 
pairs of soles next month and that, of these, not more than 800 could 
be used on the “Flyer” or “Flyer-GT” type of shoes. The marginal 
profits associated with the four types of shoes are $6, $8, $11, and $13, 
respectively. Formulate the linear programming model to determine 
the most profitable production schedule for the forthcoming month. 
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Catch-A-Crook, Inc., is experiencing a sizable growth in demand for 
its home protection systems. It produces a “Clamp” system and a “Vise” 
system, which it sells through department stores, discount stores, and 
hardware retailers. It has recently entered into negotiations with a large 
southeastern discount store chain, Poorways, which wishes to purchase 
at least 14,000 “Clamp” systems and at least 11,500 “Vise” systems each 
month. Unfortunately, Catch-A-Crook, Inc., does not have sufficient 
production capacity to supply Poorways in the near future. It can, 
however, subcontract the production of some of its home protection 
systems to another rival manufacturer. Production, cost, and price 
information for Catch-A-Crook, Inc., are: 


Hours Regired | ыма 
Production per Unit Available 
Operation "Clamp" “Vise” рет Month 
Manufacture components 0.15 0.17 2400 
Assemble components 0.12 0.15 2700 
Test and package 0.10 0.14 3000 
Price per unit $170 $225 


Cost per unit 125 175 
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The subcontractor can supply any combination of the “Clamp” and 
“Vise” units up to 10,000 units total each month. The cost of pur- 
chasing these units from the subcontractor is $140 for the “Clamp” 
system and $200 for the “Vise” system. Formulate the linear program- 
ming model that will allow Catch-A-Crook, Inc., to determine the num- 
ber of units of each system to produce and buy each month so as to 
maximize total profit. 


A group of MBA students has been hired by a marketing professor at 
the University of Missouri, St. Louis. They have been directed to con- 
duct a survey among the residents of two St. Louis county suburbs, 
Clayton and Ladue. The following conditions must be met by the 
survey. 


A total of 1000 households must be contacted. 

At least 400 married couple households with children must be con- 
tacted. 

At least 200 married couple households with no children must be 
contacted. 

At least 100 households composed of a single person must be contacted. 

The total number of households contacted during the evening must 
be at least as great as the number contacted during the day. 

At least 100 married couple households with children must be con- 
tacted during the day and at least 100 married couple households 
with children must be contacted during the evening. 


The marketing professor will pay the MBA students on the following 
basis: 


Household Interview Cost 
Type Day Evening 
Married couple, children $10 $12 
Married couple, no children 6 8 
Single person 4 5 


Formulate a linear programming model that could be used to deter- 
mine how many households of each type should be contacted during 
the day and evening so as to minimize the total cost of the survey. 


An investment manager, Mr. Max Dollar, has recently attended at a 
local university a seminar concerned with the use of management 
science techniques in financial decision making. He has returned to 
his job in the bank and is faced with making a decision concerning 
what investments should be purchased for the bank's portfolio for the 
forthcoming year. The investment manager has the following set of 
investment opportunities for the next year. 
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Investment Projected Yearly Rate of 
Opportunity Return (%) 

Public utility stocks 8 

Public utility bonds 10 

Government securities 7 

Industrial stocks 11 

Industrial bonds 12 

Municipal bonds 9 

Real estate trust 15 


The following investment restrictions have been placed on Mr. Dollar 
by the bank. 


Industrial stocks are limited to be less than 10 percent of the portfolio. 

The investment in the real estate trust is limited to be less than 7 
percent of the portfolio. 

Public utility bonds must account for at least 35 percent of the portfolio. 

Government securities must account for at least 25 percent of the 
portfolio. 

The total investment in publc utility or industrial securities (stocks or 
bonds) cannot exceed 50 percent of the portfolio. 


Formulate the investment manager’s decision as a linear programming 
problem in which the return on the portfolio is maximized. 


Georgette Carter, an investor, has income-producing activities A and 
B available at the beginning of each of the next six years. Each dollar 
invested in activity A at the beginning of a year returns $1.40 two years 
later, and this amount of money can then be reinvested. Each dollar 
invested in activity B at the beginning of a year returns $1.55 three 
years later, and this amount of money can then be reinvested. 

At the beginning of the third year, investment opportunity C will 
become available. Each dollar invested in activity C will produce $1.60 
at the end of the fifth year, and this amount of money can then be 
reinvested. At the beginning of the fifth year, investment opportunity 
D will become available. Each dollar invested in activity D will produce 
$1.30 at the end of the sixth year. Finally, at the beginning of the sixth 
year, investment opportunity E will become available. It will produce 
$1.20 at the end of year 6. 

Assuming that the investor begins with $100,000, formulate the 
linear programming model that will allow her to determine an in- 
vestment plan that maximizes the amount of money she can accu- 
mulate at the beginning of the seventh year. 


Sandy Dillon, an MBA student at the University of South Carolina, 
faces a dilemma as she begins to plan her study schedule for a fall 
weekend. On Monday she must turn in a written paper in her Orga- 
nizational Behavior class, as well as take exams in Financial Manage- 
ment and Quantitative Methods II (management science). She is 
approximately three-fourths finished with her paper and estimates that 
if she hands it in as is she will receive a grade of 70. With another 4 
hours of work she feels that she would receive a grade of 85, and with 
8 hours of work she feels she would get a grade of 100. 
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Without studying at all for the Financial Management test, she feels 
that she would score 60. With an additional 5 hours of study, she feels 
she would score 80, and with an additional 10 hours of study, she feels 
she would score 100. 

Quantitative Methods II is Sandy's hardest course. Without studying 
for the test, she predicts she would score 40. With an additional 10 
hours of study, she feels she would score 70, and with an additional 
20 hours of study, she feels she would score 100. 

Тһе paper will be counted as 50 percent of the final grade in Or- 
ganizational Behavior, the exam will be counted as 25 percent of the 
final grade in Financial Management, and the exam will be counted 
as 20 percent of the final grade in Quantitative Methods П. All three 
courses are 3-credit-hour courses. 

Sandy estimates that she has at most 20 hours of study time available 
on the weekend, since she also has a date for the South Carolina versus 
Clemson football game. 

Formulate Sandy's decision situation as a linear programming prob- 
lem in which time is allocated to maximize her overall grade-point 
average, while still achieving at least a grade of 70 in each of the three 
assignments (i.e., paper and exams). 


Тһе University of South Carolina is considering the purchase of three 
types of planes for use of its administrators, faculty, and athletic teams. 
The purchase price would be $3 million for each large plane, $1.5 
million for each medium-sized plane, and $300,000 for each small 
plane. The trustees of the university have authorized a total expend- 
iture of $10 million for these aircraft. 

The university has enough trained pilots to staff 10 airplanes total. 
Its maintenance facilities can handle the equivalent of 12 of the small 
airplanes. However, each medium-sized plane has a maintenance 
equivalence of 1.5 small planes, and each large plane has a maintenance 
equivalence of 2 small planes. Additionally, the university has decided 
that it must purchase at least 1 large plane, at least 2 medium-sized 
planes, and at least 3 small planes. 

Formulate the linear programming model that would be used to 
determine how many planes of each type to purchase to minimize the 
total purchase cost. 


38. Joe Parker owns a 300-acre farm near Greenwood, South Carolina. 


He is interested in trying to plan the operations of his farm for the 
forthcoming year. He has $25,000 available for investment in the forth- 
coming year, and he estimates that he has 1500 worker-hours of labor 
available for the fall-winter months (October-March) and 5000 
worker-hours of labor available for the spring-summer months (April— 
September). If any of these worker-hours are not required, they may 
be used in working at a local farmer's cooperative, at a rate of $2.35 
per hour during the fall-winter months and $3.50 per hour during 
the spring-summer months. Mr. Parker obtains income from the pro- 
duction of wheat, soybeans, peaches, cows, and hogs. His estimates of 
the labor worker-hours requirements per acre are as follows. 
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Wheat Soybeans Peaches 


Fall-winter worker-hours 

requirement per acre 20 15 (not grown) 
Spring-summer worker-hours 

requirement per acre 40 35 50 


Estimated annual incomes per acre from the three crops are as follows. 


Wheat Soybeans Peaches 
Annual income per acre $350 $250 $400 


Estimated annual investments per acre for the three crops are as fol- 
lows. 


Wheat Soybeans Peaches 
Annual investment per acre $4 $2 $1 


The corresponding estimates for the two types of livestock are as fol- 
lows. 


Cows Hogs 
Fall-winter worker-hour requirements per head 30 20 
Spring-summer worker-hour requirements per head 15 10 
Annual investment per head $250 $125 
Annual income per head $450 $200 


Additionally, Mr. Parker estimates that each cow raised requires 2 acres 
of land and each pig raised requires 1 acre of land. He would like to 
limit (yearly) his cow herd to a maximum of 50 cows and his pig herd 
to a maximum of 100 pigs. Formulate the linear programming model 
for Mr. Parker’s farm operations planning problem. 


The Malachite Foundry is attempting to cast a lightweight brake drum 
using a new alloy composed of 60 percent aluminum, 30 percent tin, 
and 10 percent zinc. It can blend this new alloy from one or more of 
several existing alloys that have the following metallic properties. 


Metallic Existing Alloy 

Property A B C D E 
Percentage aluminum 60 30 70 20 40 
Percentage tin 20 50 20 40 50 
Percentage zinc 20 20 10 40 10 


Тһе cost per pound for each of these alloys is as follows. 


A B с р Е 
Cost per pound $15.00 $13.50 $17.10 $12.00 $14.25 


Formulate the linear programming model to be used to determine the 
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proportions of the alloys that should be blended to produce the new 
alloy at a minimum cost. 


. The Ready-Rider Bus Company is attempting to plan the amounts of 


diesel fuels to purchase for its bus fleet for the forthcoming year. It 
services cities throughout the southeastern United States and refuels 
at four major cities. In each of these cities, diesel fuel may be purchased 
from Conch Oil, Puxico Oil, or Immobil Oil Company. For the forth- 
coming year Conch Oil has agreed to supply up to 450,000 gallons of 
diesel fuel, Puxico Oil has agreed to supply up to 700,000 gallons of 
diesel fuel, and Immobil Oil has agreed to furnish up to 800,000 gallons 
of diesel fuel. The requirements at the four "refueling" cities are 
350,000 gallons, 400,000 gallons, 450,000 gallons, and 500,000 gallons, 
respectively. Each of the three companies has specified a bid price per 
gallon of diesel fuel for the four cities, as follows. 


Conch Oil Puxico Oil Immobil Oil 


City 1 0.80 0.90 0.92 
City 2 0.87 0.75 0.70 
City 3 0.75 0.70 0.92 
City 4 0.90 0.85 0.80 


Formulate the linear programming model to determine the minimum- 
cost diesel fuel purchase plan for the Ready-Rider Bus Company. 


Trashland Oil Company has one refinery that is wholly devoted to the 
production of two types of unleaded fuels: unleaded premium and 
unleaded regular. This refinery can currently purchase four different 
crudes, which have the following chemical analyses and costs. 


Percent of 
Blending Supply 
Crude Ingredient Availability 
Type A B с Cost рег Gallon (gallons) 
1 0.90 0.07 0.03 $0.70 4000 
2 0.70 0.20 0.10 $0.50 6000 
3 0.10 0.70 0.20 $0.65 5000 
4 0.60 0.30 0.10 $0.85 5000 


The unleaded premium gasoline is priced at $1.00 to the refinery's 
customers, and it must contain at least 60 percent of A, at least 20 
percent of B, and not more than 10 percent of C. The unleaded regular 
gasoline is priced at $0.90 to the refinery’s customers, and it must 
contain at least 50 percent of A, at least 15 percent of B, and not more 
than 15 percent of C. The company has a forecasted demand of 6000 
gallons of unleaded premium and 9000 gallons of unleaded regular. 
Formulate the linear programming model that could be used to de- 
termine the number of gallons of each crude type to be used in each 
gasoline to maximize profit. 

A metalworking firm uses three machines to manufacture three prod- 
ucts. Each unit of product A requires 4 hours on machine 1, 2 hours 
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on machine 2, and 1 hour on machine 3. Each unit of product В 
requires 3 hours on machine 1, 5 hours on machine 2, and 2 hours 
on machine 3. Each unit of product C requires 2 hours on machine 
1, 4 hours on machine 2, and 5 hours on machine 3. The profits 
associated with the three products are $35, $45, and $40 per unit, 
respectively. One hundred eighty hours of machine 1 time, 150 hours 
of machine 2 time, and 160 hours of machine 3 time are available for 
scheduling. Formulate a linear programming model that could be used 
to schedule the two products on the three machines in a manner that 
maximizes profit. 


A local discount store is attempting to plan its advertising expenditures 
for the forthcoming year. With $100,000 to spend for its advertising, 
it seeks to reach the maximum number of potential customers with 
this amount. The following planning data have been collected. 
Advertising Medium 
Characteristics Newspapers Radio Television 

Number of persons 
reached 50,000 100,000 150,000 

per unit 
Number of persons above 

average income per unit 20,000 30,000 50,000 
Number of married 
households 15,000 20,000 40,000 

per unit 
Maximum units available 100 150 50 
Minimum units available 25 30 30 
Cost per unit 300 150 1,500 
As a part of its advertising campaign, the discount store would like to 
meet the followng objectives. 
To reach at least 2.5 million persons in the area. 
To reach at least 1 million persons in the area with above-average 

income. 
To reach at least 500,000 married households in the area. 
Formulate the linear programming model that could be used to de- 
termine the discount store’s most effective advertising plan for the 
forthcoming year. 
The Studley Manufacturing Company has projected its desired ship- 
ping levels for the first six months of the year as follows. 
Desired Level 

Month of Shipments 
January 1,000 
February 4,000 
March 3,000 
April 2,000 
May 3,500 
June 2,500 


Total 16,000 


n 


Тһе Studley Manufacturing Company has a regular monthly pro- 
duction capacity of 1700 and an overtime monthly production capacity 
of 1100. Its manufacturing costs are $8 per unit for those items pro- 
duced during regular time and $10 per unit for those items produced 
during overtime. The company is beginning the year with no inventory 
on hand, and it does not wish to have any inventory on hand at the 
end of June. However, any inventory accumulated in the interim pe- 
riod costs $2 per unit per month. Formulate a linear programming 
model that could be used to determine a six-month production plan 
that will minimize total production and inventory carrying cost 


45. Susie McWilliams manages the computer center at a major midwestern 
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university. She has just received four jobs from faculty members that 
require keypunching of data. Fortunately, she has exactly four key- 
punchers to which the jobs can be assigned. However, because of the 
nature of the four keypunch jobs and the difference in the skill levels 
of the four keypunchers, she would like to make the assignment in 
some optimal manner. She has made the following estimates of job 
completion times (hours). 


Job 
Keypuncher 1 2 3 4 
A 14 1.4 20 3.2 
B 17 10 22 3.1 
C 13 12 20 34 
р 1.5 1.3 2.1 2.9 


Formulate the linear programming model that could be used to de- 
termine the allocation of the four keypunchers to the four jobs in a 
manner that minimizes the overall completion time for the jobs. 
Capitol City Bakery of Columbia, South Carolina, has customers in 
the cities of Newberry, Aiken, and Sumter. The distances between these 
cities are: 


ل ل 
To‏ 
From Columbia Newberry Aiken Sumter‏ 
Columbia =- 50 75 60‏ 
Newberry 50 - 90 190‏ 
Aiken 75 90 -- 135‏ 
Sumter 60 120 135 Е‏ 


The manager of the bakery would like to visit the major retail stores 
in each of these cities, beginning and ending in Columbia. Formulate 
the linear programming model that could be used to determine the 
minimum-distance route that should be selected. 


World Books, Incorporated, publishes and sells sets of books, using a 
door-to-door sales force. It sells a set of encyclopedias producing $100 
gross profit; a set of religious books producing $75 gross profit, and 
a set of “Classics of Literature” producing $130 gross profit. In addition 
to its door-to-door sales effort, it also advertises heavily in the Sunday 
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supplement of various newspapers and in magazines. It has made the 
following estimates with respect to the advertising and selling costs 
associated with its three major sets of books. 


Estimated Estimated 
Advertising Selling 
Set of Books Cost ($ per Set) Cost ($ per Set) 
Encyclopedias 5 10 
Religious books 8 20 
“Classics of Literature” 10 35 


The firm has established a budget of $100,000 for advertising for the 
forthcoming year and $500,000 for door-to-door selling for the forth- 
coming year. Its current yearly production capacity is 12,000 sets of 
books, which may be divided in any manner among the three types of 
book sets in its product line. However, it feels that it must sell at least 
2000 sets of each type of book annually. Formulate the linear pro- 
gramming model that could be used to solve this marketing planning 
problem. 
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3.1 INTRODUCTION 


Тһе simplex method is the name given to the 
solution algorithm for solving linear programming 
problems developed by George Dantzig in 1947. 
A simplex is an n-dimensional convex figure that 
has exactly n + 1 extreme points. For example, 
a simplex in two dimensions is a triangle, and in 
three dimensions it is a tetrahedron. The simplex 
method refers to the idea of moving from one 
extreme point to another on the convex set that 
is formed by the constraint set and nonnegativity 
conditions of the linear programming problem. 
By solution algorithm we refer to an iterative 
procedure having fixed computational rules that 
leads to a solution to the problem in a finite 
number of steps (і.е., converges to an answer). 
The simplex method is algebraic in nature and is 
based upon the Gauss-Jordan elimination pro- 
cedure. Although the procedure is relatively 
straightforward, it does require some patience 
and skill to execute manually. Consequently, in 
practice, the algorithm is usually programmed 
and executed on a digital computer. Many com- 
puter codes embodying the essence of the simplex 
method are in existence. The widespread devel- 
opment and use of these codes attests to the 
importance of linear programming in decision 
making. 

In this chapter we will develop a manual tech- 
nique that utilizes the simplex method for solv- 
ing linear programming problems. The more in- 
quisitive student might ask the question: “Why 
is it necessary to learn how to solve linear pro- 
gramming problems manually using the simplex 
method when, in practice, most linear program- 
ming problems are solved using computerized 
linear programming codes?” It is our feeling that 
the student should thoroughly understand the 
underlying principles of linear programming, as 
contained in the simplex method, before attempt- 
ing to utilize effectively the results of a linear 
program analysis in a managerial situation. Sim- 
ilarly, it is essential for the manager to understand 
the key ideas that form the basis of linear pro- 
gramming. The manager should have a funda- 
mental knowledge of linear programming to com- 
municate effectively with the management scientist, 
develop the input data for applications of linear 
programming, and interpret and utilize the out- 
put produced by computerized linear program- 
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ming codes. A fundamental understanding of 
linear programming can perhaps best be gained 
by manually working through linear program- 
ming problems using the simplex method. Thus, 
the objective of this chapter will be to develop a 
firm understanding of linear programming 
through the vehicle of the simplex algorithm. 


3.2 A GEOMETRIC INTRODUCTION 
TO THE SIMPLEX METHOD 


The simplex method is an algebraically based 
algorithm, in which each iteration involves solving 
a system of linear equations to obtain a new trial 
solution that is then tested for optimality. The 
simplex method, however, does have a very in- 
formative geometric interpretation. To provide a 
geometric introduction to the simplex method, 
we will use the graphical solution to the Crafty 
Machine Works example presented earlier in 
Chapter 2 (refer to Section 2.2.1). To refresh 
your memory, the graph for this example is 
repeated in Fig. 3.1. 

In this graph the two constraints and the two 
nonnegativity conditions (i.e., the shaded area) 
form what is called a convex set. The formal 
definition of a convex set is given in Appendix 
C. Briefly, in two dimensions a convex set is a 
figure having the property that a straight line 
drawn between two sides of the convex set must 
stay within it. In Fig. 3.1, the points O, A, C, and 
D are called the corner-points, or extreme points, 
of this convex set, . 

In Fig. 3.1, the points of intersection between 
the constraints and the nonnegativity conditions 
are highlighted because of their importance. These 
points of intersection are the corner-point solu- 
tions to the problem. 

The four points that lie on the corners of the 
feasible region—(0,0), (0,6), (8,2), (10,0)—are ex- 
treme points of the feasible solution space or the 
corner-point feasible solutions to the model. The 
two-dimensional coordinates for these corner- 
point solutions are summarized in Table 3.1. 
Observe also that some of these extreme points 
are adjacent extreme points in that they are 
connected by a single line segment on the bound- 
ary of the feasible solution space. For example, 
both (0,6) and (10,0) are adjacent extreme points 
to (8,2). 
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FIGURE 3.1 GRAPHICAL SOLUTION—CRAFTY MACHINE 
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TABLE 3.1 CORNER-POINT SOLUTIONS-CRAFTY 


MACHINE WORKS 


Corner-Point 


Corner Point Coordinates Feasible Solution 
O (0,0) Yes 
A (0,6) Yes 
B (0,10) No 
с (8,2) Yes 
D (10,0) Yes 
E (12,0) No 


—————————— 


3.2.1 BASIC SOLUTIONS 


In this section the idea of a basic solution is 
discussed. Basic solutions are very important, 
since every corner-point solution can be repre- 
sented as a basic solution. To determine the basic 
solutions for the Crafty Machine Works example, 
we must first convert the constraint set to a set of 
linear equalities. 


Original Inequalities 


5x, + 10х; = 60 
4x, + 4x, = 40 
Xj, X2, $1, So = 0 


with 


This conversion process involves adding 
“dummy variables” to the inequalities to change 
them to equalities. We convert the inequality 
constraint representing milling machine time to 
an equality by adding the slack variable s,. The 
inequality constraint representing metal lathe time 
is converted to an equality by adding the slack 
variable są. We have: 


Resulting Equalities 


5x, + 10х + Із 
4x, + 4х 


Тһе slack variable 5,, as its name suggests, 
represents unused milling machine time. Simi- 
larly, the slack variable з, represents unused metal 
lathe time. 

Observe that we now have a system of m = 2 
linear equalities in п = 4 unknowns or variables 
(.е., xy, Xs, 5, 53). А basic solution to an under- 
determined system of two equations in four vari- 
ables is found by setting two of the variables to 
zero and solving the resulting linear system of 
two equations and two variables. The maximum 
number of basic solutions to this system of linear 
equations is given by the combination formula 
for selecting m variables ош of n variables, namely: 


n! 4! 


n! (n — m)! 24-21 


These six basic solutions are obtained using 
the Gauss-Jordan elimination method (discussed 
in detail in Appendix C). For example, one basic 
solution is: 


6 (3-2) 
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shown in Fig. 3.1 and summarized in Table 3.1 
For each of the six basic solutions, the two vari- 
ables that are set equal to zero are shown in 
parentheses. 

Observe that we have obtained four basic so- 
lutions that are also corner-point feasible solu- 
tions. They are called basic feasible solutions 
and correspond to the four extreme points of the 
feasible solution space (i.e., points О, A, С, and 
D). By “feasible” we mean that all variables are 
“greater than or equal to” zero. If one or more 
variables are less than zero, the basic solution is 
said to be infeasible. So, we observe the very 
important fact that there is a one-to-one corre- 
spondence between basic feasible solutions and 
the extreme points of the feasible solution space. 
In linear programming we will only be interested 
in the basic feasible solutions, since the basic 
infeasible solutions require one or more variables 
to have negative values, and this has no physical 
meaning. 


Set x, = 0, х, = 0: 

5x, + 10x, + Is, = 60 5(0) + 10(0) + 15, = 60 
(3-3) 
4x, + 4x, + Is, = 40 4(0) + 4(0) + 1s, = 40 
Basic solution: ху = 0, x, = 0,5, = 60, 5» = 40 

Another basic solution (solving by Gauss-Jordan 
elimination) is: 

Sets, = 0,5; = 0: 
5x, + 10x, + Is, = 60 5x, + 10x, + 1(0) = 60 

(3-4) 

4x, + 4x, + ls, = 40 4x, + 4x, + 1(0) = 40 


Basic solution: 


The six basic solutions, determined using the 
Gauss-Jordan elimination method, are summa- 
rized in Table 3.2. Observe that these basic solu- 
tions correspond to the six corner-point solutions 


x = 8,Х, = 2, = 0), 5, = 0 


As the size of the linear programming problem 
grows larger, the number of basic solutions can 
become quite large, as you can easily verify. Even 
though we are interested only in basic feasible 


TABLE 3.2 BASIC SOLUTIONS—CRAFTY MACHINE WORKS 


Basic Solutions 


Corner-Point 
Corner Point ху х, S1 $9 Feasible Solution 
О (0) (0) 60 40 Yes (feasible) 
A (0) 6 (0) 16 Yes (feasible) 
B (0) 10 -40 (0) No (infeasible) 
b 8 2 (0) (0) Yes (feasible) 
D 10 (0) 10 (0) Yes (feasible) 
E 12 (0) (0) -8 No (infeasible) 
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solutions, the possible number of basic feasible 
solutions can be too large to be enumerated 
completely. The goal thus becomes one of suc- 
cessively generating better and better basic feasi- 
ble solutions, until the optimal basic feasible so- 
lution is obtained. The simplex method, which is 
the primary topic of this chapter, will be used in 
this sequential process. However, before we con- 
sider the simplex approach, we will provide an 
algebraic approach to linear programming. 


= 60 
4x, + 4x, + 15, = 40 


3.3 AN ALGEBRAIC APPROACH 
TO LINEAR PROGRAMMING 


The simplex method is a very efficient algorithm 
that optimizes an objective function subject to a 
system of linear equations. Before we delve into 
the simplex method in detail, we will present an 
algebraic approach to linear programming that 
will be linked to the graphical solution procedure 
illustrated in the previous chapter. 

To initiate the algebraic approach, let us restate 
the Crafy Machine Works model in standard 
linear programming form, as follows: 


5x, + Bx, + Ls, 


Maximize Z = бх, + 8x, + Os, + Os, (3-5) 
subject to: 5x, + 8x, + Із, = 60 

4x, + 4x, + ls = 40 5% 
with x, 20,x.20,5,20,s,20 (3-7) 


In this formulation observe that both slack vari- 
ables s, and з» are restricted to be equal to or 
greater than zero. However, slack variables have 
no effect on the objective function; that is, с, = 
0, c, = 0 since they are not associated with real 
products. 

To solve this problem algebraically we must be 
able sequentially to generate a set of basic feasible 
solutions that correspond to the extreme points 
of the feasible solution space (refer to Fig. 3.1). 
Naturally, we first must determine an initial basic 
feasible solution. Recall that a basic solution to a 
set of m equations inn variables (n > m) is obtained 
by setting (n — т) variables equal to zero and 
solving the resulting system of m equations in m 
variables. The m variables are referred to as the 
“basic” variables or as the variables “in the basis.” 
The (n — m) variables are referred to as the 
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nonbasic variables or as the variables "not in the 
basis." A basic feasible solution is defined as being 
à basic solution where all т of the basic variables 
are nonnegative (70). А nondegenerate basic 
feasible solution is defined as being а basic so- 
lution, where all т of the basic variables are 
greater than zero (70). 
If we initially let the two slack variables s, and 
з, be basic and the two decision variables x, and 
x; be nonbasic, we can very easily determine an 
initial basic feasible solution. The constraint set 
becomes: 
5(0) + 8(0) + Ls, 
4(0) + 4(0) +l, = 40 


This basic feasible solution can immediately be 
determined as x, = 0, x, = 0,5, = 60,5, = 40. 
It corresponds to the origin, point O in Fig. 3.1, 
and the corresponding objective function value is 
Z = бх, + Bx, + Os, + Os, = 6(0) + 8(0) + 
0(60) + 0(40) = 0. 

Having selected the initial basic feasible solu- 
tion, the algebraic procedure selects an adjacent 
extreme point that increases the value of the 
objective function. This is equivalent to finding 
another (alternative) basic feasible solution that 
has all but one of the same basic variables in the 
basis. Thus, finding the next basic feasible solution 
requires two operations: 


= 60 
(3-8) 


1. One presently nonbasic variable must be se- 
lected to enter the current basis, thus becom- 
ing basic. 

2. One presently basic variable must be selected 
to leave the current basis, thus becoming 
nonbasic. 


The first operation proceeds in an intuitively 
simple manner. The objective function is exam- 
ined and the effect of entering each of the vari- 
ables in the objective function is measured, Re- 
member that at this point the objective function 
is composed entirely of nonbasic variables since 
the initial basic variables are the slack variables 
that have no effect on the value of the objective 
function. Thus, the two nonbasic variables that 
are candidates for entry in this case are x, and xs, 
since the objective function is: 


Z = 6x, + 8x, (3-9) 


Since either x, or x» could enter the basis, we 
need some means for selecting which one of these 
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two variables should be chosen. This choice is 
made as the variable that appears to increase the 
objective function the fastest on the basis of the 
magnitude of its coefficient. Since xs increases the 
objective function fastest per unit produced, х is 
chosen to be the entering basic variable. It should 
be cautioned that this procedure, while compu- 
tationally simple, may not be necessarily the most 
efficient means of increasing the objective func- 
tion. This is true because the constraint set may 
prevent a specific nonbasic variable from becom- 
ing as large as some of the other variables might. 
For example, the constraint set might force the 
following set of conditions. 


(3-10) 


Thus, while a greater per unit increase in the 
objective function is obtained by entering xs, the 
total increase in the objective function is made by 
entering x), since: 


56:10 
$8. 5 


(maximum possible increase іп x,) = $60 
(maximum possible increase іп x») = $40 
(3-11) 


a ا‎ ere iU Lu ا‎ 


Constraint Equation 
(1) 5 = 60 - 5x, — 10x, 
(2) 5 = 40 — 4x, – 4x, 


Thus, it is seen that 5) should be chosen as the 
variable to leave the basis (i.e., 5; = 0), or become 
nonbasic, with x; becoming basic, or being in- 
creased to six. The variable 5; is chosen to be 
removed, because it is the first of the two variables 
(s, and s2) to become zero as x; increases. 

We must now solve for the new value of the 
remaining basic variable s», which results from 
entering x; into the basis and removing s, from 
the basis. This is accomplished using the Gauss- 

Jordan elimination procedure. The Gauss-Jordan 
elimination procedure involves the use of the 
following elementary row operations: 


1. An equation may be multiplied by a nonzero 
number. 
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However, the rule selecting the variable to enter 
as being the variable with the largest coefficient 
is both convenient and computationally simple, 
and therefore, is used in practice. 

The choice of the variable to leave the basis or 
be replaced by x; requires further analysis. The 
candidates for the leaving variables are the two 
slack variables s, and sọ. In the initial basis, each 
of these variables is at a positive level; that is: 


sı = 60 


x, = 0 

апа (3-12) 
$9 = 40 X? = 
For one of these variables to leave the basis it 
must be driven to zero. No variable can become 
less than zero or an infeasible solution will result. 
Consequently, the variable chosen to leave the 
basis is the one that is driven to zero first as the 
entering basic variable, x» in this case, is increased. 
This effectively increases the objective function 
as much as is possible while maintaining a feasible 
solution. With reference to Fig. 3.1, what we are 
doing is moving from one extreme point of the 
feasible solution space to another extreme point 
of the feasible solution space. The algebraic anal- 
ysis that is required is illustrated by the following 
table. 


Maximum Possible Increase in хз 
(x, = 0,5,-> 0) Solve: 0 = 60 — 10x x, = 6 
(xı = 0,5, — 0) Solve: 0 = 40 — 


4x, > x, = 10 


2. An equation may be replaced by the result of 
adding or subtracting a multiple of another 
equation to/from it. 


What we seek to do is to manipulate the constraint 
equations and the objective function algebraically 
until the entering basic variable x» appears only 
in the second constraint equation, and all the 
other constraints (and the objective function) are 
expressed in terms of the other variables. To 
summarize, we manipulate the constraint equa- 
tions until each basic variable appears in only one 
equation and this equation contains no other basic 
variable. The entering basic variable is also elim- 
inated from the algebraic formulation of the 
objective function. To illustrate this process, con- 
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sider the original objective function and constraint 
set, written as follows. 


(Objective function) (0)Z — 6x, - 8x, 


(First constraint (1) 


(Second constraint) (2) 4x, + 4x, 


Now, хә is to replace s, in the new basis; that is, 
xs — бапа s, — 0. The new basic variable x; thus 
replaces s, in Equation 3-13(1). The new basic 
variables are now x; and s». However, to determine 
the proper resulting values for the remaining 
basic variables, s» and xs, x must be eliminated 
from the equation 3-13(2) and the objective func- 
tion 3-13(0) in which it appears. This is done by 
Gauss-Jordan elimination, namely, by adding or 
subtracting the appropriate multiple of equation 
3-13(1) to or from the other equations. The Gauss- 
Jordan elimination process proceeds as follows. 


Step 1 Obtain +1 as the coefficient of x; in 
Equation 3-13(1) (i.e., divide by 10). 

fox, + хә + bs = 8 

dx, + lx: + б = 


New eq. (1) 


Step 2 Eliminate —8 as the coefficient of x; in 
Equation 3-13(0). 


Old eq. (0) 2- бху - 8x; = 0 
8 x new eq. (1) 4x, + 8x, + ds, = 48 (3-14) 
New eq. (0) Z - 2x; + ds, = 48 


Step 3 Eliminate +4 as the coefficient of x; in 
Equation 3-13(2). 


Old eq. (2) 4x, + 4x +1»= 40 
-4 х пем eq. (1) =2%1 = 4x. — Бі == 24 
New eq. (2) , 2x, —$, + I. = 16 


The new (second) set of equations can be written 
as: 


(0).2 - 2% tds - 48 5есопа 
Һавіс 
(1) ік + lx+ фз = 6 feasible 
solution: 
(2) 2x, = $5, + Isp = 16) x1 = 05, = 0 
х = 6з; = 16 
(3-15) 


Constraint Equation 
(1) $5, = 6 — 4x, — 1x 


5x, + 10x, + 15, 
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This second set of equations is completely equiv- 
alent to the first set of equations. However, the 


= 0) First 
basic 
= 60> feasible (3-13) 
solution: 
+ Is, = 40) х = 0 s, = 60 
x, =0 s, = 40 


second basic feasible solution is x, = 0, x» = 6, 
s, = 0, and s, = 16, yielding a value of the 
objective function, Z = 48. Referring to Fig. 3.1, 
we have moved from the origin extreme point 
(хі = 0, х, = 0; 2 = 0) vertically to the extreme 
point (x, = 0, x, = 6; Z = 48). 

We next examine this second basic feasible 
solution to see if we have obtained the optimal 
basic feasible solution. Note that the original 
objective function Z = 6x, + 8x, has been 
transformed to the objective function Z = 2x, — 
4s, + 48. It can thus be concluded that, by 
increasing the value of x, (with sı remaining 
nonbasic, i.e., s, = 0), we can further increase 
the value of the objective function. The current 
basic feasible solution is not optimal, and we must 
use the Gauss-Jordan elimination procedure to 
make at least one more iteration. 

At this point in our work it should be obvious 
that only variable x, can enter the basis. Given 
our current expression of the objective function, 
only the insertion of x, into into the basis will 
improve the value of the objective function. Тһе 
only other variable іп the expression of the ob- 
jective function, namely s, is a slack variable; 
hence it does not need to be considered further 
because it has no effect on the objective function 
(ie., с, = 0). 

The choice of the variable to leave the basis 
(і.е., to be driven to zero) as x, enters the basis is 
determined exactly as before. The algebraic anal- 
ysis that is required is shown by the following 
table. 


Maximum Possible Increase in x, 
(хьэ 0,5, = 0) Solve: 0 = 6- ix, > x, = 12 


(9) з = 16 – 2x, + fsi (sı = 0, 52 > 0) Solve: 0 = 16 — 2x,2x17 8 


Thus, it is seen that 5; should be chosen to be 
removed because it is the first of the two variables 
to become zero as x, increases. The Gauss-Jordan 
elimination process proceeds as follows. 


Step 1 Obtain +1 as the coefficient of x, in 
Equation 3-15(2) (i.e., divide by 2). 


New eq. (2) ix, c 1/25, + is; ғ 1$ 
+ ‘Ix, — 45; + 45, = 8 


Step 2 Eliminate —2 as the coefficient of x, in 
Equation 3-15(0). 


Old eq. (0) LAC aa - 48 
2 х new eq. (2) + 2x, - b, + b, = 16 
New eq. (0) Z + Б, + ls, = 64 


(3-16) 


Step 3 Eliminate 4 as the coefficient of x, in 
Equation 3-15(1). 


Old eq. (1) ік + Ixy + dos ze 
-ixneweq.(2) -іх + ts) = is = -4 
New eq. (1) Іх + bh — 45. = 2 


The new (third) set of equations can be written 
as: 


(0) 2 + фу + 1s, -)64 Third 
basic 

(1) Ix; 5 $s, — 4s, =| 2 feasible (3-17) 
solution: 

(9) 1% —$5, + 45. =| 8 x, = 8s, =0 
%2=25,= 


This third set of equations is completely equiva- 
lent to the first two sets of equations. However, 
the third basic feasible solution is now: x, = 8, 
х= 2,5, = 0, 5 = 0, yielding a value of the 
objective function Z = 64. Referring to Fig. 3.1, 
we have moved downward from the extreme point 
(хі = 0, x = 6; Z = 48) to the extreme point 
(хі = 8, x = 2; Z = 64). 

The question at this point is: “Have we obtained 
the optimal feasible solution?" The answer is yes, 
since we have transformed the original objective 
function Z = 6x, + 8x, to an objective function 
having the form Z = 64 — és, — 1%. Thus, ап 
attempt to insert either of the current nonbasic 
variables s, and s; into the solution will cause a 
reduction in the objective function since they both 
have negative coefficients. We have obtained the 
optimal feasible solution with x, = 8 (produce 
eight bearing plates), x; - 2 (produce two gears), 
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sı = 0 (no unused milling machine time), and 
ss = 0 (no unused metal lathe time). This solution 
has an optimal objective function (profit) value 
of $64. 


3.4 THE SIMPLEX ALGORITHM 


The simplex algorithm, or simplex method, is an 
iterative procedure that embodies the same steps 
that we previously employed in our algebraic 
approach to linear programming. The simplex 
algorithm, however, provides a more structured 
method for moving from one basic feasible solu- 
tion to another, always maintaining or improving 
the objective function, until an optimal solution 
is obtained. The major steps in the simplex al- 
gorithm are as follows. 


Step 1 Given the problem formulation with т 
equalities in n unknowns, select а set of m variables 
that yields an initial basic feasible solution. 


Step 2 Analyze the objective function to see if 
there is a nonbasic variable that is equal to zero 
in the initial basic feasible solution, but that would 
improve the value of the objective function if 
made positive. If no such variable can be found 
the current basic feasible solution is optimal, and 
the simplex algorithm stops. If, however, such a 
variable can be found, the simplex algorithm 
continues to step 3. 


Step 3 Using the nonbasic variable selected in 
step 2, determine how large it can become before 
one of the m variables in the current basic feasible 
solution becomes zero. Eliminate (drive to zero) 
this current basic variable and replace (increase 
to the maximum permissible value) the nonbasic 
variable selected in step 2. 


Step 4 Solve the problem using the Gauss-Jordan 
elimination procedure, for the current m vari- 
ables. Return to step 9. 


Given'that a feasible solution exists and that the 
optimal value of the objective function is finite, 
the simplex algorithm, as outlined in the preced- 
ing steps, will lead to an optimal solution in a 
finite number of iterations. We will now proceed 
to develop a tabular approach for the simplex 
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algorithm. The advantage of using this tableau 
format is that it provides a more structured method 
for moving from one basic feasible solution to 
another and allows us to avoid the task of con- 
stantly rewriting all of the variables and equations 
of the problem. 


3.4.1 SETTING UP THE 
INITIAL SIMPLEX TABLEAU 


In developing a tabular approach for the simplex 
algorithm, we will attempt to use an instructive 
and consistent set of notations that enhances your 
understanding of the process. There are about as 
many tabular approaches to the simplex algo- 
rithm as there are management science textbooks. 
What we will try to do is present one such simplex 
tableau that is reasonably simple to understand 
and use. 

The terms that are used in the initial simplex 
tableau are defined as follows: 


c; = objective function coefficient for variable j 
b, = right-hand-side coefficient (value) for constraint і 
a, = coefficient of variable / in constraint i 


св = objective function coefficients of the basic vari- 
ables 


Notation that we will use extensively in the 
following development of the simplex method is 
as follows: 


с TOW the row of objective function coef- 
ficients 

bcolumn the column of right-hand-side val- 
ues of the constraint equations 

[A] matrix the matrix (with m rows and n col- 


umns) of the coefficients of the vari- 
ables in the constraint equations 


The general form of the initial simplex tableau is 
presented in Table 3.3. 
The initial simplex tableau is a representation 
of the standard linear programming form, with 
some supplemental rows and columns. The top 
row of the table presents the cj, the objective 
function coefficients. The next row is the headings 
for the various columns. Then, there are m rows, 
which represent the m constraint coefficients. Fol- 
lowing is the 2) row, which represents the contri- 
bution loss per unit of the jth variable. Finally, is 
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the су - 7, row, which is the net contribution per 
unit of the jth variable. (More will be said about 
the 2; and с; - Z, rows shortly.) 

Тһе leftmost column in the tableau indicates 
the values of the objective function coefficients 
associated with the basic variables. With a set of 
= constraints, the initial basis will consist of m 
slack variables with c, values equal to zero. The 
next column is headed "Basic Variables" and 
simply lists those m variables that are currently 
basic, or in the solution. The next т + n columns 
contain the constraint coefficients. The final 
(rightmost) column displays the solution values 
of the basic variables. 

Now, let's restate the Crafty Machine Works 
model in standard linear programming form and 
construct the initial simplex tableau. The standard 
linear programming form is: 


Maximize 7 = бх, + 8х, + Os, + 05, (3-18) 

subject to: 5x, + 8x, + Is, = 60 (3-19) 
4x, + 4х, + Is. = 40 

with x, = 0, x: - 0,5, > 0, з > 0 (3-20) 


Transferring this to the initial simplex tableau, 
we have Table 3.4. 

The initial basic feasible solution for a linear 
programming model with m 5 constraints always 
is composed of m slack variables. Observe that the 
slack variables 5) and s; are listed in the “Basic 
Variable" column. Observe also that slack variable 
5; is basic in row 1 and slack variable s; is basic іп 
row 2. Finally, note that the column vectors for 
s, and s; in the initial tableau are unit vectors. 
Thus, the two basic variables sı and 5; form a basis 
matrix [B] that is an identity matrix: 


51 59 


[в] = h 1 = Ш 


It is important to remember that the current basic 
variables always form an identity matrix within 
the simplex tableau. 

Since s, and s; are basic (20), x, and x» must 
be nonbasic (= 0). This means the constraints сап 
be written as: 


(3-21) 


5(0) + 10(0) + (1), + (0), = 60 
4(0) + 4(0) + (0), + (I). = 40 (8-29) 

+ Is, = 60 

+ Is, = 40 
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TABLE 3.4 


THE INITIAL SIMPLEX TABLEAU—CRAFTY MACHINE WORKS 


Pivot column 


Pivot element 


From the initial tableau the solution values for 
s, and sy can be read directly in the rightmost 
column. 

The values in the Z, row are calculated by 
multiplying the elements in the cg column by the 
corresponding elements in the columns of the A 
matrix and summing them. Performing these 
multiplications and additions, we obtain: 


Z, = (5) + 04) = 0 
Z, = 0(10) + 0(4) = 0 
2, = 04) + 0(0) = 0 
Z, = 00) + 01) = 0 


A value in the Z, row represents the decrease in 
the value of the objective function that will result 
if one unit of the jth variable is brought into the 
solution. 

The 2; values сап be thought of as the “objective 
function contribution loss per unit produced.” 
For example, Z, represents the decrease in profit 
that will result if one unit of x, is brought into 
solution. Consider why a decrease in profits might 
result if the nonbasic variable x, is brought into 
the solution (i.e., x; is made basic). If one unit of 
x, is produced, we will need to change the value 
of some of the current basic variables to satisfy 
the constraint equations and maintain feasibility. 
In the first constraint equation, we have: 


(3-23) 


5x, + 10x, + 1s, = 60 (3-24) 


Thus, if we make x, some positive value, we will 
then have to reduce x» and/or s, to satisfy the 
constraint. Since x» is already zero (x2 is a nonbasic 
variable), it cannot be reduced any further. The 
value of s, (s, is a basic variable) must therefore 
be reduced if x, is made а positive value. As the 


basic variable s, is reduced, a reduction in the 
value of the objective function may also occur. 
This reduction will be dependent upon the coef- 
ficient of s, in the objective function. In this 
instance, s, is a slack variable having a coefficient 
of zero in the objective function. Thus, reducing 
s, will not decrease the value of the objective 
function. 

In this initial simplex tableau we also observe 
that there is a 0 in the Z, row in the last column 
(i.e., Zo = 0 in the "Solution" column). This value 
is the objective function value, or profit, associated 
with the current basic solution. It is obtained by 
multiplying the current values of the basic vari- 
ables, which are given in this last column, by their 
corresponding contributions to profit, as given in 
the ca column. 

Тһе final row, the c; - Z, row, is determined 
by subtracting the appropriate 7, value from the 
corresponding objective function coefficient, c; for 
that column. This value is the difference between 
the contribution (с;) and the loss (Z;) that results 
from one unit of x, being produced. Each unit of 
x, brought into the solution will improve the value 
of the objective function by the amount c. For 
example, every unit of x, (bearing plate) that is 
produced will improve the objective function by 
the amount с), which is the $6 profit associated 
with each bearing produced. However, as we 
observed previously, the value of the objective 
function will also decrease by an amount Z, 
for each unit of x, that is produced. Thus, the 
net change in the objective function that results 
from one unit of x, being produced іс) — 2, = 
$6 — 0 — $6. Each value in the с; - 2; row rep- 
resents the net profit, or net contribution, that is 


added by producing one unit of product j (if c; = 
2; is positive) or the net profit, or net contribution, 
that is subtracted by producing one unit of prod- 
uct j (if c; — Zj is negative). Since there is no c; 
value, we do not compute с) — Zo. Furthermore, 
since all the Z; values (j = 1, 2, ..., 4) are equal 
to zero in the initial tableau, the c; - 7, values in 
this example are identical to the coefficients in 
the c; row. The use of thec; - Z; rowin performing 
an iteration will be illustrated next. 


3.4.2 CHANGING THE BASIS— 
ITERATING TO OPTIMALITY 


We know that we have begun our solution process 
by selecting the two slack variables s, and 5; as 
the initial basic variables. The initial value of the 
objective function is zero at this point, and we 
have already seen that we can improve our present 
solution by moving to an adjacent extreme point, 
that is, by inserting one of the current nonbasic 
variables into the basis and removing one of the 
current basic variables. This process is called 
"changing the basis" or iterating. 

Now, the c; — Z, row is used to determine 
which variable should be inserted into the basis. 
Since we are maximizing profit in this example, 
the numbers in the c; — 2; row represent the net 
profit, which is added by producing one unit of 
j. Thus, referring to the initial tableau, the с; — 
2; row shows that the objective function will 
increase by $6 for each unit of x, that is made 
and by $8 for each unit of x, that is produced. 
Since we are seeking to maximize profit, we 
naturally select x, to enter the basis because this 
choice will cause the greatest increase in net profit. 
This variable entry criterion can be summarized 
as follows. 


Variable Entry Criterion The variable entry cri- 
terion is based upon the values in the c, — Z; row of 
the simplex tableau. For a maximization problem, the 
variable selected for entry is the one having the largest 
(most positive) value of c, — Zj. When all values of с) 
— 2) are zero or negative, the optimal solution has 
been obtained. For a minimzation problem, the variable 
selected for entry is the one having the smallest (most 
negative) value of c, — Zj. When all values of c; - 7, 
are zero or positive, the optimal solution has been 
obtained. For either maximization or minimization prob- 
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lems, if there are ties for the entering cj - Zj value, 
the tie can be broken arbitrarily (i.e., simply choose one 
of the corresponding variables for entry). 


Applying the variable entry criterion to our pres- 
ent maximization example, the largest c; — Z, 
value is сә - Z = 8. Thus, хо is chosen as the 
variable to enter the basis. 

The "Solution" column and the column that 
contains the constraint equation coefficients for 
the entering variables x are used to determine 
the variable to be removed from the basis as x; 
enters. Remember from our algebraic procedure 
that what we must do is determine which current 
basic variable is first driven to zero as we allow 
the current nonbasic variable хә to become basic. 
This is accomplished by using the following vari- 
able removal criterion. 


Variable Removal Criterion The variable removal 
criterion is based upon the ratios formed as the values 
in the "Solution" column are divided by the correspond- 
ing values (ai; coefficients) in the column for the variable 
selected to enter the basis. Ignore any ai; values in the 
column that are zero or negative (i.e., do not compute 
the ratio). The variable chosen to be removed from the 
basis is the one having the smallest ratio. In the case of 
ties for the smallest ratio between two or more variables, 
break the tie arbitrarily (i.e., simply choose one of the 
variables for removal). This variable removal criterion 
remains the same for both maximization and minimi- 
zation problems. 


In the variable removal criterion just stated, 
do not compute the ratios for any a; values in 
the column (i.e., the denominators of the ratios) 
that are zero or negative. Essentially, ratios in- 
volving either a zero or a negative number in the 
denominator are ignored because they would not 
allow the introduction of a variable into the basis 
at a finite positive level! To illustrate, suppose 
that the following ratios were obtained. 


Ratios 
4= +0 (Ignore) 
=5 (3-25) 
-§=-3 (Ignore) 


"The situation in which all of the ratios are zero or negative 
will be discussed later in this chapter. 
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The first ratio would be ignored (i.e., it does not 
need to be calculated) because entry of the vari- 
able associated with this ratio into the basis could 
only be accomplished if the entering variable were 
allowed to assume an infinitely large value. Alter- 
natively, we could say that this ratio is ignored 
because it will always be larger (і.е., + >) than 
any other ratio possible. The third ratio is ignored 
because it is negative and would result in a variable 
entering the basis at a negative level. This cannot 
be done because we would not have the basic 
feasible solution required for the simplex method. 

Note further that because the simplex method 
operates on a series of basic feasible solutions, we 
will not encounter a ratio having a negative value 
in the numerator (i.e., the values in the "Solution" 
column must remain positive). However, we may 
encounter a ratio having a zero value in the 
numerator and a nonzero positive value in the 
denominator. This ratio is zero, and is obviously 
the minimum ratio possible. What this means is 
that this variable will enter the basis, but at a 
value equal to zero. This results in a degenerate 
basic feasible solution. Degeneracy will be dis- 
cussed later in this chapter. 

Applying the variable removal criterion to our 
present problem, the following ratios are formed: 


Ee 
Current 


Basic 
Variables Solution + x2 Ratios 
En 60 + 10 $ = 6 (smallest) 
59 40- 4 % = 10 


a —— 


Thus, the current basic variable 5) is replaced by 
the current nonbasic variable хә. This occurs 
because the ratios we have formed, as shown in 
the table above, indicate that s; is driven to zero 
first as x» is increased. The meaning of this ratio 
of “6” is that 6 units of entering product x; can 
be produced before the first constraint (corre- 
sponding to the current basic variable sı) becomes 
binding. Thus, when x» = 6 and іт 0, the first 
constraint is exactly satisfied, that is: 


5x, + 10x, + lsi = 60 
5(0) + 10(6) + 1(0) = 60 


If x, > 6, this constraint will obviously be violated. 


(3-26) 


Observe that what we have accomplished so 
far is to identify the current nonbasic variable x», 
which will cause the greatest increase in profita- 
bility and determine the current basic variable 5) 
to be removed from the basis (driven to zero) as 
x; is increased to the maximum possible value of 
6. These two steps have been done in a manner 
that maintains the feasibility of our solution. The 
next step in our basis-changing process requires 
the determination of our new solution through 
“pivoting” xz into the basis and “pivoting” s, out 
of the basis. 

The pivoting process is really nothing more 
than performing Gauss-Jordan row operations on 
the rows of the simplex tableau to solve the system 
of constraint equations in terms of the new set of 
basic variables. We initiate the pivoting process 
by identifying the variable хз, to be entered into 
the basis by denoting the pivot column (refer 
back to Table 3.4). Similarly, we identify the 
variable sı to be removed from the basis by 
specifying the pivot row (refer back to Table 3.4). 
The element at the intersection of the pivot 
column and the pivot row is circled, and is iden- 
tified as the pivot element. The pivot element is 
the number “10” in the simplex tableau, which is 
at the intersection of the row corresponding to 
leaving variable s, and the column corresponding 
to entering variable x; (refer back to Table 3.4). 

The actual pivoting operation involves two 
steps that are performed to obtain an identity 
matrix as the coefficient matrix of the new set of 
basic variables x; and sọ. Recall from our earlier 
discussion that we indicated that the current basic 
variables must always form an identity matrix 
within the simplex tableau. Since 5 was a basic 
variable in our previous solution nothing needs 
to be done to its corresponding column. However, 
in the pivot column corresponding to the variable 
хә we need to obtain a one as the pivot element 
and zeroes in all other positions. The two-step 
pivoting process proceeds as follows. 


Step 1 To convert the pivot element to one simply 
requires that we divide all values in the pivot row 
by 10. This new row is entered immediately in 
the second tableau, Table 3.5. Remember that 
each row in the simplex tableau represents a 
constraint equation, so all we are doing algebra- 
ically is dividing an equation by a constant. For 
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TABLE 3.5 SECOND SIMPLEX TABLEAU—CRAFTY MACHINE WORKS 


Pivot column 


Pivot element 


our problem, the calculations are: 


Column Pivot Row 
Heading Calculation 
"y Ax 
“хә” 1$ = 1 (pivot element) 
"s кеде 
“у” %-0 (3-27) 
“Solution” 9 = 6 


New pivot row 


Step 2 The objective of the second step is to 
obtain zeroes in all the elements of the pivot 
column, except, of course, for the pivot element 
itself. This is done by elementary row operations 
involving adding or subtracting the appropriate 
multiple of the new pivot row to or from the 
other original rows. Again, all we are doing is 
using the Gauss-Jordan elimination procedure to 
obtain a zero in the appropriate position in the 
pivot column. For our problem, the detailed 
calculations are as follows: 


Row 2 (variable s,): Multiply the new pivot row 
by -4 and add to old row 2 
to obtain new row 2. 


Old Row 2 + (-4: New Pivot Row) = New Row 2 


4 + (-4:% = 2 

4 + (-4:1) = 0 

0 + (—4 + т) = -і (3-28) 
1 + (-4:0) - 1 
40 + (-4:6) = 16 


Note that the pivoting process is equivalent to 
solving the system of constraint equations for the 


new basic variables x; and ss, with x; = 0 and 
sı = 0. The system of equations representing this 
second solution can be written as: 


lx, + 05, = 6 x, =0 
with 
Ox, + ls, = 16 $70 


(3-29) 


Тһе values of the basic variables can be immedi- 
ately identified as x — 6,5; — 16. 


Тһе second simplex tableau can be constucted 
as shown in Table 3-5. Comparing the solution 
to Fig. 3.1, in graphical terms we have moved 
vertically from the extreme point x, = 0, x, = 0 
to the adjacent extreme point x, = 0, x, = 6. 

Observe that the columns that correspond to 
the current basic variables x, (real variable) and 
зә (slack variable) form a basis matrix [B] that is 
an identity matrix. Once again, the 2; values іп 
the second tableau are computed in exactly the 
same manner as in the initial simplex tableau. To 
illustrate: 


Z = 84) + 09) = 
Z, = 8(1) + 0(0) 
з = 8(%) + 0(-%) 
4 = 8(0) + 0(1) 
Z = 8(6) + 0(16) = 


N 
1 
ж © == соь 


(3-30) 


м 


8 (current value of the 
objective function) 


Тһе су - Z; values are computed by subtracting 
the corresponding Z; values just computed from 
the c; values shown in the top row of the tableau. 
We immediately observe thatc, — Z, = 2 (positive) 
so we know that we are not yet optimal and must 
make at least one more iteration. 
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The selection of the next variable to enter the 
basis is again made using the variable entry cri- 
terion. The choice is very simple in this instance 
since only by entering the variable x, into the 
solution can profit be improved (і.е., the only 
positive c; - 2; value isc, - Z, = 2). Thus, the 
variable x, is selected to enter the basis. 

The selection of the variable to leave the basis 
is again made using the variable removal criterion. 
Applying this criterion, the following ratios are 
formed: 


Current 
Basic 
Variables Solution + x, Ratios 
Xo 6+ 4 12 
c 16 + 2 8 (smallest) 


Thus, the current basic variable s is replaced by 
the current nonbasic variable хі. The element 
located at the intersection of the row correspond- 
ing to s; and the column corresponding to x,, the 
value “2,” becomes the pivot element. 

Pivoting is accomplished in exactly the same 
manner as before. First, the pivot element 2 is 
converted to the value one, as follows: 


Column Pivot Row 
Heading Calculation 


“хү $ = 1 (pivot element) 
" $= 0 
KM E теа D 
" T 
"Solution" Y= 8 
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Next, we proceed to obtain zeroes for the 
remaining elements of the pivot column, except 
of course for the pivot element itself. Using row 
operations on the first row, we obtain: 


Row | (variable х,): Multiply the new pivot 
row by —1 and add to old 
row | to obtain new row 1. 


Old Row 1 + (=|: New Pivot Row) = New Кош 1 


* (71-17 -j 
+ (-і:0- 0 
+ (-і:-і- 40 
+ (-і-і--һ 
+ (74-8 = -4) 


aop =e 


We can now construct the third simplex ta- 
bleau, as shown in Table 3.6. Comparing this 
solution to Fig. 3.1, in graphical terms we have 
moved from the extreme point x, = 0,х; = 6 to 
the adjacent extreme point x, = 8, x = 8. The 
Z; values and the с, - 2, values for this tableau 
are computed in exactly the same manner as they 
were for the previous two tableaus. The details 
of these computations will not be repeated here. 

Observe that in this third simplex tableau all 
c; - 2, values are either zero or negative. We have 
thus obtained the optimal solution with x, = 8, 
xs = 2,5, = 0, 5 = 0 and the optimal value of 
Z = 64. This is exactly the same optimal solution 
we obtained by using the algebraic procedure 
embodying the Gauss-Jordan elimination proce- 
dure. The coefficients in Table 3.6 are also iden- 
tical to those obtained for the third set of equa- 
tions we derived by the Gauss-Jordan elimination 
procedure. The optimal solution tells the decision 
maker that profit will be maximized when eight 
bearing plates (product 1) and two gears (product 
2) are produced. 


Ee 
TABLE 3.6 0 SIMPLEX TABLEAU (OPTIMAL 


RAFTY MACHINE WORKS 


3.5 SOLVING MINIMIZATION LINEAR 
PROGRAMMING PROBLEMS 


As shown in Chapter 2, a number of resource 
allocation problems involve the minimization of 
a function, such as costs, rather than the max- 
imization of a function such as profits. Fortu- 
nately, the simplex algorithm applies just as read- 
ily to minimization problems as to maximization 
problems. First, it should be apparent that any 
minimization problem can be easily converted 
into an equivalent maximization problem. Thus: 


Minimizing Z = Y, cx, 
jel 
(3-33) 


is equivalent to 


Maximizing Z' = Y (-c)x, 


ізі 
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minimization problems, we know that optimality 
has been reached when all c, - Z; values are zero 
or positive. 


3.51 EXAMPLE: A MINIMIZATION 
PROBLEM WITH MIXED CONSTRAINTS 


То illustrate the use of the simplex algorithm in 
a minimization problem, and at the same time to 
consider some of the problems that can arise in 
the formulation of linear programming problems, 
consider the following situation. The Nelly Bly 
Candy Company uses two types of chocolate in 
the production of its “Giant Chewy Gooey” candy 
bar. The blending requirements for the candy 
bar can be summarized as follows. 


Units of Requirement 
of Chocolate Ingredient 


Type of (per ounce) 
Requirement Chocolate 1 Chocolate 2 Total Requirements 
Calories 2 4 Less than 12 calories 
Sweetness 2 2 Exactly 10 units 
Protein 5 2 Greater than 10 units 


For example, 
Minimize 2 = 5x, + 2x, 


is equivalent to (3-34) 


Maximize 2! = -5х, - 2x, 


The reason that these two formulations are equiv- 
alent is that the smaller 2 is, the larger Z' must 
become. Since both formulations have the same 
feasible solution space, the smallest value of Z in 
this solution space must be equal to the largest 
value of Z' - —Z in this same solution space. 
If we do not choose to employ this conversion, 
the only difference in the application of the 
simplex algorithm is that in solving minimization 
problems we select the nonbasic variable with the 
smallest (i.e., most negative) c; — 2; value to enter 
the basis. The variable removal criterion and the 
pivoting computations are the same for both 
maximization and minimization problems. In 


Chocolate 1 costs 5 cents per ounce and chocolate 
2 costs 3 cents per ounce. Letting xj; j = 1, 2 
represent the number of ounces (unknown) of 
chocolate 1 and chocolate 2 to be blended in a 
"Giant Chewy Gooey" candy bar, this situation 
can be formulated as the following linear pro- 
gramming problem. 


Minimize 7 = 5x, + 3x, (3-35) 
subject to: 2x, + 4x, = 12 
2x, + 2x, = 10 (3-36) 
5x, + 2x, 2 10 
with — x,z0,x,20 (3-37) 


This problem has a set of “mixed” constraints 
compared of one “less than or equal to” inequality, 
one equality, and one “greater than or equal to” 
inequality. 

To enhance our understanding of this problem 
we shall briefly illustrate again the graphical ap- 
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proach to the solution of a linear programming 
problem having only two variables. A graphical 
representation of this minimization example is 
shown in Fig. 3.2. Since we are minimizing, the 
objective function Z = 5x, + 3x, must be moved 
downward and to the left. As this is done, the 
following extreme points (basic feasible solutions) 
are traced out. 


Value of Objective Function 
Extreme Points Z = 5x, + 3x, 
x, = 5,х; = 0 2 = 25 
x, = 4,х; = 1 2 = 93 (optimal) 


In the graphical representation shown in Fig. 3.2 
note that the second constraint 2x, + 2x, = 10 
must be represented as all points lying on the 
straight line that represents this equality. The 
third constraint 5x, + 2x2 = 10 is represented 
graphically by all points upward and to the right 


0 
FIGURE 3.2 GRAPHICAL REPRESENTATION—MINIMIZATION 


of, and including, the straight line 5x, + 2x, = 
10. The first constraint 2x, + 4x, 5 12 is rep- 
resented graphically by all the points downward 
and to the left of and including the straight line 
2x, + 4x, = 12. The graphical solution to the 
problem is indicated in Fig. 3.2 as being the 
extreme point x, = 4,х; = 1, where the minimum 
value of the objective function is Z - 23. 

We shall now solve this problem using the 
simplex algorithm. Again, our first step will be to 
determine an initial basic feasible solution. Ob- 
serve that for this latter problem our constraint 
set is composed of one "less than or equal to" 
inequality, one equality, and one "greater than or 
equal to" inequality, unlike the former problem, 
whose constraint set was composed of three "less 
than or equal to" inequalities. This means that 
for this latter problem we cannot employ three 
slack variables to generate the initial basic feasible 
solution. Rather, we will vtilize a slack variable 
for the first constraint (i.e., for the "less than or 
equal to" constraint), an artificial variable for the 
second constraint (i.e., the equality constraint), 


and a surplus variable апа an artificial variable 
for the third constraint (i.e., the “greater than or 
equal to” constraint). An artificial variable, as we 
shall demonstrate shortly, provides a convenient 
means for identifying the initial basis feasible 
solution that is the starting point for the appli- 
cation of the simplex method. An artificial variable 
has no physical meaning to the solution of the 
problem, and we will also illustrate the procedure 
that is employed to insure that artificial variables 
do not remain as basic variables in the final 
simplex tableau. 

Recall that our initial basic feasible solution, 
and indeed all subsequent basic feasible solutions, 
must be composed of m = 3 variables whose 
associated column vectors form a (3 х 3) basis 
matrix that is also an identity matrix, namely: 


Jo" 


ІВІ-|0 1 OF = Ш (3-38) 
IT 


Proceeding to obtain an initial basic feasible 
solution, we observe that the first constraint is a 
"less than or equal to" inequality. We thus intro- 
duce a slack variable s, as the basic variable for 
this first constraint and rewrite it as the equality: 


2x, + 4x, + Is, = 12 (3-39) 


with s, = 0 and with e, = 0 in the objective 
function, The column vector associated with this 
slack variable, s,; will thus be the first column of 
our initial basis matrix, [В]. 

The second constraint is already an equality, 
and it is not possible to add a slack variable to it 
since both sides of the equation are already equal. 
Since we have just introduced a slack variable to 
the first constraint, our initial basic feasible solu- 
tion would have x, = 0, хә = 0,5, = 12. Observe 
that if nothing further were done, in the second 


constraint the equality 2x, + 2x, = 10 would 
obviously be violated; that is: 
2(0) + 2(0) # 10 (3-40) 


The difficulty is resolved by introducing an arti- 
ficial variable as the basic variable for this second 
constraint. Denoting the artificial variable as А}, 
we rewrite the second constraint as: 


2x, + 2x, + 1A, = 10 (3-41) 


with A, = 0. The column vector associated with 
this artificial variable, А), will thus be the second 
column of our initial basis matrix |В). 
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An initial basic feasible solution for the prob- 
lem, as formulated thus far with only the first two 
constraints, would be x; = 0, хо = 0, s = 12, 
and А, = 10. However, it should be apparent 
that this basic solution, in which the artificial 
variable A, has a value of 10 is not a basic feasible 
solution to the original problem. In essence, the 
effect of introducing the artificial variable A, has 
been to expand the original set of feasible solu- 
tions. At this point we have no assurance that the 
optimal solution for the revised problem will be 
a feasible solution for the original problem. То 
overcome this deficiency we resort to assigning a 
large penalty to any feasible solution to the ex- 
panded problem that lies outside the set of feasible 
solutions to the original problem. Remember that 
our expanded feasible solution space is identical 
to the original feasible solution space when A, = 
0. Thus, we structure our objective function as: 


Slack Artificial 


Minimize Z = 5x, + 3x, + Os, + MA, (3-49) 


where М is some very large number (usually 104 
or 10° in computerized versions of the simplex 
algorithm). By doing this, the simplex procedure 
itself will tend to drive the artificial variable to 
zero as we move to optimality. Thus, A, will be 
used as an initial basic variable, but because of its 
large positive Coefficient in the objective function 
we are seeking to minimize, it will be replaced 
rapidly as the pivoting process proceeds. 

Consider, finally, the third constraint that is a 
“greater than or equal to” inequality. To convert 
this type of constraint to an equality we define a 
surplus variable, sz, as follows: 


=s, = 10 = 5x, — 2x, or sy = 5x, + 2x, – 10 


(3-43) 


5 is the additional amount or surplus between 
the two sides of the inequality. The original in- 
equality can now be rewritten as: 


5x, + 2x, = Is, = 10 (3-44) 


with s, = 0 and with c, = 0 in the objective 
function. 


However, by converting the third constraint from 
a “greater than or equal to” inequality to an 
equality by the use of the surplus variable s,, we 
have created a further difficulty since the con- 
straint equation coefficient for s, is — 1. Thus, our 
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initial basic solution would be x, = 0, x. = 0, 
sı = 12, A, = 10, and s, = — 10. This initial basic 
solution is nonfeasible, and the simplex algorithm 
can proceed only from an initial basic feasible 
solution. To overcome this difficulty, we again 
resort to introducing an artificial variable to the 
equality, which already contains the surplus vari- 
able s). We thus rewrite this equality as: 


Surplus Artificial 


5x, + 2x, — 15; + 1A, = 10 
(3-45) 


with s, = 0 and A; = 0, and with c, = 0 and 
с, = +M in the objective function. Again, the 
artificial variable is introduced into the third 
constraint only as a means of allowing the quick 
and simple determination of an initial basic fea- 
sible solution. The column vector associated with 
the artificial variable, As, will thus be the third 
column of our initial basis matrix, [В]. 

The complete problem formulation, with slack, 
surplus, and artificial variables identified for con- 
venience, can now be rewritten as: 


basic feasible solution is composed of one slack 
variable s, and two artificial variables A, and А». 

Observe that the column vectors which corre- 
spond to the current basic variables s, (slack 
variable), A, (artificial variable), and A; (artificial 
variable), form a basis matrix [B] that is an identity 
matrix. 


6) (А) (A9 


Еро 0 
ае а 
0m os i 


We can now construct the initial simplex ta- 
bleau, as shown in Table 3.7. 

Observe that our initial basis for this example 
is composed of the slack variable 5) and the two 
artificial variables A, and А». The slack variable 
has an objective function coefficient of 0, while 
the two artificial variables have objective function 
coefficients of +M. The current value of the 
objective function is 20M, or a very large number. 
Since we are minimizing, we must seek to reduce 
this objective function. 

It should be emphasized that the artificial 


(3-49) 


Artificial Artificial 
Slack | Surplus | 
| | 
Minimize Z = 5x, + 3x, + 0s, + МА, + Oss + МА, 
(3-46) 
subject to: 
Slack 
| 
2x, + 4х + Is, = 12 
Artificial 
{ 
2x, +2 + ІА = 10 
а i Surplus Artificial 
{ 
5x, + 2x, - 15 %14,-10 (3-47) 
with x, = 0, x, = 0,5, > 0,4, = 0, 5. = 0, Ar = 0 (3-48) 


The model given by Equations (3-46), (3-47), and 
(3-48), which utilizes slack, surplus, and artificial 
variables in the objective function, constraints, 
and nonnegativity conditions, is again called a 
reformulation of the original problem in standard 


linear programming format. а 
Given this problem formulation, an obvious 
initial basic feasible solution is x; = 9, x» = 0, 


12, A, = 10,5, = 0, Аз = 10. Our initial 


$, = 


variables are used only as a mathematical conven- 
ience to obtain an initial basic feasible solution. 
The effect of these artificial variables on the final 
solution to the problem is nullified by their ex- 
tremely large coefficients in the objective function. 
This perhaps clarifies the name “artificial” given 
to these variables since they are fictitious and have 
no physical meaning for the original problem. 
Applying our variable entry criterion, remem- 


TABLE 3.7 


Тһе Simplex Method 


INITIAL SIMPLEX TABLEAU—NELLY BLY CANDY COMPANY 


Pivot column 


Basic 
Variables 


Св 
0 

+м А, 
Pivot row > +M 


Pivot element 


bering that we are minimizing, we select the 
smallest value of c; — Z;. This value is cı - Z, = 
5 - 7M (since М > 0,5 - 7M < 3 — 4M). 
Thus, x, becomes our entering basic variable. 
The current basic variable to be removed as x; 
becomes positive is chosen using the variable 
removal criterion. We form the following ratios: 


Current 
Basic 
Variables Solution + x, Ratios 
Sy 12 +2 6 
А, 10 + 2 5 
А; 10 +5 2 (smallest) 


The current basic variable Аҙ, which is an artificial 
variable, is replaced by the current nonbasic vari- 
able x,. 

The pivoting operation proceeds in exactly the 
same manner as it did previously for the max- 
imization example. First, we obtain a “1” as the 
pivot element, by dividing row 3 of the initial 
tableau (corresponding to the variable Ay, which 
is being removed from the basis) by 5. We then 
proceed to obtain zeroes as all the other elements 
of the pivot column, using elementary row op- 
erations involving adding or subtracting the ap- 
propriate multiple of the new pivot row to or 
from the other original rows. 

The results of this two-step pivoting process 
lead to the construction of the second simplex 
tableau, which is shown in Table 3.8. 

Observe that the column vectors which corre- 
sponds to the current basic variables s, (slack 


variable), A, (artificial variable), and x, (real vari- 
able), form a basis matrix [B] that is an identity 
matrix. 

Since all the c; - 7, are not zero or positive, 
we know that the optimal solution has not been 
obtained. Indeed, our present solution still con- 
tains an artificial variable; that is, A, = 6. We 
thus proceed to make another simplex iteration. 

Applying the vector entry criterion, the current 
smallest c; — Zj is c - Z; = —$M + 1. Thus, x» 
becomes the entering basic variable. 

The current basic variable to be removed as x» 
becomes positive is chosen using the variable 
removal criterion. We form the following ratios. 


Current 
Basic 
Variables Solution + x; Ratios 
Sy 8 + ا‎ $ (smallest) 
А, 6-% 5 
С? 2-1 5 


Thus, the current basic variable s, is replaced by 
the current nonbasic variable x». 

Тһе pivoting operation is performed exactly 
as has been done previously. The results of this 
two-step pivoting process lead to the construction 
of the third simplex tableau, which is shown in 
Table 3.9. 

Observe that the column vectors which corre- 
spond to the current basic variables x, (real vari- 
able), A, (artificial variable), and x, (real variable), 
form a basis matrix [B] that is an identity matrix. 

In this third simplex tableau, we observe that 
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TABLE 3.8 SECOND SIMPLEX TABLEAU—NELLY BLY CANDY COMPANY 


Pivot column 


Basic 


св Variables 


Pivot row > 
+ 


ako 


not all the c; - 2; are positive; hence, the optimal 
solution has not been obtained. Applying our 
vector entry criterion, the current smallest с; — 
Zj is c, — Z, = —1M + 1. Thus, s; becomes the 
variable to be entered into the basis. 

Applying the vector removal criterion, the fol- 
lowing ratios are formed: 


Current 
Basic 
Variables Solution + s; Ratios 
% $+ d 20 
А, 3+ d 12 (smallest) 
*i 1--і Ignored, since 
denominator 
is negative 


0 -M + 1 0 0 -$M + 1 IM - 1 


Pivot element 


-$M +1 6M + 10 


Thus, the current basic variable A, (the last arti- 
ficial variable remaining in the basis) is replaced 
by ss. Applying our two pivoting operations, the 
fourth simplex tableau can be constructed as 
shown in Table 3.10. 

In this fourth simplex tableau we immediately 
observe that all the c; — 7, values are zero or 
positive (remember that M > 0). We are thus 
optimal, with a solution of x, = 4, x; = 1,5; = 
12; minimum Z = 23. The Nelly Bly Candy 
Company should utilize 4 ounces of chocolate 1 
and 1 ounce of chocolate 2 in the production of 
its “Giant Chewy Gooey” candy Баг, at a minimum 
cost of $0.23 per candy bar. This optimal solution 
can readily be compared to the optimal solution 
shown in Fig. 3.2. 


TABLE 3.9 THIRD SIMPLEX TABLEAU—NELLY BLY CANDY COMPANY 


Pivot column 


ЕЕ реа siae | 


Pivot element 


The Simplex Method 


— 
TABLE 3.10 FOURTH SIMPLEX TABLEAU (OPTIMAL SOLUTION)—NELLY BLY 


CANDY COMPANY 


3.6 RESOLVING OTHER 
COMPLICATIONS IN APPLYING 
THE SIMPLEX METHOD 


We have presented examples of both maximiza- 
tion and minimization problems, and we have 
shown how to use the simplex method for “greater 
than,” “less than,” and “equality” constraints. Let 
us now consider some of the other complications 
that may arise in applying the simplex method. 


3.6.1 NONPOSITIVE 
RIGHT-HAND-SIDE VALUES 


In some instances one or more of the right-hand- 
side values, the b, i = 1, 2,... m may be 
negative. For example, consider the following 
constraints: 


—2x, + 7x, 5-10 (3-50) 


Now, if we add a slack variable, s,, and select this 
slack variable as an initial basic variable, we would 
sets, = —10. However, this is not permissible in 
the application of the simplex method, that is, we 
must maintain feasibility with all x, = 0. 

The easiest way to handle such a complication 
is to convert the right-hand side to a positive 
value, and then add either a slack variable or a 
surplus and artificial variable, as required. To il- 
lustrate, consider our previous constraint in which 
we now desire to have +10 as the right-hand 
side. To achieve this we multiply both sides of 
the inequality by — 1 and reverse the direction of 
the inequality, as follows: 


+2x, — 7x, 2 10 (3-51) 


This new constraint is exactly equivalent to the 
old constraint. However, to make the new con- 
straint into an equality, we must add both a 
surplus and an artificial variable, as follows: 


Surplus Artificial 


| 


+2x, - 7x, = ls, + 1A, = 10 (3-52) 


The simplex method then proceeds in normal 
fashion. 


3.6.2 UNCONSTRAINED VARIABLES 


In many practical situations we may want to allow 
one or more of the decision variables, the x;, to 
be unconstrained in sign, that is, either positive 
or negative. We have already noted that use of 
the simplex method requires that all the decision 
variables must be nonnegative at each iteration. 
However, by some simple algebraic manipula- 
tions, we can convert a linear programming 
problem involving variables that are uncon- 
strained in sign into an equivalent problem having 
only nonnegative variables. This is accomplished 
by expressing each of the unconstrained varia- 
bles as the difference of two nonnegative varia- 
bles. To illustrate, assume that we want to let the 
variable x, be unconstrained in sign. To accom- 
plish this, we define two new variables x; = 0and 
xi = 0 and let x, = х; - x. Thus, when хі z x1, 
then x, = 0, and when х; = xj, then x, = 0, and 
the desired result has been achieved. Obviously, 
the unconstrained variable must be replaced by 
the two new variables wherever it appears in the 
linear programming model, that is, in both the 
objective function and the constraint set. 

To illustrate the use of an unconstrained vari- 
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able, consider the following problem situation. 
The Ace Bicycle Tire Company wants to deter- 
mine the change in the production rate for two 
of the types of bicycle tires it produces. In this 
situation a negative value for a decision variable 
reflects a decrease in the production rate while a 
positive value indicates an increase in the pro- 
duction rate. Information for the production pro- 
cess is summarized in the following table: 


Production Process Time 
Process Time Requirement/ 
Production (per lot) Availability 
Process Tirel Tire 2 (per lot) 
Mixing/ 
molding 5 7 =30 hours 
Curing 5 2 =5 hours 


Furthermore, the first bicycle tire produces a 
profit of $100 per lot, while the second bicycle 
tire produces a profit of $200 per lot. 

This problem situation can be formulated as 
the following linear programming model: 


Maximize Z = $100x, + $200x». (3-53) 

subject to: 5x, + 7x, = 30 (3-54) 
5x, * 2x,2 5 

with x, unconstrained, x, unconstrained (3-55) 


To solve this problem using the simplex 
method, we reformulate the problem as follows: 


Let x; =x} — xi (3-56) 
хр = X4 — X? 
Maximize Z = 100х; = 100хт (3-57) 
+ 200x; = 200x; 
subject to: 5x — xî + 7x1 — x: = 30 (3-58) 
5х) - 5х! + Qxy — 2х;® 5 
with xj = 0,х] 2 0,х; 2 0,x2 = 0 (3-59) 


This reformulated problem can now be solved 
using the simplex tableau. The initial and final 
simplex tableaus are presented in Tables 3.11 and 
3.12. 

The optimal solution to this reformulated 
problem, as indicated in the final simplex tableau, 


95 
is: 
x; = 0 
xî =1 
x, = 5 (3-60) 
xy = 0 
Z = 900 


However, to determine the optimal solution to 
the original problem, these variables must be 
reconnected to their original values: 


x, =x} =x = 0 = 1 = -[ 


x =x =x =5-0=5 (3-61) 


Thus, the solution to the original problem does 
indeed have one variable with a negative value 
(i.e., xı = —1), indicating that the production 
rate should decrease for this type of bicycle tire. 
The solution to this problem can be seen graph- 
ically in Fig. 3.3. 


3.6.3 TIE FOR ENTERING 
BASIC VARIABLE 


Quite often in applying the simplex method we 
will encounter a situation in which there is a tie 
between two or more variables for entering the 
basis. This will be indicated by these variables 
having exactly the same с; - 2; value. The ques- 
tion becomes: How should this tie be broken? 
Fortunately, this question can be answered very 
simply as the choice between two or more vari- 
ables tying for entry can be made arbitrarily. 
Thus, it does not matter which variable is chosen 
for entry into the basis, as we will ultimately arrive 
at the optimal solution, regardless of the initial 
choice among the tied variables. 


3.6.4 TIE FOR LEAVING BASIC 
VARIABLE— DEGENERACY 


In applying the simplex method, we can encoun- 
ter a situation in which a tie occurs between two 
or more variables, in terms of selecting the min- 
imum nonnegative ratio for the variable to leave 
the basis. This situation will be indicated by these 
variables having exactly the same (minimum non- 
negative) ratio formed as the values in the “So- 
lution” column are divided by the corresponding 
values in the pivot column. When this occurs, the 
variable selected for removal from the basis will 


TABLE 3.11 


-2М 
200 + 2M 


100 + 5M -100%5М 


be driven to zero by the pivoting process. Addi- 
tionally, the other tying variable(s) will be driven 
to zero, but will remain in the basis. This will 
result in a degenerate basic feasible solution, having 
one, or more, of the basic variables equal to zero. 

To illustrate degeneracy, let us reconsider our 
original production scheduling problem, modi- 
fied by the addition of a third constraint and a 
change i in the coefficients of the objective func- 
tion. 


Maximize Z = 10x, + 5x, (3-62) 
subject to: 5x, + 10x, < 60 
4x, + 4x, = 40 (3-63) 
5x, = 40 
with x= 0, х, 2 0 (3-64) 


А graphical solution to this problem is presented 
in Fig. 3.4. In this graphical solution, observe that 
the (degenerate) optimal solution occurs at x, = 
8, x» = 2, maximum Z = 10(8) + 5(2) = 

Тһе point that produces the optimal solution is 
at the intersection of all three constraints of the 
problem. This means that all three constraints 
will be satisfied exactly and that the three slack 
variables associated with the three constraints will 
all be equal to zero in the optimal solution. Thus, 
we will obtain a degenerate optimal solution in 


INITIAL SIMPLEX TABLEAU—ACE BICYCLE TIRE COMPANY UNCONSTRAINSD VARIABLES) 


The Simplex Method 


+2M 
-200 — 2M 


TABLE 3.12 FINAL SIMPLEX TABLEAU—ACE BICYCLE TIRE COMPANY UNCONSTRAINED VARIABLES) 


100 —100 200 — 200 -M 


0. a 
= 0.20 
32 
32 


v5 
0.20 
12 
—12 


-М + 12 


which less than m — 3 of the basic variables will 
be greater than zero (i.e., we can see graphically 
that the optimal solution will have only x, — 8, 
Xs = 2). 

Тһе initial simplex tableau for this problem is 
presented in Table 3.13. In this initial simplex 
tableau, the real variable x, enters the basis and 
the slack variable 5; is removed from the basis. 
The second simplex tableau is presented in Table 
3.14. 

Applying the variable removal criterion to this 
second simplex tableau, the following ratios are 
formed: 


Current Basic 
Variables Solution + x, Ratios 


5 20 + 10 РЁ 
$2 8-4 2 


Thus, we have a tie between slack variables s; 
and 5; for removal from the basis as the real 
variable x enters the basis. Breaking this tie 
arbitrarily lets us choose s, as the variable to be 
removed from the basis. The third simplex ta- 
bleau (degenerate optimal solution) is presented 
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5x, + 7x, < 30 


Sx, + 2x) >5 


FIGURE 3.3 GRAPHICAL SOLUTION—ACE BICYCLE TIRE 
COMPANY (UNCONSTRAINED VARIABLES) 


*2 


Ax, %4х;<40 


Z-10x,*5x; 
= 10(0) 5 (6) 
-30 


5x, <40 
(Degenerate Optimal Solution) 
Z= 10x, %5х; 
= 10 (8) + 5 (2) = 90 


* 
8 10 12 


Z=10x, t5x; Z=10x,+ 5x2 
=10(0) +5 (0) =0 = 10 (8) +5 (0) =80 


FIGURE 3.4 DEGENERACY 


Тһе Simplex Method 


TABLE 3.13 


in Table 3.15. Observe that in this tableau we not 
only removed s, from the basis as we inserted x; 
into the basis during the pivoting process, but we 
also drove s, to zero. Thus, we have obtained a 
degenerate optimal solution in which less than 
m - 3 of the basic variables are greater than zero 
(1.е., one of the basic variables s = 0). Whenever 
we have a tie in the ratios used to select the 
variable to leave, there will always be a basic 
variable equal to zero in the next tableau. In this 
instance, since we have obtained the optimal 
solution we do not really care that the slack 
variable 5; is in solution at a zero value. 
Theoretically, if there is a tie between two or 
more variables to be removed from the basis at 
some iteration prior to reaching the optimal so- 
lution, a situation known as cycling can occur. 
The following sequence of events could occur 
causing cycling. First, the arbitrary choice between 
the tied variables for a variable to be removed 
from the basis will always generate a degenerate 
basic feasible solution in which all of the tied 
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variables reach zero simultaneously as the enter- 
ing basic variable is increased. Second, if one of 
these degenerate basic variables retains its value 
of zero until it is chosen at a later iteration to be 
a leaving basic variable, then the corresponding 
entering basic variable must then also enter at a 
value of zero (ie., the entering basic variable 
could not enter at a value greater than zero 
without making the leaving variable negative). 
This means that the value of the objective function 
would remain unchanged at that iteration. Third, 
if the value of the objective function remained 
unchanged rather than increasing at each itera- 
tion it would then be possible for the simplex 
method to cycle in a loop, repeating the same 
sequence of degenerate basic feasible solutions 
without ever reaching the degenerate optimal 
basic feasible solution. Note that this did not 
happen in our previous example, because opti- 
mality was achieved at the same time that degen- 
eracy occurred. Examples have been constructed, 
however, to show that cycling can occur.” 


TABLE 3.14 SECOND SIMPLEX TABLEAU—DEGENERACY 


Basic 
Variables 


*See С. Hadley, Linear Programming (Reading, Mass.: Ad- 
dison-Wesley Publishing Company, 1962), pp. 190—195, and 
S. T. Gass, Linear Programming: Methods and Applications (New 
York: McGraw-Hill Book Company, 1975), 69—70. 
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TABLE 3.15 FINAL SIMPLEX TABLEAU (DEGENERA 1 
SOLUTION) —DEG + Кш NERATE OPTIMAL 


Fortunately, cycling has not been seen to occur 
frequently in practice. However, Kotiah and 
Steinberg reported encountering cycling in a rel- 
atively small (15 constraints, 20 variables) practical 
linear programming problem involving a queue- 
ing model.’ Avoiding the possibility of cycling can 
be accomplished in several ways. Perhaps the 
simplest and best method was developed by Bland.* 
Specifically, his method indicates that if a tie is 
encountered between leaving basic variables, first 
examine the с; - 7, row to see if another nonbasic 
variable can be selected to enter the basis. Select 
as the entering variable that variable with the 
smallest column subscript (j) among all nonbasic 
variables whose с; - 2; values are positive (in а 
maximization problem). Then, if there is still a 
tie among leaving basic variables, select as the 
variable to leave solution that variable with the 
smallest row subscript (4). (See Bland, referenced 
in footnote 4, for a proof of this method.) Other 
methods to avoid cycling are also in existence, 
such as the perturbation method of Charnes,’ 
and the lexicographic ordering method of Dan- 
tzig, Orden, and Wolfe, but they are more com- 
plicated than the method just outlined. 


*T. С. Kotiah and D. I. Steinberg, “On the Possibility of 
Cycling with the Simplex Method,” Operations Research, 26 
(1978): 374-375. 4 

1R. С. Bland, "New Finite Pivoting Rules for the Simplex 
Method,” Mathematics of Operations Research, 2 (1977): 103- 
107. 

ЗА. Charnes, “Optimality and Degeneracy in Linear Pro- 
gramming,” Econometrica, 90 (1952): 160—172. 1 

*G. В. Dantzig, A. Orden, and P. Wolfe, "The Generalized 
Simplex Method for Minimizing a Linear Form Under Linear 
Inequality Constraints," Pacific Journal of Mathematics, 5 (1955): 
183-195. 


In summary, since cycling has not been seen 
to occur very frequently in practice, and since it 
can be avoided in several ways, we will not con- 
sider it any further. If ties do occur between the 
leaving basic variables as you are using the simplex 
method, simply break the tie arbitrarily, or apply 
Bland’s method, recognizing that subsequent so- 
lutions may be degenerate. 


3.7 TERMINATION OF THE 
SIMPLEX METHOD: TYPES 
OF SOLUTIONS 


The simplex method will always terminate in a 
finite number of steps with an indication that a 
unique optimal solution has been obtained or that 
one of three special cases has occurred. These 
special cases are: 

1. Alternative optimal solutions. 

2. Unbounded solutions. 

3. Infeasible solutions. 

Тһе various ways in which the simplex method 
can terminate will now be discussed in greater 
detail. 


3.7.1 UNIQUE OPTIMAL SOLUTION 


We have already considered several examples in 
which the simplex method terminated with the 
determination of an unique optimal solution. The 
Crafty Machine Works production scheduling 
problem and the Nelly Bly Candy Company 
blending problem were two such examples. In 
both problems optimality conditions were reached 


100 


after a few iterations, and the optimal solution 
occurred at a single extreme point. This will 
happen in the vast majority of cases. 


3.7.2 ALTERNATIVE OPTIMAL SOLUTIONS 


The simplex method provides a clear indication 
of the presence of alternative, or multiple, optimal 
solutions upon its termination. These alternative 
optimal solutions can be recognized by consider- 
ing the с, - 2; row. Assume that we аге maxi- 
mizing, and remember that when all c; — 2; values 
are zero ог negative, we know that an optimal 
solution has been obtained. Now, the presence of 
an alternative optimal solution will be indicated 
by the fact that for some variable not in the basis, 
the corresponding с; - Z; value will equal zero. 
Thus, this variable can be entered into the basis, 
the appropriate variable can be removed from 
the basis, and the value of the objective function 


Z = 5x, + 10 


5x, + 10х<60 


Z = 5x, + 10x; 
= 5(0) + 10(0)=0 


FIGURE 3.5 ALTERNATIVE OPTIMAL SOLUTIONS 


4x, + 4x,<40 


The Simplex Method 


will not change. In this manner, the various 
alternative optimal solutions can be determined. 

Suppose that, in the Crafty Machine Works 
production scheduling example, the unit profits 
associated with the two products had been с) = 
$5 instead of $6 and с = $10 instead of $8. The 
graphical solution in Fig. 3.5 shows that the new 
objective function, Z = 5x, + 10х;, now has the 
same slope (slope = —c;/cp = 73) as the first 
constraint, 5x, + 10x, = 60. Thus, although the 
extreme point (x, = 8, x» = 2) is still optimal, 
the extreme point (x, = 0, х = 6) is also optimal, 
and indeed the entire line segment between these 
two extreme points is optimal. The objective 
function is Z = 60 for all points along this straight 
line. The maximum profit is $60 at either extreme 
point or at any convex combination of these 
extreme points. A convex combination of these 
extreme points is any point of the form Ах; + 
(1 — A)x,, where 0 = А = 1, x, = (0,8), and 
X9 = (6,2). 


= 5 (0) + 10(6) = 60 Alternative Optimal Solution 


Alternative Optimal Solution 
Z = 5x, + 10x, 
= 5(8) + 10(2) = 60 


Z = 5x, + 10х | 
= 5 (10) + 10 (0) = 50 
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TABLE 3.16 FINAL SIMPLEX TABLEAU—ALTERNATIVE OPTIMAL 
SOLUTION (ALTERNATIVE OPTIMAL SOLUTION 1) 


Indication of an 


alternative optimal 


solution 


The revised production scheduling model can 
now be formulated as: 


Maximize Z = 5x, + 10x, (3-65) 

subject to: 5x, + 10x, = 60 (3-66) 
4x, + 4х, = 40 

with — x,z0,x,z0 (3-67) 


The final simplex tableau for this problem is 
presented in Table 3.16. The optimal solution 
indicated in this final tableau is x, = 0, x» = 6, 
sı = 0,59 = 16, and Z= 60. Furthermore, in this 
final simplex tableau, сі - Z, = 0 and x, is not 
in the basis (ie. x, = 0). Thus, we have an 
indication that an alternative optimal solution 
exists. The variable x, can be entered into the 
basis, and the variable s; can be removed from 
the basis, with the resulting alternative optimal 


-.------------------- 
LE 3.17 FINAL SIMPLEX TABLEAU—ALTERNATIVE OPTIMAL 
bn SOLUTION (ALTERNATIVE OPTIMAL SOLUTION 2) 


solution having exactly the same value for its 
objective function. Performing the necessary it- 
eration to obtain this alternative optimal solution, 
we obtain the simplex tableau shown in Table 
3.17. 

Тһе optimal solution indicated in this final 
simplex tableau is x, = 8, x = 2,5, = 0, s2 = 0, 
and Z = 60. Observe also that in this final simplex 
tableau, с, - Z,, = 0 and 5; is not in the basis 
(i.e., ѕ = 0). Thus, we have an indication that an 
alternative optimal solution exists. This alterna- 
tive optimal solution is, of course, the solution 
shown previously in Table 3.16. 


3.7.3 UNBOUNDED SOLUTION 


In the case of an unbounded solution, the simplex 
method will terminate with the indication that the 


Indication of an 
alternative optimal 
solution 
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entering basic variable сап do so only if it is 
allowed to assume a value of infinity, + 2. Spe- 
cifically, for a maximization problem we will en- 
counter a simplex tableau having a nonbasic 
variable whose c, — Z, row value is strictly greater 
than zero (і.е., c, - 2; > 0 for some variable x; 
that is not in the basis) and for this same variable 
all of the a; elements in its column will be zero 
or negative (ie., every coefficient in the pivot 
column will be either negative or zero). Thus, in 
performing the ratio test for the variable removal 
criterion, it will be possible only to form ratios 
having negative numbers or zeroes as denomi- 
nators. Negative numbers in the denominators 
cannot be considered, since this would result in 
the introduction of a basic variable at a negative 
level (1.е., an infeasible solution would result). 
Zeroes in the denominator would produce a ratio 
having a value of +% and would indicate that the 
entering basic variable could be increased indef- 
initely (i.e., infinitely) without any of the current 
basic variables being driven from the basis. Тһеге- 
fore, if we have an unbounded solution, none of 
the current basic variables can be driven from 
solution by the introduction of a new basic vari- 
able, even if that new basic variable assumes an 
infinitely large value. Generally, arriving at an 
unbounded solution indicates that the problem 


The Simplex Method 


was originally misformulated within the constraint 
set and needs reformulation. 
Consider the following simple, two-variable, 


linear programming model: 

Maximize Z = 2x, + lx, (3-68) 

subject to: 1х5 5 : 
Ix, - Ix, > -1 ре) 

with x,2=0,x,2=0 (3-70) 


This problem is shown graphically in Fig. 3.6. As 
сап be seen in the figure, while x = 5, x, can be 
increased indefinitely; that is, x, > +. Thus, 
the optimal solution is x, = +, x» = 5, and 
Z = +. Such a solution is termed an unbounded 
solution. It should be emphasized, however, that 
this solution, although unbounded, is feasible, 
since all of the basic variables in the optimal 
solution are nonnegative. Thus, linear program- 
ming problems that exhibit unbounded solutions 
do have feasible solutions. Again, the simplex 
procedure will provide a clear indication that an 
unbounded solution is present. If the problem 
formulation has physical significance, the pres- 
ence of an unbounded solution will generally 
indicate that one or more important constraints 
were omitted. 


FIGURE 3.6 AN UNBOUNDED SOLUTION 
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The initial simplex tableau for this problem is 
shown in Table 3.18, 

As сап be seen in this initial tableau, с, = 
Z, = 2 (positive), and using the standard variable 
entry criterion, we would attempt to insert the 
variable x, into the basis. However, when we 
apply the standard variable removal criterion to 
this problem, the following ratios are formed. 


Current 
Basic Solution + x Ratios 
Variables 
5 b * 0 +0 
(negative -» 
Se 1 + -1 infeasible) 


The variable s; cannot be considered for removal 
from the basis as this would result in an infeasible 
solution. The variable s, сап be considered for 
removal from the basis only if x, enters the basis 
at an infinite level. This will produce an un- 
bounded solution, with an infinitely large objec- 
tive function. To illustrate further why we have 
an unbounded solution, let us write out the set 
of equations that forms the basic feasible shown 
in the initial simplex tableau. These equations are 
as follows. 


Ix, + Is, =5 ч 
-1x + "e + Is, = 1 eT» 
The initial basic feasible solution for this problem 
is x, = 0, х = 0,5 = 5,5 = 1. If we now 


attempt to remove s, from the basis (е, drive s, 
to 0) while introducing x, into the basis (i.e., allow 


TABLE 3.18 


ENTER BAS 


Pivot column 


x, to become positive), observe what happens. 
Keeping the nonbasic variable x, = 0 in both 
equations, we observe first that we cannot remove 
5, from the basis (Le., s, = 5 in the first equation). 
Second, we observe that x, — +œ and s, — +, 
simultaneously, in the second equation. Since the 
variable x, has a positive coefficient in the objective 
function, this would produce an unbounded so- 
lution with an infinitely large objective function. 

The question might asked: What about the fact 
that the other nonbasic variable, x;, has с; - 
Z, = | (positive) in the initial simplex tableau? 
To illustrate what would happen, let us assume 
that we chose to make our initial pivot using the 
varible x, as entering the basis. The series of 
simplex tableaus that would result is shown in 
Tables 3.19, 3.20, and 3.21. 

Note that in the final tableau, с, - 2, - 2 
(positive), and using the standard variable entry 
criterion, we would attempt to insert the variable 
sg into the basis. But, again, we see that all the a; 
elements in column 4 are negative or zero, indi- 
cating that an unbounded condition is present. 
To illustrate further why we have again obtained 
an unbounded solution, let us once again write 
out the set of equations that forms the basic 
feasible solution shown in this final simplex ta- 
bleau. These equations are as follows. 


(3-72) 


If we now attempt to remove x, from the basis 
(i.e., drive x; to 0) while introducing s into the 
basis (i.e., allow s to become positive), observe 
what happens. Keeping the nonbasic variable 
sı = 0 in both equations, we observe first that 


INITIAL SIMPLEX TABLEAU—UNBOUNDED 
SOLUTION MALE x, CHOSEN TO 
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TABLE 3.19 


we cannot remove хә from the basis (і.е., хә = 5 
in the second equation). Second, we observe that 
x, > +% and s > +o, simultaneously, іп the 
first equation. This would again produce an un- 
bounded solution, indeed the same unbounded 
solution we obtained previously in Table 3.18. 

It is important to stress the fact that, in a linear 
programming maximization problem, whenever 
we encounter a simplex tableau having a nonbasic 
variable with a corresponding с; - 2; > 0, with 
all the associated а; = 0, we have an unbounded 
solution. It is not necessary to search for other 
nonbasic variables having positive с) - 2; row 
values and make further pivots. As we have 
illustrated in the foregoing example, we will even- 
tually reach a situation in which no additional 
pivots are possible and the indication of an un- 
bounded condition will be present. Finally, in a 
minimization problem, an unbounded solution 
will be indicated whenever we encounter a simplex 
tableau having a nonbasic variable whose (m 
Zj € 0, with all of the associated в = 0. 


3.7.4 INFEASIBLE SOLUTION 


The final type of abnormal situation occurs when 
the linear programming problem has an infeasible 


INITIAL SIMPLEX TABLEAU—UNBOUNDED SOLUTION 
VARIABLE x, CHOSEN TO ENTER BAS 


IS) 


solution. Once again, the simplex method will 
provide a clear indication that no feasible solution 
is possible. The indication that no feasible solution 
is possible will be given by the fact that at least 
one of the artificial variables, which should be 
driven to zero by the simplex method, will be 
present as a positive basic variable in the solution 
that appears to be optimal. For example, assume 
we are solving a maximization problem in which 
artificial variables are required. Then, at some 
iteration we achieve a solution in which all the 
с; - 2; values are zero or negative, but which has 
one or more artificial variables as positive basic 
variables. Alternatively, the fact that no feasible 
solution exists may be indicated simply by the 
inability to remove one or more artificial variables 
from the basis, using the standard simplex pro- 
cedure. 

When an infeasible solution is indicated the 
management science analyst should carefully re- 
consider the construction of the model, because 
the model is either improperly formulated or two 
or more of the constraints are incompatible. Re- 
formulation of the model is mandatory for cases 
in which the no feasible solution condition is 
indicated. 

Consider first the following simple, two-vari- 
able linear programming model. 


TABLE 3.20 SECOND SIMPLEX TABLEAU—UNBOUNDED SOLUTION 
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TABLE 3.21 THIRD SIMPLEX TABLEAU—UNBOUNDED SOLUTION 


Maximize Z = 3x, — 2x; (3-73) 
subject to: lx, + 2x. 5 2 E 

50 44528 979 
with x;z0,x,20 (3-75) 


This problem is depicted graphically in Fig. 3.7. 
As shown, the two inequalities that form the 
constraint set are inconsistent. Thus, there is no 
feasible region, or convex set, formed by these 
two constraints in conjunction with the nonneg- 


1х, + 2x, «2 


Pivot column 


ativity restrictions. Consequently, it is impossible 
to determine a feasible solution because we do 
not have a feasible region to examine. Again, this 
condition will clearly be indicated by the simplex 
procedure. Such a condition generally indicates 
that the linear programming problem has been 
misformulated, and it is called an infeasible so- 
lution (ie. there is no feasible solution). The 
final simplex tableau for this problem is presented 
in Table 3.22. 

In this final simplex tableau all the c; — Z; 


2x, 4x >8 


FIGURE 3.7 INFEASIBLE SOLUTION—INCONSISTENT CONSTRAINT SET 
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TABLE 3.22 FINAL SIMPLEX TABLEAU—INFEASIBLE SOLUTION (INCONSISTENT 
CONSTRAINT 


values are positive, indicating that the optimality 
conditions have been satisfied. However, the ar- 
tificial variable A, has not been removed from the 
basis, so we know that this problem has ап іп- 
feasible solution. However, A, = 4 and the con- 
straint 2x, + 4x, = 8 is not satisfied. 

As a second example of a problem having an 
infeasible solution, consider the following simple 
two-variable linear programming model: 


Minimize Z = 2x, + 3x, (3-76) 


subject to: Б e 
2x, + 2x, = —4 
(rewritten as —2x, — 2x, > 4) (3-77) 


x2 


with х,=0,х,>0 (3-78) 


This problem is depicted graphically in Fig. 3.8. 
As shown, while the two inequalities that form 
the constraint set are consistent, there is no point 
that will satisfy the two constraints and also satisfy 
the nonnegativity conditions. Consequently, it is 
again impossible to determine a feasible solution, 
and this condition will clearly be indicated by the 
simplex procedure. Reformulation of the problem 
is necessary under this circumstance, as the linear 
programming model must be formulated in a 
manner so that the nonnegativity conditions can 
be satisfied. The initial (and final) simplex tableau 
for this problem is shown in Table 3.23. 


2x,+2x,<—4 


FIGURE 3.8 AN INFEASIBLE SOLUTION—NONNEGATIVITY CON- 


DITIONS VIOLATED 


Redundant Constraint 


TABLE 3.23 FINAL SIMPLEX TABLEAU—INFEASIBLE SOLUTION (NONNEGATIVITY 


CONDITIONS VIOLATED 


3 + 3M 


2+M 


In this final simplex tableau, all the с, = 2, 
values are positive, indicating that the optimality 
conditions for this minimization problem have 
been satisfied. However, both artificial variables, 
A, апа Ag, have not been removed from the basis, 
so we know that this problem has no feasible 
solution. Again, note that we have no criterion 
for selecting another pivot column (i.e., all c, = 
Z; = 0). However, A, = 1 and A, = 4, and both 
the two constraints are not satisfied. 

In summary, a linear programming problem 
is infeasible if there is no solution that satisfies all 
the constraints and nonnegativity conditions si- 
multaneously. In applying the simplex method, 
this will be indicated by the presence of one or 
more artificial variables in the basis at a positive 
level for a solution satisfying the optimality con- 
ditions. Finally, it should also be noted that for 
linear programming problems with all constraints 
of “less than or equal to” form and all right-hand 
sides nonnegative, there will always be a feasible 
solution, since the origin will always be a feasible 
solution. Additionally, such problems will never 
require the use of artificial variables, and there- 
fore an artificial variable could not be present in 
the final simplex tableau. 


3.8 REDUNDANT CONSTRAINT 


In a properly formulated linear programming 
problem, each of the constraints will define a 
portion of the boundary of the feasible solution 
space. Whenever a constraint does not define a 
portion of the boundary of the feasible solution 
space, it is labeled a redundant constraint. A 
redundant constraint is extraneous or unneces- 
sary for the problem and may be omitted from 
the problem formulation. To illustrate, consider 
the following simple, two-variable linear program- 


-М +M 
+M 0 


ming problem: 
Maximize Z = 3x, + 5x, (3-79) 
subject to: 2x, + 4x, 5 16 
4x, + 2x, 5 16 
Зх, + 3x, = 30 
(redundant constraint) (3-80) 
with x, 20,x,20 (3-81) 


This problem is depicted graphically in Fig. 3.9. 
The optimal solution for this problem is seen to 
be x, = f, х, = $, maximum 7 = 214. As shown 
in Fig. 3.9, the third constraint is redundant since 
it does not contribute to defining the boundary 
of the feasible solution space. All values of x, and 
x» that satisfy the first two constraints will also 
satisfy the third constraint. Thus, the third con- 
straint can be removed from the problem for- 
mulation as it will not affect the solution to the 
problem. 

A redundant constraint can be detected, prior 
to beginning the solution process, for linear pro- 
gramming problems that can be solved graphi- 
cally (i.e., linear programming problems involving 
three or fewer variables). However, for larger 
linear programming problems, it will generally 
not be possible to identify redundant constraints, 
nor will the simplex procedure identify these 
redundant constraints. 

The final simplex tableau for this redundant 
constraint problem, with the redundant constraint 
included, is presented in Table 3.24. Іп this 
final simplex tableau x, = $x,25520,5-7 
0,5, = 2, the maximum Z = %. Observe that 
the redundant constraint (ie., the third con- 
straint) is satisfied as follows. 


Real Real Slack 
| { 


3x, + 3x. + 1s, = 30 (3-82) 


38) + 3 + 10) = 30/ 
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Z=3x,+5x, 
=3(0)+5(4)=20 


Z-3x,*5x, 
73(0)*5(0)-0 


Optimal Solution 
Z=3x,+ 5x3 
=3 (8/3) +5 (8/3) 


4x, %2х;<16 
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2х|%4х;<16 *3х,+3х, <30 
(Redundant) 


FIGURE 3.9 REDUNDANT CONSTRAINT EXAMPLE 


Thus, the slack variable są associated with the 
redundant constraint is in the basis at a positive 
level in the final simplex tableau. The final sim- 
plex tableau for this same problem, except having 
the redundant constraint excluded, is presented 
in Table 3.25. 

In this final simplex tableau x, = $, ху = $, 
sı = 0,5 = 0, and maximum Z = %. These are, 
of course, exactly the same values we obtained 


for the two real variables, x, and x, and the 
objective function in the previous version of the 
problem in which the redundant constraint was 
included. Thus, we have demonstrated that ex- 
actly the same solution to the problem is obtained, 
regardless of whether or not the redundant con- 
straint is included. Obviously, the problem for- 
mulation without the redundant constraint is 
preferable, since it results in simplex tableaus that 


TABLE 3.24 FINAL SIMPLEX TABLEAU—REDUNDANT CONSTRAINT 


Basic 
Variables 


REDUNDANT CONSTRAINT INCLUDED 
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TABLE 3.25 FINAL SIMPLEX TABLEAU—REDUNDANT CONSTRAINT 


have one less row requiring transformation dur- 
ing the pivoting process. 

it should be stressed that while we have illus- 
trated that a redundant constraint can be elimi- 
nated from the linear programming problem 
formulation, for problems involving more than 
two variables (i.e., problems that cannot be solved 
graphically), it will generally be very difficult, a 
priori, to determine that a redundant constraint 
is present. 


3.9 USING THE COMPUTER 
TO SOLVE LINEAR 
PROGRAMMING PROBLEMS 


In Chapter 2, we examined how to formulate 
linear programming problems to represent var- 
ious managerial decision-making situations, and 
we saw how certain simple linear programming 
problems can be solved graphically. In this chap- 
ter we have studied the simplex algorithm, a 
solution procedure that can be applied to larger, 
more complex linear programming problems. By 
this time, you have probably gained some expe- 
rience in manually using the simplex algorithm. 
However, for linear programming to be really 
useful to the decision maker, it must be easily 
applicable to real-world problems of some com- 
plexity and size. Thus, in practice we would not 
want to have to apply the simplex method man- 
ually to obtain a solution to a large linear pro- 
gramming model. ; 
Three basic types of computer programming 
packages for linear programming exist: 


1. The batch program. 
2. The time-shared or interactive package. 


REDUNDANT CONSTRAINT EXCLUDED 


3. The personal computer or microcomputer 
package. 

The batch program requires the user to pre- 
pare the input in advance in the form of a file 
that is read by the program. The input data and 
the control statements that specify the parameters 
for the program are simultaneously submitted to 
the computer, usually by keyboard entry, and the 
program is placed in queue for execution. At a 
later time the output is printed and retrieved by 
the user. To use the interactive package, the user 
provides input data and receives output data via 
a remote terminal, usually a cathode-ray tube 
(CRT) or microcomputer. As the microcomputer, 
or personal computer, has become a fixture in 
business offices everywhere there has been an 
associated development of a number of linear 
programming software packages designed for use 
on a microcomputer. Recently, Ramesh Sharda 
published an informative survey of the many 
microcomputer-based linear programming soft- 
ware packages.’ 

We will now discuss and illustrate four linear 
programming computer software packages. First, 
we will look at the IBM Mathematical Program- 
ming System Extended/370 (MPSX-370) code, 
which is a batch program available on large IBM 
mainframe computers.* Second, we will examine 
a popular interactive linear programming pack- 
age called LINDO.’ Third, we will consider two 


7Ramesh Sharda, “Linear Programming on Microcompu- 
ters: A Survey,” Interfaces, 14, 6 (November—December 1984): 
27-28. 

*IBM Mathematical Programming System Extended/370 (White 
Plains, N.Y.: IBM Corporation, 1985). 

Linus Schrage, Linear, Integer and Quadratic Programming 
with LINDO (Palo Alto, Calif.: The Scientific Press, 1986). 


ИР5Х ӘСІ, and Program Control Statements 
for the Production Scheduling Problem 


/*ROUTE PRINT ВАСАМСОК.Е5000023 
|| EXEC MPSXCL,REGION=1024K 
//CP.SYSIN DD * 
PROGRAM 
TITLE('MARKLAND SAMPLE PROBLEM!) 
INITIALZ 
MOVE (XDATA, 'CRAFTY!) 
MOVE(XPBNAME, 'PBFILE!) 
CONVERT 
SETUP('MAX!) 
MOVE ( ХОВЈ, 'OBJFUNC!) 
MOVE (XRHS, ' RBS!) 
PRIMAL 
SOLUTION 
RANGE 
EXIT 
PEND 
/ ж 
/ /EX.SCRATCH1 DD ЅРАСЕ=(СҮІ,(5)) 
/ /EX.SCRATCH2 DD SPACE-(CYL,(5)) 
/ГЕХ.МАТВІХІ DD SPACE=(CYL,(S)) 
| /EX.ETAL DD SPACE-(CYL,(5)) 
| /EX.ETA2 DD SPACE-(CYL,(5)) 
//EX.MIXWORK DD UNIT=SYSDA,SPACE=(CYL, (20) ) 
| /EX.SYSIN DD *,DCB=BLKSIZE=3120 


NAME CRAFTY 
ROWS 
N OBJFUNC 
L MMHOURS 
L MLHOURS 
COLUMNS 
X1 OBJFUNC 6.00 
X1 MMHOURS 5.00 
X1 MLHOURS 4.00 
хе OBJFUNC 6.00 
Xe MMHOURS 10.00 
Xe MLHOURS 4.00 
RHS 
RHS MMHOURS 60.00 
RHS MLHOURS 40.00 
ENDATA 
/ж 
// 
FIGURE 3.10 
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BPSX Outpet for the Sample Production Scheduling Probles 


TOTAL NORMAL .FREE. FIXED BOUNDED 
ROWS —— (LOG. VAR.) 3 2 1 0 0 
COLUMNS (STR.VAR.) 2 2 0 0 2 
9 ELEMENTS - DENSITY = 50.00 - у MATRII RECORDS (WITHOUT BAS‘S) 
PRIMAL OBJ = OBJPUNC RBS = RES 
TIME = 0.32 AIMS. PRICING = 5 
SCALE 1.00000- 
NUMBER OP NEGATIVE DJ'S - 2 CYCLING 10 
ITER VECTOR VECTOR REDUCED NUMBER FUNCTION NUMBER 508 
NUMBER OUT IN COST MONOPT VALUE INFEAS — INFEAS 
" n 3 4 .75000- г ь0.0000 0 = 
г г S .25000- 4.0000 0 
OPTIMAL SOLUTION 
XDOOPT DEMAND SET 
NPSX/370 Rl.b MARKLAND SAMPLE PROBLEM PAGE 3 авговг 
SOLUTION (OPTIMAL) 
TINE 0.32 MINS. ITERATION NUMBER = 2 
2..НАНЕ... oc ACTIVITY... DEPINED AS 
FUNCTIONAL 64.00000 OBJFUNC 
RESTRAINTS RAS 
ЕР5Х/370 RI.b MARKLAND SAMPLE PROBLEM PAGE & ввговг 
SECTION 1 - ROWS 
NUMBER ...ROW.. АТ ...ACTIVITY... SLACK ACTIVITY ..LOWER LIMIT. ..UPPER LIMIT. .DUAL ACTIVITY 
1 OBJPUNC BS ьс.00000 ь&.00000- NONE NONE 1.00000 
г MMHOURS UL 60.00000 NONE 60.00000 .40000- 
3 MLHOURS UL 40.00000 NONE 40.00000 1.00000 
ЕР5Х/370 R1.6 MARKLAND SAMPLE PROBLEM PAGE 5 88/08? 
SECTION 2 - COLUMNS 
NUMBER .COLUMNS АТ ...ACTIVITY... ..ІНРОТ COST.. ..LOWER LIMIT. ..ОРРЕВ LIMIT. .REDUCED COST. 
4 Xl BS 4.00000 ь.00000 NONE 4 
5 xe BS 2.00000 &.00000 NONE 
MPSX/3?0 ВЪ.Ь MARKLAND SAMPLE PROBLEM PAGE b 86/082 
RANGE 
TIME = 0.32 MINS. ITERATION NUMBER = г 
Qe NAME... «ACTIVITY... DEPINED AS 
FUNCTIONAL 63.99999 OBJPUNC 
RESTRAINTS RAS 
MPSX/370 В}.Ь MARKLAND SAMPLE PROBLEM PAGE т вагове 
SECTION 1 - ROWS AT LIMIT LEVEL 
NUMBER ...ROW.. AT ..-ACTIVITY... SLACK ACTIVITY ..LOWER LIMIT. LOWER ACTIVITY UNIT COST.. ..LOWER COST.. LIMITING AT 
..UPPER LIMIT. UPPER ACTIVITY UNIT COST.. ..UPPER COST.. PROCESS. АТ 
2 MMHOURS UL &0.00000 NONE 50.00001 -40000- xe LL 
b0. 00000 100.00000 -<0000 xi LL 
3 MLHOURS UL «0.00000 NONE 24.00000 2.00000- xi LL 
40.00000 46.00000 1.00000 xe LL 
MPSX/370 Ri.b MARKLAND SAMPLE PROBLEM PAGE а 68/082 
SECTION 4 - COLUMNS AT INTERMEDIATE LEVEL 
NUMBER .COLUMN. АТ ...ACTIVITY... ..ІНРОТ COST.. ..LOWER LIMIT. LOWER ACTIVITY UNIT COST.. ..LOWER COST.. LIMITING AT 
..UPPER LIMIT. UPPER ACTIVITY ...UNIT COST.. ..ПРРЕВ COST.. PROCESS. АТ 
4 X1 BS Ж 00000 &.. 00000 E ІНРІНІТІ- 2.00000- 4.00000 MLHOURS UL 
10.00000 2.00000- 8.00000 MMHOURS UL 
5 xe BS 2.00000 6.00000 INPINITY- 2.00000- 6.00000  MMHOURS UL 
NONE 6.00000 4.00000- 12.00000 MLHOURS UL 
MPSX/370 R1.6 MARKLAND SAMPLE PROBLEM PAGE q вагова 
EXIT - TIME = 0.32 
FIGURE 3.11 


microcomputer-based linear programming pack- 
ages. The first of these was developed by Warren 
J. Erikson and Owen P. Hall, Jr.,'° and the second 
was developed by Paul A. Jensen." All four 
illustrations will use the (familiar) production 
scheduling problem (Crafty Machine Works). 


3.9.1 THE BATCH PROGRAM (MPSX-370) 


The following discussion concerns the application 
of the MPSX-370 batch program code to the 


ee ا‎ > 2 
"Warren J. Erikson and Owen P. Hall, Jr., Computer Models 

for Management Science (Reading, Mass.: Addison-Wesley, 1986). 
"Paul A. Jensen, MICROSOLVE/OPERATIONS RE- 

SEARCH (Oakland, Calif.: Holden-Day, Inc., 1986). 


profit maximization production scheduling prob- 
lem (Crafty Machine Works). 


Input Data. The job control language (JCL) 
statements, program control statements, and in- 
put data for this problem are shown in Figure 
3.10. At the top of Figure 3.10 the JCL for this 
problem is presented. The user inputs this JCL, 
using a prescribed format, to indicate the com- 
puter requirements for the job. The JCL is fol- 
lowed by a series of program control statements 
that are also provided as input by the user. The 
program control statements specify the execution 
steps of the code itself. Finally, at the bottom of 
Figure 3.10 the input data, again provided by the 
user, are shown. NAME, refers to the name of 
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the problem, which іп this case is CRAFTY. 
ROWS, refers to the row data, or constraints, of 
the problem. The first row is denoted by N and 
is named OBJFUNC for objective function. The 
second and third rows are denoted by L, meaning 
that they are less-than-or-equal-to constraints. 
The second constraint is named MMHOURS 
(milling machine hours), and the third constraint 
is named MLHOURS (metal lathe hours). COL- 
UMNS, refers to the column data, or decision 
variables, of the problem. The column data are 
listed by the decision variables of the problem. 
For example, the first decision variable, x, ap- 
pears in the objective function with a coefficient 
of 6.0 and in the two constraints with coefficients 
of 5.0 and 4.0, respectively. RHS, refers to the 
right-hand-side values of the problem. The right- 
hand-side values for the two constraints, 60.0 and 
40.0, are shown in the RHS section of the input 
data. The ENDATA statement simply signifies 
that the input data are complete. 


Output Data. Output data for this problem are 
presented in Figure 3.11. As you can see these 
output data are quite detailed, and we will discuss 
only certain parts of them at this time. First, refer 
to the portion of Figure 3.11 marked SOLUTION 
(OPTIMAL). Here, we see that this problem took 
0.32 minutes of computer time to solve and 
required two iterations. (Note that this is exactly 
the same number of iterations required to solve 
this problem manually, but the computer surely 
does it faster!) The value of the objective function 
at optimality is $64. Next, look at the portion of 
Figure 3.11 marked SECTION 1-ROWS. In this 
section we observe that in the optimal solution, 
the MMHOURS and MLHOURS are at their 
respective upper limits (UL) of 60.0 hours and 
40.0 hours. Therefore, there is no slack activity 
(hours) for these two constraints. Now, look at 
the portion of Figure 3.11 marked SECTION 2- 
COLUMNS. In this section we observe that the 
decision variables x, and x, are in the basis 
(marked BS) in the optimal solution and have 
respective values of 8 bearing plates and 2 gears. 
The objective function coefficient for each basic 
variable is shown in the INPUT COST column 
of this section of the report. Obviously, additional 
output data are shown in Figure 3.11. 
For the sake of brevity we will not discuss the 
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output data further here. However, at the end of 
Chapter 4 we will consider the output data again, 
focusing on the duality and sensitivity information 
they also provide. 


3.9.2 THE INTERACTIVE 
PROGRAM (LINDO) 


The LINDO interactive computer program was 
written by Linus E. Schrage of the University of 
Chicago. In using LINDO, the user interacts with 
the computer in a conversational mode by re- 
sponding to requests for information. After all 
input data have been entered and verified as to 
correctness, the *GO" command is issued. Shortly 
thereafter, a solution is available at the computer 
terminal, and this solution can also easily be 
routed to a printer. 


Input Data. The input data for the Crafty Ma- 
chine Works problem using LINDO are presented 
in Figure 3.12. In these input data observe that 
this interactive package is easy to use since the 
objective function and constraints are typed just 
as they appear in the problem formulation. In 
using this package the symbol “:” indicates that 
the computer is waiting for further input data. 


LINDO Input for Sample Production 
Scheduling Problem—Crafty 


LINDO (UC 1 APRIL 84) 
MAX 6X1 + 8x2 

? 

5Т 

? 

5X1 + 10Х2 <= 50 

3 


4X1 + 4X2 <= 40 


? 
END 
LOOK ALL 
MAX b Xi + 8 Xe 
SUBJECT TO 
г) S X1 + 0 Xe <= 60 
3) 4 XL + 4 Xa <= 40 
END 
FIGURE 3.12 
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LINDO Output 


GO 


LP OPTIMUM FOUND AT STEP г 
OBJECTIVE FUNCTION VALUE 
1) 54.0000000 
VARIABLE VALUE REDUCED COST 
X1 8.000000 0.0 
xa 2.000000 0.0 
ROW SLACK OR SURPLUS DUAL PRICES 
2) 0.0 0.400000 
3) 0.0 1.000000 
NO. ITERATIONS- E 
DO RANGE(SENSITIVITY) ANALYSIS? 
? 
Y 
RANGES IN WHICH THE BASIS IS UNCHANGED 
OBJ COEFFICIENT RANGES 
VARIABLE CURRENT ALLOWABLE ALLOWABLE 
COEF INCREASE DECREASE 
X1 ь.000000 2.000000 2.000000 
ха 8.000000 4.000000 2.000000 
RIGHTHAND SIDE RANGES 
ROW CURRENT ALLOWABLE ALLOWABLE 
RHS INCREASE DECREASE 
E 60.000000 40.000000 10.000000 
3 40.000000 8.000000 15.000000 
QUIT 
FIGURE 3.13 


Note also that the symbol “<” is used for a less- 
than-or-equal-to constraint. The LOOK ALL 
command allows the user to verify the input. 
Assuming that the input is correct, the user issues 
to GO command and the problem is solved. 


Output Data. The output data resulting from 
using LINDO to solve the Crafty Machine Works 
problem is shown in Figure 3.13. We observe that 
the value of the objective function is $64 and that 
this optimum solution was found in two iterations. 
The decision variable values are again x, = 8 and 
x, = 2. This interactive computer code again 
produces a great deal of duality and sensitivity 
information, which we will discuss further in 


Chapter 4. 


3.9.3 A MICROCOMPUTER PACKAGE 
(ERIKSON AND HALL) 


There are many linear programming packages 
available for use on microcomputers. The micro- 
computer software package developed by Warren 
J. Erikson and Owen P. Hall, includes linear 
programming among its 11 management science 
models. The Erikson and Hall software package 
provides an instruction manual for the user as 
well as a floppy disk that contains the operating 
system and the individual programs for the var- 
ious models. 


Input Data. Input data for the production 
scheduling problem (CRAFTY) are shown in Fig- 


Erikson and Hall Input for Sample Production Scheduling Problem (Crafty) 
COBPUTER MODELS FOR MANAGEMENT СЕНСЕ 


LINEAR PROGRAMMING 
PROGRAM OPTIONS MENU 


ENTER PROBLEM FROM KEYBOARD 
ENTER PROBLEM FROM DATA DISK 
ENTER EXAMPLE PROBLEM 

VIEW CURRENT PROBLEM 

EDIT CURRENT PROBLEM 

VIEW DATA DISK DIRECTORY 

RUN PROBLEM 

RETURN TO MAIN MENU 

QUIT (EXIT TO DOS) 


ENTER A NUMBER FOR YOUR SELECTION FROM THIS MENU 1 


-D O» AJ g^ ul г LJ fu e 
uow n ou n n m и! 


-шж-- DATA INPUT -=*=- 
ENTER NUMBER OF VARIABLES 

ENTER NUMBER IN RANGE ( 2 - 50) 2 

ENTER NUMBER OF LESS THAN OR EQUAL TO CONSTRAINTS 
ENTER NUMBER IN RANGE ( 0 - 50) 2 

ENTER NUMBER OF EQUAL TO CONSTRAINTS 

ENTER NUMBER IN RANGE ( 0 - 48) ü 

ENTER NUMBER OF GREATER THAN OR EQUAL TO CONSTRAINTS 
ENTER NUMBER IN RANGE ( O - 48 ) 0 

IS THE PROBLEM ТҮРЕ MAXIMIZATION (1) OR MINIMIZATION (-1) 
ENTER A CHARACTER ( 1 or -1 ) 1 


DO YOU WANT TO RE-ENTER PROBLEM STRUCTURE? (Y/N) 
ENTER A CHARACTER ( Y or Н) N 


-шж-- INPUT DATA - ENTER VARIABLE NAME(S) --%-- 
1 =? X1 
2 = ? Xe 


ENTER А UNIQUE NAME FOR EACH VARIABLE AND PRESS 
VALID NAMES ARE 1-3 CHARACTERS IN LENGTH AND DO NOT START WITH A NUMBER 


-=*=- DATA INPUT -=*=- 
ENTER A NAME FOR THE OBJECTIVE FUNCTION: OBJFUNC 


PROMPTED INPUT 
OBJECTIVE FUNCTION 


COEFFICIENT FOR VARIABLE #1 (Х1) ?Ь 
COEFFICIENT FOR VARIABLE # о (Хә) ? ё 


CONSTRAINT # 1 - LESS THAN OR EQUAL TO 


COEFFICIENT FOR VARIABLE # 1 (X1) ? 5 
COEFFICIENT FOR VARIABLE # 2 (Хе) ? 10 
RIGHT HAND VALUE ? 60 


FIGURE 3.14 
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CONSTRAINT # 2 


COEFFICIENT FOR VARIABLE # 1 (X1)? 4 
COEFFICIENT FOR VARIABLE # 2 (X2)? 4 
RIGHT HAND VALUE ? 40 


DO YOU WANT TO SAVE THIS DATA? (Y/N) 
ENTER A CHARACTER ( Y OR N) N 


QO N-P- ULER MODELS FO 


-=ж=- 


NUMBER OF VARIABLES 


NUMBER OF <= CONSTRAINTS 

NUMBER OF = CONSTRAINTS 

NUMBER OF >= CONSTRAINTS 
MAX OBJFUNC = 5 X1 + 8 Xe 
SUBJECT TO: 

3 X1 + 10 Xe 

4 Х + 4 Xe 


R 


INFORMATION ENTERED 


115 


- LESS THAN OR EQUAL ТО 


MANAGEMENT Scr ЕЕ С.Е 


== 


O O n nı 


60 
40 


LINEAR PROGRAMMING 
PROGRAM OPTIONS MENU 


-D ده‎ 4A m^ uU £s لیا‎ nu e 


Won won wo m n ow M 


ENTER А NUMBER FOR 
FIGURE 3.14 (continued) 


ure 3.14. As can be seen the user enters the input 
data by responding to a series of prompting 
questions which appear on the video terminal. 
Consequently, data entry is very easy. After all 
data have been entered, the user has an oppor- 
tunity to edit the progrlam. Then, the program 
is run by selecting the appropriate option from 
the PROGRAMS OPTION MENU. 


Output Data. Output data for this problem are 
shown in Figure 3.15. These output data are less 
extensive than those provided by either the batch 
program (MPSX-370) or the interactive program 
(LINDO). The output data indicate the optimal 
values of the objective function and the decision 
variables and provide some duality and sensitivity 


ENTER PROBLEM FROM KEYBOARD 
ENTER PROBLEM FROM DATA DISK 
ENTER EXAMPLE PROBLEM 

VIEW CURRENT PROBLEM 

EDIT CURRENT PROBLEM 

VIEW DATA DISK DIRECTORY 

RUN PROBLEM 

RETURN TO MAIN MENU 

QUIT (EXIT TO DOS) 


YOUR SELECTION FROM THIS MENU т 


information. We will discuss the duality and sen- 
sitivity information further in Chapter 25 


3.9.4 A MICROCOMPUTER 
PACKAGE (JENSEN) 


Another microcomputer software package has 
been developed by Paul A. Jensen. It includes 
linear programming among its six operations 
research models. It also provides an instruction 
manual for the user as well as Норру disks that 
contain the operating system and the individual 
programs for the various models. It is very flexible 
in terms of allowable problem size, input form, 
and problem editing. 
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Erikson and Hall Output for Sample Production Scheduling Problem (Crafty) 


COBPUTIER MODELS FOR MANAGEMENT SC T' EN СТЕ 
-=*=- RESULTS --%-- 
VARIABLE ORIGINAL COEFFICIENT 
VARIABLE VALUE COEFFICIENT SENSITIVITY 
X1 8 6 0 
Xe 2 8 0 
CONSTRAINT ORIGINAL SLACK OR SHADOW 
NUMBER RIGHT-HAND VALUE SURPLUS PRICE 
1 ьо 0 -4 
2 40 0 1 
OBJECTIVE FUNCTION VALUE: b4 
-- SENSITIVITY ANALYSIS -- 
OBJECTIVE FUNCTION COEFFICIENTS 
LOWER ORIGINAL UPPER 
VARIABLE LIMIT COEFFICIENT LIMIT 
X1 4 b 8 
хг 6 [2] 12 
RIGHT-HAND-SIDE VALUES 
CONSTRAINT LOWER ORIGINAL UPPER 
NUMBER LIMIT VALUE LIMIT 
1 50 60 100 
2 24 40 48 
FIGURE 3.15 


Input Data. Input data for the production 
scheduling problem (CRAFTY) are shown in Fig- 
ure 3.16. Referring to Figure 3.16 we see that 
the user enters the input data by responding to 
a series of questions (or prompts) which appear 
on the video terminal. After all the data have 
been entered, the user has an opportunity to edit 
the program. Then, the user selects an option 
that runs the linear programming code and solves 
the problem. One interesting feature of the Jen- 
sen linear programming package is that it allows 
the user to follow the progress of the solution 
process at each iteration. 


Output Data. Output data for this problem are 
shown in Figure 3.17. Note that these output data 
are for the option (option 2) that allows the user 
to see the solution at each iteration. The output 
data is only slightly less extensive than that pro- 
vided by either the batch program or the inter- 


active program. Duality and sensitivity infor- 
mation is also provided and will be illustrated and 
discussed in Chapter 4. 


3.10 CONCLUSION 


In this chapter we have developed and illustrated 
the use of the simplex method, perhaps the most 
powerful analytical tool of the management sci- 
entist. We have shown that the simplex method 
is an organized, systematic means for solving 
linear programming problems that embodies the 
procedures of the Gauss-Jordan elimination pro- 
cess to perform elementary row operations as we 
move from one basic feasible solution to another 
in the search for optimality. Applications of the 
simplex method to both maximization and mini- 
mization problems, having “less than,” “equal to,” 
and “greater than” constraints, have been pre- 
sented. Additionally, we have reviewed the com- 


Jensen Input for Sample Production Scheduling Problem (Crafty) 
LAST ENTRY 


Enter constraint or objective, type STOP if finished, or type HELP for 
instructions. The expression must stay within the lines. 
EXAMPLE: CON1/2X1—X2+X3<12 


? OBJMAX/6x1 + 8x2 


LAST ENTRY 


Enter constraint or objective, type STOP if finished, or type HELP for 
instructions. The expression must stay within the lines. 
EXAMPLE: CON1/2X1—X2+X3<1e 


? MMHOURS/Sx1 + 10xe < 60 


Enter constraint or objective, type STOP if finished, or type HELP for 
instructions. The expression must stay within the lines. 
EXAMPLE: CON1/2X1—Xe+X3<1e 


MLHOURS/+ 4х2 + 4x2 <= 40 
FIGURE 3.16 
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Enter constraint or objective, type STOP if finished, ог type HELP for 
instructions. The expression must stay within the lines. 
EXAMPLE:  CON1/2eXi-Xe-4X3«18 


? STOP 


LINEAR MODEL GENERATOR 
BY PAUL A. JENSEN 


1. СЕТ MODEL FROM DISK 

2. ENTER CONSTRAINTS AND OBJECTIVE 
3. SET UPPER BOUNDS ON VARIABLES 
4. CHANGE MODEL 

5. DISPLAY MODEL 

b. SAVE GENERATOR MODEL ON DISK 
?. SOLVE LINEAR PROGRAM 

8. SOLVE П-1 INTEGER PROGRAM 

4. ENTER ANOTHER PROBLEM 

10. TURN PRINTER ON 

11. EXIT TO DISK MENU 


о VARIABLES AND о CONSTRAINTS. 
OPTION NUMBER: 5 


LINEAR MODEL 


TERMS LARGER THAN FOURTEEN CHARACTERS WILL BE TRUNCATED. 


OBJMAX/ H SXI + 8хг 

MMHOURS/ + 5х} + 10xe <= 60 
MLHOURS/ + 4х1 + 4х0 <= 40 
VARIABLE BOUNDS -- NOTE * MEANS 444444 

x1<= * хд<= ж 


PRESS ANY KEY TO CONTINUE 


LINEAR MODEL GENERATOR 
BY PAUL A. JENSEN 


1. GET MODEL FROM DISK 

8. ENTER CONSTRAINTS AND OBJECTIVE 
3. SET UPPER BOUNDS ON VARIABLES 
4. CHANGE MODEL 

S. DISPLAY MODEL 

&. SAVE GENERATOR MODEL ON DISK 
7. SOLVE LINEAR PROGRAM 

8. SOLVE П-1 INTEGER PROGRAM 

q. ENTER ANOTHER PROBLEM 
10. TURN PRINTER ON 
11. EXIT TO DISK MENU 


2 VARIABLES AND 2 CONSTRAINTS. 
OPTION NUMBER: 7? 
FIGURE 3.16 (continued) 
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LINEAR PROGRAMMING 


BY PAUL A. JENSEN 
COPYRIGHT (С) HOLDEN-DAY, 1484 


1. SHOW MODEL 

SOLVE WITH PRIMAL SIMPLEX 
REVIEW SOLUTION 
SENSITIVITY ANALYSIS 
REVISE MODEL 

TURN PRINTER ON 

RETURN TO DISK MENU 


PROBLEM 'CRAFTY' IS LOADED. 
4 VARIABLES AND о CONSTRAINTS. 


ENTER OPTION NUMBER: 2 


TJ m^ un 4s لیا‎ ru 
EOM eles P 


FIGURE 3.16 (continued) 


Jensen Output for Sample Production Scheduling Problem (Crafty) 
PRIMAL SIMPLEX ALGORITHM 


SEVERAL OUTPUT OPTIONS ARE AVAILABLE 
1. WATCH ALGORITHM DETAILS AND HELP MAKE DECISIONS 


8. SEE SOLUTION AT EACH ITERATION 
3. SEE ONLY FINAL SOLUTION 


NOTE: The algorithm may be interrupted by pressing 'Q'. 


SELECT AN OPTION BY NUMBER, e 


PHASE 2 
BASIC SOLUTION-PHASE 2 -ITER. 0 
VAR. NAME VALUE STATUS 
E x П ZERO 
2 xe 0 ZERO 
3 SLK- 1 60 BASIC- 1 
4 SLK- 2 50 BASIC- 2 


OBJECTIVE = 0 
PRESS ANY KEY TO CONTINUE 


X2 ENTERING BASIS GOING UP 
SLK- 1 LEAVING BASIS BY GOING TO ZERO 


FIGURE 3.17 


BASIC SOLUTION-PHASE 
VALUE 


[^] 
t* 
ж 

| 
п ue 


OBJECTIVE 48 
PRESS ANY KEY 
Х1 ENTERING BASIS GOING UP 
SLK- г LEAVING BASIS BY GOING TO ZERO 
BASIC SOLUTION-PHASE 
VALUE 


PRESS ANY KEY 
OPTIMAL SOLUTION FOUND 


BASIC SOLUTION-PHASE 
VALUE 


VAR. 


کا لم لا ۵ 
> 
ru‏ 


чл 
Ез 
ж 
l 

п rue 


OBJECTIVE b4 


TO 


TO 


-ITER. 1 
STATUS 


CONTINUE 


-ITER. о 
STATUS 


CONTINUE 


—ITERIT 
STATUS 


BASIC- e 
BASIC- 1 
ZERO 
ZERO 


PRESS ANY KEY TO CONTINUE 


LINEAR PROGRAMMING 


BY PAUL A. JENSEN 
COPYRIGHT (C) HOLDEN-DAY, 1484 


Шә 
[I 


SHOW MODEL 


4. 
FIGURE 3.17 (continued) 
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SOLVE WITH PRIMAL SIMPLEX 
3. REVIEW SOLUTION 
SENSITIVITY ANALYSIS 


5. REVISE MODEL 
&. TURN PRINTER ON 
7. RETURN TO DISK MENU 


PROBLEM 'CRAFTY' IS LOADED. 
4 VARIABLES AND 2 CONSTRAINTS. 


ENTER OPTION NUMBER: 4 
SENSITIVITY ANALYSIS 
OPTIONS 


DUAL VARIABLES 

. OBJECTIVE FUNCTION COEFFICIENTS 
RIGHT HAND SIDE VALUES 

RETURN TO MAIN MENU 


ENTER OPTION: (Options 1,2 4 3) were entered 


IN ul لم‎ 


DUAL SOLUTION 


ROW CONSTRAINT VALUE 
1 MMHOURS 24 
2 MLHOURS 1 


PRESS ANY KEY TO CONTINUE 


SIMPLE RANGING FOR 
OBJECTIVE FUNCTION COEFFICIENTS 


VARIABLE OBJECTIVE TYPE LOWER UPPER 
COEF. RANGE RANGE 

X1 5 BAS- 2 4 8 

Xe 8 BAS- 1 b 12 


PRESS ANY KEY TO CONTINUE 


SIMPLE RANGING FOR 
RIGHT HAND SIDE OF CONSTRAINTS 


CONST. RHS. LOWER UPPER 
RANGE RANGE 

MMHOURS 60 50 100 

MLHOURS 40 04 48 


PRESS АМҮ KEY TO CONTINUE 
FIGURE 3.17 (continued) 
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plications and their resolution that commonly 
arise in real-world linear programming work. 
Finally, we have summarized the four types of 
solutions that can arise in linear programming 
and have discussed the corresponding indication 


The Simplex Method 


provided by the simplex method for each of these 
types of solutions. To strengthen an understand- 
ing of the simplex method, the reader’s attention 
is directed to the problems at the end of this 
chapter. 


Case Study: Using Linear Programming for 
Strategic Planning at Hoesch Corporation 


For more than 20 years, various mathematical procedures have been utilized 
at the Hoesch Corporation, a large West German steel producer. These 
procedures have been used in such areas as metallurgical processing, sta- 
tistical evaluation, scheduling, accounting, and corporate planning. 

At the time the linear programming model for strategic planning was 
developed, the yearly revenues of the company were 1 billion Deutsch 
marks. It employed more than 4000 workers at eight locations and produced 
cold rolled sheet steel, hot-dip galvanized sheet steel, electrogalvanized sheet 
steel, organic coated sheet steel, sandwich panels for roofing and siding, 
trapezoidal skylights, keys, and barrels. Each year it established an annual 
plan and an operational plan for the next three years. Because of its complex 
corporate structure and rapidly changing conditions, it was unable to keep 
its plans up to date manually. As a result it decided to develop a computer- 
based strategic planning system having five major objectives: 


1. Accomplish planning more quickly. 
Replace the manual planning system. 


2. 

3. Consider alternative plans quickly. 

4. Perform mass calculations and cost accounting operations. 
5. 


Maximize efficiency. 


The strategic planning system was designed under the guidance of the 
company's management planning department by a group composed of 
members of the planning, accounting, and data processing departments as 
well as the Hoesch department of applied mathematics. This project group 
specified the structure of the strategic planning model and resolved ques- 
tions of data availability and procurement. 

Тһе structure of the strategic planning model that was developed is 
shown in Figure 3.18. For the company, the sales goals are for 70 products 
subdivided into six submarkets. The strategic planning model is composed 
of about 40 operations planning models (plant models). The relationship 
of these plant models, their connection to the market, and the evaluation 
of products and raw materials are also shown in Figure 3.19. 

The strategic planning model, which is formulated as a large linear 
programming problem, is used to calculate quantities and costs. Quantity 
calculations are based on planned sales for a given time period. This pro- 
duces production, capacity, raw materials, sales, and cost plans. Cost cal- 
culations include sales results, product costs, and average revenues. 

The large linear programming model was solved using IBM's MPSX- 
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E Unitary matrix 


(pl) Diagonal matrix 
ЖЖ Full matrix 


] Interdependence 
uU 


FIGURE 3.18 STRUCTURE OF THE STRATEGIC PLANNING MODEL 


370 batch program on an IBM 3081 mainframe computer. The calculations 
for six planning periods (quantity and cost) required 3 minutes of central 
processing unit time for solving the linear programming model which con- 
tained about 2500 equations and 3000 structural variables. 

At Hoesch Corporation, its chief executive officers commissioned the 
development of the model and gave it their backing. At the end of 1977, 
the strategic planning model was tested and its results compared with the 
manually designed plan for 1978. Since then the linear programming model 
has been used routinely and has been expanded to include steel production. 
It has proven to be very valuable in terms of: 
= The many synchronized planning results from an integrated system. 
= The speed of execution of planning calculations. 
= The flexibility when modifying the operations structure. 
= The possibility of optimizing in different “bottleneck” situations. 


Production (variable) Cycle Time (fixed) 
Specific expenditures for 
overall production 
раб Specific requirement time Firm’s capacity for the 
Production time | for overall production time period 
Specific expenditures for Fixed expenditures for 
Cost of goods overall production the period 


FIGURE 3.19 STRUCTURE OF THE PLANT MODELS 


Raw materials standards 
Performance standards 
Expenditures standards 


Dieter Walter, and Rolf Wartman, “A Computer-Based Strategic Planning System 


Source: Friederich William Bielefeld, Kalus- 
August 1986): 41—46. 


for Steel Production,” Interfaces 16, no. 4 (Ішіу- 
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Glossary of Terms 


Alternative Optimal Solutions. In linear programming we may en- 
counter simultaneously one or more extreme points that provide an 
(identical) optimal value of the objective function. 

Artificial Variable. A variable that has no physical meaning, which is 
used to obtain an initial basic feasible solution to a linear programming 
problem. 

Basic Feasible Solution. A basic solution in which all m of the basic 
variables are nonnegative (=0). 

Basic Infeasible Solution. A basic solution in which one, or more, of 
the m basic variables are negative (<0). 

Basic Solution. The basic solutions for a system of m linear equations in 
n (m < п) unknowns are determined by setting n — m variables equal to 
zero and solving for the remaining m variables. 

Basis. The set of m basic variables that comprises a basic feasible solution 
to a linear programming problem. 

Basis Matrix. The matrix formed by the column vectors that correspond 
to the basic variables. The basis matrix will be a (m X m) identity matrix 
at each iteration of the simplex method. 

Cycling. A situation in which the simplex method goes round in a loop 
repeating the same sequence of basic feasible solutions without ever 
reaching the optimal basic feasible solution. 

Degeneracy. A condition that occurs when there is a tie for leaving the 
basis between two variables, the result being that the variable remaining 
basic is driven to zero as pivoting is implemented. 

Degenerate Basic Feasible Solution. A basic feasible solution in which 
one, or more, of the m basic variables are equal to zero. 

Extreme Points. The points of the convex set formed by the constraints 
and the nonnegativity restrictions of a linear programming problem that 
constitute the basic feasible solutions to the problem. 

Gauss-Jordan Elimination Method. A method used for inverting a 
matrix or solving a system of linear equations. 

Infeasible Solution. A solution to a linear programming problem in 
which it is not possible to obtain feasible values for the decision variables 
because of an inconsistent constraint set or violation of the nonnegativity 
restrictions. 

Iterating. Changing the basis, inserting one of the current nonbasic уагі- 
ables into the basis and removing one of the current basic variables. 
Nondegenerate Basic Feasible Solution. A basic feasible solution in 

which all m of the basic variables are positive (>0). 

Pivot Column. A column of the simplex tableau associated with the vari- 
able selected for entry into the basis at a given iteration. 

Pivot Element. The element in the simplex tableau at the intersection of 
the pivot column and the pivot row. 

Pivoting. Performing Gauss-Jordan row operations on the rows of the 
simplex tableau to solve the system of constraint equations in terms of 
the new set of basic variables. 

Pivot Row. A row of the simplex tableau that corresponds to the variable 
selected for removal from the basis at a particular iteration. 
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Redundant Constraint. A constraint that does not form a boundary for 
the feasible solution space of the linear programming problem. 

Simplex. An n-dimensional convex figure that has exactly n + 1 extreme 

ints. 

Simplex Algorithm or Simplex Method. A structured method for 
Solving linear programming problems that involves moving from one 
basic feasible solution to another, always maintaining or improving the 
objective function, until an optimal solution is obtained. 

Simplex Tableau. Setting up the linear programming problem in a tab- 
ular form, such that the simplex algorithm can be applied. 

Slack Variable. A variable used to convert a “less than or equal to” con- 
straint into an equality constraint by adding it to the left-hand side of 
the original constraint. 

Surplus Variable. A variable used to convert a “greater than or equal 
to” constraint into an equality constraint by subtracting it from the left- 
hand side of the original constraint. 

Unbounded Solution. A solution to a linear programming problem in 
which one (or more) of the basic variables can be increased indefinitely 
(^ + >), so that the objective function goes either to +% or ~o, 

Unconstrained Variable. A variable that is unconstrained in sign and 
thus can be positive, negative, or zero. 

Variable Entry Criterion. A criterion that determines which variable 
will enter the basis in a given iteration of the simplex method. 

Variable Removal Criterion. A criterion that determines which variable 
will leave the basis in a given iteration of the simplex method. 


Selected References 


The Simplex Refer to those references provided at the end of chapter 2, "An Introduction to 
i Pro; ming.” 
Method Linear Programming. 


Discussion Questions 


Why are “slack variables” used in the simplex method? 

How does the simplex method move from one extreme point to another? 

How are the basic variables in the first iteration of the simplex method deter- 

mined? 1 ) 

Is the rule of selecting the variable to enter the basis as being the variable with 

the largest с; - Zj value “always” going to increase the objective function by 

the largest amount at that particular iteration? If not, why not? — — 

5. Explain the reasoning behind the rule that determines which variable is chosen 
to leave the basis at a particular iteration? 

6. What does the Gauss-Jordan elimination procedure do at a particular iteration 

in the simplex method? f | 

How do you determine when you have obtained the optimal solution? 

Why must the basis matrix (the matrix formed by the column vectors that 

correspond to the current basic variables) always form an identity matrix within 


the simplex tableau? 


anpra 


> 


со تہ‎ 
Фу 
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9. 


10. 
11 


12 
13. 


14. 


15. 
16. 


Тһе Simplex Method 


Why must the pivot column corresponding to the entering variable in a par- 
ticular iteration of the simplex method have a “one” as the pivot element and 
zeroes in all other positions? 

By performing different iterations in the simplex method, could you obtain 
the same basis twice? Why or why not? 

What happens to the entry and removal criteria if you have to deal with a 
minimization instead of a maximization problem? 

What is the difference between an artificial and a surplus variable? 

Why are artificial variables used, what do they do, and what are their impli- 
cations on the simplex method? 

Can an artificial variable ever appear in the final (optimal) tableau as a basic 
variable? Why or why not? 

Why can’t you have negative right-hand sides in the initial simplex tableau? 
With respect to the number of calculations, does it matter which variable you 
choose when there is a tie between two or more variables for entering the basis? 


17. How does a tie for leaving basic variable cause degeneracy? 
18. How are multiple optimal solutions indicated in a final tableau? 
19. How сап you determine from the final tableau that you have an unbounded 
solution? 
20. How does the final tableau indicate a nonfeasible solution? 
Problem Set 
1. Solve the following linear programming problem by determining the 
value of the objective function for all basic solutions to the problem. 
Maximize Z = 3x, — lx 
subject to: 4х + 2х,<= 8 
3x, + 1х5 10 
with xı = 0,x = 0 
2. Solve the following linear programming problem by determining the 
value of the objective function for all basic solutions to the problem: 
Maximize Z = 1x, + 2x, 
subject to: 2x, - 3x,s 7 
Іх, + 2x, = 10 
with xı = 0, х, =0 
3. Solve the following linear programming problem by determining the 
value of the objective function for all basic solutions to the problem: 
Maximize Z = 5x, — 3x, 
subject to: 7x, + 3x, = 16 
4x, + 2x, 5 20 
with х2 0, х2 0 
4. Solve the following problem by determining the value of the objective 


function for all basic solutions to the problem: 
Maximize 2 = 3x, + 5x, 
subject to: 2x, + 3x, = 90 
4x, + 3x, = 60 
with x, = 0, х, 2 Û 


Problem Set 


5 


© 


10 


11. 


12. 


13. 
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Solve the following problem Бу determining the value of the objective 
function for all basic solutions to the problem: 


Maximize Z = 3x, + 5х, 


subject to: x, =12 
хә S 12 
ху + xo S 14 


with xı > 0, х = 0 
Solve the following problem Бу determining the value of the objective 
function for all basic solutions to the problem: 
Minimize Z = 3x, + 7х; 
subject to: 2x, + 5x; = 10 
3x; 1% =. 8 


with х2 0, х = 0 


. Solve the following problem Бу determining the value of the objective 


function for all basic solutions to the problem: 
Minimize Z = 2x, + 5x 
subject to: — 4x, + 4x, = 20 
3x, + 8x, = 24 
with x; = 0, хо = 0 
Solve the following problem by determining the value of the objective 
function for all basic solutions to the problem: 
Minimize Z = 4x, + 2x2 
subject to: — 5x, + 2x = 10 
2x, + 2x, = 12 
lx, + 6х = 12 
with x, =0,x,=0 
Solve the following problem by determining the value of the objective 
function for all basic solutions to the problem: 
Minimize Z = 3x, + 5x + lx, 
subject to: — 8x, + 2x; + 4x, 2 6 
6x, + 3x; = 1x, 2 9 
with x, = 0, хә = 0, хз = 0 
Solve the following problem by determining the value of the objective 
function for all basic solutions to the problem: 
Minimize 7 = 2x, + 6x; + 3x, 
subject to: 7x; + 3x + 5х, = 9 
2x, + 4x; — 1x, S 11 
with x, = 0, х2 0, xs > 0 
Solve Problem 3.1, using the Gauss-Jordan elimination procedure 
(algebraic approach). 
Solve Problem 3.2, using the Gauss-Jordan elimination procedure 


(algebraic approach). 
Solve Problem 3.3, using the Gauss-Jordan elimination procedure 


(algebraic approach). 


Тһе Simplex Method 


14, Solve Problem 3.4, using the Gauss-Jordan elimination procedure 
(algebraic approach). 
Solve Problem 3.5, using the Gauss-Jordan elimination procedure 
(algebraic approach). 


15 


16. Solve Problem 3.1, using the simplex algorithm. 
17. Solve Problem 3.2, using the simplex algorithm. 
18. Solve Problem 3.3, using the simplex algorithm. 
19 
20. Solve Problem 3.5, using the simplex algorithm. 
21 
22. Solve Problem 3.7, using the simplex algorithm. 


Solve Problem 3.4, using the simplex algorithm. 


Solve Problem 3.6, using the simplex algorithm. 


23. Solve Problem 3.8, using the simplex algorithm. 
24. Solve Problem 3.9, using the simplex algorithm. 
25. Solve Problem 3.10, using the simplex algorithm. 


26. Solve the following linear programming problem, using the simplex 
algorithm: 
Maximize Z = 2x, — Ixy + 5x3 
subject to: Зх! - 2x3 = 16 
2x, + 5x; = 10 


3x; + 1х; < 12 
with хі, Xo, хз = 0. 

27. Solve the following problem, using the simplex algorithm: 
Minimize Z = 4x, + 3x, + 2x, 
subject to: 4x, + 1% + 1x, = 10 

3x, = 1х; = 4 

2x, + 2x, — 8x, 5 3 
with x, = 0, x = 0, х; > 0 


28. Solve the following linear programming problem, using the simplex 
algorithm: 
Maximize 7 = 4x, + 2x, 
subject to: 3x, + 2х5 8 
=4x +: 3x, = -7 
7x, + 2x, = 14 


with x, = 0, x = 0. 


29. Solve the following linear programming problem, using the simplex 
algorithm: 
Minimize 7 = 2x, + 5x, + 3x, 
subject to: 9x, = 3x, + 9х; = 4 
—3x, + 4x - х; 2 10 
5x, + 3х,5 9 


with ху, Xo, Xs = 0. 
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Solve the following linear programming problem, using the simplex 
algorithm: 
Minimize Z = 5x, + 4x, 
subject to: бх + 3x, = 18 
2x, + 4x, = 12 
2x, + 8x, = 16 
with х2 0, х2 0 


Solve the following problem using the simplex algorithm: 
Minimize Z = 12x, — 20x, + 14x, 


subject to: 5x, — 3x + 3х,> 80 
3x, + 2x, + 6x, = 120 


with x, = 0, хо > 0, хз > 0 


Solve the following problem, using the simplex algorithm: 
Maximize Z = 4x, + 2х, + 5x, 


subject to: 2x, + 4x, + 5x, = 24 
lxs + 1х + 2x, = 14 


with xı = 0, х = 0, хз = 0 


Solve the following problem, using the simplex algorithm: 
Minimize 7 = 10x, + 20x; 


subject to: 30x, + 60x, = 600 
—8x, + 16x, = —48 
20x, + 30x, = 480 


with xı = 0, х2 0 


Consider the following linear programming problem: 
Maximize Z = 3x, + 4х + бхз 
subject to: — 2x, + 3x» = 30 

5x, + 2x + Зх; = 40 

8x, + 10x; = 40 


with xı, хо = 0, хз unconstrained in sign 
(a) Reformulate the problem in standard linear programming for- 


mat. 
(b) Construct the complete first simplex tableau and identify the 


corresponding initial basic feasible solution. 
(c) Perform two iterations, using the simplex algorithm. 


Consider the following linear programming problem: 
Minimize Z = 9x, + 7xs + 11% — lx, 


бху + 39x; + 4х3 + 7х, = 21 
subject to: 3x, + 1х; + 2x, + 9x, = 30 
1x, - 2x2 = lxs = 3x, = —12 


with — xj, Xs Xs = 0, x, unconstrained in sign 
(a) Reformulate the problem in standard linear programming for- 
mat. 
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(b) Construct the complete first simplex tableau and identify the 
corresponding initial basic feasible solution. 
(c) Perform iterations, using the simplex algorithm. 


Consider the following linear programming problem: 
Minimize Z = 1х, — 3x; + Зх; 
subject to: 2x, - 1х, — lx, 5-18 
lx, + lx + 3x3 = 36 
-Іх, + 3x + Ixy = 24 


with x, = 0, х2 0, хз = 0 

(а) Reformulate the problem in standard linear programming for- 
mat. 

(b) Construct the complete first simplex tableau and identify the 
corresponding initial basic feasible solution. 

(c) Perform two iterations, using the simplex algorithm. 


Consider the following linear programming problem: 
Minimize Z = 2x, — 5x + 3x4 


subject to: 3x, + 10х› + 5х; = 15 
33x, — 10x. — 9x, = 12 
% + 2x; к= 4 


with xı = 0, хо = 0), хз = 0 

(a) Reformulate the problem in standard linear programming for- 
mat. 

(b) Construct the complete first simplex tableau and identify the 
corresponding initial basic feasible solution. 

(c) Perform two iterations, using the simplex algorithm. 


Consider the following linear programming problem: 
Minimize Z = 2x, - lx + 4x3 — 3x4 
subject to: lx, + 2x, + 4x3 + 2х, = 8 
1х Tox, = 10 
1x, = lx; + 2x, = —5 
5 = 2x + 4х5 =F 3x3 = 1x, = 15 


with хі» Хә, ху = 0), x, unconstrained in sign 

(a) Reformulate this problem in standard linear programming for- 
mat. 

(b) Construct the complete first simplex tableau and identify the 
corresponding initial basic feasible solution. 

(c) Perform two iterations, using the simplex algorithm. 


Consider the following linear programming problem: 
Maximize Z = 5x, + 10x 
subject to: бху + 10х = 60 
4x, + 4х = 40 
5x, = 40 
with xı =0,x% =0 
Use the simplex algorithm to show that this problem has alternative 
optimal solutions. 
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Consider the following linear programming problem: 
Maximize Z = 6x, + 3x, 
subject to: — 2x, + 1х,5 8 
3x, + 3x, s 18 
Ix, s 3 
wih х2 0, х, 2 0 
Use the simplex algorithm to show that this problem has alternative 
optimal solutions. 
Consider the following linear programming problem: 
Minimize Z = 6x, + 12x, 
subject to: бх, + 3x, = 18 
2x, * 4x, z 12 
2x, a 8x, z 16 
with х2 0, х, 2 0 
Use the simplex algorithm to show that this problem has alternative 
optimal solutions. 
Consider the following linear programming problem: 
Minimize Z = 2x, + 8x, 
subject to: бху + Ixy = 10 
2x, + 2x, 2 14 
1х, + 4x, = 12 
with  x,z0,x,—0 
Use the simplex algorithm to show that this problem has alternative 
optimal solutions. 
Consider the following linear programming problem: 
Minimize Z = 2x, + 2х; 
subject to: — 4x, + 4x, = 24 
Tx, + 1x, 2 14 
хі 5 5 
with x, = 0, х2 0 
Use the simplex algorithm to show that this problem has alternative 
optimal solutions. 
Consider the following linear programming problem: 
Maximize Z = 3x, >= 2х, 
subject to: — 2x, — lx = 10 
6x, - 4х,5 7 
with xz 0, хә = 0 
Use the simplex algorithm to show that this problem has alternative 
optimal solutions. 
Consider the following linear programming problem: 
Maximize Z = 2x, + lx 
subject to: 15. =165 
ПЕ ig Sk 


with х2 0, хә 2 0 
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Use the simplex algorithm to show that this problem has ап 


bounded solution. 


Consider the following linear programming problem: 


Maximize Z = —2x, + 3x; 


subject to: xi x5 


with 


Use the simplex algorithm to show that this problem has an 


2x1 = 3x = 6 


x, 2 0,х 2 0 


bounded solution. 


Consider the following linear programming problem: 


Maximize Z = 1x, + 4x 


subject to: —-]1x, + 2x. = 14 
-2x + Ix, sS 2 
with ху 2 0, х 2 0 


Use the simplex algorithm to show that this problem has ап 


bounded solution. 


Consider the following linear programming problem: 


Maximize Z = 3x, + 1x; 
subject to: 2x, + 5x, = 10 


with 


Use the simplex algorithm to show that this problem has an 


3xi + lx, = 6 
x, = 0, х > 0 


bounded solution. 


Consider the following linear programming problem: 


Minimize Z = 2x, — 5x, + Зх; 


subject to: 3x, + 10x; + 5x, 
83x, - 10х; - 9x, 
1x, * 2х, же lxs 

with 


xı = 0, хо = 0, x, unconstrained in sign 
Use the simplex algorithm to show that this problem has an 


bounded solution. 


Consider the following linear programming problem: 


ж 
z= 


15 
12 
4 


Maximize 7 = 4x, — 3x, + 5x, + 2x, 


The Simplex Method 


10 


subject to: lx, + 5x; + 9x, — бх, = -9 
3x, — lx + lx, + 3х, S 
—2x, — 9x, 7x3 - 8х2 0 
with xı = 0, x. = 0,x5 = 0, xq = 0 


Use the simplex algorithm to show that this problem has an 


bounded solution. 


Consider the following linear programming problem: 


Maximize Z = —3x,; - 2x, 


subject to; 


with 


Ix, + 2x, 8 2 
2x, + 4x, = 8 
x, =0,x,20 


un- 


un- 


un- 


un- 


un- 


un- 
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Use the simplex algorithm to show that this problem has no feasible 
solution. 


Consider the following linear programming problem: 
Maximize Z = 2x, + Зх, 


subject to: lx, - lx = 4 
Ix, + 1x46 
1x; <2 


with х2 0, х 2 0 
Use the simplex algorithm to show that this problem has по feasible 
solution. 
Consider the following linear programming problem: 
Maximize Z = 3x, + 5x; 
subject to: 4x, + 4x, = 20 

7x, + 9x4 8 21 

Xi 22005 

with х2 0, х2 0 
Use the simplex algorithm to show that this problem has no feasible 
solution. 
Consider the following linear programming problem: 
Maximize Z = x, + Зх 
subject to: ху ~ T= 1 

ӛхі тш 1х = - 3 
with х= 0, хә = 0 
Use the simplex algorithm to show that this problem has по feasible 
solution. 
Consider the following linear programming problem: 
Minimize Z = x, + 2x» 
subject to: xy 559 

—x, + хә > 6 
with x, = 0, Хә > 0 
Use the simplex algorithm to show that this problem has no feasible 
solution. 
Consider the following linear programming problem: 
Maximize Z = 3x, + 7x» 
subject to: lx, - 1х2 0 

3x, == lx; 5-5 
with хі > 0, хә => 0 
Use the simplex algorithm to show that this problem has no feasible 
solution. 
The following problems are larger, in terms of the number of con- 
straints and variables that those preceding: Thus, they are generally 
rather time consuming and difficult to solve by hand. It is recom- 
mended that a computer code be used for obtaining solutions for the 


following problems. 
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Solve the following linear programming problem: 
Maximum Z = 5x, + lx, + 2x3 + 3x, = 1х5 + 7% 


subject to: Іх + 3х5 + 2x, = 20 
2x, — 1% = 15 

2x, — Ixy + 5х; + 1х, + 2x5 + 1х6 10 

3s X4 = 9 

ху + 3x6 = 25 

бху > = 20 

3% + lx 2% + 3х = 60 

= Ix, + 2х + 1x, > 10 


with x, = 0, хо = 0, хз = 0, x, = 0, х5 = 0, x, = 0 

Solve the linear programming formulation you determined for Prob- 
lem 2-8. (All of the following problems are based on the “Problem 
Set” section of Chapter 2.) 

Solve the linear programming formulation you determined for Prob- 
lem 2-9. 

Solve the linear programming formulation you determined for Prob- 
lem 2-10. 


Solve the linear programming formulation you determined for Prob- 
lem 2-11. 


Solve the linear programming formulation you determined for Prob- 
lem 2-12. 


Solve the linear programming formulation you determined for Prob- 
lem 2-13. 


. Solve the linear programming formulation you determined for Prob- 


lem 2-14. 


Solve the linear programming formulation you determined for Prob- 
lem 2-15. 


Solve the linear programming formulation you determined for Prob- 
lem 2-16. 


Solve the linear programming formulation you determined for Prob- 
lem 2-17. 


Solve the linear programming formulation you determined for Prob- 
lem 2-18. 


Solve the linear programming formulation you determined for Prob- 
lem 2-19. 


Solve the linear programming formulation you determined for Prob- 
lem 2-20. 


. Solve the linear programming formulation you determined for Prob- 


lem 2-21. 


Solve the linear programming formulation you determined for Prob- 
lem 2-22. 


Solve the linear programming formulation you determined for Prob- 
lem 2-23. 


. Solve the linear programming formulation you determined for Prob- 


lem 2-24. 
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Solve the linear programming formulation you determined for Prob- 
lem 2-25. 

Solve the linear programming formulation you determined for Prob- 
lem 2-26. 

Solve the linear programming formulation you determined for Prob- 
lem 2-27. 

Solve the linear programming formulation you determined for Prob- 
lem 2-28. 

Solve the linear programming formulation you determined for Prob- 
lem 2-29. 

Solve the linear programming formulation you determined for Prob- 
lem 2-30. ч 

Solve the linear programming formulation you determined for Prob- 
lem 2-31. 

Solve the linear programming formulation you determined for Prob- 
lem 2-32. 

Solve the linear programming formulation you determined for Prob- 
lem 2-33. 

Solve the linear programming formulation you determined for Prob- 
lem 2-34. 

Solve the linear programming formulation you determined for Prob- 
lem 2-35. 

Solve the linear programming formulation you determined for Prob- 
lem 2-36. 

Solve the linear programming formulation you determined for Prob- 
lem 2-37. 

Solve the linear programming formulation you determined for Prob- 
lem 2-38. 

Solve the linear programming formulation you determined for Prob- 
lem 2-39. 

Solve the linear programming formulation you determined for Prob- 
lem 2-40. 

Solve the linear programming formulation you determined for Prob- 
lem 2-41. 

Solve the linear programming formulation you determined for Prob- 
lem 2-42. 

Solve the linear programming formulation you determined for Prob- 
lem 2-43. 

Solve the linear programming formulation you determined for Prob- 
lem 2-44. 

Solve the linear programming formulation you determined for Prob- 
lem 2-45. 

Solve the linear programming formulation you determined for Prob- 


lem 2-46. 
Solve the linear programming formulation you determined for Prob- 


lem 2-47. 
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98. Given the following linear programming problem: 


99. 


100. 


101 


. 


Maximize 2 = 4x, + бх; 
subject to: 2x, + 3x. = 150 
4x, + 2x, = 80 

with x, 0,х > 0 

(a) Find the optimal solution to this problem using the graphical 
method. 

(b) How many extreme points are on your graph? Identify each of 
these extreme points, and the corresponding value of the objec- 
tive function, in order to indicate the optimal solution. 

(c) Is there a redundant constraint for this problem? If so, identify 
it. 


Given the following linear programming problem: 
Maximize Z = 5x, + 3x 


subject to: x, =12 
x; = 12 
xı + x S 14 


with ху т0,х>0 

(а) Graph the feasible region for this problem. 

(b) Identify each of the extreme points, and the corresponding value 
of the objective function. 

(c) Determine the optimal solution. 

(d) If the objective function of the problem was changed to Maximize 
Z = 3x, + 5x, what would the optimal solution be? 


Given the following linear programming problem: 
Maximize Z = 6x, + Зх, 
subject to: 2x; + 1x, - 8 
3x, + 3x, = 18 
Іі = 3 
with x, =0,x,=0 
(a) Solve the problem graphically. 
(b) Does this problem have more than one optimal solution? If it 
does, identify the alternative optimal solutions. Explain what the 
line segment connecting the alternative optimal solutions means. 


(c) Does this problem have a redundant constraint? It it does, identify 
it. 


Given the following linear programming problem: 
Maximize 2 = 4x, + 6x, 
subject to: 2x, + 3x, = 12 
6x, + 2x, = 18 
with x, > 0, x > 0 
(a) Solve this problem graphically. 
(b) Does this problem have more than one optimal solution? If it 
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does, identify the alternative optimal solutions. Explain what the 
line segment connecting the alternative optimal solutions means. 


Given the following linear programming problem: 
Maximize Z = Ix, + 4х, 
subject to: -Іх, + 2x, s 14 
-2x, + 1х5 2 
with x,20,x%20 
Solve this problem graphically and state what your solution indicates. 


Given the following linear programming problem: 
Maximize 2 = 3x, + 1x, 
subject to: 2x, + 5x, = 10 

3x, + 1x,2 6 


with х2 0, х >= 0 
Solve the problem graphically and state what your solution indicates. 


Given the following linear programming problem: 
Maximize Z = 2x, + 3x» 


subject to: lx, = lx, z 4 
Ix, + 1x, =6 
lx, =2 


with x, > 0, хә > 0 
Solve this problem graphically and state what your solution indicates. 


Given the following linear programming problem: 
Maximize 2 = 3x, + 5x» 
subject to: 4x, + 4x, = 20 
7х, + Зх = 21 
1x, = 5 
with x, > 0, хә = 0 
Solve this problem graphically and state what your solution indicates. 


For the following constraint set the corresponding graph is presented. 
Answer the question following the graph. 

3x, E 2х, = 12 х2 
-lx + 1552 


хі 
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4.1 INTRODUCTION 


One of the most important concepts in linear 

. programming is that of duality theory. It is of 
importance for several reasons. First, duality the- 
ory serves as a unifying concept that enables the 
manager to explore the interrelationships be- 
tween a given linear programming problem (often 
called the primal problem) and a related linear 
programming problem (often called the dual 
problem). Second, an understanding of duality 
theory greatly enhances the general understand- 
ing of the structure of linear programming prob- 
lems, particularly with respect to their economic 
ramifications. Third, duality theory provides the 
basis for the reformulation of linear programming 
problems, and such reformulation may allow for 
computational efficiencies for certain problems. 
Fourth, duality theory forms the foundation for 
the construction of several other linear program- 
ming algorithms, such as the dual simplex algo- 
rithm, which will be used in this chapter and in 
solving integer programming problems, and the 
modified distribution algorithm, which will be 
used to solve transportation problems. Finally, 
duality theory is utilized in the development of 
various sensitivity analysis techniques for linear 
programming. 

The experienced management science practi- 
tioner usually is interested in a great deal more 
than simply the numerical values of the optimal 
linear programming solution. More often, the 
management scientist is concerned with examin- 
ing the effect of changes in certain parameters of 
the linear programming problem upon the prob- 
lem’s optimal solution. Such an investigation is 
called sensitivity analysis or postoptimality anal- 
ysis. Sensitivity analysis commonly concerns the 
following types of situations: 


1. Changes in the coefficients of the objective 
function. 

2. Changes in the right-hand-side values of the 
constraint set. 

3. Addition of a constraint (row) to the linear 
programming problem. 

4. Addition of a variable (column) to the linear 
programming problem. 


Both duality theory and sensitivity analysis will 
be discussed in detail in this chapter. 


Duality Theory and Sensitivity Analysis 


4.2 DUALITY THEORY 


To initiate our discussion of duality theory we 
begin with the assumption that the primal linear 
programming problem can be stated in standard 
form as follows. 


Primal Problem—Standard Form 


Maximize 2, = суху + сұх + °°° + с,х, (4-1) 
subject to: аху + axy + + aux, E 
ахі + ажа + ** + арх, Sbe 

(4-2) 
аһ + аха tt + ах, = bu 

with Kp 0722 s.n (4-3) 


This primal problem has an associated dual linear 
programming problem that can be stated in s/an- 
dard form as follows. 


Dual Problem—Standard Form 


Minimize 2, = бу + boyo + ++ + by, (4-4) 
subject to: ау + days + Ға, >с, 
ару + а») oc + а,ә), = Co 

y ; ES. d 
ау Жа,» + E + а, = C, 

with y20;i212,:..,m (4-6) 


It should be mentioned that the problem for- 
mulation given by Equations 4-1, 4-2, and 4-3 is 
commonly referred to as the primal problem of 
linear programming, and the problem formula- 
tion given by Equations 4-4, 4-5, and 4-6 is 
typically referred to as the dual problem of linear 
programming. These names, while commonly 
employed, are arbitrary in nature. 

At this point we should carefully note the 
following relationships between the primal prob- 
lem and the dual problem. 


l. The objective function is maximized in the 
primal problem and minimized in the dual 
problem. 


2. The objective function coefficients in the dual 
problem are the right-hand-side values in the 
primal problem. Similarly, the right-hand-side 
values in the dual problem are the objective 
function coefficients in the primal problem. 

3. The coefficients of the dual constraints are the 
same as those of the primal constraints, but 
with row and column coefficients inter- 
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FIGURE 4.1 PRIMAL-DUAL RELATIONSHIPS 


changed. Thus, the coefficients of row i=k 
in the primal problem become the coefficients 
of column j = А in the dual problem. 

4. The primal problem concerns a set of “less 
than or equal to” constraints while the dual 
problem concerns a set of “greater than or 
equal to” constraints. 


5. For each variable in the primal problem there 
is a corresponding dual constraint. For each 
constraint in the primal problem there is a 
corresponding dual variable. 


The correspondence between the primal problem 
‚ and the dual problem is further illustrated in Fig. 
4.1. 

In this figure, the horizontal headings refer to 
the primal problem, and the vertical headings 
refer to the dual problem. Note that the coeffi- 
cients of the objective function for either of these 
two problems are the right-hand-side values for 
the other problem. Also, the row coefficients for 
the primal problem become the column coeffi- 
cients for the dual problem. Finally, we maximize 
in the primal problem and minimize in the dual 
problem. 


Coefficients of primal objec- 
tive function (maximize) 


To illustrate a primal problem and its corre- 
sponding dual problem numerically, let us once 
again consider our production scheduling exam- 
ple. In this numerical example, the relationships 
between the two problems have been indicated 
by means of connecting arrows. The primal prob- 
lem has two constraints and two decision variables. 
Likewise, the dual problem will have two decision 
variables and two constraints. 

Substituting the parameters for the example 
into the format summarized in Fig. 4.1 yields Fig. 
4.9 (explanatory headings have been deleted). 


FIGURE 4.2 NUMERICAL ILLUS- 
TRATION OF PRIMAL-DUAL RE- 
LATIONSHIPS 
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Primal Problem 


Maximize 2,- 


subject to: 


with x120,x;20 


4.2.1 THE DUAL THEOREM OF 
LINEAR PROGRAMMING 


Тһе dual theorem of linear programming can be 
stated as follows. 


Dual Theorem 


l. ху] = 1,2,..., nis a feasible solution for the 
primal problem and у; i = 1, 2,..., misa 
feasible solution for the dual problem, then: 


2, = Sox, = Уһ, = 2, 
j=l i=} 


2. If both the primal and dual problems have feasible 
solutions, then the primal problem has an optimal 
solution xj; j = 1,2,..., папа the dual problem 
has an optimal solution yî; i = 1,2,..., m, such 
that: 


(4-7) 


2 = Dox; = Уу = 2; (4-8) 
үзі ЕТ 
We can use our familiar production scheduling 
example to verify the dual theorem numerically. 
Using the dual theorem, part 1, we can state: 


Z, = 6x, + 8х, = 60у, + 40у, = Z, (4-9) 


for any feasible solution to the primal problem 
and any feasible solution to the dual problem. 
One feasible solution to the primal problem, 
obtained by use of the simplex method, is x; = 


0, x» = 6,5, = 0,5; = 16. One feasible solution 
to the dual problem, obtained by use of the 
simplex method is y, = 0,у; = 2,5) = 2, A, = 


0,5; - 0, А; - 0. Substituting into Equation 4- 
9 we have: 


Z, = 6x, + 8x, 5 60у, + 40у, =Z, 
Z, = 6(0) + 8(6) 5 60(0) + 40(2) = Z, (4-10) 
Z, = 48 5 80 - 2 
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Dual Problem 


60y, + 40y, 


Minimize 2у= 


subject to: 


10y; + 4у; 


with y120,y220 


This numerical verification of part 1 of the dual 
theorem indicates that the optimal value of the 
objective function for both the primal problem 
and the dual problem must lie within the range 
of Z, - 48 to Z, - 80. 

Using the dual theorem, part 2, we can state: 


Zi = 6х] + 8; = 60y; + 40у; = Z; (4-11) 


for the optimal feasible solution to the primal 
problem and the optimal feasible solution to the 
dual problem. The optimal feasible solution to 
the primal problem, obtained by use of the sim- 
plex method, is x} = 8, x3 = 2,5] = 0,5; = 0. 
The optimal feasible solution to the dual problem, 
obtained by use of the simplex method, is у = 
фу = 1,5] = 0, Ai = 0,53 = 0, А; = 0. 
Substituting into Equation 4-11 we have: 

2; = бхі + 8x; = 60yî + 40у; = Z; 

Zi = 6(8) + 8(2) = 60(%) + 40(1) 

Z; = 64 = 64 - 2; 


! 
м 


(4-12) 


The numerical verification of part 2 of the dual 
theorem indicates that the optimal value of the 
objective function is 64 for both the primal prob- 
lem and the dual problem. 


4.2.2 COROLLARIES TO THE 
DUAL THEOREM 


Several important corollaries to the dual theorem 
of linear programming can also be stated. The 
most important of these corollaries deals with the 
property known as complementary slackness. 


Corollary 1 (Complementary Slackness.) Let Xj. 
for} = 1,2,..., n, and yi, fori = 1, 2,..., m, 
be the corresponding basic feasible solutions to the primal 
problem and the dual problem, respectively. Then, the 


Duality Theory 


xî and the y; are optimal if, and only if: 


(Жал Е i) ='0° Ср ы” 9... -' (413) 
j=l 


“(Зал = o) 


To understand the complementary slackness 
property, it is first necessary to state the important 
relationships between the primal and dual prob- 
lems that arise as a result of the direct correspond- 
ence between their basic solutions. The association 
between the variables in the primal problem 
(assumed to be in standard form) and the dual 
problem (assumed to be in standard form) can be 
summarized as follows." 


M 
с 


forj = 1,2,...,n (4-14) 


Primal Associated 
Variable Dual Variable 
(Original decision vari- (Surplus variable) 
able) 
x Чыр тп $5j -1,2,...." 


(Original decision vari- 
able) 
Jji = 1,2,...,т 


(Slack variable) 


sgi = 19, ы. ИН 


Thus, the first primal decision variable is associ- 
ated with the first dual surplus variable, the 
second primal decision variable is associated with 
the second dual surplus variable, and so forth. 
Likewise, the first primal slack variable is associ- 
ated with the first dual decision variable, the 
second primal slack variable is associated with the 
second dual decision variable, and so forth. 

The complementary slackness property states 
that each basic feasible solution in the primal 
problem has a complementary basic feasible so- 
lution in the dual problem, with a complementary 
slackness relationship as follows: 


Primal Corresponding 
Variable Dual Variable 
Basic (> 0) Nonbasic (= 0) 


Nonbasic (= 0) Basic (> 0) 


——————————— ا 
'Observe that we do not consider artificial variables іп‏ 
these relationships. Although artificial variables may be re-‏ 
quired in the dual problem to generate an initial basic feasible‏ 
solution, they only change the feasible region temporarily and‏ 
are forced out of the solution as we move toward optimality.‏ 
Thus, there is no association for artificial variables.‏ 
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Another way of stating the complementary slack- 
ness property is to indicate that, whenever a 
constraint in either one of the problems holds as 
a strict inequality so that there is slack (or surplus) 
in the constraint, the corresponding variable in 
the other problem equals zero. Conversely, when- 
ever a constraint in either one of the problems 
holds as a strict equality so that there is no slack 
(or surplus) in the constraint, the corresponding 
variable in the other problem must be positive. 
То illustrate the property of complementary 
slackness consider our production scheduling 
problem, which can be written in primal form as: 


Primal Problem 


Maximize Z = бх, + 8x; (4-15) 

subject to: 5x, + 10x, = 60 (4-16) 
4x, + 4х > 40 

with х2 0, х, 2 0 (4-17) 


The optimal solution to this primal problem is 
x, = 8, x = 2,5, = 0, and s, = 0; maximum 
Z = 64. Substitution of x; = 8 and x; = 2 into 
the two constraints indicates that both would hold 
as strict equalities so that no slack would be 
present in either constraint. 

The corresponding dual problem is: 


Dual Problem 


Minimize Z' = 60y, + 40у, (4-18) 

subject to: бу + 4y 26 (4-19) 
10у, + 4y2 = 8 

with Jı = 0,72 = 0 (4-20) 


The optimal solution to this dual problem is 
y= 892 = 1,9 = 0, А, = 0,5 = 0, and A; = 
0; minimum Z' = 64. Substitution of y; = 8, 
уз = 1 into the two constraints indicates that both 
would hold as strict equalities so that no surplus 
would be present in either constraint. 

For these two optimal solutions, the following 
complementary slackness relationships hold: 


Primal 
Variables 


Corresponding 
Dual Variables 


Nonbasic: 

sı = 0 (first dual sur- 
plus variable) 

Sy = 0 (second dual 
surplus variable) 


Basic: 

x, = 8 (first primal 
decision variable) 

x4 = 2 (second pri- 
mal decision vari- 


able) 
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Primal Corresponding 
Variables Dual Variables 
Nonbasic: Basic: 


yi = 3 (first dual de- 
cision variable) 

ys = 1 (second dual 
decision variable) 


sı = 0 (first primal 
slack variable) 

Sy = 0 (second pri- 
mal slack variable) 


In the primal problem, the first and second 
constraints hold as strict equalities. Therefore, 
the first and second dual variables y, and у» must 
have positive values. In the dual problem, the 
first and second constraints hold as strict equali- 
ties. Consequently, the first and second pri- 
mal variables x, and x» must also have positive val- 
ues. These relationships illustrate complementary 
slackness. 

A second important corollary of the dual theo- 
rem of linear programming is the following: 


Corollary 2 [f the primal problem has ап unbounded 
solution, then the dual problem has no feasible solution. 


То show that this corollary is true, recall that we 
indicated in our previous discussion of the dual 
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theorem that 


(4-21) 


о» = 24»; 
ta i= 
or 


Maximum Z = ex = by (4-22) 


But our assumption is that the primal problem is 
unbounded; hence, maximum Z = o, This means 
that there is no feasible y whose components are 
all finite, and there is no feasible solution to the 
dual problem. 

However, we must be careful not to conclude 
that, if the primal problem has no feasible solu- 
tion, then the dual problem will have an un- 
bounded solution. In this case the dual problem 
may be either unbounded or infeasible. Thus, 
four combinations of feasibility and infeasibility 
for the primal and the corresponding dual prob- 
lems may occur. An example of each of these 
cases is presented in Table 4.1. 

Тһе nature of the solutions to the primal and 
the corresponding dual problems shown in Table 
4.1 can be verified graphically. Additionally, in 
example 2 of Table 4.1 it is apparent that x; may 
be increased indefinitely without violating the 


TABLE 4.1 EXAMPLES OF PRIMAL-DUAL SOLUTIONS 


Example Primal Solutions 
1 Primal Feasible 
Maximize Z, = 3x, + 2x, 


subject to: 2x, + 2x, 8 6 
$x, = 1x, s 4 
with x,20,x,20 


2 Primal Feasible and Unbounded 


Maximize 2, = 3x, + 2x, 


Dual Solutions 
Dual Feasible 
Minimize Z, = бу, + 4y, 
2y, + Зу, = 3 
2y, ¬ ly, = 2 
y 20,220 
Dual Infeasible 
Minimize Z, = бу, + 4у, 


subject to: 


with 


subject to: 2x, — 2x, 56 subject to: 2y, + Зу, = 3 
3x, - 1x, 54 = = ly, 2 2 
with x, 20,x,20 with y 20,9,20 
3 Primal Infeasible Dual Feasible and Unbounded 
Maximize Z, = 3x, + 2x, Minimize Z, = -бу, + 9у, 
subject to: —2x, - 2х,5 -6 subject to: —2y, + 3у, 2 3 
9x, + 1, s 2 —2y, + ly, 2 9 
wih x, 20,x,20 with у,>0,у,>0 


4 Primal Infeasible 


Dual Infeasible 


Maximize Z, = 3x, + 2x, Minimize Z, = -бу, + 2y, 
subject to -2х, + 2х,5 -6 subject to: -J + ly, 2 3 

Ix, - Ix, s 2 2y, - ly, 2 2 
with x, 20,x,20 with y 2 0, у, 2 0 
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constraints or the nonnegativity conditions, while 
at the same time the objective function becomes 
unbounded. The constraints of the dual problem 
for example 2 are clearly infeasible since the two 
constraints cannot be satisfied simultaneously. In 
example 3, the constraints of the primal problem 
cannot be satisfied simultaneously so it is infeas- 
ible. In the corresponding dual problem, both y, 
and y, can be simultaneously increased indefi- 
nitely without violating the constraints or the 
nonnegativity conditions, while at the same time 
the objective function becomes unbounded. In 
example 4, the fact that neither the primal nor 
the dual problem is feasible can be easily verified 
by multiplying the first constraint of each problem 
by negative one. 

The primal and dual problems may not always 
be couched in the standard form indicated by 
Equations 4-1, 4-2, and 4-3 and Equations 4-4, 4- 
5, and 4-6. Again, it should be emphasized that 
the "primal" and “dual” names are arbitrary. 
Thus, whether in standard primal form or not, 
any linear programming problem possesses a 
dual. First, it is always possible to convert a 
nonstandard form into an equivalent standard 
primal form. Four such conversions that can be 
employed are: 


1. Minimize Z. Convert to maximize (— Z). 


п n 
2. Yajx, > b, Convert to = Уау, S —b;. 
j=l j=l 


к 
3. Sax; = b. Convert to Уау) = b, and 
j=l j=l 


" 
- Ха, 5-5. 
үзі 


4. x, unconstrained іп sign. Convert to (x; - 
xj), with x; = 0, x; = 0. 
Thus, any nonstandard form can be converted 
into a standard primal form, and the problem 
can then be dualized in the usual way. 
To illustrate this process, let us consider the 
following dual problem, presented in standard 
form. 


Dual Problem 
Minimize Z, = 7y, + 4y2 + буз + 5y, + 8y, (4-23) 
subject to: 


2y, — Зу, + Зу, + 5), 2 3 (4-24) 
Зу, + 2у, + 4у, =4 


145 


with Jı = 0, у: 2 0,у, = 0, у, 2 0, у, 20 (4-25) 


Now, convert this dual problem to the standard 
form for the primal problem. 


Converted Problem 
Maximize (-2,) 
= —7у, = 4): — бу, = 5) – 8y, (4-26) 
subject to: 
—2у, + Зуу — Зу, - 5). 5-3 (4-97) 
—3y. — 2ys - 4) 5 -4 
with Jı 20,y2 = 0, уз = 0, у, 2 0, у 20 (4-28) 
Next, dualize this converted problem. 
Dualized Problem 
Minimize (—Z,) = - 3x, — 4x, (4-29) 
subject to: -2x, ==—7 
= 3х: >= -4 
+3x, — 2x, = —8 (4-30) 
—3x, — 4x, 2 -5 
-ӛхі > -8 
with x,z0,x,—0 (4-31) 


Finally, convert this dualized problem to the 
standard form of the primal problem. 


Primal Problem 


Maximize 2, = 3x, + 4х, (4-32) 
subject to: 2x, =7 
+ 3x, 54 

—3x, + 2x, = 6 (4-33) 
3x, + 4х 5 
5x, Е8 

with х2 0), х 20 (4-34) 


Thus, we һауе obtained the standard form of the 
primal problem. This indicates that, for any pri- 
mal and dual problems, all relationships among 
them must be symmetrical because the dual of 
the dual problem is the primal problem. 

The illustration just presented did not involve 
either equality constraints or variables uncon- 
strained in sign. These two situations can be 
addressed by using two final corollaries to the 
dual theorem of linear programming. These cor- 
ollaries are 


Corollary 3 If the ith constraint in the primal problem 
is a. strict equality, then the ith dual variable is unre- 
stricted in sign. 
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Corollary 4 If some variable x; in the primal problem 
is unrestricted in sign, then the jth constraint of the 
dual problem will be a strict equality. 


To illustrate these two corollaries, consider the 
following problem: 


Primal Problem 


Maximize 2, = 5x, + 7х, + 4x, (4-35) 
subject to: 9x, + 2x, + 5x, 8 6 
2x, 7 Ж 4, 59 (4-36) 
= 3х, + Ix, =5 
with x, = 0, x, = 0, x, unrestricted in sign (4-37) 


Using the corollaries just presented, the dual of 
this problem is: 


Dual Problem 


Minimize Z, = бу, + 9у, + 5у; (4-38) 
subject to: Зу, + 2y; =5 
2y, = %;г7 (4-39) 
Бу, + 4), + 1); = 4 
with — y, = 0, y; = 0, y, unrestricted in sign (4-40) 


The third constraint in the primal is an equality 
and the third dual variable у; is unrestricted іп 
sign. The third primal variable x, is unrestricted 
in sign, and the third dual constraint is an equality. 

The various duality relationships can be sum- 
marized as follows: 


Resource 1: 
Resource 2: 


5 (hours per unit)x, + 
4 (hours per unit)x, + 
4 


subject to: 


Amount of 
resource і 
used in 
activity; = 1 
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Primal 
(Maximize) 


Objective function 
coefficients 

Right-hand-side val- 
ues 

ith row of coefficients 


ith constraint = 

ith constraint = 

ith constraint = 

jth column of coeffi- 
cients 

jth variable = 0 

jth variable = 0 

jth variable unre- 
stricted 


Dual 
(Minimize) 


Right-hand-side val- 
ues 

Objective function 
coefficients 

ith column of coeffi- 
cients 

ith variable > 0 

ith variable < 0 

ith variable unre- 
stricted 

jth row of coefficients 


jth constraint = 
jth constraint = 
jth constraint = 


4.3 ECONOMIC INTERPRETATION 
OF THE DUAL PROBLEM 


As noted earlier, one of the most important uses 
of the dual concerns the economic interpretation 
of linear programming problems. To illustrate 
how the dual is used to analyze the economics of 
linear programming problems, let us consider the 
production scheduling problem of Chapter 3. The 
primal formulation of this problem is as follows: 


Primal Problem 


Unknown 
level of 
activity j = 2 
(по. of units) 


Unknown 
level of 
activity; = 1 
(no. of units) 


$ } 
Maximize 7, = $6x, + $8x, (4-41) 
Т Т ! 
Total profit Unit profit Unit profit 
from all for activity for activity 
activities ізі ј = 2 
($ рег unit) ($ per unit) 
10 (hours per unit)x, 5 60 hours (i = 1) 
4 (hours per unit)x, 5 40 hours (i = 2) 
t 1 (4-42) 


Amount of 
resource 1 
used in 


activity; = 2 


Total amount 
of resource i 


available 


Economic Interpretation of the Dual Problem 


with x, ж 0, x, 20 (4-43) 
1 1 
Unknown Unknown 
level of level of 
activity = 1 activity j = 2 


(no, of units) (no. of units) 


The corresponding dual problem is as follows: 


Dual Problem 
Unknown Unknown 
marginal marginal 
value of value of 
resource i = 1 resource i = 2 
($ per hour) ($ per hour) 
| ү 


Minimize Z, = 60 (hours) + 40 (һошз)у; (4-44) 
t t 


Total value Total amount Total amount 
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values in the dual problem are the marginal values 
(unknown) of the resources i = 1,2,..., m. The 
objective function coefficients in the dual problem 
are the total amount of resources available, and 
the objective function represents the total value 
of all resources. The right-hand-side values in the 
dual problem represent the unit profits associ- 
ated with activity j. Finally the coefficients of the 
constraints in the dual problem represent the 
amounts of resources (i = 1, milling machine 
hours; i - 2, metal lathe hours) required for the 
activities (/ — 1, 2). | 

Note that, in the primal problem, we are 
seeking to allocate quantities of resources to max- 
imize profits. Conversely, in the objective function 
of the dual problem we seek to minimize the 
value of these resources. Thus, the decision vari- 
ables, the y; in the dual problem can be considered 


of all of resource of resource to be the marginal values of the resources. They 
resources i=1 і-2 represent the opportunity costs ог shadow prices 
available available 
subject to: Activity 1: 5 (hour)y, + 4 (hour)ys = $6 (j= 1) 
Activity 2: 10 (hour); + 4 (hour)y, = $8 (j = 2) 
t Т (4-45) 
Amount of resource i = 1 Amount of resource i = 2 Unit profit 
(milling machine) hours (metal lathe) hours for activity j 
required for activity j required for activity j ($ per unit) 
with y = 0, у zo (4-46) 4 ү 
1 associated with milling machine time and metal 
Unknown Unknown lathe time, respectively. The marginal value of a 
marginal marginal resource can also be thought of as the change 
value of value of that occurs in the objective function of the primal 
resource і = ] | resource i = 2 problem as a result of utilizing an incremental 
($, pen Rent Бор nonn unit of that resource. This marginal value, or 


In the primal problem we are seeking to allo- 
cate quantities of resources to maximize profits. 
The x, values in the primal problem are the activity 


levels (unknown) for activities j = 1, 2,..., n. 
The c; values in the primal problem are the unit 
profits associated with activities j = 1, 2, ..., n, 


and the objective function represents the total 
profit associated with all the activities that are 
undertaken. The right-hand-side values in the 
primal problem, the b; represent the amount of 
resources available. Finally, the coefficients of the 
constraints in the primal problem, the a,j, repre- 
sent the amounts of resources (i = 1, 2), con- 
sumed by the activities 212). , 

In the dual problem we аге seeking to deter- 
mine the marginal values of the resources to 
minimize the total value of all resources. The у, 


shadow price, will hold as long as the change in 
the resource would not result in a new solution 
to the problem. Thus, the change in the resource 
must be sufficiently small to ensure that the 
current set of basic variables remains optimal, 
since the shadow price changes if the set of basic 
variables changes. 

It is also important to consider the interpre- 
tation of the constraint set for the dual problem. 
The first constraint states that the time to produce 
one unit of product x, on the milling machine (5 
hours) times the opportunity cost of using the 
milling machine (у) plus the time to produce one 
unit of product x; on the metal lathe (4 hours) 
times the opportunity cost of using the metal 
lathe (уз) must be equal to or greater than $6. 
This $6 is the objective function or profit coeffi- 
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cient of опе unit of product x, in the primal 
function. It can also be thought of as the contri- 
bution margin of one unit of product хі, and this 
constraint thus indicates that the value to the firm 
from allocating the scarce resources to manufac- 
ture one unit of product x, must be equal to, or 
greater than, the contribution margin of one unit 
of product x,. Likewise, the first constraint indi- 
cates that the total opportunity cost for producing 
product x, is either going to be equal to the net 
profit (x, will be produced) or greater than the 
net profit (x, will not be produced). 

Тһе second constraint can be interpreted sim- 
Шагіу. Thus, it can be observed that the dual 
solution does not allow the opportunity cost of 
producing either product to be less than the 
incremental profit of the product. These con- 
straints show that the value to the firm of allo- 
cating its scarce resources to manufacture one 
unit of a product must be least equal the contri- 
bution margin for that product. The solutions to 
both the primal and dual formulations of the 
production scheduling problem, are presented in 
side-by-side fashion in Table 4.2. 

First, observe that the optimal value of the 
objective function Z — 64 is the same for both 
the primal problem and the dual problem. This 
illustrates our earlier statement of the dual theo- 
rem of linear programming. From our solution 
of this problem determined in Chapter 3, we 
know that a feasible solution with a finite valued 
objective function exists. From our solution to the 
dual problem, we see that it also has a solution 
with the same finite valued objective function. 

Now, consider the primal problem. Recall that 
we indicated earlier that the marginal value of a 
resource can be thought of as the change in the 
objective function of the primal problem that 
occurs as a result of utilizing an incremental unit 
of that resource. The marginal values of the 
resources are in the c; — Z, row in the final 
(optimal) tableau. For the primal problem, s, and 
so are the slack variables associated with the milling 
machine and metal lathe resources, respectively. 
In the optimal solution s, = 0 and sy = 0, which 
means that there is no slack present for either of 

these resources (i.e., all the available milling ma- 
chine time and metal lathe time is being used in 
the production of the two products, bearing plates 
and gears). Observe in the optimal primal tab- 
leau that the c, - Z; values for s, and s; are с, — 
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2,  —$andc, - 2, = —1. These values are 
the marginal values, or shadow prices, of milling 
machine time and metal lathe time, respectively. 
They indicate that inserting one unit of x; in the 
basis (i.e., requiring 1 hour of slack milling ma- 
chine time) would decrease the objective function 
by $0.40, and inserting one unit of s; in the basis 
(1.е., requiring 1 hour of slack metal lathe time) 
would decrease the objective function by $1.00. 
Alternatively, we can say that the values of these 
shadow prices indicate that the objective function 
will decrease by $0.40 if the availability of the 
milling machine resource b, is reduced by | hour 
from its present 60 hours, and the objective 
function will decrease by $1.00 if the availability 
of the metal lathe resource б» is reduced by 1 
hour from its present 40 hours. Conversely, these 
shadow prices indicate that an additional hour of 
miling machine time is worth $0.40, and an 
additional hour of metal lathe time is worth $1.00, 
as long as there is no change in the variables that 
comprise the optimal solution (i.e., the current 
basic variables x, and x; remain in the optimal 
basis). Therefore, the shadow price can also be 
thought of as the value or worth of relaxing a 
constraint by acquiring an additional unit of the 
factor of production associated with that con- 
straint. 

Consider next the marginal values of the de- 
cision variables x, and хо. These decision variables 
are in the optimal primal solution, and we have 
x, = 8 (produce eight bearing plates) and x, = 
2 (produce two gears) as the best production plan. 
Observe in the optimal primal tableau that the 
c; — Zj values for x, and x; are c; — Z, = 0 and 
€» — Z = 0. These values are the marginal 
values, or opportunity costs, associated with the 
real products x, (bearing plates) and x; (gears). 
Тһе fact that the opportunity costs are zero for 
both real products indicates that we are producing 
as much of each one as is possible given our 
resource constraints. Assume for a moment that 
our production planning problem involved a third 
real product and that, in the final tableau, we had 
obtained exactly the same solution as indicated in 
Table 4.1 except that we had an additional column 
for this third real product with a corresponding 
с, — Z; value of —5. This would indicate that 
opportunity cost, or marginal value, of forcing 
production of one unit of this third real product 
would be — $5.00. Thus, the ¢, - Z, row can also 
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be used to make an economic interpretation with 
respect to the decision variables. 

Considering next the dual problem, observe 
that the optimal solution to this problem indicates 
that y; = and ys = 1. This optimal dual solution 
indicates that the values of resource 1 (milling 
machine time) and resource 2 (metal lathe time) 
are $0.40 and $1.00, respectively. This is, of 
course, exactly what we observed by examining 
the c; - 7, row of the optimal solution to the 
primal problem. Additionally, we observed in the 
primal problem solution that $64 of profit would 
be generated by the production of eight units of 
product | (bearing plate) and two units of product 
2 (gear). Now, we also observe that, in the dual 
solution, the value of the resources used to gen- 
erate this $64 profit is also $64. This is confirmed 
by the fact that the objective function value 
for the dual solution is Z' = ($0.40 per hour 
of milling machine time) - (60 hours of milling 
machine time available) + ($1.00 per hour of 
metal lathe time) > (40 hours of metal lathe time 
available) = $64. 

Observe further that the values y; = % and 
у» = lin the dual solution are identical (except 
for the sign) to с, — 2, = апі 6, — Z, = 
—1 in the primal solution. This is not a coinci- 
dence, and indeed the solution values of the dual 
solution are uniquely the с; - 2; values of the 
corresponding variables in the primal solution. 
The correspondence between the c; - Z; values 
in the primal and the solution values of the 
variables in the dual is as follows. 


1. The first primal decision variable is хі, and 
thus the first dual surplus variable s, is associ- 
ated with it. Since c; - Z, = 0 in the primal, 
sı = 0 in the dual. 


2. The second primal decision variable is x», and 
thus the second dual surplus variable s, is 
associated with it. Since c; - Z, = 0 in the 
primal, s, — 0 in the dual. 


3. The first primal slack variable is $, and thus 
the first dual decision variable y, is associated 
with it. Since с, — 2, = —§ in the primal, 
y; = $ in the dual. 


4. The second primal slack variable is х, and thus 
the second dual decision variable у; is associated 
with it. Since с Z, = -linthe primal, y; 


1 in the dual. 
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All these various associations make sense. For 
example, the dual variable y, represents the op- 
portunity cost or the marginal value of 1 hour of 
milling machine time; the corresponding primal 
slack variable s, represents the unused capacity 
of the milling machine resource, and с, — 2, 
also represents the marginal value of the milling 
machine resource. Similarly, the solution values 
of the primal are uniquely the c; — Z, values of 
the corresponding variables in the dual solution. 
The correspondence between the с; = 2; values 
in the dual and the solution values of the variables 
in the primal is as follows: 


1. The first dual decision variable is у, and thus 
the first primal slack variable s, is associated 
with it. Since су — Z, = 0 in the dual, s, = 0 
in the primal. 

Тһе second dual decision variable is у;, and 
thus the second primal slack variable s; is 
associated with it. Since c — Z = 0 in the 
dual, s; = 0 in the primal. 

Тһе first dual surplus variable is s,, and thus 
the first primal decision variable x, is associated 
with it. Since с, - 2, - -8 in the dual, 
x; = 8 in the primal. 


> 


2 


4. The second dual surplus variable is sọ, and thus 
the second primal decision variable х is asso- 
ciated with it. Since, 0,7 7, = +2 ih the 
dual, x; = 2 in the primal. 


It should now be apparent that the final tableau 
of the primal problem solution provides both the 
optimal values of the primal decision variables, 
and through the c, — Z, values, the values of the 
dual decision variables. Since с, — 2, = – and 
6, — Z,, = —lin the optimal primal tableau, we 
know that y, = § and y; = 1 in the optimal dual 
tableau. The converse set of relationships hold 
for the final tableau of the dual problem. Since 
6, = 2, = 8 and c, - 2, = 2 in this optimal 
dual tableau, we know that x, = 8andx, = 2 in 
the optimal primal tableau. 


4.4 THE DUAL 
SIMPLEX ALGORITHM 


As noted earlier, another one of the important 
uses of duality theory is in the construction of 
other types of linear programming algorithms. 
One such algorithm is the dual simplex algorithm 
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in which we operate on the primal problem exactly 
as if the simplex method were being applied to 
the dual problem. 

All basic solutions to a linear programming 
problem can be categorized according to two 
criteria. 


1. Feasibility. All the basic variables in the current 
basic feasible solution are nonnegative (=0). 


2. Optimality. All thec; — Z; values are nonpositive 
(maximization) or nonnegative (minimiza- 
tion). 


These two criteria then lead to four classifications 
of basic solutions. 


1. Optimal. Solution is both feasible and optimal. 
2. Suboptimal. Solution is feasible but not optimal. 


3. Superoptimal. Solution is not feasible but opti- 
mality conditions are met. 


4. Neither feasible nor superoptimal. Solution is not 
feasible and optimality conditions are not met. 


To illustrate these four classifications, consider 
Table 4.3, which presents the six basic solutions 
for both the primal and dual formulations of our 
production scheduling problem. Recall that, in 
the application of the simplex method to the 
primal problem, we begin with a suboptimal 
solution (i.e., x, = 0, x = 0,51 = 60, and sy = 
40 in Table 4.3) and move toward the optimal 
solution by striving to satisfy the optimality cri- 
terion, at the same time maintaining feasibility. 
However, while the simplex method is iterating 
through a series of suboptimal solutions in the 
primal problem as it moves toward optimality, it 
is simultaneously treating a series of superoptimal 
solutions in the dual problem as it moves toward 
feasibility. The relationships between the comple- 
mentary basic solutions in the primal and dual 
problems may be summarized as follows. 


[3 Complementary 
Primal Dual 
Basic Basic 
Solution Solution 
Suboptimal Superoptimal 
Optimal Optimal 
Superoptimal Suboptimal 


Neither feasible nor 


Neither feasible nor 
superoptimal 


superoptimal 
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To illustrate these relationships consider the sec- 
ond basic solution to the primal problem, and the 
complementary dual solution as shown in Table 
4.3. For this basic solution we have 


it auena 


Primal Dual 
Basic Basic 
Solution Solution 
x, = 0 у =0 
ху = 6 уз = ¢ 
Ss, = 0 ѕ = 0 
$9 = 16 s= -2 
Z, = 48 (suboptimal) Z, = 48 (superoptimal) 


Now, it is sometimes more efficient to work with 
superoptimal basic solutions in the primal prob- 
lem and move toward feasibility, and hence op- 
timality. This is equivalent to using the simplex 
method to work with suboptimal basic solutions 
in the dual problem and moving toward optimal- 
ity as feasibility is maintained. The dual simplex 
algorithm is designed to deal with superoptimal 
basic solutions and work toward feasibility. The 
algorithm works on the primal problem exactly 
as if the simplex method were being applied 
simultaneously to the dual problem. 

The rules used for the dual simplex algorithm 
are very similar to those used for the simplex 
algorithm. The rules used to select the variable 
to leave the basis is as follows. 


Variable Removal Criterion The variable removal 
criterion is based upon the solution values for the basic 
variables. Examine the “Solution” column and select 
for removal the basic variable with the largest negative 
value. If the solution values for all basic variables are 
zero, or positive, the current solution is the optimal 
solution. 


The rule used to select the variable to enter the 
basis is as follows. 


Variable Entry Criterion Form ratios of the numbers 
in the cj — Zj row and the numbers in the row 
corresponding to the variable selected for removal from 
the basis. The numbers in the c, - Zj row become the 
numerators in these ratios and the numbers in the row 
corresponding to the variable selected for removal become 
the denominators. Ignore ratios formed that have zero 


'səjqenea erognae Sursn 1поцим рәшшләзәр әләм urajqoud [enp әц оз suoNNjos orseq ou], 
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jeuindogng aiqiseay 0 2 $0 08 jeumdosadng aiqiseajuoN 0 0- ог 0 € 
jeumdoaadng 9[qisejjuoN z- 0 0 8 [euindoqng aiqseagy 91 0 9 0 2 
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The Dual Simplex Algorithm 


or positive numbers in the denominator. The column 
variable selected for entry is the one whose ratio has the 
minimum absolute value. 


The basic solutions that are traced out using the 
dual simplex algorithm will be infeasible (except 
for the final basic solution, which will be feasible 
and hence optimal) because some of the basic 
variables will be negative. The entries for the 
c, - Z; will satisfy the conditions for optimality, 
and we will thus be considering a series of super- 
optimal, but infeasible, basic solutions as we move 
toward optimality and feasibility. 

At each iteration the Gauss-Jordan elimination 
procedure is employed to enter one new variable 
into the basis and to remove one existing variable 
from the basis. This pivoting process is done in 
exactly the same manner as in the regular simplex 
method, after the variable removal and variable 
entry criteria described have been used. After 
each iteration a check is made to see if all the 
basic variables are nonnegative. If they are, then 
the solution is feasible and, therefore, optimal. If 
one or more variables are negative, we must use 
the dual simplex rules and continue to make 
iterations until the feasible conditions are met. 

We shall now illustrate the dual simplex algo- 
rithm by applying it to the dual of our product 
mix problem, Recall that this dual problem was: 
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Expressing the constraints іп = form, we ob- 
tain: 


Minimize Z, = 60y, + 40у, (4-50) 


subject to: -5y ¬ 4 s -6 


"NS = жй <6 (4-51) 


with y,20,y,20 (4-52) 
Utilizing two slack variables s, and s; the initial 
dual simplex tableau can now be constructed as 
in Table 4.4. 

Within Table 4.4 the variable selected to leave 
the basis is determined by examining the "Solu- 
tion" column. The smallest value is s; = —8, so 
variable s, leaves the basis. The variable selected 
to enter the basis is determined by forming the 
ratio of the с, - 2, row and the s; row. These 
ratios are: 


y|-H|-6 | «— Minimum absolute value 


»1-*| = 10 
sı| 8 | (Ignore) 
sa| # | (Ignore) 


Thus, y, is selected to enter the basis, and a 
simplex iteration is then performed, leading to 
the second dual simplex tableau shown in Table 
4.5. 


(4-53) 


Minimize Z, = 60у, + 40у; (4-47) Within Table 4.5 the variable selected to leave 

: the basis is seen to be sı, since s, = —2 is the 

subiere MAP (4-48) only remaining negative value. The variable se- 

My T MER lected to enter the basis is determined by forming 

with у 20, у 2 0 (4-49) the ratio of the c; - Z; row and the s, row. These 
TABLE 4.4 INITIAL DUAL SIMPLEX TABLEAU 


Pivot 


Pivot element 


Pivot row 
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TABLE 4.5 SECOND DUAL SIMPLEX TABLEAU 
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ratios are: 
yl 8 | (Ignore) 
»|-% |= 8 <— Minimum absolute value (4-54) 
s| % | (Ignore) 
6 

—-|- 19 

ШЕ? 


Thus, уҙ is selected to enter the basis. Performing 
the corresponding simplex iteration we obtain the 
solution shown in Table 4.6. Since this solution 
is also feasible (y, = %, y» = 1), we are optimal. 
Our optimal solution is, of course, exactly the 
same as that shown in the final tableau in Table 
42; 

The dual simplex algorithm has been intro- 
duced, not because it is more efficient than the 
primal simplex algorithm, but because it is very 
useful in performing sensitivity analysis. Also, as 
will be shown in Chapter 9, the dual simplex 
algorithm is useful in solving problems having 
decision variables restricted to being integers. It 
should be stressed that the dual simplex method 
can be useful to solve both maximization and 
minimization problems, although we illustrated 
its use only for a minimization problem. 


4.5 SENSITIVITY ANALYSIS 


In Chapters 2 and 3 we analyzed the development 
and solution of linear programming problems. 
However, the overall goal of our study of linear 
programming is to develop an understanding and 
appreciation of the complex interrelationships 
that are present in linear programming models. 
You may recall that we alluded earlier to the fact 
that the manager and the management scientist 
are rarely interested in only the numerical values 
of the optimal solution to a linear programming 
problem. Generally, they are also interested in 
determining how far the input parameters of a 
linear programming model, the a,j, b;, and су, can 
vary before the optimal solution changes or is no 
longer optimal. This type of determination is 
called sensitivity analysis or postoptimality analysis. 
Quite often we can perform a sensitivity anal- 
ysis given the results shown in the final simplex 
tableau. We shall now consider four examples of 
sensitivity analysis: 
l. Changes in the coefficients of the objective 
function. 


2. Changes in the right-hand-side values of the 
constraint set. 


TABLE 4.6 THIRD DUAL SIMPLEX TABLEAU 


OPTIMAL SOLUTION 


Sensitivity Analysis 


3. Addition of a new constraint (row) to the linear 
programming problem. 


4. Addition of a new variable (column) to the 
linear programming problem. 


Many of the other sensitivity questions that could 
also be asked might require the use of a digital 
computer to ease the computations, but they 
would also tend to be based upon the use of the 
previous optimal solution. 

The reasons for making a sensitivity analysis 
are numerous and important. First, some of the 
parameter values used in a linear programming 
problem may be estimates, based either on his- 
torical data or on predictions of future conditions. 
Second, the parameters may have been specified 
on the basis of achieving a particular set of ob- 
jectives (e.g., the right-hand-side resources might 
be the desired labor force level at a point in time). 
These objectives might change as a result of the 
solution to the linear programming problem. 
Furthermore, the analyst may want to know how 
sensitive the current optimal solution is to changes 
in the model's parameters so that management 
can be made particularly aware of areas needing 
further analysis and refinement. The manager is 
typically very interested in the sensitivity analysis 
data produced as a part of a linear programming 
study. The manager is faced with making deci- 
sions and allocating resources based on an uncer- 
tain knowledge of the future. Sensitivity analysis 
affords the manager a means of resolving some 
of the uncertainty surrounding various decisions. 
For example, sensitivity analysis involving a par- 
ticular profit function coefficient might indicate 
that a particular unlikely profit increase would 
have to occur before the current optimal solution 
would change. This would tend to reinforce the 


155 


manager's confidence in a decision made on the 
basis of the current optimal solution. 


4.5.1 CHANGES IN COEFFICIENTS OF 
THE OBJECTIVE FUNCTION 


The effect of changes in the coefficients of the 
objective function is determined directly from the 
optimal simplex tableau. The sensitivity of the 
optimal solution to changes in a coefficient of 
the objective function is measured by adding a 
variable A to the original coefficient of the ob- 
jective function. The objective function coeffi- 
cient changes from с; to c; + А, and the allow- 
able magnitude of А is determined by analyzing 
the appropriate c; - 2, values in the optimal sim- 
plex tableau. For a maximization problem, each 
€; — 2 € 0, so now we must determine the value 
of A for which c, + А — Z; = 0. Two cases exist, 
namely, nonbasic variables and basic variables. 


Case 1: Nonbasic Variables. Consider, first, 
the sensitivity of the optimal solution to a change 
in the objective function coefficient of a nonbasic 
variable. To illustrate this type of sensitivity anal- 
ysis, we will again use the Crafty Machine Works 
example. The optimal simplex tableau for this 
problem was shown in Table 3.6, where we ob- 
served that x, and xy were basic variables and 5, 
and s; were nonbasic variables. Consider now the 
sensitivity of the optimal solution to a change in 
the objective function coefficient of the nonbasic 
(slack) variable, s;. We add A to the original 
objective function coefficient of this slack variable, 
and the new objective function coefficient 
becomes 0 + A. This has been done in the optimal 
simplex tableau for this problem and is shown in 
Table 4.7. 


OE 
TABLE 4.7 OPTIMAL SIMPLEX TABLEAU—CRAFTY MACHINE 


WORKS (CHANGE ІМ OBJECTIV 


SLACK VARIABLE s; 


Basic 
Variables 


E FUNCTION COEFFICIENT OF 
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From this optimal tableau we see that our optimal 
criterion (c; - 2, = 0) is met for: 


0+4 - #=0 
A-is0 (4-55) 
Asi 


Consequently, the objective function coefficient 
of s, can be increased by as much as $ before а 
change in the optimal solution will occur. Tech- 
nically, we say that the objective function coeffi- 
cient for 5; can "range" from —% to +8. As soon 
as sı is incréased by more than , it will enter the 
basis. 

The sensitivity of the optimal solution to a 
change in the objective function coefficient for 
the nonbasic (slack) variable s; сап be determined 
in similar fashion. Performing the same kind of 
analysis, we see that the optimality criterion for 
this variable is maintained for: 


0+A-150 
А-1:<0 (4-56) 
А<1 


Consequently, the objective function coefficient 
of s, can be increased by as much as 1 before a 
change in the optimal solution will occur. As 
previously noted, the objective function coeffi- 
cient for s, can "range" from ~o to +1. As soon 
as 5 is increased by more than 1, it will enter the 
basis. 

As you can see, the sensitivity analysis for the 
objective function coefficients of nonbasic vari- 
ables is very simple. Basically, they can change by 
no more than the associated numerical value 
(ignoring the negative sign) in the c; — Z; row of 
the optimal simplex tableau. 


Case 2: Basic Variables. The procedure for 
determining the sensitivity of the optimal solution 
to changes in the objective function coefficients 
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of the basic variables is slightly more complicated. 
То illustrate, consider the sensitivity of the opti- 
mal solution to a change in the objective function 
coefficient of the basic (decision) variable х,. We 
add A to the original function coefficient of this 
decision variable, and the new objective function 
coefficient becomes 8 + А. This has been done 
in the optimal simplex tableau for this problem 
and is shown in Table 4.8. 


For this current solution to remain optimal, all 
c — Zj entries must remain = 0. The values of 
A that satisfy this requirement are determined 
by solving two sets of linear inequalities, as fol- 
lows: 


-$ — A/5x0 -1 + ۵/4 =0 
— А/5<і 4/4 < 1 = 
i-i 454,550 
An 


Consequently, the solution (range of A) is -2 = 
A < 4. The current optimal solution will not 
change as long as: 


(8 = 2) Sc = (8 + 4) 


6 sas 12 (0:54 


If c < 6 or c; > 12, a change of basis will occur, 
and this change of basis is made using the usual 
simplex procedure. 

A similar type of analysis can be made for the 
other basic (decision) variable, x,. This analysis 
will be left to the reader. 

The sensitivity of the optimal solution to 
changes in each of the objective function coeffi- 
cients is summarized in Table 4.9. 

Тһе process of performing a sensitivity analysis 
of the objective function coefficients manually can 
be tedious. Fortunately, computerized linear pro- 
gramming software packages perform various 


———— 
TABLE 4.8 OPTIMAL SIMPLEX TABLEAU—CRAFTY MACHINE WORKS (CHANGE 


0 


IN OBJECTIVE FUNCTION COEFFICIENT OF DECISION VARIABLE x 
6 8+А 0 0 


0 1 } >f 
1 0 i L 
6 


8+A # + 4/5 1 - 4/4 
0 


-%- А/5 


64 + 2А 


—1 + 4/4 


Sensitivity Analysis 
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TABLE 4.9 SUMMARY OF SENSITIVITY ANALYSIS—OBJECTIVE 


FUNCTION COEFFICIENTS 


3 Allowable Change (Range) | Allowable Change (Range) 
Variable in A in с, 

x -254052 45с 58 

x; -2 <۵ <4 65, = 19 

5 -»sAszi -» $c sl 

Sy -esAsl -си,51 


types of sensitivity analyses. Аз ап illustration, 
consider Figure 4.3, which presents the portion 
of the IBM MPSX-370 output showing the sen- 
sitivity analysis related to the objective function 
coefficients. (Recall that the entire IBM MPSX- 
370 output was presented earlier in Figure 3.11.) 

In Figure 4.3 we see that decision variable 
x, = 8.0, with c, = 6.0, and that the range of с, 
is from 4.0 (...LOWER COST...) to 8.0 (...UPPER 
COST....). Similarly, we see that the decision vari- 
able x. = 2.0, with c = 8, and that the range of 
сә is from 12.0 (...UPPER COST...) to 12.0 (...UP- 
PER COST...). 

Тһе corresponding objective function sensi- 
tivity analysis information produced by the Erik- 
son and Hall microcomputer software package is 
shown in Figure 4.4. (Recall that the entire Erik- 
son and Hall microcomputer software package 
output was presented earlier, in Figure 3.15.) 
Observe that this sensitivity analysis output is 
very easy to interpret. 


4.5.2 CHANGES IN THE 
RIGHT-HAND-SIDE VALUES 


Тһе sensitivity of the optimal solution to changes 
in the right-hand-side values is of major impor- 
tance to the practitioner because these values 
typically represent the available quantities of re- 
sources. Obviously, these resource availabilities 
could change either from natural causes, such as 


a lack of supply of a particular material or ingre- 
dient, or as a result of a particular management 
decision, such as an expansion of the work force 
or the purchase of new machinery. 

The right-hand-side values (i.e., the values in 
the "Solution" column) in any simplex tableau 
can be determined by the relationship: 


"Solution" values 


" (4-59) 
x, = [B ']b 
where 
x, = the current right-hand side values ("Solution" 


values) 
(В || = the inverse of the current basis matrix 
b = the original right-hand-side values 


То maintain feasibility x, > 0 at each iteration of 
the simplex method. Furthermore, the inverse of 
the current basis matrix can be found at any 
iteration of the simplex method by examining the 
columns that correspond to the original basic 
variables for the initial simplex tableau. 

То illustrate, consider once again the Crafty 
Machine Works problem, whose initial simplex 
tableau was presented in Table 3.4. In this initial 
simplex tableau the two basic variables were the 
two slack variables s, and sy. In each subsequent 
iteration, the inverse of the current basis matrix 
will be found in the column corresponding to s, 
and зу. Now, consider the final simplex tableau 


IBM MPSX-370 Output-Sensitivity Analysis For Objective Function Coefficients 


MPSX/370 Ri.b MARKLAND SAMPLE PROBLEM 
SECTION 4 - COLUMNS AT INTERMEDIATE LEVEL 


NUMBER .COLUMN. AT ...ACTIVITY... ..ІНР0Т COST.. 
..UPPER LIMIT. 

4 X1 BS 6.00000 6.00000 

5 x BS 2.00000 6.00000 


FIGURE 4.3 


..LOWER LIMIT. 


NONE 


NONE 


PAGE 5 88/082 


LOWER ACTIVITY ...UNIT COST.. ..LOWER COST.. LIMITING AT 
UPPER ACTIVITY ...UNIT COST.. ..UPPER COST.. PROCESS. АТ 
INFINITY- 2.00000- 4.00000 MLHOURS UL 
10.00000 г.00000- 6.00000 MMHOURS UL 
INFINITY- e.00000- 5.00000 MMHOURS UL 
5.00000 4.00000- 12.00000 MLHOURS UL 


Duality Theory and Sensitivity Analysis 


Erikson and Hall Microcomputer Software Package Output-Sensitivity 
Analysis For Objective Function Coefficient 


-- SENSITIVITY ANALYSIS -- 
OBJECTIVE FUNCTION COEFFICIENTS 
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LOWER 
VARIABLE LIMIT 
Xi 4 
xe b 
FIGURE 4.4 


for this problem, which was presented in Table 
3.6. In this final simplex tableau the inverse of 
the current basis matrix is: 


бу Se 
i 3 


wax «m Е [¢] - [3] - [1] 


(4-61) 


The procedure that we employ to test the 
sensitivity of the optimal solution to changes in 
the right-hand-side values is similar to that which 
we employed in measuring the sensitivity of the 
objective function coefficients. Assume that we 
want to test the sensitivity of the first resource, 
milling machine time. To do this we add A to the 
original value of the milling machine resource; 
this is, b, = b, + A. We then solve for the limiting 
values of A: 


x, = [B ']b > 0 


[ + -4][60+4]) [о] (4-62) 
sg met 40 0 


The values of A that satisfy this feasibility require- 
ment are determined by solving two sets of linear 
inequalities, as follows: 


(4-60) 


2+ 4/5 > 0 8 - 4/5 > 0 
A/5 = -2 -4/5 = -8 
Ағ--10 А5 =8 (463) 
А = 40 


Consequently, the solution (range of A) is — 10 
= А = 40. This means that the current solution 
remains optimal (ie. x, and x, are the basic 
variables) as long as: 


(60 — 10) = b, = (60 + 40) 


4-6 
50 shs 100 (4-64) 


ORIGINAL UPPER 
COEFFICIENT LIMIT 
b 8 
6 12 


If b, < 50 or b, > 100, а change of basis will 
occur. The new basis can be determined using 
the usual simplex procedure. 

The sensitivity of the second resource, metal 
lathe time, can be determined similarly. We add 
A to the original value of the metal lathe resource; 
that is, by = б; + A. We then solve for the limiting 
value of A: 


x, = [B-b > 0 


4 ¬ 60 0 : 
Е ҚОЛЫН 2 


The values of A that satisfy this feasibility require- 
ment are determined by solving two sets of linear 
inequalities, as follows: 


2-А/4-0 8+A/220 
- A/Az -2 М%2--8 (46 
М/4 <= 2 A= -16 
A=8 


Consequently, the solution (range of A) is – 16 
= А = 8. This means that the current solution 
remains optimal (ie. x, and хз are the basic 
variables) as long as: 


(40 — 16) s b, = (40 + 8) 
24 shs 48 


Thus, if 5, < 24 or b, > 48, а change of basis will 
occur. The new basis can be determined using 
the usual simplex procedure. 

Computerized linear programming software 
packages also perform sensitivity analyses for the 
right-hand-side values. As an illustration, consider 
Figure 4.5, which presents the portion of the 
LINDO output showing the sensitivity analysis 
related to the right-hand-side values. (Recall that 
the entire LINDO output was presented earlier 
in Figure 3.13.) 


(4-67) 
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LINDO Output-Sensitivity Analysis For Right-Hand Side Values 
Lindo Output for Sample Production Scheduling Problem (Crafty) 


DO RANGE(SENSITIVITY) ANALYSIS? 


2 


RANGES IN WHICH THE BASIS IS UNCHANGED 
RIGHTHAND SIDE RANGES 


ROW CURRENT ALLOWABLE ALLOWABLE 
RHS INCREASE DECREASE 
e 60.000000 40.000000 10.000000 
3 40.000000 8.000000 16.000000 
QUIT 
FIGURE 4.5 


In Figure 4.5 we see that the current right- 
hand-side value b, - 60.0 and that it can increase 
by 40.0 or decrease by 10.0 without affecting the 
optimal solution. Similarly, we observe that the 
current right-hand-side value б; = 40.0 and that 
it can increase by 8.0 or decrease by 16.0 without 
affecting the optimal solution. 

The corresponding right-hand-side value sen- 


sitivity analysis information produced by the Jen- 
sen microcomputer software package is shown in 
Figure 4.6. (Recall that the complete Jensen mi- 
crocomputer software package output was pre- 
sented earlier in Figure 3.17.) As you can see, 
this sensitivity analysis output is extremely easy 
to interpret. 


Jensen Microcomputer Software Package Output - Sensitivity 


Analysis For Objective Function Coefficients 


Jensen Output for Sample Production Scheduling Problem (Crafty) 


FIGURE 4.6 


SENSITIVITY ANALYSIS 
OPTIONS 


1. DUAL VARIABLES 

8. OBJECTIVE FUNCTION COEFFICIENTS 
3. RIGHT HAND SIDE VALUES 

4. RETURN TO MAIN MENU 


ENTER OPTION? (Options 1,2 & 3) were entered 


SIMPLE RANGING FOR 


RIGHT HAND SIDES OF CONSTRAINTS 


CONST. RHS. LOWER UPPER 
RANGE RANGE 
MMHOURS 60 50 100 
MLHOURS 40 24 48 


PRESS ANY KEY TO CONTINUE 
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4.5.3 ADDING А CONSTRAINT (ROW) 


The addition of a constraint to the original prob- 
lem can occur for a number of reasons. First, the 
management science analyst may have simply 
overlooked the constraint in the original formu- 
lation of the problem. Second, new information 
or a new set of circumstances may have evolved 
that makes the addition of a constraint necessary. 
Finally, the management scientist may want to 
"tighten" the constraint set by adding a more 
restrictive constraint. 

Fortunately, when a constraint is added to a 
linear programming problem, it is not necessary 
to resolve the entire problem. First, assume that 
we are maximizing and that the new constraint is 
of the less than or equal to variety. This set of 
conditions will result in the need for the inclusion 
of a new slack variable in the basis for the con- 
straint being added. Given the current values of 
the basic variables in solution, the value of this 
slack variable may be positive, zero, or negative. 
If the new slack variable has a positive or zero 
value, then the current basic optimal solution will 
remain optimal with the new slack variable in the 
solution with a positive or zero value. If the new 
slack variable has a negative value, the current 
basic solution will now be infeasible. Then, the 
new constraint can be added directly to the final 
tableau of the original problem, and the dual 


p 4x, + 4x, < 40 

7 7x, + 10.5x) < 73.5 
= Sx, + 10x, < 60 

5 

4 

3 

2 

1 

0 


Sj 
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simplex algorithm can be employed to find the 
solution to the expanded problem. 

To illustrate the sensitivity analysis procedure 
involving the addition of a constraint to an exist- 
ing linear programming model, consider once 
more the Crafty Machine Works model. Let us 
assume that a change in the production process 
has occurred in which both the bearing plate and 
gear require an operation on a grinder. Assume 
further that this grinder operation requires 7 
hours for the bearing plate and 10.5 hours for 
the gear and that there are 73.5 hours per week 
of excess grinding capacity available. Given this 
new set of conditions, the expanded model can 
be written as: 


Maximize Z = бх, + 8x, (4-68) 
subject to: 5x, + 10x, = 60 
(original constraint—milling machine) 
4x, + 4x,=40 


(original constraint—metal lathe) 
7x, + 10.5х, < 73.5 


(new constraint—grinder) (4-69) 


with x,,xs 20 (4-70) 

Initially, it is useful to see graphically how the 
addition of the new constraint has altered the 
original model. A graphical presentation of the 
expanded model is shown in Fig. 4.7. As can be 
seen in Fig. 4.7 the optimal solution to the ex- 


Optimal Solution (Original Problem) 


x= 8 
х= 2 
Z=64 


Optimal Solution (Expanded Problem) 
x= 

X= 1 

2 -ө 


FIGURE 4.7 GRAPHICAL REPRESENTATION—CRAFTY MACHINE WORKS 


WITH ADDITIONAL CONSTRAINT 


Sensitivity Analysis 


panded problem (ie. with the new constraint 
added) is at x, = 9, x, = |, maximum 2 = 62 
Observe also that the optimal solution to the 
original problem is at a point x, = 8, x, = 2, 
which is outside the feasible solution space of the 
expanded problem. Thus, the optimal solution to 
the original problem is not a feasible solution to 
the expanded problem. 

To illustrate this latter point further, we express 
the new constraint as an equality, with the addi- 
tion of the slack variable ss, as follows: 


7x, + 10.5х, + 15, = 73.5 (4-71) 


Substituting the optimal values x, = 8, x, = 2 of 
the original problem into Equation 4-71, we have: 


7(8) + 10.5(2) + 1з, = 73.5 
56 + 21 + Is, = 73.5 (4-72) 
ls = —$,5 


Thus, we observe that the additional of this 
constraint will result in the inclusion of a slack 
variable in the basis with a negative value. Thus, 
feasibility and optimality must be restored using 
the dual simplex method. The effect of adding 
this constraint to the optimal solution, in terms 
of the final simplex tableau, is shown in Table 
4.10. Now, for every other basic variable in this 
final tableau, x, and хә, we must convert the 
corresponding coefficient in the new (5;) row to 
zero using the usual simplex iterative procedure. 
This process involves creating an identity matrix 
within the final simplex tableau for the variables 
xi, xs, and sy. The entries in the s; row are obtained 
as follows. First, reduce the 5; row coefficient for 
column (хі) to zero, using the usual simplex 
procedure. Then, reduce the 5; row coefficient 
for column (хз) to zero, using the usual simplex 


procedure. This two-step procedure is done as 
follows: 


Step 1 (column x,) 


Old Row Intermediate 
Row LIT ж, Row 5 
к 7 - Xi) + 0 
X, 101 ~ 710) - 104 
5 0 - "-b = i 
Д 0 - "Nh = -į 
% 1 ~ 700) ” 1 
Solution 73) ~ 7(8) = 174 
Step 2 (column x,) 
Intermediate Row New 
Row s, X; Row s, 
x, 0 - 1000) = 0 
x, 104 - 106) = 0 
з, i = 100 = -h 
5; -i - 100-0 = -i 
з, 1 = 1000) = 1 
Solution 171 - 100) = -% 


We have now accomplished our objective of 
converting to zero the coefficients in the 5; row 
that correspond to the basic variables x, and x;. 
Since 5; is in this new basic solution, it must have 
a coefficient of 1 in its row, which it does. The 
revised simplex tableau with the new basic solu- 
tion is shown in Table 4.11. 

Considering the tableau shown in Table 4.11, 
we observe that we have a new basic solution that 


TABLE 4.10 MODIFIED FINAL SIMPLEX TABLEAU— 
CONSTRAINT ADDED 
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TABLE 4.11 DUAL SIMPLEX TABLEAU—NEW BASIC SOLUTION 


ADDITIONAL CONSTRAIN 


Basic 
Variables 


is not feasible. However, we can easily restore 
feasibility, and hence optimality, by applying the 
dual simplex algorithm. Applying the dual sim- 
plex algorithm, we select the variable s; to leave 
the basis, since s, — —3.5 is the only negative 
value in the "Solution" column. The variable to 
enter the basis is determined by forming the 
ratios: 


Xi ІҢ 
Xa ІҢ 


Sy ul = $ —— Minimum absolute value (4-73) 


(Ignore) 
(Ignore) 


(Ignore) 


Variable s, is selected to enter the basis, and a 
simplex iteration is performed. This leads to the 
second dual simplex tableau, shown in Table 4.19. 

Since this solution is also feasible (x, — 9, 
X? = l,s, = 5), we have satisfied the dual sim- 
plex optimality condition. As we saw in Fig. 4.7, 


the addition of the new constraint 7x, + 10x» 
73.5 has changed the optimal solution from x, 
8,x; = 2 tox, = 9, x» = 1, and the objective 
function has been reduced from 64 to 62. 


WA 


4.5.4 ADDING A VARIABLE (COLUMN) 


Тһе addition of a variable to the original prob- 
lem occurs, for example, when a new product can 
be produced. To illustrate, consider the familiar 
Crafty Machine Works problem and assume that 
we can now produce a driveshaft using the same 
two production operations. Assume further than 
the production of this driveshaft will require 4 
hours of time on the milling machine and 2 hours 
of time on the metal lathe and will yield a profit 
of $4. 

Perhaps the first questions is: "Should we pro- 
duce the driveshaft?” This question can be ап- 
swered very easily, by using the opportunity costs 
(shadow prices) associated with the two resources. 
Recall that these opportunity costs were discussed 
in Section 4.3. Since these opportunity costs rep- 
resent the marginal values of these resources, we 


TABLE 4.12 SECOND DUAL SIMPLEX TABLEAU 


OPTIMAL SOLUTION 


Basic 
Variables 


Conclusion 


can compute the total marginal value of the 
resources used to produce one driveshaft as: 


Milling machine metal lathe total 


(4 hours\$2/5/hour) * (2 hours)Sl/hour) ^ $3 3/5 
t t 
Opportunity Opportunity 
cost—milling cost—metal 
machine lathe 
(4-74) 


Since the per unit profit for the driveshaft is $4 
and is greater than the marginal value of the 
resources need to produce one driveshaft, pro- 
duction should be considered. 

The model for the Crafty Machine Works 


problem with the additional variable added is as 
follows: 


Maximize Z = $6x, + $8x, + $4x, (4-75) 
subject to: — 5x, + 10x, + 4x, = 60 (4-76) 
4x, + 4х, + 2x, = 40 

with ху, хә, х = 0 (4-77) 


The constraint coefficients in the optimal sim- 
plex tableau corresponding to this added (new) 
column can be determined using the inverse of 
the current basis matrix, [B~']. Thus, the con- 
straint coefficients for x; can be computed as: 


Variable x, X. 
constraint | = s ы 
coefficients 2 
- 4 % 
[4°] Ш-[ е» 
Next, we compute 7, and c; - 2, for this new 
variable, xs: 
Z, = (8)(%) + (60) = 33 
оп-4-4-394- 


Given this information concerning the new 
variable, xs, it can be added to the optimal simplex 


(4-79) 
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tableau. This has been done in Table 4.13. Now, 
since су = Z, = E 0, we must make another 
simplex iteration, We obtain the simplex tableau 
shown in Table 4.14. In Table 4.14, alle, - Z, = 0. 

'e have obtained the optimal solution to the 
modified problem with the variable x, added. The 
optimal solution to this problem is x, = бі, 
xs = бі, with maximum Z = 664. 


4.7 CONCLUSION 


In Chapter 2 we studied the structure, formula- 
tion, and graphical solution approach to linear 
programming. In Chapter 3 we explored, using 
the simplex method, the mechanics of obtaining 
an optimal solution to the linear programming 
problem. In this chapter we have broadened our 
understanding of the interrelations in linear pro- 
gramming through the study of duality theory 
and sensitivity analysis. 

Duality theory is important to the understand- 
ing of the interrelationships between the primal 
and dual formulations of the linear programming 
problem, to the construction of the dual simplex 
algorithm that may be more efficient for certain 
types of linear programming problems, and to 
the analysis of the economic consequences of the 
solution to a linear programming analysis. Sen- 
sitivity analysis enables the manager and man- 
agement scientist to work together in eliciting a 
great deal of pertinent information from the op- 
timal solution. Included are the ramifications of 
changes that would result from changes to the 
various input data and parameters. Finally, we 
have seen that a thorough understanding of dual- 
ity theory enhances the understanding of sensi- 
tivity analysis and indeed leads to a much greater 
appreciation of the entire methodology of linear 


programming. 


TABLE 4.13 MODIFIED SIMPLEX TABLEAU—NEW VARIABLE (х;) ADDED 


164 


Duality Theory and Sensitivity Analysis 


TABLE 4.14 


SECOND SIMPLEX TABLEAU—NEW VARIABLE (х;) ADDED 


Case Study: Improving Efficiency in a Forest Pest 
Control Spray Program 


The spruce budworm is a particularly destructive defoliator of spruce-fir 
forests throughout North America. In Maine, over 5 million acres of forests 
have been severely infested in recent years. Since 1972 the Maine Forest 
Service has staged annual aerial spray programs to control spruce budworn 
damage. 

The aerial spraying operation takes place during May and June. In plan- 
ning for the 1983 spraying project, eight fields were suitable for use (see 
Figure 4.8). At these fields, aircraft teams consisting of one or more spray 
aircraft, a guide plane with pilot and navigator, and a monitor plane with 
pilot and observer were available. Ata particular airfield several teams might 
be available. 

In 1983, 24 spray aircraft, operating from six separate airstrips in north- 
ern and eastern Maine sprayed nearly 850,000 acres. The contracting costs 
for the aircraft and crews comprised one-third or more of the total costs 
for the spraying project each year. The Maine Forest Service was thus facing 
the problem of maximizing the efficiency of aircraft assignments and re- 
ducing aircraft needs and contracting costs. 

Over a two-year period the staff of the Maine Forest Service developed 
a cost-minimizing linear programming model that assigns blocks of forests 
to be sprayed to specific airfields and aircraft. Given a set of airfields and 
the characteristics of the different types of spray aircraft, the linear pro- 
gramming model also allowed for the consideration of alternative scenarios, 
such as the use of different types of spray aircraft or the closing of certain 
airfields, 

The decision variables of the model were the times allocated to each 
aircraft team flying out of each airfield to spray each block. These flying 
times included spraying time, turning time, void time, orientation time, 
ferrying time, and ground time. Two major types of constraints were im- 
posed on the decision variables. First, the time required for spraying each 
block had to be sufficient to guarantee complete spraying of that block, 
taking into consideration the location and geometry of the block and the 
aircraft and airfield characteristics. Second, there was a limited time window 
for each aircraft and airfield combination during which weather conditions 
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FIGURE 4.8 AIRFIELDS—MAINE SPRAY PROJECT 


and pest development allowed for effective spraying. The objective func- 
tion, which was minimized, was the total spraying cost, which was summed 
over all the chosen flight paths. 

The final linear programming model consisted of 748 decision variables 
and 292 constraints. It was solved with a linear programming software 
package written by personnel of the Maine Forest Service. All runs were 
executed on a Digital Equipment Corporation VAX-11/780 minicomputer. 

Use of the linear programming model saved time, reduced costs, and 
allowed consideration of numerous spraying alternatives for the Maine 
Forest Service. Future plans call for implementing the linear programming 
model on Maine Forest Services microcomputer and training the project 
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staff to run the model as required. Kenneth G. Stratton, director of the 
Maine Forest Service, indicated: “Work with the model has enabled our 
budworm division to improve the efficiency of spray operations through 
the reduction in number of airports and spray aircraft team.” 


Source: David L. Rumpt, Emanuel Melachrinoudis, and Thomas Rumpf. “Improving Efficiency in a Forest Pest Control Spray 
Program,” Interfaces, 15, по. 5 (September—October 1985): 1-11. 


Glossary of Terms 


Complementary Slackness. An important corollary to the dual theorem 
of linear programming, which indicates that each basic feasible solution 
in the primal problem has a complementary basic feasible solution in the 
dual problem, with specific relationships between the primal and dual 
variables. 

Duality Theory. A body of knowledge concerning the interrelationships 
between a primal linear programming problem and its dual and the 
economic significance of these relationships. 

Dual Problem. A linear programming problem that has some specific 
interrelationships with the primal linear programming problem. 

Dual Simplex Algorithm. A linear programming algorithm designed 
to deal with superoptimal basic solutions and work toward feasibility. 

Dual Variables. The variables associated with the dual problem. 

Optimal Solution. Solution that is both feasible and optimal. 

Primal Problem. A maximization linear programming problem with all 
“less than or equal to” constraints. 

Sensitivity Analysis or Postoptimality Analysis, Examining the effect 
of changes in certain parameters of the linear programming problem 
upon the problem's optimal solution. i 

Shadow Price-Opportunity Cost. The value or worth of relaxing a 
constraint by acquiring an additional unit of the factor of production 
associated with that constraint. 

Suboptimal Solution. A feasible solution that is not yet optimal. 

Superoptimal Solution. An optimal solution that is not yet feasible. 


ST IE a 4 
Selected References 


Duality Theory Refer to those references provided at the end of Chapter 2. “Ап Introduction to 
and Sensitivity Linear Programming." 
Analysis 


Problem Set 
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Discussion Questions 


10. 


11. 


12 


13 


14. 


15 


Judge this statement: “The optimal solution to the primal problem corresponds 
to a basic feasible solution to the dual problem.” 

Explain the “complementary slackness” relationships. 

If the primal problem has no feasible solution, what does this imply for the 
dual problem? 

Do Corollary 3 and the complementary slackness conditions contradict each 
other? Why or why not? 

Discuss the economic interpretation of the objective function and constraints 
of the dual problem when the primal problem is stated as a “production sched- 
uling problem.” In this context, what do we mean by a “shadow price"? 
Show how you can obtain the values of the shadow prices directly from the 
optimal tableau of the primal problem. 

In what sense can you compare the dual simplex algorithm to the simplex 
method? 

When the optimal solution to the primal is unbounded, the dual solution is 
(a) suboptimal, (b) superoptimal, (c) neither a nor b. 

In what situation do you think that it might be much more efficient to solve 
the dual problem instead of the primal problem? (That is, identify the type of 
situation with respect to the primal problem.) 

Suppose you have a maximization problem and variable x, is basic in the optimal 
solution. Assume you increase the coefficient of x, in the objective function 
(this is the only change you make). Could you make some statement about х; 
with respect to the new optimal solution without performing any sensitivity 
analysis? If so, what statement and why? 

Describe the different steps you would apply when dealing with an "equality 
constraint," where you want to transform the equality into two inequalities and 
you want to begin with a standard maximization problem. 

When adding a constraint to the original problem, for what type of situation 
would you have to use the dual simplex algorithm? 

In a minimization problem, when is the current optimal solution going to 
change if we add a variable? 

How can the inverse of the basis matrix [B^] be determined at any iteration 
from the simplex tableau? 

Discuss the variable criterion and variable entry criterion of the dual simplex 


algorithm. 


Problem Set 


12 


Construct the dual of the following linear programming problem: 
Maximize Z = 2x, + бх + 3x, 
subject to: Ix, + 4x, = 19 
2x» aí Іх; к 8 
ӛхі — 5% к 4 
2х; S5 


with х2 0), хә 2 0, хз 2 0 


168 


2. 


> 


Nt 


= 


= 


Duality Theory and Sensitivity Analysis 


Construct the dual of the following linear programming problem: 
Maximize Z = Ix, + 2x, 
subject to: 2x, = 3: S. 7 
Ix, 2x, = 10 
with x, > 0), хо > 0 


. Construct the dual of the following linear programming problem: 


Minimize Z = 5у, + 7ya + 4у; + 11у, + 9у; 


subject to: 2), + 1); + Зу, > 5 
+ ور[‎ + 2) + ly, – ly, = 2 


with Jı = 0, yo = 0, уз = 0, y4 = 0, y = 0 
Construct the dual of the following linear programming problem: 
Minimize Z = 5у + 4y, 
subject to: бу, + Зу = 18 
2y, + 4; = 12 
2y, + 8y, = 16 
with у 2 0, у = 0 
Construct the dual of the following linear programming problem: 
Maximize Z = Ix, + 4x; 
subject to: — 4x, + 2x. = 
3x; + 1x, = 
with x, = 0, xs 20 


7 
4 


- Construct the dual of the following linear programming problem: 


Minimize Z = 2y, + Зу, + 5y, 
subject to: Зу) 52; + буз = 7 
2y, + ly, =5 
4; + Зуз 2 8 
with — y, = 0,92 = 0, уз = 0 
Construct the dual of the following linear programming problem: 
Minimize Z = Зу, - 9у, + Зу; — 4y, 


subject to: ly, — бу, + Зу, = 10 
+ 2; - 2y4 = 10 
Зу, + 4) + 2y, = 15 


with Jı = 0, yo = 0, y, unrestricted іп sign, y, = 0 


Construct the dual of the following linear programming problem: 
Maximize Z = lx, — 3x, + 5x, — Ix, 


subject to: 3x, + 2x, — 4x, — 2x, = 12 
= 1х; + 4х, = 10 
2x, + Ixy — 3x, s 15 


with x, unrestricted in sign, х = 0, x, = 0, x, = 0 


- Construct the dual of the following linear programming problem: 


Maximize Z = 4x, + lx, 
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subject to: 2x, + 4х, = 7 

5x, — 1х, = 4 

Ix, + 2x, = 2 
with х= 0, xy unrestricted in sign 
Construct the dual of the following linear programming problem. 
Minimize Z = - 2y, + 4y: + Зу, 
subject to: ly, — Зу, + J, S 12 

2у + ly, = 10 

ly, «ү 2» - 18 

with у, = 0, y; = 0, y, unrestricted in sign 


Given the following linear programming problem: 
Maximize Z = 3x, + 7х 
subject to: —3x, + 7x, > 21 

9x, 3 3x, = 0 

5x, + Ах, = 40 


with х2 0), х = 0 

(a) Reformulate this problem in standard primal form. 

(b) Now construct the dual to the primal problem you have deter- 
mined. 

Given the following linear programming problem: 

Maximize 2 = 5x, — Эх» 


subject to: —2x, + 6x, > 20 
Gx, — 2x, = 2 
4x, — lx, > 0 


with x, > 0,xs > 0 

(a) Reformulate this problem in standard primal form. 

(b) Now construct the dual to the primal problem you have deter- 
mined. 

Given the following linear programming problem: 

Minimize Z = 3x, - 6x» 

subject to: —2x, + 5x, x 12 

4x, = 8x9 = 8 

with х2 0, хә > 0 

(а) Reformulate this problem in standard primal form. 

(b) Now construct the dual to the primal problem you have deter- 
mined. 


Given the following linear programming problem: 
Minimize Z = 2x, — 5x — 3x3 
subject to: -Әхі + 4x, — Әз < 14 
= Ixy + lx = 10 
4x, оха 6 


with xı = 0, x = 0, х 2 0 

(а) Reformulate this problem in standard primal form. 

(b) Now construct the dual to the primal problem you have deter- 
mined. 
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Determine the optimal values of the primal and dual variables for 
Problem 4-1. For the two optimal solutions, verify all the complemen- 
tary slackness relationships. 

Determine the optimal values of the primal and dual variables for 
Problem 4-2. For the two optimal solutions, verify all the complemen- 
tary slackness relationships. 

Determine the optimal values of the primal and dual variables for 
Problem 4-3. For the two optimal solutions, verify all the complemen- 
tary slackness relationships. 

Determine the optimal values of the primal and dual variables for 
Problem 4-4. For the two optimal solutions, verify all the complemen- 
tary slackness relationships. 

Determine the optimal values of the primal and dual variables for 
Problem 4-5. For the two optimal solutions, verify all the complemen- 
tary slackness relationships. 

Determine the optimal value of the primal and dual variables for Prob- 
lem 4-6. For the two optimal solutions, verify all the complementary 
slackness relationships. 

The following linear programming problem, which is structured in 
standard primal form, has an unbounded solution. Show that the dual 
to this problem has no feasible solution. 


Maximize 2 = - 2x, + 3x, 
subject to: Ix, 55 
2x, = Әз 8 6 


with x, = 0, х > 0 


The following linear programming problem, which is structured іп 
standard primal form, has an unbounded solution, Show that the dual 
to this problem has no feasible solution. 
Maximize Z = 2x, + Ixy 
subject to: 1х: 5 5 

-ік + lx <1 
with x, = 0, x, 20 
The following linear programming problem has an unbounded so- 
lution. Show that the dual to this problem has no feasible solution. 
Minimize Z = 2x, — 5x, + 3x, 
subject to: 3x, + 10х; + 5x, = 15 

33x, - 10х; — 9x, = 12 

Ix, + 2х, + 1х,> 4 

with — x, = 0, х, = 0, x, unrestricted іп sign 
The following linear programming problem has an unbounded so- 
lution. Show that the dual to this problem has no feasible solution. 
Maximize Z = Зх, + Ix, 


subject to: 2x, + 5x, = 10 
3x, + lx» = 6 
wih х2 0, х, 2 0 
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The following linear programming problem has no feasible solution. 
Determine whether the dual to this problem has no feasible solution 
or has an unbounded solution. 
Maximize 7 = — 3x, — 9x, 
subject to: lx, + 2x, 82 

2x, + 4x, 2 8 
with x, = 0, х > 0 
The following linear programming problem has no feasible solution. 
Determine whether the dual to this problem has no feasible solution 
or has an unbounded solution. 
Maximize Z = 3x, + 5x, 
subject to: 4x, + 4x, = 20 

7x, + 9x, = 21 

1x, > 5 
with xı >= 0, х = 0 
The following linear programming problem has no feasible solution. 
Determine whether the dual to this problem has no feasible solution 
or has an unbounded solution. 
Minimize Z = Ix, + 2x, 
subject to: lx; + Ix. =3 

= Tx + 1-6 
with х2 0, х = 0 
The following linear programming problem has по feasible solution. 
Determine whether the dual to this problem has no feasible solution 
or has an unbounded solution. 
Maximize Z = lx, + 3x; 
subject to: Ix; — Ix = 1 

Sey — Ixy = —3 
with х2 0, х =0 
Consider Example 2 presented in Section 2.2 of Chapter 2 аз a primal 


problem. 

(a) Determine the optimal values of the primal and dual variables for 
this problem. 

(b) Verify all of the complementary slackness relationships. 

(c) Provide an economic interpretation summary for the primal prob- 
lem. 

(d) Provide an economic interpretation summary for the dual prob- 
lem. 

Consider the diet problem presented in Section 2.6.1 of Chapter 2 as 

a primal problem. 

(a) Determine the optimal values of the primal and dual variables for 
this problem. 

(b) Verify all the complementary slackness relationships. 

(c) Provide an economic interpretation summary for the primal prob- 
lem. 

(d) Provide an economic interpretation summary for the dual prob- 
lem. 
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Solve the following problem using the dual simplex algorithm: 
Maximize 7 = 3x, + 4x» 
subject to: 2x, + 3x9 7 
Ix, + 4х 2 5 
—3x, + 5x. > 6 
with x, =0,% > 0 


Solve the following problem using the dual simplex algorithm: 
Minimize Z = 7y, + 5y, + ly, 
subject to: -5y mier ж = 
= Qype) 55945 — 4 
ly = 9% =з. 8 
with эу) = 0, уо = 0, уз = 0 


Solve the following problem using the dual simplex algorithm: 
Minimize Z = ly, + 2yo 
subject to: 2y, + ly = 3 
ly, + бу = 7 
with у 20, у 2 0 


Solve the following problem using the dual simplex algorithm: 
Maximize Z = —4x, — 2х — 3x4 
subject to: Ix, + 2x; + lx, = 7 
2x, F 3х, 2 5 
9x; + 1x4, 9 
with x, =0,x 2 0), хз 2 0 


Solve the following problem using the dual simplex algorithm: 
Maximize 7 = 4x, — 2x, 
subject to: Ix, + Ix, = 2 
2x, + 3х, = 3 
with xı = 0, х > 0 


Solve the following problem using the dual simplex algorithm: 
Minimize Z = 4x, + Әх, + 1x, 
subject to: 2x, + 4x, + 5х; = 10 
3x, — Ixy + бхз = 3 
5x, + 2x, + Ix, = 12 
with x, = 0, х2 0), ху 2 0 


A plastics company uses three extruding and curing machines іп the 
manufacture of three types of children’s toys. Toy 1 requires 4 hours 
on machine A, 1 hour on machine В, and 3 hours on machine С. Toy 
2 requires 6 hours on machine A, 14 hours on machine В, and 1 hour 
on machine C. Toy 3 requires 3 hours on machine A and 3 hours on 


Problem Set 


173 


machine B. At present there is an excess of 24 hours of machine A 
time, 12 hours of machine B time, and 12 hours of machine C time. 
Toy 1 produces $0.50 profit per unit, toy 2 produces $6.00 profit per 
unit, and toy 3 produces $5.00 profit per unit. 


The linear programming formulation of this problem is: 
Maximize 7 = 4x, 6x, + 5x, 
subject to: 4x, + бх, + 3x, = 94 
Ix; + de + 3x, = 12 
3x, + Ix, = 12 
with xı = 0, х2 0, х; > 0 


The optimal tableau (solution) for this problem is: 


(a) Perform a sensitivity analysis for each of the objective function 
coefficients. 
(b) Perform a sensitivity analysis for each of the right-hand-side values. 
(c) Perform a sensitivity analysis for the addition of the constraint: 
9x, + 4 + 5x, = 16 
(d) Perform a sensitivity analysis for the addition of the real variable 
x4. The column vector corresponding to this new variable x, is: 
4 
1 
2 


The objective function coefficient corresponding to this new уагі- 
able is c4 = 8. 


38. Using the optimal solution shown for Problem 4-37, answer the fol- 


lowing questions. 

(a) What is the optimal production schedule for this firm? Are there 
any alternative optimal production schedules? If there are, what 
are they? : 

(b) What are the optimal values of the dual decision variables, уу, y», 
and ys? 

(с) What are the optimal values of the dual surplus variables, 51, 52, 
and s4? 

(d) What is the shadow price for an additional hour of time on machine 
A? machine B? machine C? 

(e) What is the opportunity cost associated with toy 1? How can this 
opportunity cost be interpreted? 
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39. Consider the following linear programming problem: 


Maximize Z = —2x, + Ixy — lx, 


subject to: 2x, + 1% =7 
lx, + Ixy + 1x4 = 4 


with xı = 0, x 2 0), хз = 0 


The optimal tableau (solution) for this problem is: 


с, 


(а) Perform a sensitivity analysis for each of the objective function 
coefficients. 

(b) Perform a sensitivity analysis for each of the right-hand-side values. 

(c) Perform a sensitivity analysis for the addition of the constraint: 


Ix; + deo = 9% x 3 


(d) Perform a sensitivity analysis for the addition of the real variable 
ха. The column vector corresponding to this new variable x, is: 


2 

3 
The objective function coefficient corresponding to this new variable 
is c4 = 3. 


. A firm uses three machines in the manufacture of three products. Each 


unit of product 1 requires 3 hours on machine 1, ? hours on machine 
2, and 1 hour on machine 3. Each unit of product 2 requires 4 hours 
on machine 1, 1 hour on machine 2, and 3 hours on machine 3. Each 
unit of product 3 requires 2 hours on machine 1, 2 hours on machine 
2, and 2 hours on machine 3. The contribution margin of the three 
products is $30, $40, and $35 per unit, respectively. Available for 
scheduling are 90 hours of machine 1 time, 54 hours of machine 2 
time, and 93 hours of machine 3 time. 


The linear programming formation of this problem is: 
Maximize Z = 30x, + 40x, + 35x, 
subject to: Эх, 4x, + 2x, = 90 
2x, + lx; + 2x, = 54 
x, + 3x, 2x, = 93 
with Xj, X, X4 > 0 
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and the optimal tableau for the problem is: 


(b 


= 


(с) 
(4) 


(е) 


(0 
(в) 


What is the optimal production schedule for this firm? Are there 
any other optimal production schedules indicated by the final ta- 
bleau? If there are, what are they? 

What is the marginal value of an additional hour of time on ma- 
chine 1? Over what range of time is this marginal value valid? 
What is the opportunity cost associated with product 1? What inter- 
pretation should be given to this opportunity cost? 

Suppose that the contribution margin for product | increased from 
$30 to $43. Would this change the optimum production plan? If 
it would, why would it? 

How much can the contribution margin for product 2 change 
before the current optimal solution is no longer optimal? 

What are the values of the dual decision variables у, уз, and ys? 
Management of this firm is considering the introduction of a new 
product that will require 4 hours on machine 1, 2 hours on machine 
2, and 3 hours on machine 3. This new product will have a con- 
tribution margin of $55. Should it be produced? If it should, what 
will be the marginal value of producing one unit of this new prod- 
uct? 


41. A small manufacturer of wooden doors has determined that it will have 


30 


excess hours of machine capacity and 20 excess hours of labor 


capacity in the following week. It makes two types of doors, as follows: 


(a) 
(b) 


Profit 
Machine Time Labor Time Contribution 
Door per Door per Door per Door 
“Deluxe” 3 2 5 
“Supreme” б 3 8 


Formulate and solve the primal problem to determine the number 
of “Deluxe” and “Supreme” doors that should be produced. 

Formulate and solve the dual problem to determine the oppor- 
tunity cost associated with an hour of machine time and an hour 


of labor time. 
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42. A pig farmer is attempting to analyze his feeding operation. The min- 


43 


imum daily requirements for the pigs of three nutritional elements 
and the number of units of each of these nutritional elements in two 
feeds are: 


Units of 
Nutritional 

Required cae in 
Nutritional 09568 — Minimum 

Element Feed 1 Feed 2 Requirement 
Nutrient A 20 30 200 
Nutrient B 40 25 350 
Nutrient C 30 45 430 


Cost per pound $0.05 $0.03 


(a) Determine the minimum-cost feed mix by formulating and solving 
a linear programming problem. 
(b) What are the shadow prices associated with the three nutrients? 
(c) Assume that the farmer can purchase a third feed at a cost of $0.02 
per pound, which will provide 35 units of nutrient A, 30 units of 
nutrient B, and 50 units of nutrient C. Would this change the 
optimal mix of feeds? If so, how? 
Assume that the farmer decides that a fourth nutritional element 
is required for his pigs. Upon analysis of the two feeds being used, 
feed 1 is found to provide 20 units per pound of this required 
nutritional element and feed 2 is found to provide 30 units per 
pound of this required nutritional element. If a total of 250 units 
of this new nutrient are required, will the optimal solution change? 
If so, how? 


(d 


= 


Krypton Chemical Company produces three lawn fertilizers that vary 
according to their nitrate, phosphate, and potash content. Fertilizer 1 
із 5 percent nitrate, 5 percent phosphate, and 10 percent potash. Fer- 
tilizer 2 is 10 percent nitrate, 10 percent phosphate, and 5 percent 
potash. Fertilizer 3 is 10 percent nitrate, 5 percent phosphate, and 5 
percent potash. The company currently has an availability of 1000 tons 
of nitrates, 1000 tons of phosphates, and 2000 tons of potash, The 
profits associated with the three fertilizers are $17 per ton, $20 per 


ton, and $15 per ton, respectively. All the fertilizer of each type that 
can be produced can be sold. 


The linear programming formulation of this problem is: 
Maximize Z = 17x, + 20x, + 15x, 


subject to: 0.05x, + 0.10х, + 0.10х, = 1000 (nitrate) 
0.05x, + 0.10x, + 0.05%, = 1000 (phosphate) 
0.10x, + 0.05x, + 0.05%, = 1500 (potash) 


with x, > 0, х. 2 0, х, 2 0 
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The final tableau (optimal solution) for this problem is: 


0 -9 3 NE 
т1 1 
=H 0 % 13 ssi 


5 0 age 293,333.33 


(a) Perform a sensitivity analysis for each of the objective function 
coefficients. 

(b) Performa sensitivity analysis for each of the right-hand-side values. 

(c) The company decides that it needs a weed killer constituent in 
each of the three fertilizers. It has 1000 tons of this weed killer 
available, and fertilizer 1 requires 12 percent, fertilizer 2 requires 
15 percent, and fertilizer 3 requires 10 percent of this weed killer. 
Formulate a new constraint based on this situation, and perform 
a sensitivity analysis for the addition of this new constraint. 

(d) The company decides that it would like to produce a fourth fer- 
tilizer that it can sell at a profit of $25 per ton. This fourth fertilizer 
will require 7.5 percent nitrate, 5 percent phosphate, and 5 percent 
potash. Formulate a new column based on this situation, and per- 
form a sensitivity analysis for the addition of the new real variable. 
Note: Ignore the addition of the new constraint from part c. 

Using the optimal solution shown for Problem 4-43, answer the fol- 

lowing questions. 

(a) What the optimal production amounts of the three fertilizers? Are 
there any alternative optimal solutions to this problem? If so, what 


are they? 

(b) What are the optimal values of the dual decision variables, y;, ys, 
and ys? 

(c) What аге the optimal values of the dual surplus variables s;, 52, 
and sg? 


(d) What is the shadow price for nitrate? for phosphate? for potash? 
(e) What is the opportunity cost associated with fertilizer 3? 


. Mr. Slim Pickings operates a 600-acre truck farm near Columbia, Mis- 


souri. He currently raises tomatoes, corn, and cabbages and can sell 
all of these three vegetables that he produces. In attempting to plan 
for the next growing season he has compiled the following set of data: 


Days of Gallons of Pounds of 
Labor Needed Water Needed Fertilizer Needed 
Crop per Acre per Acre per Acre 
"Tomatoes 4 10,000 30 
Corn 3 6,000 50 
Cabbages 6 8,000 60 
Total 


availability 2000 5,000,000 50,000 
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The average yield expected for the three crops is 2000 pounds per 
acre of tomatoes, 100 bushels per acre of corn, and 400 heads per acre 
of cabbage. Mr. Pickings expects to receive $0.25 per pound for his 
tomatoes, $4.00 per bushel for his corn, and $0.80 per head for his 
cabbages. He wishes to determine the number of acres to be allocated 
to each of the crops to maximize revenue. 
The linear programming formulation of this problem is: 
Maximize 2 = (2000 Ib per acre)($0.25 per Ib)x, 
+ (100 bushels per acre) 
($4.00 per bushel)x; + (400 heads per acre) 
x ($0.80 per head) 
xs = ($500 per acre)x, + ($400 per асге)х» 
+ ($320 per acre)xs 
subject to: 4x, + 3х, + бх; = 2,000 
10,000x, + 6,000х, + 8,000x, = 5,000,000 
30x, + 50% + 60х = 50,000 
xy + Xo + х= 600 


with x, = 0, хо = 0, хз = 0 


The final tableau (optimal solution) for this problem is: 


— 10,000 
70 


(a) Perform a sensitivity analysis for each of the objective function 
coefficients. 

(b) Perform a sensitivity analysis for each of the right-hand-side values. 

(c) Mr. Pickings is worried about a predicted “grasshopper plague.” 
He has decided that he must spray each of his three crops according 
to the following schedule: 


Tomatoes 6 gallons of spray per acre 
Corn 10 gallons of spray per acre 
Cabbages 6 gallons of spray per acre 


He has purchased 3600 gallons of spray for the entire truck farm. 
Formulate a new constraint based on this situation, and perform 
a sensitivity analysis for the addition of this new constraint. 

(d) Mr. Pickings is considering growing a fourth crop, cucumbers, that 
he feels will yield 900 pounds per acre of cucumbers. He is con- 
fident that he can sell these cucumbers for $0.50 per pound. The 
cucumber crop will require 3 days of labor per acre, 7000 gallons 
of water per acre, and 40 pounds of fertilizer per acre. Formulate 
a new column based on this situation, and perform a sensitivity 
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analysis for the addition of the new variable. Note: Ignore the 
addition of the new constraint from part c. 


Using the optimal solution shown for Problem 4-45 answer the fol- 

lowing questions: 

(a) What are the optimal number of acres to be allocated to the three 
crops? Are there any alternative optimal solutions to this problem? 
If so, what are they? 

(b) What are the optimal values of the dual decision variables у, ys, 
Js, апа y4? 

(с) What аге the optimal values of the dual surplus variables s;, S% 
and ss? 

(d) What is the shadow price for days of labor per acre? gallons of 
water per acre? pounds of fertilizer per acre? 

(e) What is the opportunity cost associated with tomatoes? with corn? 
with cabbages? 


Easy-Rider Truck Rental Company is considering the purchase of three 
types of trucks for its rental fleet. The purchase price will be $25,000 
for each large-sized truck, $20,000 for each medium-sized truck, and 
$10,000 for each small-sized truck. It has $400,000 available for pur- 
chasing these trucks. To balance its fleet, it has decided that it must 
purchase at least 4 large-sized trucks, at least 5 medium-sized trucks, 
and at least 10 small-sized trucks. Its current storage facility can ac- 
commodate a total of 25 trucks. Its maintenance facilities can handle 
the equivalent of 40 small trucks. However, each medium-sized truck 
has a maintenance equivalence of 2 small trucks, and each large truck 
has the maintenance equivalence of 4 small trucks. 


The linear programming formulation of this problem is: 
Minimize Z = 25,000x, + 20,000x2 + 10,000х; 
subject to: 25,000x, + 20,000х + 10,000х; = 400,000 


хі = 4 
хә = 5 

хз = 10 

x, + х + ху S 25 
4х + 2x9 + lx, = 40 


with x, = 0, хо = 0,х 2 0 

Тһе final tableau (optimal solution) for this problem is shown оп page 

180. 

(a) Perform a sensitivity analysis for each of the objective function 
coefficients. 

(b) Perform a sensitivity analysis for each of the right-hand-side values. 

(c) Easy-Rider Truck Rental Company has an opportunity to buy a 

group of large-sized, medium-sized, and small-sized trucks from 

one of its competitors that has gone bankrupt. It can purchase a 

mixture of the three types of trucks, but its purchases must be at 

least 22 trucks in total. Formulate a new constraint to describe this 

situation, and perform a sensitivity analysis for the addition of this 

new constraint. 

Easy-Rider Truck Rental Company is contemplating adding a die- 

sel-powered truck to its fleet. The purchase price for each of these 
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diesel-powered trucks will be $18,000. The diesel truck has a main- 
tenance equivalence equal to that of the small truck. Formulate a 
new column corresponding to this situation, and perform a sen- 
sitivity analysis for the addition of the real variable. Note: Ignore 
the constraint formulated in part c. 


48. Using the optimal solution for Problem 4-47, answer the following 


questions: 

(a) What is the optimum truck-purchasing schedule for this firm? Are 
there any alternative optimal purchasing schedules? If there are, 
what are they? 

(b) What аге the optimal values of the dual decision variables Jı, y», 
уз, 3» 3» and ye? 

(с) What are the optimal values of the dual slack variables 51, s and 
53? 

(а) What is the shadow price for an additional dollar of purchasing 
funds? What is the shadow price for an additional unit of storage 
space? What is the shadow price of an additional unit of mainte- 
nance facility? 

(е) What is the opportunity cost associated with a large-sized truck? a 
medium-sized truck? a small-sized truck? 
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5.1 INTRODUCTION 


A very interesting and important special type of 
linear programming problem arises frequently in 
the practice of management science. This special 
type of problem is called a transportation prob- 
lem because it involves the transportation or 
physical distribution of goods and services from 
several supply origins to several demand desti- 
nations. In general, there will be a fixed amount 
or limited quantity of goods or services available 
at each supply location, or origin, and a fixed 
amount or required quantity of goods or services 
at each customer demand location, or destination. 
The structure of the transportation problem thus 
involves a variety of shipping routes, and associ- 
ated costs, for the possible origin-to-destination 
movements. Solution of the transportation prob- 
lem requires the determination of how many units 
should be shipped from each origin to each 
destination, to satisfy all the destination demands, 
while minimizing the total associated cost of trans- 
portation. Transportation problems typically arise 
in situations involving physical movement of goods 
from plants to warehouses, warehouses to cus- 
tomers, wholesalers to retailers, or retailers to 
consumers. The transportation problem has a 
special structure, and, because of this special 
structure, we will develop and utilize a special 
algorithm for its solution. 

The assignment problem is closely related to 
the transportation problem. However, its struc- 
ture is such that the resources are allocated to 
the various activities on a one-to-one basis. By 
this we mean that each resource is assigned to 
one, and only one, activity. Again, there is a cost 
or profit associated with each potential activity- 
resource pair, and the objective is to optimize the 
total cost or profit of completing all the activities 
using all of the resources. Typical assignment 
problems include the assignment of workers to 
tasks, jobs to machines, and service equipment to 
service routes. The assignment problem “so has 
a special structure, and, because of i.s special 
structure, we will develop and utilize a special 
algorithm for its solution. 


5.2 MATHEMATICAL 
STRUCTURE OF THE 
TRANSPORTATION PROBLEM 


The general transportation problem is structured 
to describe the following situation. A given prod- 
uct is available in known quantities at each of m 
origins. Known quantities of the same product 
are required at each of n destinations. The per 
unit cost for shipping one unit of the given 
product from any origin to any destination is 
known. We seek to determine a shipping schedule 
that will satisfy the requirements at each of the 
destinations while minimizing the total cost of the 
shipments. 

To develop the mathematical structure of the 
transportation problem, we will proceed as fol- 
lows: 


Let a, = the quantity of the product available at огі- 
gini 

the quantity of the product required at des- 
tination / 

= the unit cost associated with shipping one unit 
of product from origin i to destination / 

the unknown quantity to be shipped from 
origin i to destination j 


> > 
I 1 


+ 
ll 


The transportation problem can now be stated as 
solve for the x,;, which: 


m n 


Minimize Z = У) > суху (objective function) 
іі ізі 


(5-1) 


subject to: 


У ху = а, 
"a Constraint set 
6 > 0,7 = 1, 2). 

(5-2) 
with x, =0 (5-3) 


Additionally, in the balanced transportation 
problem it is assumed that: 


(nonnegativity conditions) 


Ха = 


1-і Ы 


b, (5-4) 
1 


or that the total amount available at the т origins 
will exactly satisfy the quantity required at the n 
destinations. As we shall see later, this latter 
assumption (5-4) is really no more restrictive than 
one in which the constraints could have < signs. 
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However, for the present we will concentrate our 
efforts on the transportation problem couched in 
this form. 

This balanced transportation problem can be 
written in the standard form for a linear pro- 
gramming problem as follows: 


Transportation and Assignment Problems 


special structure. This special structure will be exploited 
in the development of two algorithms that can be used 
to solve transportation problems. As will be seen later 
in this chapter, these algorithms are much more effi- 
cient computational procedures than the simplex 
method. 


Minimize 2 = сұх HCX + °° * + ConXmn (5-5) 
subject to: 
хи xu UE OPER = а, 
шан. ott + Xj, =a i. 
Ё . | Origin 
: | constraints 
Хы. ЖХы tO + XQ -а, (5-6) 
Xu Xs 450 + хь = b 
+ + = 5,5; 
Ta E p * | Destination 
^ constraints 
Xi. + хы xu = 5, 
with xy = 0 OED уоп (5-7) 
Note that the [A] matrix is an (m + n) х (т-п) 
matrix. Also observe that each variable appears 
"m EXAMPLE 


in two, and only two, of the constraints. 

As an example, consider the situation in which 
we have two origins and three destinations. The 
standard matrix form of this problem becomes: 


—————————————— 


EXAMPLE 


Minimize 2 = cxi + сәх + сүХі 
+ сых + Cx + CX = CX 


(5-8) 


subject to: 


b 

І 

a, 

1/8 
35 b, (5-9) 

bz 

bs 


coerce 
оо -– е 
х 
5 


with x, = 0 fori = 1,2,..., т; 


j= 1,2,...,п,огх>0 (5-10) 


Since we have cast the balanced transportation problem 
into the form of the standard linear programming 
problem, we could readily apply the simplex algorithm 
to solve such a transportation problem. However, as 
can be observed, the [A] matrix has a very simple and 


Before we proceed with the development of the algo- 
rithm for solving transportation problems, let us con- 
sider a prototype example of the transportation prob- 
lem. The Van Kemp Seafood Company has as its main 
product canned tuna fish. This product is prepared at 
three main canneries: San Diego, California; New 
Orleans, Louisiana; and Jacksonville, Florida. The tuna 
fish is then shipped to four major distribution ware- 
houses that are located at Los Angeles, California; 
Kansas City, Missouri; Atlanta, Georgia; and Philadel- 
phia, Pennsylvania. These shipping costs represent a 
major portion of the F.O.B. prices that are quoted to 
food wholesalers at these four major distribution ware- 
houses. The demand expected at each of these four 
warehouses (in number of cases), for the forthcoming 
year, has been estimated as follows. 


Estimated Yearly 


Warehouses Demand (no. of cases) 
Los Angeles, California 35,000 
Kansas City, Missouri 20,000 
Atlanta, Georgia 25,000 
Philadelphia, Pennsylvania 45,000 


Similarly, the yearly output (number of cases) expected 
to be available from each of the three canneries is 
estimated to be as follows. 
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Estimated Yearly 


Canneries Output (no. of cases) 


San Diego, California 40,000 
New Orleans, Louisiana 50,000 
Jacksonville, Florida 35,000 


Finally, the per case shipping cost for each origin- 
destination pair has been determined, as is shown in 
Table 5.1. 

Letting х, represent the unknown amount of tuna 
fish to be shipped from cannery i to warehouse j, this 
problem can be formulated as the following linear 
programming problem. 
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the transportation problem will be utilized in the 
construction of this algorithm. However, in de- 
veloping this algorithm, we will find it convenient 
to focus our attention on a matrix tableau having 
m rows and n columns. Such a tableau is shown 
below in Table 5.2. 

Each row in this tableau corresponds to an 
origin, and each column corresponds to a desti- 
nation. The entries in the final column are the 
supply availabilities at the origins, and the entries 
in the bottom row are the demand requirements 
at the destinations. The x, entry in cell (è, j) 


Minimize Z = 1.00x,, + 7.50х + 8.50x,, 
+ 11.00х,, + 7.50х + 4.50х» 
+ 3.00х„ + 7.50x + 10.00x,, 
+ 6.50x + 1.00х;; + 6.00х;, 
(5-11) 
subject to: 
хи + Хә + Xs ct Xn = 40,000 
ху + Ха + Ху + Хи - 50,000 
хы + Ху + Xs + ху = 35,000 
Xu + ха + хз) = 35,000 (5-12) 
Xiz + хә + Xy = 20,000 
Xis + Xos + Xss = 25,000 
Ха + хә + хи = 45,000 
with ху20 fori = 1,2,5;] = 1, 2,3,4 (5-13) 


—үу—— 


5.3 SOLVING THE 
TRANSPORTATION PROBLEM, THE 
STEPPING-STONE ALGORITHM 


Having developed the mathematical structure of 
the transportation problem, we will now proceed 
to develop an algorithm for the solution of the 
transportation problem. The special structure of 


denotes the allocation from origin i to destination 
j, and the corresponding cost per unit allocated 
is су. The sum of the x;/s across row і must equal 
a; in any feasible solution, and the sum of the x;/'s 
down column j must equal 6; in any feasible 
solution. Finally, the lower-right-hand box reflects 
the fact that the total amount available at the m 
supply origins exactly satisfies the total quantity 
required at the п demand destinations. 


TABLE 5.1 TUNA FISH SHIPPING COSTS 


To Warehouse 


From Саппегу 105 Angeles Kansas City Atlanta Philadelphia 
San Diego $ 1.00 $7.50 $8.50 $11.00 
New Orleans 7.50 4.50 3.00 7.50 


6.50 1.00 6.00 
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TABLE 5.2 THE TRANSPORTATION PROBLEM TABLEAU 
Destination 


Destination 
Requirement, b; 


5.3.1 CONSTRUCTING AN INITIAL 
BASIC FEASIBLE SOLUTION 


Before we begin the mechanics of constructing 
an initial basic feasible solution, let us reexamine 
the structure of the balanced transportation prob- 
lem as shown in Equations 5-5, 5-6, and 5-7. We 
noted earlier that there were m + n constraints 
and that each variable appears in two, and only 
two, of these constraints. The constraints of the 
transportation problem fall naturally into two sets: 


1. The first m rows that come from the origin 
constraints. 


2. The last n rows that come from the destination 
constraints. 


Now, the sum of the first m rows is equal to the 
sum of the last » rows. The reader can easily 
verify this result for the specific case of m — 2 
(origins) and n = 3 (destinations) by performing 
such an operation on the [A] matrix shown in 
Equation 5-9. Furthermore, any row of the con- 
straint set of the transportation problem can be 
expressed as linear combination of the remaining 
m + n — 1 rows of the constraint set of the 
transportation problem. For example, in the con- 
straint set for the tuna fish shipping problem 


Availability, a; 


given by Equation 5-12, the first constraint can 
be formed by summing the last four constraints 
and subtracting the second and third constraints. 
Therefore, only т + n — 1 of the constraints of 
the transportation problem are independent or 
we can remove any one constraint from the m 4 
n constraints of the transportation problem and 
the remaining т + n — 1 constraints will be 
independent. Thus, the set of m + n constraints 
for the transportation problem always has one 
redundant constraint (ie., апу one of the con- 
straints is automatically satisfied whenever the 
other m + n — 1 constraints are satisfied). These 
results occur because we are assuming that the 
"balance" between supply and demand, as given 
by Equation 5-4, is required. This means that any 
set of x; that satisfies all but one of the constraints 
must automatically satisfy this remaining con- 
straint for Equation 5-4 to be satisfied. 

The results make it apparent that a basic 
feasible solution to a balanced transportation 
problem must contain exactly т + n — 1 basic 
variables." Thus, a basic feasible solution to a 


—————-—— 

‘Assuming, of course, that it is not degenerate. Degeneracy 
in transportation problems will be discussed further later in 
this chapter. 
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balanced transportation problem would be rep- 
resented in the transportation problem tableau 
(Table 5.2) as having exactly (m + n — 1) positive 
x;/s (allocations), with the sum of the allocations 
for each row being equal to the а, for that row, 
and with the sum of the allocations for each 
column being equal to the b; for that column. 

The general procedure for constructing an 
initial basic feasible solution involves selecting the 
(m + п = 1) basic variables one at a time, with a 
value being assigned to the variable that will satisfy 
either a row or a column constraint (but not both). 
It is possible, of course, to satisfy both at a single 
point in time. Such a condition produces a de- 
generate basic feasible solution. For simplicity, 
this possibility will not be considered until later. 
After each selection and assignment of a value to 
a basic variable, one additional constraint has 
been satisfied. After (m + n — 1) such assignments 
are made, the entire basic feasible solution will 
have been constructed in a manner that satisfies 
all the constraints. We will now proceed to develop 
several procedures for determining an initial basic 
feasible solution. 


Northwest Corner Rule. The first procedure 
used to determine an initial basic feasible solution 
is called the Northwest corner rule. Using the 
Northwest corner rule, and referring to Table 
5.2, we begin with cell (1,1), which is the northwest 
corner cell in the tableau, and we set xj; = min 
(a,,6,). At this first step we satisfy either an origin 
availability or a destination requirement. If a, > 
bi, we then move to cell (1,2) and set xj) = min 
(ау - biba). Conversely, if b, > а, we move to 
cell (2,1) and set xo, = min (b, = 41,03). (Remem- 
ber that, if a, = bı, degeneracy will occur; this 
possibility will be considered later.) At this second 
step we will satisfy either the second origin avail- 
ability or the second destination requirement. We 
continue in this way, satisfying either an origin 


Shipping Route 


San Diego — Los Angeles 
San Diego — Kansas City 
New Orleans — Kansas City 
New Orleans — Atlanta 


availability or a destination requirement at each 
step in the process. Eventually, we must obtain a 
basic feasible solution with (m + n — 1) positive 
values because, after we have made (m + n — 2) 
such allocations, we are forced to make a single 
final allocation that satisfies the last row and last 
column simultaneously. Thus, after (m + n — 1) 
steps, (m + n — 1) of the constraints will be 
satisfied, and we noted earlier that a basic feasible 
solution must have exactly (m + n — 1) positive 
allocations. Note, however, that the initial basic 
feasible solution obtained by application of the 
Northwest corner rule may be far from the opti- 
mal basic feasible solution, since the costs associ- 
ated with the various origin-destination routes 
were completely ignored. We shall now attempt 
to make our description of the Northwest corner 
rule more complete by applying the procedure 
to our tuna fish shipping problem. The initial 
basic feasible solution for this problem, using the 
Northwest corner rule, is presented in Table 5.3. 

Observe first that the format for Table 5.3 is 
exactly that which we introduced earlier in Table 
5.2. Applying the Northwest corner rule, the first 
allocation is ху = 35,000, the min (a, = 40,000; 
b, — 35,000). This exactly satisfies the destination 
requirement for column 1 (Los Angeles). Since 
a, > bj, we then move to cell (1,2) and set xi» = 
5.000, the min (а, — b, = 40,000 — 35,000 = 
5,000; b, = 20,000). This completely utilizes the 
origin availability for row 1 (San Diego). We then 
proceed downward and to the right until all row 
(origin) availabilities have been utilized and all 
column (destination) requirements have been met. 
The arrows in Table 5.3 show the order in which 
the basic variables (allocations) are determined. 
Observe that the initial basic feasible solution 
obtained by use of the Northwest corner rule has 
m+n — 1 = 3 + 4 — 1 = 6 positive allocations. 
The total shipping cost associated with this initial 
basic feasible solution is as follows: 


Shipping Cost 


35,000 cases Х $1.00 per case = $ 35,000 
5,000 cases x $7.50 per case = $ 37,500 
15,000 cases х $4.50 per case = $ 67,500 
95,000 cases х $3.00 per case = $ 75,000 


New Orleans — Philadelphia 10,000 cases x $7.50 per case — $ 75,000 


Jacksonville — Philadelphia 


35,000 cases Х $6.00 per case — $210,000 


Total = $500,000 
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TABLE 5.3 INITIAL BASIC FEASIBLE SOLUTION—NORTHWEST CORNER RULE 
Destination 


Destination 
Requirement 


Column Minima Rule. A second procedure 
for determining an initial basic feasible solution 
involves the successive determination of column 
minima. Using the Column minima rule we begin 
with column 1 of the tableau and choose the 
minimum cost in this column. If a tie occurs, 
select the minimum cost having the smallest row 
index within this column. Assuming that the 
minimum cost is found in row r we set X, = min 
(a,,b,). If x,ı = a,, we remove row r from further 
consideration, since this origin availability will 
have been satisfied, and select the next lowest cost 
in column 1. Conversely, if x,ı = b,, we eliminate 
column | from further consideration and move 
to column 2 and select the lowest cost in column 
2. Assume that the former condition was present 


(i.e. X, = а,), and assume that the next lowest 
cost in column 1 is found in row s. We then set 
x, = min (a,b - a,) and continue in the same 


manner until the destination requirement for 
column 1 has been satisfied. When the require- 
ment for column 1 has been met, eliminate col- 
umn 1 from further consideration and repeat the 
procedure for column 2. Continue this process 
until the requirement for column n (last column) 
is satisfied. If, at any point in the search process, 
the minimum cost in a column is not unique, 
simply select any one of the minima. This column 


D, D, Origin 
Atlanta Philadelphia | Availability 
40,000 


3.00 7.50 


10,000 


50,000 


35,000 


125,000 


minima procedure will produce an initial basic 
feasible solution that is usually better than that 
produced by application of the Northwest corner 
rule. Degeneracy can also occur during the ap- 
рісайоп of the Column minima rule, and this 
problem will be discussed more fully later. Let us 
now apply the Column minima rule to our tuna 
fish shipping problem. The initial basic feasible 
solution for this problem using the Column min- 
ima rule is presented in Table 5.4. 

Applying the Column minima rule, the first 
allocation is xy, = 35,000, the min (a, — 40,000; 
b, = 35,000), since сү = $1.00 is the lowest cost 
in column 1. This allocation exactly satisfies the 
destination requirement for column 1 (Los An- 
geles). Since x,, = 35,000 = bı, we eliminate 
column 1 from further consideration and move 
to column 2 and select the lowest cost in column 
2, which is сә = $4.50. We then set Xo» = 20,000, 
the min (as = 50,000; % — 20,000). This satisfies 
the destination requirement for column 2 (Kansas 
City). We proceed in this fashion, as indicated by 
the arrows in Table 5.4, until all of the basic 
variables (allocations) are determined. Observe 
that we have again made m + n — | = 3+4 
— 1 = 6 positive allocations. The total shipping 
cost associated with this initial basic feasible so. 
lution is as follows. 
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Shipping Route 


San Diego — Los Angeles 
San Diego — Philadelphia 
New Orleans — Kansas City 
New Orleans — Philadelphia 
Jacksonville > Atlanta 
Jacksonville — Philadelphia 


It should be intuitively obvious that we could 
employ a row minima procedure that would be 
identical to the column minima procedure, except 
for searching for the smallest cost in successive 
rows. The procedure will not be discussed further, 
but it certainly can be used instead of the column 
minima process. 


Matrix Minima Rule. A third procedure for 
determining an initial basic feasible solution in- 
volves the successive determination of matrix min- 
ima. Using the Matrix minima rule, we begin by 
determining the smallest cost in the entire tableau. 
If a tie occurs, the tie may be broken arbitrarily. 
Assuming that this occurs for cell (i,j), we then 
set x; = min (а,Ь) and eliminate from further 
consideration either row i or column j, depending 
on which requirement is satisfied. Thus, if xj = 


35,000 cases x $ 1.00 per case 
5,000 cases х $11.00 per case = $ 55,000 
20,000 cases x $ 4.50 per case 
30,000 cases x $ 7.50 per case 
25,000 cases x $ 1.00 per case — $ 25,000 
10,000 cases x $ 6.00 per case — $ 60,000 


Shipping Cost 


$ 35,000 


$ 90,000 
$225,000 


Total = $490,000 


a;, we decrease b; by a;, and if x; = bj, we decrease 
a; by bj. We then repeat this process throughout 
the remainder of the tableau. Whenever the search 
process reaches a point at which the minimum 
cost is not unique, an arbitrary choice among the 
minima can be made. Degeneracy can again occur, 
but this possibility will be discussed more fully 
later. Again, use of the Matrix minima rule will 
generally produce a better initial feasible solution 
than the Northwest corner rule. Applying the 
Matrix minima rule to our tuna fish shipping 
problem we obtain the initial basic feasible solu- 
tion shown in Table 5.5. 

Applying the Matrix minima rule, the first 
allocation is xj; = 35,000, the min (a, = 40,000; 
b, — 35,000), since c, — $1.00 is the minimum 
cost in the tableau. This allocation exactly satisfies 
the destination requirement for column 1 (Los 
Angeles), and we decrease a, by 35,000 also. The 


TABLE 5.4 INITIAL BASIC FEASIBLE SOLUTION—COLUMN MINIMA RULE 
Destination 


Destination 
Requirement 


D, Origin 
Atlanta Philadelphia | Availability 


40,000 


50,000 


35,000 


125,000 
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TABLE 5.5 INITIAL BASIC FEASIBLE SOLUTION—MATRIX MINIMA RULE 


Destination 


7.50 


Me 


next smallest cost in the tableau is єзз = $1.00. 
We thus make the second allocation as x3; = 
25,000, the min (аз = 35,000; b, = 25,000). Ме 
then decrease а; by 6; = 25,000 and continue. 
This process is repeated throughout the remain- 
der of the tableau, as indicated by the arrows in 
Table 5.5, until all the basic variables (allocations) 
are determined. Observe that we have again made 
m+n—1=3-+4= 1 = 6 positive allocations. 
The total shipping cost associated with this initial 
basic feasible solution is as follows, 


Shipping Route 


Destination 
Requirement 


San Diego -> Los Angeles 
San Diego — Philadelphia 
New Orleans — Kansas City 
New Orleans — Philadelphia 
Jacksonville — Atlanta 
Jacksonville — Philadelphia 


Vogel's Method. A final procedure for deter- 
mining an initial basic feasible solution is known 
as Vogel's method.’ This procedure evolves as 


*N. V. Reinfeld and W. R. Vogel, Mathematical Programming 
(Englewood Cliffs, N.J.: Prentice Hall, 1958). 


Origin 


D, 
Philadelphia | Availability 


11.00 


40,000 


50,000 


35,000 


125,000 


follows. For each row, we determine the lowest- 
cost су, and the next-lowest-cost си. We then 
compute с, — cj. This difference represents the 
"penalty" that will be incurred if, instead of 
shipping over the best route (i.e., the route having 
Cost c), we are forced to ship over the second best 
route (i.e., the route having cost c;). This com- 
putation is made for each of the m rows, and m 
numbers are obtained. The same process is then 
applied for each of then columns, and n numbers 
are obtained. We then select the largest of the 


Shipping Cost 


35,000 cases x $ 1.00 per case = $ 35,000 

5,000 cases x $11.00 per case = $ 55,000 
20,000 cases х $ 4.50 per case = 
30,000 cases x $ 7.50 per case = $225,000 
25,000 cases x $ 1.00 per case = $ 25,000 
10,000 cases x $ 6.00 per case = $ 60,000 


90,000 


Total = $490,000 


т + n values. If a tie occurs, the tie may be 
broken arbitrarily. Assume that the largest of 
these numbers is associated with column / and 
that we have determined that cell (ij) is the 
minimum-cost cell for column j. We then set 
ху = min (a,, bj) and cross off either row i or 
column j, depending on which requirement is 
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satisfied. What we are doing is making an allo- 
cation to the cell for which the penalty would be 
greatest if we did not select this cell or route. 
That is, we locate the row or column with the 
largest penalty and then allocate the maximum 
number of units possible to the lowest-cost (i.e., 
the "best") cell in that row or column. We then 
repeat the entire process for the remaining rows 
and columns. This process continues until all the 
basic variables (allocations) are determined. Again, 


when the maximum difference is not unique, an 
arbitrary choice can be made. Degeneracy can 
again occur, and will be discussed more fully later. 
Vogel's method usually produces an initial basic 
feasible solution that is superior to that produced 
by the Northwest corner rule. Applying Vogel's 
method to our tuna fish shipping problem, we 
obtain the initial basic feasible solution shown in 
Table 5.6. The steps taken in applying Vogel's 
method are summarized as follows: 


Differences, А 


Row Column 
Step 1 2 3 1 2 3 4 Allocation 

1 6.50 1.50 5.00 6.50 2.00 2.00 1.50 x, = 35,000 bri 
column 1 

2 1.00 1.50 5.00 2.00 2.00 150 x4 = 25,000 (ааа 
column 3 

3 3.50 3.00 0.50 2.00 150 ха 5,000 [ү 
row 1 

4 3.00 0.50 2.00 1.50 хь = 15,000 е 
column 2 

5 1.50 Xo, = 35,000 Eliminate 
column 4, 


хи = 10,000 


rows 2 and 3 


TABLE 5.6 


0 


3 
Jacksonville 


Destination 
Requirement 


INITIAL BASIC FEASIBLE SOLUTION—VOGEL'S METHOD 


Destination 


D; 
Atlanta 


р, 
Philadelphia 


Origin 
Availability 
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In step 1 we first compute the т + п row and 
column differences for the entire tableau. Ob- 
serving that 6.50 in row 1 is the largest of these 
differences, we then set х = min (a, = 40,000; 
b, = 35,000) = 35,000. This eliminates column 
1 from further consideration. In step 2 we then 
compute the differences for the remaining col- 
umns (i.e., column 1 eliminated) and rows. Ob- 
serving that 5.00 in row 3 is the largest of these 
differences, we then set x3; = min (аз = 35,000; 
b, — 25,000) — 25,000. This eliminates column 
3 from further consideration. In step 3 we then 
compute the differences for the remaining col- 
umns (i.e., columns 1 and 3 eliminated) and rows. 
Observing that 3.50 in row 1 is the largest of 
these differences, we then set xi = min (a, — 
xij = 5,000; by = 20,000) = 5,000. This eliminates 
row | from further consideration. In step 4 we 
then compute the differences for the remaining 


Shipping Route 


San Diego — Los Angeles 
San Diego — Kansas City 
New Orleans — Kansas City 
New Orleans — Philadelphia 
Jacksonville — Atlanta 
Jacksonville — Philadelphia 


5.3.2 MAKING AN ITERATION 


In the previous section of this chapter we deter- 
mined a basic feasible solution to the transpor- 
tation problem having m + n — 1 of the basic 
variables, the x,,, positive. We entered the values 
for the basic x,, in the appropriate cells, and we 
circled the values to indicate that they were basic. 
Now, we must evaluate each of the unoccupied 
cells (unused shipping routes) to determine the 
effect upon the objective function of transferring 
one unit from an occupied cell to the unoccupied 
cell. The stepping-stone algorithm thus involves 
two steps. 


1. All unoccupied cells are evaluated for the “net 
cost” effect of transferring one unit from an 
occupied cell to the unoccupied cell. This 
transfer is made in a manner that maintains 
the row and column balance of the transpor- 
tation problem (1.е., сас h row availability is 
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columns (i.e., columns | and 3 eliminated) and 
rows (i.e., row 1 eliminated). Observing that 3.00 
in row 2 is the largest of these differences, we 
then set xo = min (as = 50,000; by — хь = 
15,000) = 15,000. This eliminates column 2 from 
further consideration. In step 5 we have only 
column 4 and rows 2 and 3 remaining under 
consideration. We can make these final allocations 
by inspection; that is, x», = 35,000, satisfying the 
remaining row requirement for row 2, and хз; = 
10,000, satisfying the remaining row requirement 
for row 3. 'The sum of these two row allocations 
simultaneously satisfies the column requirement 
for column 4. Thus, we have obtained the initial 
basic feasible solution shown in Table 5.6. Again, 
our initial basic feasible solution contains m + 
п — 1 = 3 + 4 — I = 6 positive allocations. 
The total shipping cost associated with this initial 
basic feasible solution is as follows. 


Shipping Cost 
35,000 cases х % 1.00 per case = % 35,000 
5,000 cases x $ 7.50 per case = $ 37,500 
15,000 cases x $ 4.50 per case = $ 67,500 
35,000 cases x $ 7.50 per case = $262,500 


25,000 cases x $ 1.00 per case = $ 25,000 
10,000 cases х $ 6.00 per case = $ 60,000 


Total = $487,500 


exactly allocated and each column require- 
ment is exactly satisfied). 

2. After the unoccupied cells have all been eval- 
uated, a reallocation is made to the unoccupied 
cell for which it is indicated that the greatest 
per unit “net cost” savings would occur. 


The steps of the stepping-stone algorithm are 
employed repeatedly until there are no unoccu- 
pied cells for which an improvement in the ob- 
jective function would occur. 

To measure the effect on the objective function 
of transferring one unit to an unoccupied cell, 
we must find a closed loop or path between the 
unoccupied cell and selected occupied cells. This 
path consists of a series of “steps” leading from 
the unoccupied cell to the occupied cells (“stones”) 
and back to the unoccupied cell. Since we are 
evaluating the effect of making a one-unit allo- 
cation to an unoccupied cell, this can be done by 
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simply using the c's associated with the cells 
along the path. 

The procedure for tracing out the closed loop 
is as follows: 


1. Begin with the unoccupied cell to be evaluated 
and place a +1 in this unoccupied cell. ‘This 
indicates that we are evaluating the effect of 
moving one unit into this unoccupied cell (i.e., 
moving one unit into this unoccupied cell (i,j) 
will incur a cost of +€). 


2. Draw an arrow from the unoccupied cell being 
evaluated to an occupied cell in the same row 
or to an occupied cell in the same column. 
Place a —1 in the cell to which the arrow was 
drawn. This signifies that we are compensating 
for the +1 unit moved into the unoccupied 
cell by subtracting (shifting) one unit from 
either an occupied cell in its same row or an 
occupied cell in its same column (i.e., moving 
one unit from this occupied cell (k,j) will save 
a cost equal to c). This shifting is necessary 
to maintain the row, or column, balance. 


3. Move from the occupied cell just selected, 
horizontally or vertically (but never diago- 
nally), to another occupied cell. Draw an arrow 
to this occupied cell and place а + 1 in the cell 
to which the arrow was drawn, again to main- 
tain the row, or column, balance. 

4. Repeat the process of moving from occupied 
cell to occupied cell until we loop back to the 
original unoccupied cell. At each step of the 
looping process, the +1 and - I allocations 
are alternated in order to maintain the row, 
or column, balance. 

5. Throughout the looping process, we maintain 
the important restriction that there is exactly 
one positive allocation (+1) and exactly one 
negative allocation ( — 1) in any row or column 
through which the loop happens to pass. 
Again, this restriction is necessary to maintain 
the row, or column, balance. Physically, this 
means that as we trace out the closed loop, 
orthogonal (90* or right-angle) turns will be 
made at only the occupied cells. It is also 
important to note that the number of cells 
involved in the closed-loop process will always 
be an even integer equal to or greater than 4 
(i.e., 4, 6, 8, . . .). 

6. After the entire closed loop has been con- 
structed the "net cost" associated with the 


unoccupied cell is determined by adding the 
су values in all the cells marked with a + 1 and 
subtracting the с, values in all the cells marked 
with a — 1. 


All the unoccupied cells are evaluated in the 
manner just described. Then, the unoccupied cell 
in which the greatest per unit “net cost” savings 
occurs is selected as the cell into which a reallo- 
cation is made. If two or more cells tie in the 
evaluation process, the tie may be broken arbi- 
trarily. To summarize, the steps outlined are the 
variable entry criterion for the transportation 
problem. 

The variable removal criterion for the trans- 
portation problem involves the cells on the closed 
loop that are marked with a —1 during the 
evaluation process described. Since the variable 
entry criterion involves a reallocation to a previ- 
ously unoccupied cell, the variable removal cri- 
terion requires that the cells on the closed loop 
with an entry of — 1 must be decreased to maintain 
the row and column balance. Thus, we must 
examine each of the cells marked with a — 1, and 
the cell marked with а —1 having the minimum 
value will indicate how much the current nonbasic 
variable can be increased. The cell selected in this 
manner will decrease to zero (i.e., will become 
nonbasic), and the unoccupied cell selected using 
the variable entry criterion will increase to the 
amount that was originally in the cell marked 
with a — 1 (i.e., will become basic). In this manner 
the row and column balance will also he main- 
tained. This process is the variable removal cri- 
terion for the transportation problem. 

In the procedure employed for tracing out the 
closed loop used to evaluate an unoccupied cell 
it should be emphasized that we begin by placing 
a +1 in the unoccupied cell being evaluated and 
then alternately place - 1 and + 1 in the occupied 
cells along the closed loop. Additionally, the as- 
signment of the —1 and +1 values is uniquely 
specified in a manner that maintains the row and 
column balance. To illustrate, consider the follow- 
ing example. 


~~ 


EXAMPLE 


In this example a +1 is automatically assigned to the 
unoccupied cell being evaluated. Then the assignment 
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Cell 
being 
evaluated 


of the — I is uniquely determined as the cell occupied 
with the amount “10,” since the assignment of — 1 to 
this cell can be offset by the assignment of +1 to the 
cell occupied with the amount “5” (ie., we can thus 
maintain the row-column balance). Note that we cannot 
make the assignment of the —1 to the cell occupied 
with the amount “20” because the row balance could 
not be maintained since there is no other occupied cell 
in the corresponding row. Note finally that the number 
of cells in the closed-loop process is the even value 
four, that is, two occupied cells assigned — 1 and two 
cells—one the unoccupied cell being evaluated and 
one the other occupied cell—assigned + 1. 

As the stepping-stone algorithm is applied we main- 
tain a set ofm + п — 1 occupied cells that forms a 


Transportation and Assignment Problems 


basic tree. A tree in the transportation tableau is a 
connected set of cells without loops, and a basic tree in 
the transportation tableau is that tree which consists of 
Шет + n — 1 occupied cells that correspond to the 
current basic variables. A set of cells in the transpor- 
tation tableau is said to be connected if there exists a 
directed path (and thus a simple directed path), in- 
volving only cells in the set, that joins any cell in the 
set to any other cell in the set. A simple directed path 
from cell (2,7) to cell (u,v) in the transportation tableau 
is a directed path such that in any row or column there 
are no more than two cells in the set of cells that define 
the path. 

To illustrate the stepping-stone algorithm, we will 
solve the tuna fish shipping problem using the initial 


TABLE 5.7 TUNA FISH SHIPPING PROBLEM—INITIAL BASIC FEASIBLE SOLUTION 


Destination 


D, D; 
Los Angeles Kansas City 


1.00 


Jacksonville | + 13.50 


Destination 
Requirement 


35,000 


NU 


D, D, 
Atlanta Philadelphia 


Origin 
Availability 


40,000 


50,000 


m 
ЕТІ [мыш 
воо | 


AM 


35,000 


125,000 


Note: Total shipping cost (initial basic feasible solution) * $500,000. 
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basic feasible solution determined by the Northwest 
corner rule. This tableau is reproduced in Table 5.7. 
We will begin our analysis by considering cell (1,3), 
which is currently unoccupied and represents the San 
Diego — Atlanta shipping route. In the case of cell 
(1,3) a closed path consists of steps from this cell (1,3) 
to cell (2,3), from cell (2,3) to cell (2,9) from cell (2,2) 
to cell (1,2), and from cell (1,2) back to cell (1,3). We 
are thus evaluating the effect of adding one unit to cell 
(1,3), which in turn must be compensated for by 


“ell (1,3) 


Add one unit to cell (1,3): + $8.50 

Subtract one unit from cell 

(2,3): = 9:00 

Add one unit to cell (2,2): % 450 

Subtract one unit from cell 

(1,2): - 7.50 
Net change +$2.50 


Thus, an allocation of one unit to cell (1,3) will result 
in a $2.50 increase in the objective function. This net 
increase is entered in cell (1,3) in the tableau. 


Cell (1,4) Cell (1,4 

Add one unit to cell (1,4): +$11.00 

Subtract one unit from cell 

(2,4): R 21:90 

Add опе unit to cell (2,2): + 4.50 

Subtract one unit from cell 

(13) - 780 
Net change +$ 0.50 

Cell (2,1) 

Add one unit to cell (2,1): +$ 7.50 

Subtract one unit from cell 

(2,2): - 450 

Add one unit to cell (1,2): + 7.50 

Subtract one unit from cell 

(1,1): - 1.00 
Net change *$ 9.50 


Cell (1,3) 


) 
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subtracting one unit from cell (2,3). This reduction in 
cell (2,3) must then be compensated for by adding one 
unit to cell (2,2). This addition to cell (2,2) must then 
be compensated for by subtracting one unit from cell 
(1,2). This completes the reallocation along the closed 
path from cell (1,3) back to itself. 

Тһе net change in the objective function that cor- 
responds to this reallocation can be determined by 
adding and subtracting the appropriate transportation 
costs. Following our closed path, these results are as 
follows: 


< Unoccupied 
cell 


The effect of allocating one unit to each of the other 


unoccupied cells is evaluated in the same manner. The 
computations for the other cells are as follows: 


< Unoccupied 
cell 


Unoccupied 
cell 
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Cell (3,1) 

Add one unit to cell (3,1): 
Subtract one unit from cell 
(3,4): — 6.00 
Add one unit to cell (2,4): + 7.50 
Subtract one unit from cell 

(2,2): - 4.50 
Add опе unit to cell (1,2): + 7.50 
Subtract one unit from cell 


+$10.00 


(L1): - 1.00 
Net change + $13.50 
Unoccupied 
cell 
Cell (3,2) Cell (3,2) 


Add one unit to cell (3,2): 
Subtract one unit from cell 
(3,4): 
Add one unit to cell (2,4): 
Subtract one unit from cell 
(2,2): 

Net change 


Unoccupied 


cell 


Cell (3,3) 

Add one unit to cell (3,3): 
Subtract one unit from cell 
(3,4): 

Add one unit to cell (2,4): 
Subtract one unit from cell 
(2,3): 


Cell (3,3) 


Net change 


These net changes are entered in Table 5.7. They are 
equivalent to the c, — Z, values we used earlier in the 
simplex algorithm. However, we are now solving а 
minimization problem. Thus, if all c, — 2, = 0, the 
basic feasible solution is optimal. If one or more of the 
с, - 2, € 0, the value of the objective function 
(shipping cost) can be reduced. 

In Table 5.7 we observe that cs — Zs = -0.50, 
and we know that we can decrease the objective function 
by making an allocation to the currently unoccupied 
cell (3,3). The question now is: How large an allocation 
can we make to cell (3,3)? This question is answered 
by remembering that a basic feasible solution must 
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have m + n — 1 occupied cells, and we must maintain 
our row and column balance (і.е., we must exactly 
satisfy the column requirements using exactly the row 
availabilities). Thus, the amount of the allocation to be 
made into a unoccupied cell is always the minimim 
amount in the cells on the closed loop that are marked 
with a — 1 during the unoccupied cell evaluation pro- 
cess. The limit on the number of units that can be 
allocated to cell (3,3) is equal to the minimum of the 
number of units currently allocated to cell (2,3) and 
cell (3,4). This is because one of these two cells will 
provide the units that will move into cell (3,3). Dia- 
grammatically: 
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Ds D, 
1 


= 3.00 | +1 


In these diagrams note that each of the cells along the 
closed loop has been marked with a +1 or a —1. The 
number of units to be allocated to cell (3,3) would be 
computed as: 


or 


Allocation to cell (3,3) 


cell (2,3). cell T 


25,000 ' 35,000 AED 


= minimum ( 


- 25,000 


То maintain a basic feasible solution and the row- 
column balance, the minimum value in these two 
cells must be selected. Thus, we move 25,000 units 
from cell (2,3) into cell (3,3). We compensate for this 


move by reducing the amount in cell (3,4) to 35,000 — 
25,000 — 10,000. Then we increase the amount in cell 
(2,4) to 10,000 -- 95,000 — 35,000. Finally, we reduce 
the amount in cell (2,3) to 25,000 — 25,000 — 0. We 
have, of course, simply moved 25,000 units around the 
closed path that we used to originally evaluate cell 
(3,3). The new tableau, in which this change has been 
made, is shown in Table 5.8. 

To illustrate the determination of the amount of 
the allocation for a more complicated route, refer back 
to Table 5.7 and assume for purposes of discussion 
that we had determined that an allocation should be 
made to cell (3,1). (Note that this would not really be 
the case since c, — Z4, = + 13.50.) 

Next, the closed loop used to make the evaluation 
for cell (3,1) in Table 5.7 is shown, and each of the 
cells involved in this closed loop is marked with a +1 


ora -1. 
D, 
Sos 


D, D, 


! 


Cell (3,1) to which the allocation is to be made 


E ———MMM—————————— 
TABLE 5.8 TUNA FISH SHIPPING PROBLEM—SECOND BASIC FEASIBLE SOLUTION (OPTIMAL SOLUTION 


Destination 


Destination 
Requirement 


Origin 
Availability 


Note: Total shipping cost (sec ond basic feasible solution) - $487,500. 
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The allocation to be made to cell (3,1) would be 
computed as: 


Allocation to cell (3,1) 


cell (1,1) cell (2,2) cell (3,4) 
35,000 ' 15,000 ' 35,000 


= minimum ( | (5-15) 


- 15,000 


If this allocation were made, the revised loop would 
appear as shown: 


Cell (1,3) 
Add one unit to cell (1,3): + $8.50 
Subtract one unit from cell 
(1,2): 

Add one unit to cell (2,2); 
Subtract one unit from cell 
(2,4): 

Add one unit to cell (3,4): 
Subtract one unit from cell 
(3,3): 


Cell (1,3) 


Net change 


Cell (1,4) 
Add one unit to cell (1,4): 
Subtract one unit from cell 
(2,4): 
Add one unit to cell (2,2); 
Subtract one unit from cell 
(1,2): 

Net change 


Cell (2,1) 
Add one unit to cell (2,1): 
Subtract one unit from cell 
(2,2): 
Add one unit to cell (1,2); 
Subtract one unit from cell 
(1,1): 

Net change 


+$11.00 р, 
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Cell (2,2) from which allocation was made 


Cell (3,1) to which allocation was made 


We must now evaluate the unoccupied cells in this 
second tableau (Table 5.8) to see if any further 
allocations that reduce the objective function can be 
made. The computations for these cells are as follows: 


Unoccupied 
cell 


< Unoccupied 
i5 
35,000 


Unoccupied 
cell 
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Cell (2,3) 
Add one unit to cell (2,3): 
Subtract one unit from cell 
(2,4): 
Add one unit to cell (3,4); 
Subtract one unit from cell 
(3,3): 

Net change 


Cell (3,1) 
Add one unit to cell (3,1): 
Subtract one unit from cell 
(3,4): 
Add one unit to cell (2,4); 
Subtract one unit from cell 
(2,2): 
Add one unit to cell (1,2): 
Subtract one unit from cell 
(1,1): 

Net change 


Cell (3,2) 
Add one unit to cell (3,2): 
Subtract one unit from cell 
(3,4): 
Add one unit to cell (2,4); 
Subtract one unit from cell 
(2,2): 

Net change 


+$3.00 


- 7.50 
+ 6.00 


— 1.00 
+$0.50 


+$10.00 


- 6.00 
+ 7.50 


+ $6.50 


- 6.00 
+ 7.50 


— 4.50 


+ $3.50 


Cell (2,3) Unoccupied 


| cell 
D, D, 


тп теп 
cell 


Since c, - 2) = 0 for all unoccupied cells, we are 
optimal. The minimum-cost shipping plan is as follows. 


Shipping Route 


Shipping Cost 


San Diego — Los Angeles 
San Diego — Kansas City 
New Orleans — Kansas City 
New Orleans — Philadelphia 
Jacksonville — Atlanta 
Jacksonville — Philadelphia 


35,000 cases х $1.00 per case 
5,000 cases X $7.50 per case 
15,000 cases x $4.50 per case 
35,000 cases x $7.50 per case 
25,000 cases х $1.00 per case 
10,000 cases х $6.00 per case 
Total 


- $ 35,000 
- $ 37,500 
8 67,500 
$262,500 
= $ 25,000 
= $ 60,000 
= $487,500 


5.4 DEGENERACY 


A feasible solution to a transportation problem is . 


degenerate if less than m + n — | of the x, values 
are strictly positive. Degeneracy can occur as an 
initial basic feasible solution is determined, or it 
can occur as an iteration is made. In a practical 
sense, degeneracy in a transportation problem 
does not cause any great problem because no 
transportation problem has ever been known to 
cycle. However, for transportation problems we 
can employ a very simple technique to deal with 
degeneracy. 


5.4.1 DEGENERACY—INITIAL 
BASIC FEASIBLE SOLUTION 


First, let us consider the situation in which de- 
generacy occurs as an initial basic feasible solution 
is being determined. In this case degeneracy 
results because the method we are using to pro- 
vide an initial solution yields a feasible solution 
with A <m + n — 1 of the ху > 0, and the cells 
associated with the positive x; do not form a basic 
tree. To construct an initial basic feasible solution, 
we simply add m + n — 1 — k cells at a zero level 
in the tableau. These cells are added in a manner 
such that the resultant т + n — 1 cells form a 
basic tree. A zero is entered into the added cells, 
and these zero cells are circled to indicate that 
they are a part of the initial basic feasible solution. 
We then proceed to make iterations in the usual 
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manner. However, in this case a variable can enter 
and leave the solution at a zero level, and we may 
ultimately arrive at a degenerate optimal feasible 
solution. 

To illustrate a situation in which degeneracy 
occurs as an initial basic feasible solution is deter- 
mined, consider the tableau shown in Table 5.9 
in which the Northwest corner rule was used to 
select the initial basic feasible solution. In Table 
5.9 note that the use of the Northwest corner 
rule results in an initial feasible solution having 
positive allocations to only five cells, whereas we 
must have m + n — 1 = 6 strictly positive x, for 
an initial basic feasible solution. This occurred 
because, as we assigned the value хә; = 15, we 
simultaneously satisfied the row 2 availability of 
30 and the column 3 requirement of 15. Also 
note that this set of five cells does not form a 
connected tree, since we cannot connect cell (2,3) 
to cell (3,4). 

In Table 5.10 a degenerate initial basic feasible 
solution is presented, in which one additional cell, 
(2,4), has been added at a zero level and circled 
with a dashed line. Note that instead of entering 
a zero in cell (2,4), we could have entered a zero 
in cell (3,3) and we would have alternatively 
constructed a degenerate initial basic feasible so- 
lution. Having obtained our initial (degenerate) 
basic feasible solution, we can now proceed to 
apply the stepping-stone algorithm. The second 
transportation tableau, which is the optimal so- 
lution to this problem, is presented in Table 5.11. 


— 
TABLE 5.9 INITIAL FEASIBLE SOLUTION USING NORTHWEST CORNER RULE 


Destination 


Destination 
Requirement 


Origin 
Availability 


Z = 115 


Degeneracy 


TABLE 5.10 DEGENERATE INITIAL BASIC FEASIBLE SOLUTION 
Destination 


Observe that this optimal solution is no longer 
degenerate. 


5.4.2 DEGENERACY—TIE FOR 
LEAVING BASIC VARIABLE 


Degeneracy can also appear during any iteration 
of the solution process for the transportation 
problem in which there is a tie for the variable 
chosen to leave the basic solution. When such a 
tie occurs we can choose any one of the tied 
variables as the variable to leave the basis. How- 
ever, at the next stage of the problem the variables 


Origin 
Availability 


Z = 155 


that were tied with the variable chosen to be 
removed from the basis will also be driven to 
zero. Thus, we will have obtained a basic feasible 
solution with less than m + n — 1 of the cells 
having x, > 0 (i.e. a degenerate basic feasible 
solution will be generated). However, we can 
continue the iteration process by keeping these 
variables in solution, circled at a zero level. 

То illustrate a situation in which degeneracy 
occurs as a result of a tie for the leaving basic 
variable, consider the transportation problem ta- 
bleau shown in Table 5.12 in which the Northwest 
corner rule was used to generate an initial basic 
feasible solution. 


TABLE 5.11 OPTIMAL SOLUTION (NONDEGENERATE 


Destination 
Requirement 


Origin 
Availability 


MinZ - 140 
(optimal) 
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TABLE 5.12 


Destination 


Origin 


Destination 
Requirement 


Each of the unoccupied cells has been evalu- 
ated and cell (2,4) would be chosen as the cell to 
which an allocation should be made. Now, how- 
ever, there is a tie for the basic variable to be 
removed as either xo; = 5 or x, = 5 can be 
replaced by хә). Assume that we arbitrarily decide 
to replace x44. The new feasible solution is shown 
in Table 5.13. 

In Table 5.13, note that as we removed variable 
ха from the basis, variable xs, was also driven to 
zero. We have x, > 0 for only five cells, and we 
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INITIAL BASIC FEASIBLE SOLUTION (TIE FOR LEAVING BASIC VARIABLE 


Origin 
Availability 


Tie for basic 
variable 
to leave 
solution 


require that m + n — 1 = 3 + 4 — 1 = 6cells 
have positive allocations. We can proceed in the 
normal manner, however, by keeping variable xs; 
in the basis at a zero level (i.e., we can generate 
a degenerate basic feasible solution and proceed). 

Many authors suggest the use of a cell marked 
with an “е” (epsilon) instead of a cell containing 
a zero. This is perfectly acceptable as a means for 
treating degeneracy, and in this case the epsilon 
quantity can be thought of as being so small that 
it does not incur any cost but, at the same time, 


TABLE 5.13 NEW FEASIBLE SOLUTION, x, AND x; DRIVEN TO 


ZERO—ITERATION 1 


Destination 


0. 


о, 


Destination 
Requirement 


Origin 
Availability 


Z = 310 


Перепегасу 
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TABLE 5.14 DEGENERATE BASIC FEASIBLE SOLUTION 


Хз = €)—ITERATION 1 


Destination 


Destination 
Requirement 


as being large enough to represent an allocation 
to a cell. If needed, the e value is carried through 
subsequent manipulations as though it were a 
real value. Assuming this were done for the 
example given, the series of tableaus shown in 
Tables 5.14 to 5.18 would result. 

Observe that the degeneracy that is introduced 
because of the tie between the leaving basic 
variables x, and xa, (see Table 5.14) continues 


Origin 
Availability 


Z = 310 


through the next two iterations (i.e., we carry the 
е value along), but the degeneracy is removed as 
a result of the fourth iteration (see Table 5.17). 
However, in Table 5.17 there is again a tie for 
the basic variable to be removed, as either xj, = 
5 or x = 5 can be replaced by хц. The final 
optimal (degenerate) solution is shown in Table 
5.18, where ху is driven to zero and we let 
Xy = €. 


TABLE 5.15 DEGENERATE BASIC FEASIBLE SOLUTION 


Ха = €)—ITERATION 2 


Destination 


Destination 
Requirement 


Origin 
Availability 


Z = 310 
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TABLE 5.16 HI a BASIC FEASIBLE SOLUTION 


Хо = € .—ITERAT ION 3 


Destination 


Destination 
Requirement 


5.5 SOLVING TRANSPORTATION 
PROBLEMS USING THE MODIFIED 
DISTRIBUTION ALGORITHM 

(MODI METHOD) 


Because of the special structure of the transpor- 
tation problem, another very powerful algorithm 
can be exploited for its solution. Known as the 


Availability 


2 - 265 


modified distribution algorithm or MODI method, 
this algorithm offers an alternative approach to 
evaluating the unoccupied cells in a transporta- 
tion tableau that is simpler than the stepping- 
stone algorithm.’ The balanced transportation 
problem, written in the standard form for a linear 
programming aa was given previously by 
Equations 5-5, 5-6, and 5-7. The tuna fish ship- 
ping problem, was then expressed explicitly in 


= 
TABLE 5.17 NONDEGENERATE BASIC FEASIBLE SOLUTION—ITERATION 4 


Destination 


Destination 
Requirement 


Availability 


Z = 205 


‘Originally developed by George B Dantzig and first 
discussed іп Т. С. Koopmans, Activity Analysis of Production and 
Allocation (New York: John Wiley & Sons, Inc., 1951) 
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TABLE 5.18 OPTIMAL (DEGENERATE) SOLUTION—ITERATION 5 


Destination 


Destination 
Requirement 


this form by Equations 5-11, 5-12, and 5-13. Note 
that the tuna fish shipping problem has m = 3 
origin (supply) constraints and п = 4 destination 
(demand) constraints. Let us now consider the 
tuna fish shipping problem as a primal linear 
programming problem. We can then construct 
the primal form transportation tableau as shown 
in Table 5.19. 

In this primal form transportation tableau, a 
су value represents the unit cost associated with 
shipping one unit of product from origin i to 
destination j, an х;; value represents the unknown 
quantity to be shipped from origin i to destination 
j, and we seek to minimize the total cost associated 
with shipping all products from origins to desti- 
nations. 


Origin 
Availability 


MinZ - 195 
(optimal) 


Recall from Chapter 4 that every primal form 
linear programming problem has an associated 
dual. The transportation problem, being a spec- 
ialized type of linear programming problem, thus 
can be written in either primal or dual form. Let 
us now dualize the primal linear programming 
problem given by Equations 5-11, 5-12, and 
5-13. In our dual linear programming problem 
we will associate the three dual variables, М1, ш», 
and us, with the three origin (supply) constraints 
of the primal linear programming problem and 
the four dual variables, ©, 9, us, and v4, with the 
four destination (demand) constraints of the pri- 
mal linear programming problem. We can then 
construct the dual form transportation tableau as 
shown in Table 5.20. 


TABLE 5.19 PRIMAL FORM TRANSPORTATION TABLEAU—TUNA FISH 


SHIPPING PROBLEM 


Origin 1 
Variables 


Objective Function 
(Minimize) 
Origin (supply) 


constraints 


Destination (demand) 
constraints 
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From Table 5.20 it can be seen that the dual 
to the original transportation problem can be 
written as: 


Maximize Z = (au, + asus + asus) (5-16) 
+ (vib, + vb, + vsb, + vb.) 
subject to: 
ui +v Sey 
ц + us = Cig 
u, + Us Есі 
u, tw Ес, 
и» tu Ес: 
и» +, S с» (5-17) 
Uy + vs = Cog 
Ug +, Sly 
us + v S су 
Uy + us Ес» 
Uy + Us = сєз 
Um Жо, Siy 


with Uj, Из, Us, Vy, Әә, Us, Vy Unrestricted in sign 
(since all the constraints in the primal problem were 
equalities) (5-18) 


In this dual form transportation tableau the и; 
and v; dual variables are the implicit values (at a 
given solution stage of the problem) associated 
with the various origins and destinations. Thus, 
u, is the value of one unit of the product at origin 
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i, or the implicit worth of origin i (per unit). 
Similarly, v; is the value of one unit of the product 
delivered at destination j, or the implicit worth of 
destination / (per unit). In the objective function 
of this dual problem, the a; are the amounts 
available at the origins, and the b; are the amounts 
required at the j destinations. We thus seek to 
maximize the total value associated with the origins 
and destinations. 

Observe the special structure of the constraints 
of the dual problem given by Equation 5-17. This 
special structure results from the unique arrange- 
ment of the “1” and “0” elements in the constraints 
of the primal problem. In the dual problem 
constraints, each constraint includes one u vari- 
able and one v variable only. Additionally, for 
each dual constraint, the subscript of и; and v, 
match the double subscript of ¢,,, the right-hand- 
side value. Thus, if u; and v; are the dual variables 
corresponding to the i origin constraints (i = 1, 
2,..., m) and the j destination constraints (j = 
1, 2, ... , n), the corresponding dual to the 
transportation problem is given by: 


(5-19) 


ізі 


a . 
Maximize Z = Уаш + У) by, 
ізі 


subject to: и + u, SC;  foralli,j (5-20) 


TABLE 5.20 DUAL FORM TRANSPORTATION TABLEAU—TUNA FISH 


SHIPPING PROBLEM 


Variables 


ц 

Objective Function 
(Maximize) 

Origin 1-- 
Cost constraints 


Origin 2— 
Cost constraints 


Origin 3— 
Cost constraints 


Origin 1, 2, 3 


Destination 1, 2, 3, 4 
Variables 
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with u, v, unrestricted in sign (5-21) 


As noted in our discussion of duality theory in 
Chapter 4, for each primal basic variable in any 
basic feasible solution, the corresponding dual 
constraint must be satisfied as an equality (i.e., 
according to the property of complementary 
slackness). This means that: 


u; + Up = Cy for all basic x,,(x,, > 0) 


(i.e., for each occupied cell) 


and the remaining dual constraints will all be 
inequalities of the form: (5-22) 


for all nonbasic x;(x; = 0) 
(і.е., for each unoccupied cell) 


u; + = с; 


The value ofc; = u; — v; represents the amount 
by which each unit of x, would change the value 
of the objective function. The modified distribu- 
tion algorithm, or MODI method, is based on the 
dual formulation of the transportation problem. 
Specifically, it is based on the fact that there are 
m + n — 1 occupied cells in а basic feasible 
solution to a transportation problem and that the 
dual constraints corresponding to the basic vari- 
able must be satisfied as strict equalities. Suppose 
that we designate ci”, c", cu^, +++» са, с, as the 
m + n — 1 prices corresponding to the basic 
variables in the basic feasible solution to the 
transportation problem having m origins and n 
destinations. Suppose further that we express 
these values as m + n — 1 simultaneous linear 
equations, as follows: 


uj + V, * C; 
и, Fuy = e 

- B 
и, + U, = Cy 


(5-23) 


и, + U, = Cu, 
и, t v = 64 


We now have a set of + n — 1 simultaneous 
linear equations in m + n unknowns. Thus, we 
can assign an arbitrary value to any one of the u, 
or v, and solve for the remaining m + n — 1 
variables. Furthermore, these linear equations are 
very easy to solve since they can be solved se- 
quentially. For example, if we arbitrarily set u; = 
0, then v, = c," and u, = Gr» за Cy” = c. 
Once all the u, and v, have been determined, the 


entering basic variable (if there is one) can be 
determined by calculating с) = u; — vj for each 
unoccupied cell. If c; — ш = v; 2 0 for each 
unoccupied cell, then we are optimal. Otherwise, 
we make the maximum permissible allocation to 
the cell having the smallest (largest negative) value 
ofc; — щу < 0. 

The savings in computational effort afforded 
by this method becomes apparent as we consider 
an actual problem situation. Thus, let us now 
apply the MODI method to the initial basic fea- 
sible solution to our tuna fish shipping problem 
that we obtained by utilizing the Northwest corner 
rule. This initial tableau is shown in Table 5.21. 
Note that Table 5.21 has an additional column, 
which indicates the values of the ш, and ап 
additional row, which indicates the values of the 
vj. The values of the и; and v; were computed in 
the following manner. The prices corresponding 
to the variables in the initial basic feasible solution 
are: 


€, = 1.00 
сь = 7.50 
Съ = 4.50 (5-24) 
сәз = 3.00 
са = 7.50 
см = 6.00 


Thus, the set of simultaneous linear equations to 
be solved is: 


и, + v; = су = 1.00 
и, + ون‎ = сь = 7.50 
us + Us = Сә = 4.50 (5-25) 
Uy + Vs = Соз = 3.00 
Uy + Vy = си = 7.50 
и, + vy = c4 = 6.00 
Arbitrarily setting u, = 0, we obtain: 
0+ v =100>4, =1 
0% w = 7.500, = 7.5 
wt 75 = 4.50- и, = -3 
-3+ w = 3.0071 = 6 (20) 
-$+ v = 7.50 v, = 10.50 


и, + 10.50 = 6.00 > u, = -45 


Now, for any cell с, = Z = c; = ш = vj, and all 
the c; - 2) for the unoccupied cells can be 
determined simply by subtracting the appropriate 
и, + v, from the c; value. These computations 
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TABLE 5.21 INITIAL TABLEAU-MODI METHOD 
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Destination 


Os 
Jacksonville 


Destination 


Requirement 20,000 


are made as follows: 


Cs — Z = Cy цу — vy = 8.50 – 0 - 6 = 
Ссл Zu = cu щш — wy = 11.00- 0 - 10.5 = 
Cy “ Za = Cy и =v = 7.50- (-3) - 1 = 
Cy, = Zy = Cy) — Us — v, = 10.00 - (-45)- 1 = 
Су ¬ Ly = Сур — Us — Vy = 6.50 -(-4.5)- 7.5 = 
б - Zy = бу — Uy — v, = 1.00 — (-45- 6 = 


These values are, of course, exactly the same as 
those obtained by use of the stepping-stone al- 
gorithm (refer to Table 5.7). However, our use 
of the MODI method has required less work, and 
the chances for making numerical errors have 
been reduced. 

As in the stepping-stone method, the value 
(= 0.50) in cell (3,3) indicates that the present 
solution is not optimal. The amount allocated to 
cell (3,3) is determined in exactly the same manner 
as was done for the stepping-stone procedure. 
Accordingly, 25,000 units are allocated to cell 
(3,3) resulting in the new tableau shown in Table 
5.22. 

At this stage, the u,, v,, and the values of the 
су = и, — v, for the unoccupied cells must be 
recomputed for this new tableau. This has been 
done for the tableau shown in Table 5.22. Since 
all the unoccupied cells in this tableau are positive, 
we have obtained the optimal solution. This op- 
timal solution is, of course, identical to the optimal 
solution to this same problem obtained earlier by 


[11 | 
40,000 


Origin 
Availability 


Ds 


D, 
Philadelphia 


ui 


50,000 


-4,5 


25,000 


application of the stepping-stone algorithm (refer 
to Table 5.8). 


5.6 THE UNBALANCED 
TRANSPORTATION PROBLEM 


Instead of the balanced transportation problem 
given by Equations 5-1, 5-2, 5-3, and 5-4, it is 
very common in practical applications to encoun- 
ter an unbalanced transportation problem of the 
form: 


Minimize Z = >> У сұх, (5-28) 

ізі )=1 

.-і 
subject to: Ee ee =Й. йа 

jet 

у x, = b, MS Mose ud n=] 
-і 
(5-29) 

with x, =0 for all i, у (5-30) 


The Unbalanced Transportation Problem 
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TABLE 5.22 SECOND TABLEAU-MODI METHOD (OPTIMAL SOLUTION 


Dı D; D, Origin 
Origin Los Angeles | Kansas City ub Philadelphia | Availability 


oe 
ЕРТТЕП ЕТІШЕДІТІ БИЕТІ 
E--- 


Destination 
Requirement 


Note that in the first set of m constraints, we € 


from j = 1 ton — 1 rather than the usual j = 

to л. Тһе reasons for doing this will E 
apparent shortly. This first set of m constraints 
now contains a = sign rather than an equality 
sign. This means that we physically have more 
units available at the origins than are required at 
the destinations. 

Now, the first m inequalities can be converted 
to m equalities by the addition of m slack variables. 
These slack variables are written as x»; = 1, 

. , m. The constraint set becomes: 


Уху + х= а i=l... m (5-31) 


^ x =b j=l,....n-1 (6-82) 

Furthermore, we can sum Equation 5-31 over i 

E subtract from this result the sum of Equation 
-32 over j, giving: 


a = 25-2» 


int ізі i) 


(5-33) 


Thus, the sum of the slack variables is a constant 
and is equal to the difference between the origin 
availabilities and the destination requirements. 
To construct the transportation tableau, we simply 
add one more column; that is, we add an addi- 


25,000 45,000 125,000 


Destination 


35,000 


Ga ee 50 


tional destination having a requirement equal to 
the sum of the slack variables. This additional 
column is referred to as a slack or dummy 
destination. The costs associated with this dummy 
column, the с;, associated with the slack variables, 
the xin, are all zero. Thus, we are considering the 
slack units as being shipped at no cost. Having 
made these modifications, this unbalanced trans- 
portation problem has been converted into а 
balanced transportation problem, and it can be 
solved in the usual manner. 

То illustrate ап unbalanced transportation 
problem in which supply exceeds demand, con- 
sider the following situation. The Missouri Farm- 
ers Association Co-op owns large wheat silos in 
six locations throughout Missouri. The storage 
capacities of these six silos (in millions of bushels 
of wheat) are as follows: 


D, = 50 
D, = 20 
Ds = 10| Storage capacity = 180 (million bushel 
р, = 35 torage capacity = (million bushels) 
D. = 15 (demands) 

l$‏ = و 
D, = 50‏ 

(5-34) 


From the current wheat harvest the Co-op has 
obtained 245 million bushels of wheat, and cur- 
rently has this amount of wheat temporarily stored 
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at four locations, in the following manner: 


A, = 45 

А+ = ТО, Supply availability = 245 (million bushels) 
ec e 

A, = 100 (supplies) 


(5-35) 


The Co-op is faced with the problem of moving 
the wheat from the four temporary storage lo- 
cations to the six large wheat silos. We will assume 
that the per unit (million bushels of wheat) costs 
of transporting the wheat from each of the tem- 
porary storage locations to each of the silos is 
known. Given this cost information the initial 
transportation tableau for this unbalanced prob- 
lem can be constructed and an initial basic feasible 
solution determined, as shown in Table 5.23. In 
Table 5.23 observe first that we have added one 
slack destination (column) with a requirement 
given by: 
Slack destination requirement 


=Ya- Db 


ізі jel 
= (45 + 70 + 30 + 100) 
- (50 + 20 + 10 + 35 + 15 + 50) 
= 245 — 180 
= 65 


(5-36) 
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The costs associated with this slack destination 
column are all zero. Observe next that we have 
determined an initial basic feasible solution for 
this problem, withm + n - 1=4+7-1= 
10 cells occupied, using the matrix minima 
method. In determining this initial basic feasible 
solution two cells in the slack column are utilized. 
For this initial basic feasible solution, the cost of 
the shipping plan is $1600. Note finally that we 
have used the MODI method to evaluate the costs 
associated with moving into the unoccupied cells 
for this initial basic feasible solution. We see that 
per unit savings of $2 сап be achieved by making 
an allocation to cell (1,6). Furthermore, we can 
determine that it is possible to move 40 units 
(millions of bushels of wheat) into cell (1,6). 
Making this reallocation, we obtain the second 
basic feasible solution shown in Table 5.24. 

In this second basic feasible solution, the cost 
of the shipping plan is $1520. Again, employing 
the MODI method to evaluate the costs associated 
with the unoccupied cells, we see that a per unit 
savings of $1 can be achieved by making an 
allocation to cell (3,7) (i.e., row 3, slack column). 
Furthermore, we can determine that it is possible 
to move 5 units (millions of bushels of wheat) 
into cell (3,7). Making this reallocation we obtain 
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Destination 


Origin 


Slack 
Destination 


Origin 
Availability 


Destination 
Requirement 


Destination 
Requirement 
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TABLE 5.24 SECOND BASIC FEASIBLE SOLUTION-UNBALANCED TRANSPORTATION EXAMPLE 


Destination 


the third basic feasible solution shown in Table 
5.25. 

In this third basic feasible solution the c; = Z; 
= 0 for all the unoccupied cells. Thus, we have 
determined an optimal solution. The minimum- 
cost shipping plan is as follows: 


Shipping Route Shipping Cost 

0, = D, 0 units х $5 per unit = $ 0 

0, Р, 45 units X $7 per unit = 315 

0, р, 10 units X $10 per unit = 100 

О, = Slack 60 units х $0 per unit = 0 
destination 

0, > D, 20 units X $11 per unit = 220 

0; > D, 5 units X $12 per unit = 60 

О, = Slack 5 units X $0 per unit = 0 
destination 

О, > D, 50 units x $9 per unit = 450 

O, => D, 35 units х $8 per unit = 280 

0, > D; 15 units x $6 per unit = 90 


Total = $1515 


Observe first that this optimal basic feasible so- 
lution is degenerate (i.e., less than m +n — 1 = 
10 cells are occupied), since хі = 0. Note that 
since supply exceeds demand by 65 units, our 
optimal solution indicates that we must ship the 
excess 65 units to the slack destination. Given this 


Slack 
Destination | Availability 


problem situation, since no slack destination is in 
existence; this solution would simply indicate that 
we would have an excess of 60 units at origin O; 
and 5 units at origin Оз. These excess units should 
be sold at their respective origins since there is 
not enough storage capacity to accommodate this 
excess. It is important to recognize, however, that 
the optimal solution to this unbalanced transpor- 
tation problem specifies the exact location and 
amounts of the excess availabilities. 

Another excellent microcomputer software 
package has been developed by Y. L. Chang and 
Robert S. Sullivan.* It contains some 14 individual 
modules that can be used to solve various types 
of management science problems. 

Included among its modules is a transportation 
code. We will now illustrate this transportation 
code by using it to solve the unbalanced trans- 
portation problem we just solved manually (i.e., 
Missouri Farmers Association Co-op). 

Тһе input data for the problem are shown in 
Fig. 5.1. Input data entry for the problem are 
very easy, and basically consists of entering the 


'Yih-Long Chang and Robert S. Sullivan, Quantitative 
Systems for Business (Englewood Cliffs, N.J.: Prentice Hall, 
1986). 
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TABLE 5.25 THIRD BASIC FEASIBLE SOLUTION (OPTIMAL)-UNBALANCED TRANSPORTATION EXAMPLE 


Destination 


Destination 
Requirement 


information for the initial transportation tableau. 
(See Table 5.23.) 

The output information for this problem is 
summarized in Fig. 5.2. Depending on the prob- 
lem size, the entire final (optimal) transportation 
tableau may be printed. In this instance the 


Slack 
Destination | Availability 


summary tabular form. The output information 
summarized in Fig. 5.2 corresponds to the optimal 
solution shown in Table 5.25. 

A second type of unbalanced transportation 
problem has the form: 


т n 


problem size precludes printing of the entire Minimize Z = У, X сух (5-37) 
tableau, so the output information is printed in ae 
Input Data—Missouri Farmers Association Со-Ор 
Capacities of Sources Page 1 
51: +45.'00 52: %?0.001 53: *30.00 54: +100.0 
Demands of Destinations Page 1 
D1 +50.00 ра: +20.00 D3: *10.00 D4: +35.00 DS: +15.00 
Db: +50.00 
Cost/Profit Coefficients for MO FARMERS CO-OP Page 1 
-- Minimization -- 
From To 
51 Di: %5.000 De: +10.00 D3: +15.00 D4: *8.000 DS: +9.000 
Db: +?.000 
Se D1: *14.00 De: +13.00 D3: *10.00 D4: *3.000 DS: +e0.00 
рь +21.00 
53 DL +15.00 De: +11.00 D3: *13.00 D4: +25.00 DS: +8 .000 
рь: +12.00 
S4 D1: +9.000 D2: *13.00 D3: +12.00 D4: *6.000 DS: +6.000 
Db: +13.00 


FIGURE 5.1 
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Output Data—Missouri Farmers Association Co-Op 


2ррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррг 
3 Summary of Results for MO Farmers CO-OP Page : 1 B 
FMMMMMMQNMMMMMQNMMMMMMMONMMMMMMMQNUMMMMMMKMMMMMMQNMMMMMQNUMMMMMMMQNMMMMMMONMMMMMMMS 


3From 3То0 З5һірпеп%3а cost 30pp.Ct.:From 310 3Shipment3@ cost 30рр.С%. 3 
FHMMMMMMXMMMMMMXMMMMMMMMXMMMMMMMXMMMMMMMNMMMMMMXHMMMMMXMMMMMMMMXHHMMMHMXMMMMMMMMS 
351 3р} 3 0 3«5.00003 0:53 30 3 0 3+15.0003+5.0000 3 
351 зрг Э 0 3«10.0003«4.0000:53 3pe 3+20.000 3*11.0003 оз 
351 303 3 01 3+25.0003+20.000:53 303 3 0 3+23.0003+3.0000 3 
351 3р4 3 0 3+6.00003+4.0000:S3 3D4 3 D 3+25.0003+16.000 3 
3S1 3р5 3 0 3-4.000103-7.0000:53 305 3 D 3+6.00003+1.0000 3 
351 3Db 3+45.000 3+?.00003 0:53 JDL 3+5.0000 3+12.0003 Ds 
351 3Dummy 3 Dn 3 03+5.0000:53 Dummy 345.0000 3 03 0 3 
352 3D} 3 0 3+14.0003+4.0000:S4 301 3+50.000 3+9.00003 One 
352 зрг 3 0 3+13.0003+2.0000:S4 зра 3 0 3+19.0003+9.0000 3 
352 3D3 3+10.000 3%10.0003 0:54 303 3 O 3+12.0003+3.0000 3 
352 3D4 3 0 3+9.00003 0:54 3D4 3*35.000 3+8.00003 03 
352 3р5 ti 0 3+20.0003+13.000:54 305 3+15.000 3+b.00003 ПА 
3Se 3Db 3 0 3+21.0003+9.0000:S4 3Db 3 0 3+13.0003+e.0000 3 
352 Dummy 3+60.000 3 03 0:S4 Dummy 3 оз 03+1.0000 3 
FMMMMMMOMMMMMMONMMMMMMMOMMMMMMMOMMMMMMMJMMMMMMONNMMMMOMNMMMMMMONHMMMMMONMMMMMMMS 
3 Minimum value of OBJ = 1515 (multiple sols.) Iterations = 5 3 


&DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDY 


FIGURE 5.2 


subject to: Ss, нен oua this unbalanced transportation problem into а 
ia balanced transportation problem, and it can be 
(5-38) а 
"=! solved in the usual manner. 
Nus Jj 2.1... 
| ipo 5.7 OTHER COMMENTS ON THE 
with xy Ope ston У 639 TRANSPORTATION PROBLEM 


Now, we have a situation in which the resource 
requirements exceed the supply availabilities. 
Consequently, rather than introducing a slack or 
dummy destination to receive an unused supply, 
we must now introduce a slack or dummy origin 
from which we can obtain the unfilled demand 
capacity. We thus add one more row to the 
tableau; that is, we add an additional source 
having an availability equal to the difference 
between the destination requirements and the 
supply availability. In general, the costs associated 
with this dummy row, the Cn; associated with the 
slack variables, the x,,;, are set equal to zero. 
However, in this case we are really indicating that 
a certain amount of the requirement at the real 
destination will be satisfied from ficticious, or 
nonexistent, origins. Thus, it may be preferable 
to make the costs associated with this dummy 
origin equal to some reasonable set of “penalty” 
costs, which typically would be higher than the 
costs associated with the other (real) origins. Hav- 
ing made these modifications, we have converted 


Frequently, in practical transportation problems, 
it will be desirable to discourage or even prevent 
shipment of a product from a certain origin to 
a certain destination. This can be accomplished 
very simply by assigning an arbitrarily large cost, 
for example, с; = “М, as the cost coefficient 
associated with this allocation. The use of a 
+ М will effectively prevent the entry of the asso- 
ciated cell into the basis, and hence such an allo- 
cation will not be a part of the final solution. 

Additionally, observe that once we have 
couched any transportation problem in the form 
given by Equations 5-1, 5-2, 5-3, and 5-4, we 
can replace each с; by с; + $, for any constant 
8, without changing the values of the xj, 
which yield an optimal solution. This can be 
done because the substitution of c; + 8 for each 
су will change only the value of the objective func- 
tion by a constant amount, say, K. 


KS û, or К<ӘУ) (5-40) 


ізі үзі 
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For example, assume that we have solved a 
transportation problem involving truck shipments 
from 10 plants to 25 warehouses and have deter- 
mined that the minimum cost associated with 
shipping some 5,000 units of our product is 
$10,000. We then learn that a gasoline price 
increase will increase the unit cost associated with 
each origin -> destination route by $0.05. We do 
not need to resolve the transportation problem 
to determine the values of the x;, which yield the 
optimal solution. They will remain as they are in 
the current solution, and the value of the objective 
function will simply increase by: 


ado, 

үзі 
(0.05)(5000) 
- 8950 


K 


1 


(5-41) 


Also, note that the values of the x; for the 
optimal solution to a transportation problem do 
not change if a constant А is added either to each 
cost in row i of the transportation tableau or to 
each cost in column j of the transportation 
tableau. The reason that this is true becomes 
apparent when we consider the nature of the 
stepping-stone algorithm used to solve the 
transportation problem. In making the evaluation 
of the effect of moving one unit into an unoccu- 
pied cell we move along a closed path from that 
unoccupied cell, to various occupied cells, back 
to the unoccupied cell, always using an even 
number of steps. This means that within any row 
or any column we will always be making exactly 
two steps, from: 


1. The unoccupied cell to an occupied cell. 
2. An occupied cell to another occupied cell. 


3. Or an occupied cell back to the unoccupied 
cell. 


Thus, in making this evaluation we will always 
be using exactly two с, values from any row or 
any column; one ¢, value will be added in the 
computation and the other c, value will be sub- 
tracted in the computation. If we now add a 
constant À to each of the c, values in row i or to 
each of the c, values in column j, the optimal 
solution will not change because, in evaluating 
each occupied cell involving row i or column j, 
the constant amount À must be both added and 
subtracted one time. Once again, we do not need 
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to resolve the transportation problem to deter- 
mine the values of the x,;, which yield the optimal 
solution. They will remain as they are in the 
current solution, and the value of the objective 
function will increase by: 


K = \-a,, if ^ is added to each с, value in row i 
(5-42) 
К- b,, if X is added to each с, value іп column j 


(5-43) 


As an example of this situation assume that we 
have a plant — warehouse transportation problem 
in which we want to include the variable produc- 
tion cost of $0.25/unit for the 100 units produced 
at plant 2. We know that, when this variable 
production cost is added to row 2 of the tableau, 
the values of the xj, which yield the optimal 
solution, will not change. They will remain as 
they are in the current solution, and the value of 
the objective function will simply increase by: 


K = <a, 


($0.25) - (100) = $25 et) 


li 


In several practical transportation problems 
the structure of the problem may require the 
maximization of profits rather than the minimi- 
zation of costs. Such transportation problems can 
still be solved using either the stepping-stone 
algorithm or the MODI method. However, one 
of the two following modifications must be made: 


1. The profit maximization transportation prob- 
lem is solved in exactly the same manner as 
the cost minimization transportation problem, 
except that costs c; are replaced by profits p; 
and the test of optimality is reversed. Thus, if 
all c; — Z, = 0, the basic feasible solution is 
optimal (i.e., all the cell evaluations must be 
zero or negative). 


2. The profit maximization problem is trans- 
formed by subtracting all the p,’s from the 
largest p,,. This transformation scales the orig- 
inal problem into a new problem involving 
relative costs. This new relative cost problem 
can be solved in the usual cost minimization 
manner. The total maximum profit is calcu- 
lated by multiplying the optimal values of the 
basis variables, the x,y, by the original profits, 
the pi. 


Finally, it should be noted that a transportation 
problem can have more than one optimal solution 
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(i.e., multiple alternative optimal solutions). This 
will be indicated by one, or more, of the unoc- 
cupied cells having c; — Z;; — 0. Thus, a reallo- 
cation to the cell (route) having a net change 
equal to zero will have no effect on the total 
transportation cost. This reallocation will provide 
another solution with the same total transporta- 
tion cost, but the routes employed will be different 
than those for the original optimal solution. 


5.8 THE TRANSSHIPMENT 
PROBLEM 


In certain situations it may not be economical to 
make all shipments directly from origins to des- 
tinations. Instead, it may be desirable to allow the 
product or commodity to pass through other 
sources or destinations (i.e., intermediate transfer 
points) before it eventually reaches its final des- 
tination. This situation is referred to as the trans- 
shipment problem.’ It is basically a generaliza- 
tion, or extension, of the transportation problem 
in which there may be not only pure origins and 
pure destinations, but also transshipment points 
that can be both origins and destinations. Thus, 
in the transshipment problem it is generally pos- 
sible for any origin or any destination to ship to 
any other origin or any other destination, and 
there may be many different ways of shipping a 
product or commodity from origin i to destination 
j in addition to the direct route used in the 
standard transportation problem. For example, 
rather than shipping a small quantity of product 
directly from city 1 to city 3, it may be more 


—— —— е лан M— 

TABLE 5.26 SHIPPING COSTS PER TON— 
PLANT-TO-WAREHOUSE 
SHIPMENTS 


a o ONIE a 
To Warehouse 


LLS 

From Plant A B с D 
1 70 110 40 80 
2 60 100 30 90 
3 50 90 20 100 


‘The transshipment problem was first developed by A. 
Orden. For a discussion of its origination, see А. Orden, “The 


285. 
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TABLE 5.27 SHIPPING COSTS 
PER TON—PLANT-TO- 
PLANT SHIPMENTS 


To Plant 
From Plant Т РЕТ 
1 0 90 30 
20 0 95 
3 30 25 0 


economical to include it with regular shipments 
made from city 1 to city 2, and then ship it on 
from city 2 to city 3. 

We have previously studied two ways of solving 
transportation problems, the stepping-stone al- 
gorithm and the modified distribution algorithm. 
They cannot, however, be employed to solve the 
transshipment problem directly, Fortunately, 
there is a simple way of reformulating the trans- 
shipment problem to restructure it into the format 
of the standard transportation problem. Then, 
either the stepping-stone algorithm or the mod- 
ified distribution algorithm can be used to solve 
the transshipment problem. 


5.8.1 TRANSFORMING А 
TRANSSHIPMENT PROBLEM INTO 
A TRANSPORTATION PROBLEM 


A procedure for transforming a transshipment 
problem into a transportation problem can be 
illustrated by considering an actual problem sit- 
uation. Consider the following transshipment 
problem. The Alton Fiber Company produces a 
specific type of polyester fiber at each of three 
plants and ships the polyester fiber to four large 


—_—_ MM 
TABLE 5.28 SHIPPING COSTS PER TON— 


WAREHOUSE-TO-WAREHOUSE 
SHIPMENTS 
То Warehouse 
From Warehouse A B C D 
A 0 50 20 20 
B 50 0 40 35 
G 20 40 0 15 
D 20 35 15 0 


С 
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TABLE 5.29 COMBINED COST MATRIX—TRANSSHIPMENT PROBLEM 


Plant 
1 2 3 

Plant 

1 0 20 30 

2 20 0 25 

3 30 25 0 
Warehouse 

A 70 60 50 

B 110 100 90 

€ 40 30 20 

D 80 90 100 
Demand 0 0 0 


Warehouse 

A B [^] D Supply 
70 110 40 80 40 
60 100 30 90 50 
50 90 20 100 30 

0 50 20 20 0 
50 0 40 35 0 
20 40 0 15 0 
20 35 ІЗ 0 0 
20 40 30 30 


distribution warehouses. The supply availabilities 
at the three plants are 40 tons per month, 50 
tons per month, and 30 tons per month, respec- 
tively. The demand requirements at the four 
distribution warehouses are 20 tons per month, 
40 tons per month, 30 tons per month, and 30 


tons per month, respectively. In Table 5.26 the 
shipping costs per ton are given for the plant-to- 
warehouse shipments. 

For this problem situation we will assume that 
it is also possible to ship to plants from the 
warehouses at the same cost of shipping as from 


TABLE 5.30 TRANSPORTATION PROBLEM EQUIVALENT TO THE TRANSSHIPMENT PROBLEM 
To Destination 


D 


Modified 
Demand 


Modified 
Supply 


Тһе Transshipment Problem 


the plants to the warehouses. This might be 
desirable if excess storage space was available at 
the plants or if the company’s trucking fleet could 
be better utilized by allowing warehouse-to-plant 
shipments. 

Now, let us further assume that shipping 
through intermediate locations (i.e., plant-to-plant 
or warehouse-to-warehouse) is also allowable in 
this problem situation. The shipping costs asso- 
ciated with such shipments are given in Tables 
5.27 and 5.28. 

With these transshipments being allowed, the 
transshipment problem is to find the shipping 
schedule that will minimize the total shipping 
cost. 

With the cost data given in Tables 5.26, 5.27, 
and 5.28 we can easily construct a combined cost 
matrix that will encompass all the shipping routes 
allowable for the transshipment problem. This is 
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the first step in transforming the transshipment 
problem into a transportation problem. The com- 
bined cost matrix for the transshipment problem 
is presented in Table 5.29. 

The second step in the transformation process 
involves the determination of the appropriate 
modified supply amounts at the expanded set of 
origins and of the appropriate modified demand 
amounts at the expanded set of destinations. Now, 
in the transshipment problem each origin or 
destination represents a potential point of supply 
or demand. This means that any location (origin 
or destination) can serve as a supply or demand 
point for all other locations. Therefore, the key 
idea is that the total transshipment quantity al- 
lowed for a location should be included in both 
the supply for that location as an origin and in 
the demand for that location as a destination. 
This means that any location (origin or destina- 


TABLE 5.31 OPTIMAL SOLUTION—TRANSSHIPMENT PROBLEM 
To Destination 


Modified 
Supply 


218 


tion) can serve as а supply, ог demand, point for 
all other locations. The quantity: 


s=Sa=S5 


serves? as an upper bound on the quantity to be 
transshipped, since it is the maximum supply (or 
demand) for the entire problem, and we would 
never transship through the same location more 
than once. For our problem, $ — 40 tons per 
month + 50 tons per month + 30 tons per 
month — 120 tons per month. This upper-bound 
amount is added to both the supply for the location 
as an origin and the demand for the location as 
a destination. Then the same slack variable is 
introduced into the location's supply and demand 
constraints, in order to allocate the excess. This 
single slack variable thus becomes both a dummy 
source and a dummy destination. For example, 
for location i, the slack variable would be x, and 
would represent the number of tons of polyester 


Shipping Route 


Plant 1 > Warehouse C 
Plant 2 — Warehouse С 
Plant 3 — Warehouse С 
Warehouse € — Warehouse A 
Warehouse C — Warehouse B 
Warehouse С — Warehouse D 


Note exactly what this solution indicates. First, a 
total of 120 tons of polyester fiber are shipped 
from the three plants to warehouse C. Then, 90 
tons are transshipped from warehouse C to ware- 
houses A, B, and D (i.e., 20 tons, 40 tons, and 30 
tons, respectively). These transshipments exactly 
satisfy the demand requirements at warehouses 
A, B, and D. The remaining amount at warehouse 
C is 120 tons — 90 tons — 30 tons, which exactly 
satisfies the demand requirement at warehouse 
C. Thus, by using warehouse C asa transshipment 
point for 90 tons of the total 120 tons of demand, 
the lowest-cost shipping plan is obtained. 


“If total supply does not equal total demand, a dummy 
column (i.e., supply exceeds demand) or a dummy row (i.e., 
demand exceeds supply) must be added to balance supply 
and demand. 
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fiber (fictional) shipped from this location as a 
supply point to this location as a demand point 
(i.e., shipped from itself to itself). Thus, (5 — x,) 
= (120 — х.) is the real number of tons of 
polyester fiber transshipped through location 1. 
Since the quantity x, is a fictional shipment, its 
unit shipping cost c, - 0. We can now construct 
the transportation problem equivalent of the 
transshipment problem. The structure of the 
equivalent transportation problem is presented in 
Table 5.30. 


9.8.2 SOLVING THE TRANSSHIPMENT 
PROBLEM—INTERPRETING THE RESULTS 


The transportation problem equivalent of the 
transshipment problem, as shown in Table 5.30, 
may now be solved using either the stepping- 
stone algorithm or the modified distribution al- 
gorithm. The optimal solution for this problem 
is presented in Table 5.31. 

Тһе minimum-cost shipping plan is as follows: 


Shipping Cost 


40 tons X $40 per ton = $1600 
50 tons x $30 per ton - $1500 
30 tons x $20 per ton - 8 600 
20 tons x $20 per ton - $ 400 
40 tons X $40 per ton = $1600 
30 tons x $15 per ton - $ 450 


Total = $6150 


5.9 THE ASSIGNMENT PROBLEM 
The assignment problem is a linear programming 
problem having a special structure in which each 
of n resources must be assigned to each of n 
activities, on a one-to-one basis. Thus, each re- 
source must be assigned to one, and only one, 
activity. A cost ¢, is associated with using resource 
i for activity j, and the objective of the assignment 
problem is to minimize the total cost of assigning 
all resources to all activities. 

The assignment problem occurs frequently in 
a variety of decision-making situations. Typical 
assignment problems include the assigning of jobs 
to machines in a job shop, the assigning of the 
order of execution of programs on a computer, 
the assigning of sales representatives to sales 
territories, and the assigning of workers to various 
projects. 
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The assignment problem can be stated math- 
ematically, as follows: 


Minimize Z = p» УУ сых, (objective function) 
ИТҮ 
(5-45) 


subject to: 


$s = 1 (огј = 12,...,mn 
7 Constraint set 
x, = 1 fori-1,2,.... 
1 (5-46) 
with x, = 0orl for all i and j (5-47) 
where 

x,, = assignment of resource / to activity / 

с, = Cost associated with assignment of 

resource i to activity j 


Observe that the assignment problem specified 
by Equations 5-45, 5-46, and 5-47 is a balanced 
assignment problem since the number of activi- 
ties is exactly equal to the number of resources. 

Note also that the assignment problem is a 
special case of the transportation problem in 
which т = n, supply availability a; = 1 fori = 
1,2, ... , n, demand requirement № = 1 forj = 
1,9,5. „9005 


> ас 2,6 = п 
іт! jel 
The transportation tableau corresponding to the 
assignment problem is shown in Table 5.32. 
Several characteristics of the assignment prob- 
lem should be noted. First, since т = n in the 
assignment problem, it can always be structured 
in the form of a square matrix.’ Second, the 
formulation of the assignment problem ensures 
that the decision variables, the х,у, will always have 
values of either 0 or 1. This means that the 
optimal assignment will always involve a one-to- 
one matching of the п resources to the n activities. 
Thus, the number of solution variables x; = 1 in 
ап n X m assignment problem is exactly n, and 
the assignment problem is inherently a degener- 


Pea es O 

"If m # n in the original assignment problem, we can make 
m = n by adding either dummy resources (rows) or dummy 
activities (columns). 
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ate form of a transportation problem, Third, the 
assignment problem containing п rows and n 
columns, with a one-to-one matching of resources 
and activities, has п! possible assignments. This 
means that even for a small problem of, say, six 
resources and six activities, the number of alter- 
native solutions is 6! = 240. Thus, direct enu- 
meration of all possible solutions is not an efficient 
way of solving the assignment problem. 


5.9.1 SOLVING THE ASSIGNMENT 
PROBLEM—THE HUNGARIAN METHOD 


An efficient solution procedure has been devel- 
oped for the assignment problem and is known 
as the Hungarian method.” The Hungarian 
method is based on two features of the structure 
of the assignment problem. First, each resource 
must be assigned to one and only one of the 
activities, and vice versa. Thus, in a solution we 
will have one x, = 1 in each row (and column). 
Second, as we noted earlier in Section 5.7, we can 
add or subtract any constant from all values in a 
row or column of the cost matrix without chang- 
ing the values of the x,, for the optimal solution 
of any transportation problem. The optimal so- 
lution values of the x, for the new cost matrix 
will also be the optimal solution values of the x;; 
for the original cost matrix, and conversely. Thus, 
the relative cost of assigning resource i to activity 
j in the assignment problem will not be changed 
by the subtraction of a constant from either a row 
or column of the cost matrix. 

The procedure for solving the assignment 
problem initially involves converting the original 
cost matrix into an equivalent cost matrix having 
only positive or zero elements. This process is 
called matrix reduction and results in changing 
the original cost matrix into a total opportunity 
cost matrix. Matrix reduction is achieved by 
subtracting the smallest element in each row from 
every element in that row, and then, if necessary, 
subtracting the smallest element in each column 
from every element in that column, The zero 


*Named after D. König, a Hungarian mathematician who 
first proved (1916) a theorem required for the development 
of the method. See C. W. Churchman, R. L. Ackoff, and 
E. L. Arnoff, Introduction to Operations Research (New York: 
John Wiley & Sons, Inc., 1967), рр. 347-368, for a discussion 
of the history and development of the Hungarian method. 
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TABLE 5.32 TRANSPORTATION TABLEAU FOR THE 
ASSIGNMENT PROBLEM 


Activity 


entries in this total opportunity-cost matrix rep- 
resent the minimum relative cost assignments of 
resources to activities, and vice versa. The assign- 
ments are then made to the zero element posi- 
tions, and if it is possible to make one assignment 
in each row and each column we will have deter- 
mined a set of assignments having zero total 
opportunity cost that is optimal. 


——————— 
EXAMPLE 1 


To illustrate the matrix reduction procedure, consider 
the following assignment problem. A certain small 
municipality owns four garbage trucks, which it must 
assign to each of four collection districts. However, 
these trucks have different physical characteristics, and 
the daily cost of assigning a truck to a collection district 
varies according to the following cost matrix. The 
problem is that of determining how to make the 
assignments to minimize the total daily garbage collec- 
tion cost. The assignments must be made in a manner 


TABLE 5.33 GARBAGE COLLECTION 
COS 


T MATRIX 
Collection District 
Garbage Truck 1 2 3 4 
1 10 7 8 12 
2 9 13 12 10 
3 8 11 6 13 
4 11 12 14 9 


such that опе, and only one, garbage truck is assigned 
to each collection district. See Table 5.33. 

Using the matrix reduction procedure we begin by 
row reducing the original cost matrix by subtracting 
the minimum cost element in each row from all other 
costs in that row. Table 5.34 presents the row-reduced 
cost matrix. This row-reduced cost matrix has all of 
the zero elements necessary to obtain an optimal so- 
lution, and we do not need to make a column reduction. 
The optimal solution for this assignment problem is as 
follows. Note: This optimal solution has one truck 
assigned to each district, and vice versa. 


Assignment Cost 
Truck 1 — District 2 $7 
Truck 2 — District 1 
Truck 3 > District 3 
Truck 4 — District 4 


Minimum total cost — $31 


9 
6 
puro 


EXAMPLE 2 


Unfortunately, the optimal assignment is not always 
obtained in as easy a manner. We will now consider a 


— 
TABLE 5.34 ROW-REDUCED COST MATRIX 


Garbage Collection District Row 
Truck 1 27719 4 Reduction 
1 3 0 1 5 7 
2 0 4 3 1 9 
3 2 5 0 7 6 
4 2 3 5 0 9 


The Assignment Problem 


TABLE 5.35 WORKER ASSIGNMENT TO JOB 
COST MATRIX 
rer ee 24 
Worker 1 2 3 4 5 
A 7 5 9 8 11 
В 9 12 7 11 10 
С 8 5 + 6 9 
р 7 3 6 9 5 
E 4 6 7 5 11 


second assignment problem in which we must expand 
and modify our basic solution procedure. Consider the 
following cost matrix (Table 5.35) involving the assign- 
ment of five workers to five jobs. Proceeding with our 
row reduction process, the minimum element in each 
row is subtracted from every entry in that row. The 
resultant row-reduced cost matrix is shown in Table 
5.36. 

In Table 5.36 it is not possible to make a complete 
set of assignments with zero elements. Thus, we column 
reduce Table 5.36, subtracting the minimum element 
in each column from every entry in that column. The 
resultant matrix, which has been both row and column 
reduced, is shown in Table 5.37. 

Now, we attempt to make a complete set of assign- 
ments using only a single zero element in each row or 
column. We can make the assignments shown in Table 
5.38. 


1. Assign , which eliminates D-2. 
2. Assign , which eliminates C-3. 
3. Assign Р 

4. Assign [51], which eliminates Е-4. 


Thus, it is possible to make only four of the five 
necessary assignments using the zero element positions. 
We therefore need to modify our procedure to create 
one more zero element. 


ee 
TABLE 5.36 ROW-REDUCED COST MATRIX 


Job Row 
Worker 1 2 3 4 5 Reduction 
A 2 0 4 3 6 5 
B 2 5 0 4 3 7 
С 4 1 0 2 5 4 
р 4 0 3 6 2 9 
Е 0 2 3 1 7 4 


221 


TABLE 5.37 ROW- AND COLUMN-REDUCED COST 
MATRIX (TOTAL OPPORTUNITY 


COST MATRIX) 


Job 

Worker 1 2 3 4 5 

A 2 0 4 2 4 

B 2 5 0 3 1 

(^j 4 1 0 1 3 

D 4 0 3 5 0 

E 0 2 3 0 5 
Column T = a 1 9 

Reduction 


Тһе procedure for creating more zero elements first 
involves the determination of a minimum number of 
straight lines, drawn horizontally or vertically, which 
cover all of the zeroes (including the zeroes not used 
in the assignments) in the reduced-cost matrix. If we 
have used А zero cells in our assignments, then we can 
draw exactly k lines through the rows and/or columns 
of the reduced-cost matrix that cover all the zeroes in 
the reduced cost matrix. Usually, the minimum number 
of covering lines can be obtained by inspection. How- 
ever, if inspection cannot be used, the following steps 
can be employed. 


- 


. Markall rows that do not have any zero assignments. 


ю 


Mark all columns that have zeroes in the previously 
marked rows. 


59 


Mark all rows that have zero assignments in the 
previously marked columns. 


> 


Repeat steps 2 and 3 until no more rows or columns 
can be marked. 


өл 


Draw a line through each unmarked row and each 
marked column. 


Since we have made four zero assignments in our 
reduced-cost matrix, four covering lines are required. 


TABLE 5.38 ATTEMPTED ASSIGNMENTS 


Job 
Worker 1 2 3 
A 2 | 0 4 


r4 

4 

4 
[o] 


t ысу 
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TABLE 5.39 COVERING LINES 


Job 
Worker 1 2 3 4 5 
2 5 3 1 


мосы 
„> 


The covering lines required for our reduced-cost ma- 
trix, obtained by inspection, are shown in Table 5.39. 
Since the minimum number of covering lines possible 
(four) is less than the number of required assignments 
(five), we do not have an optimal solution. Further 
reduction of our cost matrix is necessary to create 
additional zero elements to which an assignment could 
be made. The covering lines serve to “protect” the zero 
elements we have already obtained, while the uncov- 
ered elements become the candidates for further re- 
duction. To make a further reduction, we examine all 
the elements that are not covered by a line. The 
minimum element not crossed out by a line is 1 in 
position B-5, C-2, and C-4. Therefore, subtracting 1 
from every element in the entire table, from every row 
and column element, will create a zero in positions 
B-5, C-2, and C-4. Then, to restore the previous zero 
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elements and to eliminate negative elements, we must 
add 1 to each row or column that is covered by a line, 
namely, rows A, D, and E and column 3. The results 
of this process are presented in Table 5.40, shown in 
two steps, for simplicity. An alternative procedure for 
obtaining the matrix shown in Table 5.40 is to subtract 
1 from the elements without a line through them and 
then add 1 to every element that lies at the intersection 
of two lines. 

Using Table 5.40, we can now attempt to make 
another assignment having a complete set of zero 
element positions. Proceeding, we obtain Table 5.41. 


1. Assign [A-2], which eliminates C-2, and D-2. 
2. Assign 

3. Assign , which eliminates Е-4. 
4. 

5. 


, which eliminates C-3, and B-5. 


Assign : 
Assign 4 


Since we have now obtained a complete set of 
assignments, we have determined an optimal so- 
lution. If we had not obtained a complete set of 
assignments, the foregoing line-covering proce- 
dure would have to be repeated until such a 


TABLE 5.40 OBTAINING ANOTHER ZERO ELEMENT 


Job 
Worker 1 2 3 4 5 
A 1 -1 3 1 3 
B 1 4 -1 2 0 (Sut T i 
: L Р Subtract 1 from every element— 
C 3 0 l 0 2 creates а zero іп B-5, C-2, апа С-4) 
р 3 -1 2 1 -1 
Е -1 1 2 =f 4 
Job 
Worker 1 2 3 4 5 
9 0 2 4 (Add 1 to rows A, D, and E, and column 3) 


SOAs > 


The Assignment Problem 


TABLE 5.41 OPTIMAL SOLUTION 


Job 
Worker 1 2 3 4 5 
A 2 [0] 5 2 4 
B 1 4 [0] 2 x 
C 3 X BK [bln 2-2 
D 4 Ж 4 5 
Е | 0 9 4 x 5 


complete set of assignments were possible. The 
minimum-cost assignment is as follows: 


Assignment Cost 
A-2 $5 
B-3 7 
C-4 6 
D-5 5 
Е-1 „Жай: 


Minimum total cost = $27 


The complete Hungarian method for solving 
the assignment problem can be summarized as 
follows: 


1. Subtract the smallest element in each row from 
each element in that row of the original cost 
matrix and determine the row-reduced cost 
matrix. 
Subtract the smallest element in each column 
of the row-reduced cost matrix from each 
element in that row-reduced cost matrix and 
determine the total opportunity cost matrix. 
3. Draw a minimum number of straight lines to 
cover all zero elements in the total opportunity 


д 
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cost matrix. An optimal assignment is possible 
if the number of lines drawn equals the num- 
ber of rows (columns). 


4. If the number of lines drawn is less than the 
number of rows (columns), select the smallest 
uncovered element. Subtract this element from 
all uncovered elements and add this element 
to all covered elements where two lines inter- 
sect. All the other covered elements remain 
unchanged, 

5. Repeat steps 3 and 4 until an optimal assign- 
ment is possible. 


The microcomputer software program devel- 
oped by Chang and Sullivan also contains a 
module that can be used to solve assignment 
problems. We will illustrate its use by solving the 
same assignment problem we just solved man- 
ually (i.e., called WORKERS TO JOBS). 

The input of the WORKERS TO JOBS assign- 
ment problem is shown in Fig. 5.3. The input for 
an assignment problem consists of defining the 
“objects” and “tasks” of the problem and then 
specifying a “cost” for each object-task pair. Figure 
5.3 corresponds to Table 5.35. ái 

The output for the WORKERS TO JOBS 
assignment problem is shown in Fig. 5.4. Note 
that it consists of two tableaus and a summary 
table. The tableau marked “Iteration 1" corre- 
sponds to the initial row- and column-reduced 
cost matrix and is the same as Table 5.37. The 
tableau marked “Iteration 2" is the tableau ob- 
tained using the covering lines and corresponds 
to Table 5.41. An optimal assignment can be 
made from the tableau marked "Iteration 2," and 
this optimal assignment is shown in the summary 
table at the bottom of Fig. 5.4. The optimal 
assignment, and associated minimum cost of $27, 


Input Data—Assignment Problem (Chang and Sullivan) 


Cost/Profit/Distance Coefficients for WORKERS TO JOBS 


Assignment Problem Minimization 
Objects Tasks 
WKA 2081: +?.000 02082: +5.000 JOB3: +9.000 2084: +8.000 JOBS: +11.00 
WKB 2081: +9.000 JOBe: +12.00 JOB3: +7.000 2084: +11.00 JOBS: +10.00 
WKC 2081: +8.000 2082: +5.000 JOB3: -4.000 2084: +6.000 JOBS: +19000 
WKD JOB}: +?.000 2082: +3.000 JOB3: +6.000 ЈОВА: +9.000 JOBS: -5.000 
WKE 2081: +4.000 0082: +6.000 JOB3: +7.000 2084: -5.ППП JOBS: +11.00 


FIGURE 5.3 


Output Data—Assignment Problem (Chang and Sullivan) 


Iteration 1 
IMMMMMMOMMMMMMOMMMMMMOMMMMMMOMMMMMMOMMMMMMOMMMMMM; 
:Ob\Tk 32081 430082 3JOB3 430084 430085  3Cov.Ln: 
GDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDE 

:WKA 3+2.0003 03+4.0003+2.0003+4 .0003<-- 
GDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDE 
:WKB З+е.0003+5 . 0003 03+3.0003+2.0003 
GDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDE 
:WKC 3+4.0003+1.0003 03+1.0003+3.0003 
GDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDL 
:WKD 3+4.0003 03+3.0003+5.0003 П3<-- 2 
GDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDL 
:WKE 9 03-2.0003-3.0003 03-5.0003«-- 
вррррррерррррреррррорерррррреррррррерррррреррррррь 
:Cov.Ln3 3 3 A 3 id с) 
HMMMMMMOMMMMMMOMMMMMMOMMMMMM.MMMMMM.MMMMMM. MMMMMM< 


Iteration 2 

IMMMMMMOMMMMMMOMMMMMMOMMMMMMOMMMMMMOMMMMMMOMMMMMN ; 
:Ob\Tk JJOB1 43400802 30087 430084 3020856  3Cov.Ln: 
GDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDE 
:WKA J+2. 0003 03+5.0003+2.0003+4.0003 
GDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDL 
:WKB 3r1.0003-4.0003 03+e2.0003 03 j 
GDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDi 
:WKC 3+3.0003 03 03 03+е. 0003 
GDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDL 
:WKD 3+4 . 0003 03+4 .000 3+5 . 0003 03 
GDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDL 
:WKE 3 03+ә.0003+4 . 0003 03+5.0003<-- : 
GDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDEDDDDDDE 
:Cov.Ln3 3 ^ 3 Zi ^ 3 ЖЗ 
HMMMMMMOMMMMMMOMMMMMMOMMMMMMOMMMMMMOMMMMMM. MMMMMM< 


ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD2 


3 Summary of Assignments for WORKERS TO JOBS Page: 1 3 
FMMMNMMMMMMMMONMMMMMMMMMONMMMMMMMMMMKMMMMMMMMMMONMMMMMMMMMQNMMMMMMMMMMS 
Э Object 32 Task JCost/Prof.: Object 3 Task JCost/Prof.J 
РИММММММММММХММММММММММХМММММММММИМИМММММММММХММММММММММХНММИМММММИ5 
2% Т НЕД 3 JOBE dir Sa os WKD uj JOBS 3 +5.000 3 
3 WKB 2 JOB3 ET n ees WKE g 4081 3 +4.000 3 
3 WKC 3 40В4 2.3 ЕБШЦИН 772 zi 3 E 
FMMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMJMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMS 
3 Minimum value of OBJ = 27 Total iterations = 2 9 


@©ррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррѕ 
FIGURE 5.4 


224 


The Assignment Problem 


is, of course, the same as that we obtained man- 
ually. 


5.9.2 THE UNBALANCED 
ASSIGNMENT PROBLEM 


If the number of resources is not equal to the 
number of activities in an assignment problem, it 
is referred to as an unbalanced assignment prob- 
lem. Since each of the resources must be assigned 
to each of the activities on a one-to-one basis, the 
unbalanced condition is removed by adding a 
row, or rows, of dummy resources or a column, 
or columns, of dummy activities, until the number 
of resources exactly equals the number of activi- 
ties. The costs of all the elements of the dummy 
row(s) or column(s) are set equal to zero, since 
any assignment made to a dummy row or dummy 
column will not actually occur. 

To illustrate this type of problem, consider the 
unbalanced assignment problem shown in Table 
5.42. In this problem, there are four engineers 
to be assigned to three projects, with assignment 
costs as indicated. 

To apply the Hungarian method to this prob- 
lem, a dummy column is added with zero costs, 
so that the original problem is expressed as a 
square matrix of size n = 4. This new cost matrix 
is shown in Table 5.43. 

In the matrix shown in Table 5.43, the smallest 
element in each row is zero, and this matrix thus 
represents a row-reduced cost matrix. Performing 
a column reduction on Table 5.43 leads to the 
total opportunity cost matrix shown in Table 5.44. 
This total opportunity cost matrix has all of the 
zero elements necessary to obtain an optimal 
solution. The optimal solution for this unbalanced 


TABLE 5.42 ДА UNBALANCED 


SSIGNMENT 
PROBLEM 
Project 
Engineer 1 2 3 
Tom 8 14 15 
Sue 9 16 19 
Al 14 11 17 


апе 12 20 13 


TABLE 5.43 BALANCED ASSIGNMENT 
PROBLEM (DUMMY COLUMN ADDED) 


Project 
Engineer 1 2 3 Dummy 
Tom 8 14 15 0 
Sue 9 +16 19 0 
AI l& 11 217 0 
ane 12 20 13 0 
assignment problem is: 
Assignment Cost 
Tom > Project 1 $8 
A] — Project 2 11 
Jane — Project 3 13 
Sue — Dummy (idle) ^ 0 
$32 


5.9.3 A MAXIMIZATION 
ASSIGNMENT PROBLEM 


Assignment problems that require the maximi- 
zation of an objective function utilize the following 
solution procedure: 


l. Select the largest cell value in the profit matrix. 


2. Construct a new cost matrix by subtracting 
each of the cell values of the original profit 
matrix from the largest cell value in the profit 
matrix. 


” 


Proceed to find the assignment producing the 
optimum (minimum) cost for the converted 
problem, using the assignment algorithm dis- 
cussed previously. This minimum-cost assign- 
ment for the converted problem will be the 


TABLE 5.44 TOTAL OPPORTUNITY 
COST MATRIX 


Project 
Engineer 1 2 3 Dummy 
Tom 0 8 9 0 
Sue 1 5 6 0 
Al 6 0 4 0 
Jane 4 9 0 0 
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TABLE 5.45 MAXIMIZATION 
ASSIGNMENT PROBLEM 


Territory 
Salesperson 1 2 3 
Sue 10 13 9 
Jane 9” #12 ам 
Alice 11 7 8 


maximum-profit assignment for the original 
problem. 


To illustrate this procedure, consider the max- 
imization assignment problem shown in Table 
5.45. The largest cell value in this original profit 
matrix is 14, in cell (2,3). Subtracting all of the 
original cell values in the profit matrix from the 
value of 14, we obtain the converted cost matrix 
shown in Table 5.46. We now proceed to find the 
minimum-cost assignment for this converted cost 
matrix. Row reducing this cost matrix, we obtain 
the result shown in Table 5.47. This row-reduced 
cost matrix has all of the zero elements necessary 
to obtain an optimal solution. The optimal solu- 
tion for this maximization assignment problem 
is: 


Minimum Maximum 
Cost Profit 
(converted (original 
Assignment problem) problem) 
Row 1—Column 2 $1 $13 
Row 2—Column 3 0 14 
Ком 3—Column 1 3 m 
$4 $38 


5.9.4 OTHER COMMENTS ON THE 
ASSIGNMENT PROBLEM 


In certain instances we may want to prohibit the 
assignment of a certain resource to a certain 


TABLE 5.46 CONVERTED COST 
MATRIX 


Territory 
Salesperson 1 2 3 
Sue 1 1 5 
Jane 5 2 0 
Alice 3 7 6 
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TABLE 5.47 ROW-REDUCED 


COST MATRIX 
Territory 
Salesperson 1 2 3 
Sue 3 0 4 
Jane 5 2 0 
Alice 0 4 3 


activity. This situation is handled in exactly the 
same manner as it was in the transportation 
problem. Thus, we would assign a very large 
positive cost (і.е., +M) to the unacceptable as- 
signment in a cost minimization assignment prob- 
lem and a very large negative profit (і.е., — M) to 
the unacceptable assignment in a profit maximi- 
zation assignment problem. Also, it is possible for 
the original cost matrix in a minimization assign- 
ment problem to have negative cell values. If this 
occurs, the original cost matrix must be converted 
to an equivalent cost matrix having all cells non- 
negative by adding the appropriate quantity to 
the appropriate row(s) and/or column(s). 

Finally, it should be noted that an assignment 
problem can have more than one optimal solution 
(i.e., multiple optimal solutions). This will be 
indicated by there being more than the n required 
assignments possible in the reduced-cost matrix. 
For example, for a particular row of a matrix 
there will be two, or more, zero element positions 
that could be used in combination with other zero 
element positions in the matrix to make the 
required assignment. A simple example of a mul- 
tiple optimal solution assignment problem is pre- 
sented in Table 5.48. 


5.10 CONCLUSION 


In this chapter we have considered the transpor- 
tation problem and the assignment problem. The 
transportation problem is one of the most fre- 
quently encountered applications in management 
science. The transportation or physical distribu- 
tion of goods and services from several supply 
locations to several customer demand locations is 
an extremely common and important business 
problem. Solution of the transportation problem 
facilitates the specification of how many units 
should be shipped from each origin to each 
destination to satisfy all destination demands while 
minimizing the total costs of transportation. The 
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TABLE 5.48 ASSIGNMENT PROBLEM WITH MULTIPLE OPTIMAL SOLUTIONS 


First optimal solution: 


Alternative optimal solution: 


assignment problem is a special type of transpor- 
tation problem in which allocations are made 
from source to destination on a one-to-one basis. 
The assignment problem is also frequently en- 
countered in a wide variety of managerial deci- 
sion-making situations. Assignments of jobs to 
machines, workers to various tasks or projects, 
salespersons to sales territories, and equipment 
to routes are examples of real-world situations 


= 3 assignments required, 


n + 2 = 5 assignments possible) 


A-1, B-2, C-3 
A-3, B-2, C-1 


having this particular problem structure. Solution 
of the assignment problem enables the determi- 
nation of the one-to-one assignment of resources 
to tasks which optimizes the appropriate objective 
function. The special structures of both these 
problems allowed them to be solved by very 
efficient types of algorithms. We have presented, 
discussed, and shown applications of these algo- 
rithms in this chapter. 


Case Study: Draftee Assignment in the 


Royal Thai Navy 


The country of Thailand has compulsory military service for men. Men 
who live the coastal provinces of Thailand are assigned to the Royal Thai 
Navy. A Thai Navy inductee first reports to a draft center in his home 
locality and is then transported by a land vehicle to a naval base. If the man 
is from a northern province, he is assigned to the main naval base at Satahep, 
near Bangkok. If the man is from a southern province, he is first brought 
by land to a branch naval base and is then transported by ship to the main 
naval base at Satahep. There are 36 draft centers and 4 branch bases in 
the southern provinces. (See Fig. 5.5.) 

One major problem related to the Royal Thai Navy’s recruitment effort 
is determining the number of men that should be assigned and transported 
to each branch base. A transportation model was developed апа imple- 
mented to solve this problem. 

Data for the transportation model consisted of: 


= The number of men to be transported from each draft center. 
= The capacity (in number of men) of each branch base. 


= The cost per man for transportation between each draft center and each 


branch base. 


Тһе transportation model was solved using the GNET software package 
on a Digital Equipment (DEC-10) computer. The optimal assignment of 
draftees to branch bases, as determined for the summer of 1983, is shown 


in Table 5.49. 
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Branch Naval Base 
Main Naval Base 


FIGURE 5.5 DRAFT CENTERS AND BRANCH AND 
MAIN NAVAL BASES IN THAILAND 


Interestingly, the output from this transportation model was then used 
as input to a more complex integer programming model. The integer pro- 
gramming model was used to determine the optimal routing of available 
ships to pick up all the men at the branch bases and transport them to the 
main naval base. 

This application proved very helpful to the Royal Thai Navy in that it 
produced results that were much superior to those obtained through the 
previously used manual procedures. By using the optimization models, cost 
and time delays associated with extra trips were avoided. 


TABLE 5.49 КІН ASSIGNMENT ОҒ DRAF- 
TEES TO BRANCH BASES— 
SUMMER 1983 


Branch Base Number of Men 


1. Chumphon 475 
2. Surat Thani 659 
3. Nakon Si Tammarat 672 
4. Songkhla 1123 


Source: Paiboon Choypeng, Pojana Puakpong, and Richard E. Rosenthal, “Optimal Ship Routing and Personnel Assignment 
for Naval Recruitment in Thailand,” Interfaces, 16, no. 4 (July-August 1986): 47-52. 


Glossary of Terms 


Glossary of Terms 


Assignment Problem. A linear programming problem having a special 
structure in which each of n resources must be assigned to each of n 
activities, on a one-to-one basis. 

Balanced Assignment Problem. Ап assignment problem in which the 
number of activities is exactly equal to the number of resources. 

Balanced Transportation Problem. A transportation problem in which 
the total amount available at the origins exactly satisfies the total amount 
required at the destinations. 

Basic Tree. A tree that consists ofm + n — 1 occupied cells that corre- 
spond to the current basic variables in a transportation tableau. 

Column Minima Rule. A procedure used to determine an initial basic 
feasible solution to the transportation problem. 

Connected Set of Cells. A set of cells in the transportation tableau is 
said to be connected if there exists a directed path, involving only cells 
in the set, that joins any cell in the set to any other cell in the set. 

Degenerate Solution. A feasible solution to a transportation problem is 
degenerate if fewer than m + n — 1 of the x,, values are strictly positive. 

Demand Destination. A customer demand location characterized by a 
required quantity of goods or services. 

Equivalent Cost Matrix. In the procedure of solving the assignment 
problem, the original cost matrix is converted into an equivalent cost 
matrix having only positive or zero cost elements. 

Hungarian Method. An efficient solution procedure for the assignment 
problem that was developed by a Hungarian mathematician. 

Matrix Minima Rule. A procedure used to determine an initial basic 
feasible solution to the transportation problem. 

Matrix Reduction. Conversion of the original cost matrix of the assign- 
ment problem into an equivalent cost matrix having only positive or zero 
elements. 

MODI Method or Modified Distribution Algorithm. An algorithm 
for the solution of the transportation problem. 

Northwest Corner Rule. A procedure used to determine an initial basic 
feasible solution to the transportation problem. 

Orthogonal Turns. Ninety-degree or right-angle turns made within a 
transportation tableau. 

Simple Directed Path. A directed path since that in any row or column 
of the transportation tableau there are no more than two cells in the set 
of cells that defines the path. 

Slack or Dummy Destination. The additional column added to a tableau 
in a transportation problem where supply exceeds demand, having a 
requirement equal to the excess supply. 

Slack or Dummy Origin. An additional row added to a tableau in a 
transportation problem where demand exceeds supply, having a supply 
availability equal to the excess demand. 

Stepping-Stone Algorithm. An algorithm for the solution of the trans- 
portation problem. 

Supply Origin. A supply location having a fixed amount or limited quan- 
tity of goods or services. 
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Total Opportunity Cost Matrix. The cost matrix that results from ma- 
trix reduction of the original cost matrix of the assignment problem. 
Transportation Problem. A special type of linear programming problem 
that involves the transportation or physical distribution of goods and 
services from several supply origins to several demand destinations. 

Transshipment Problem. A special type of transportation problem in 
which the product or commodity is allowed to pass through intermediate 
transfer points before it reaches its final destination. 

Tree. A connected set of cells without loops in a transportation tableau. 

Unbalanced Assignment Problem, An assignment problem where the 
number of resources is not equal to the number of activities. 

Unbalanced Transportation Problem. A transportation problem in 
which we physically have more units available at the origins than are 
required at the destinations; or a transportation problem in which re- 
source requirements exceed supply availabilities. 

Vogel’s Method. A procedure used to determine an initial basic feasible 
solution to the transportation problem. 


Selected References 


Transpor tation Refer to those references provided at the end of Chapter 2. 
and Assignment 
Problem 


Discussion Questions 


1. Why must a basic feasible solution to a balanced transportation problem with 
m origins and n destinations contain m + n — 1 basic variables, assuming the 
problem is not degenerate? 

2. Judge this statement: “A degenerate basic feasible solution is produced by 
selecting the basic variables one at a time and assigning a value to the variable 
that will satisfy both a row and a column constraint.” 

3. Why will the Column minima rule usually produce a better basic feasible so- 
lution than will the Northwest corner rule? 

4. Will using a Row minima rule instead of a Column minima rule yield exactly 
the same basic feasible solution? Why or why not? 

5. How can degeneracy occur in Vogel's method? 

6. In what sense are the computed “net changes” with the stepping-stone algo- 
rithm equivalent to the c, - 2, values іп a linear programming minimization 
problem? 

7. Why does degeneracy cause problems in the stepping-stone algorithm? Does 
a degenerate optimal solution cause any problems? 

8. Describe briefly how you balance a transportation problem in which you require 
more units at the destinations than are supplied at the origins? 


Problem Set 


9. 


10. 
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Why will adding constant d either to each cost in row i or to each cost in column 
J of the transportation tableau not cause the value of the optimal x, to change? 
Will the value of the objective function change? 

In general, why won't the optimal solution to an assignment problem be ob- 
tained by row reducing the original cost matrix and then making assignments 
to the zero element positions? 


+ When the minimum number of lines necessary to cover all the zeroes equal 


the required number of assignments, why is it that an optimal solution to the 
assignment problem has been obtained? 


. What type(s) of unbalanced assignment problem(s) can you have and how do 


you solve it (them)? 


. Discuss the theoretical basis of the modified distribution algorithm (MODI 


method). 

What are the two basic steps of the stepping-stone algorithm? 

What are the basic differences between the transportation model and the as- 
signment model? 


Problem Set 
1. 


Warehouse 
Requirement 


A potato chip manufacturer has three plants and four distribution 
warehouses. The shipping costs from each plant to the four distribution 
warehouses and the plant availabilities and destination requirements 
are given here. The manufacturer seeks to develop a shipping schedule 
that minimizes her total shopping cost. 


Warehouse 


Plant 
Availability 


(a) Determine an initial basic feasible solution using the Northwest 
corner rule. 

(b) Determine the optimal solution using the stepping-stone algo- 
rithm. 

The Slippery Oil Company has three refineries that produce gasoline, 

which is then shipped to four large storage facilities. The total quan- 

tities (1000 barrels) produced by each refinery and the total require- 

ments (1000 barrels) for each storage facility, as well as the associated 

shipping costs, are given. The Slippery Oil Company needs to deter- 

mine a shipping schedule that minimizes its total shipping costs. 
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3. 


> 


= 
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(a) Determine an initial basic feasible solution using the Northwest 
corner rule. 

(b) Determine the optimal solution using the stepping-stone algo- 
rithm. 


Storage Facility 
кеу аа | 


Кебпегу 
Availability 


Storage 
Requirement 


Solve the transportation problem having the following costs, origin 
availabilities, and destination requirements. Use the Northwest corner 
rule to obtain an initial basic feasible solution, and use the stepping- 
stone algorithm to obtain the optimal solution. 


Destination 


Availability 


Destination 
Requirement 


Solve Problem 5-3 using the Row minima rule to obtain an initial basic 
feasible solution. Use the stepping-stone algorithm to obtain the op- 
timal solution. 


Solve Problem 3 using the Column minima rule to obtain an initial 
basic feasible solution. Use the stepping-stone algorithm to determine 
the optimal solution. 

Solve Problem 5-3 using the Matrix minima rule to obtain an initial 
basic feasible solution. Use the stepping-stone algorithm to determine 
the optimal solution. 

Solve Problem 5-3 using Vogel’s method to obtain an initial basic fea- 
sible solution. Use the stepping-stone algorithm to determine the op- 
timal solution. 


Problem Set 


8. 


9; 


10. 


12. 


13. 


14. 


15. 


16. 


17. 
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Solve Problem 5-3 using the Northwest corner rule to obtain ап initial 
basic feasible solution. Use the modified distribution algorithm to de- 
termine the optimal solution. 


Solve Problem 5-3 using a method of your choice to obtain an initial 
basic feasible solution. Use the modified distribution algorithm to de- 
termine the optimal solution. 


Solve the transportation problem having the following costs, origin 
availabilities, and destination requirements. Use the Northwest corner 
rule to obtain an initial basic feasible solution, and use the stepping- 
stone algorithm to obtain the optimal solution. 


Destination 


Origin 
Availability 


Destination 
Requirement 


Solve Problem 5-10 using the Row minima rule to obtain an initial 
basic feasible solution. Use the stepping-stone algorithm to determine 
the optimal solution. 

Solve Problem 5-10 using the Column minima rule to obtain an initial 
basic feasible solution. Use the stepping-stone algorithm to determine 
the optimal solution. 

Solve Problem 5-10 using the Matrix minima rule to obtain an initial 
basic feasible solution. Use the stepping-stone algorithm to determine 
the optimal solution. 

Solve Problem 5-10 using Vogel’s method to obtain an initial basic 
feasible solution. Use the stepping-stone algorithm to determine the 
optimal solution. 

Solve Problem 5-10 using the Northwest corner rule to obtain an initial 
basic feasible solution. Use the modified distribution algorithm to de- 
termine the optimal solution. 

Solve Problem 5-10 using a method of your choice to obtain an initial 
basic feasible solution. Use the modified distribution algorithm to de- 
termine the optimal solution. 

A state wildlife association wishes to stock its four major lakes with a 
fresh supply of largemouth bass. It has three fisheries which it can use 
to supply the four lakes. The transportation costs from each fishery 
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to each lake and the fishery availabilities and lake requirements are: 


Lake 
Fishery 
Availability 
4.00 | 5.00 
1 300 


6.00 m 8.50 E 


5.00 ер 10.0 


150 250 125 275 


Requirement 


(a) Determine an initial basic feasible solution using the Northwest 
corner rule. 

(b) Determine a minimum transportation cost solution for this prob- 
lem, using the MODI method. 


18. Vermont Maple Sugar, Inc., has three refineries at which it produces 


maple syrup. The maple syrup is then shipped to four large bottling 
facilities, where it is bottled for shipment to wholesalers. The total 
quantities (1000 barrels) produced by each refinery and the total re- 
quirements (1000 barrels) for each bottling facility, as well as the as- 
sociated shipping costs, are: 


Bottling Facility 


Refinery 
Refinery Availability 


Bottling Facility 
Requirement 


(a) Determine an initial basic feasible solution using the Northwest 
corner rule. 

(b) Determine a minimum-cost shipping schedule using the MODI 
method. 


19, Solve the transportation problem having the following costs, origin 


availabilities, and destination requirements. Use the Northwest corner 
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rule to obtain an initial basic feasible solution, and use the MODI 
method to obtain the optimal solution. 


Destination 


Origin 
Availability 


50 


Destination 
Requirement 


260 


20. Solve the following transportation problem, which involves a pinball 


machine manufacturer who has three distribution centers that supply 
four amusement park arcades. Determine the minimum-cost shipping 
schedule. 


Amusement Park Arcade 


Distribution 
Center Availability 


21. Jim Pit, manager of Ripe and Juicy Peach Enterprises, has three farm 


operations located in Elgin, McBee, and Bethune, South Carolina. 
These three peach farms supply peaches to three farmers’ markets 
located in Columbia, Charleston, and Spartanburg, South Carolina. 
The transportation cost per truckload of peaches for every farm to 
market combination are given in the following cost matrix. 


Market 


Farm Columbia Charleston Spartanburg 
نے کے‎ sc م‎ eae اتاو ای ھان‎ 
Elgin 40 70 50 
McBee 20 30 20 


Bethune 30 60 60 
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The supply availabilities of peaches (in truckloads) for the farm op- 
erations are: 


Elgin 30 
McBee 50 
Bethune 30 
The demand requirements of each of the farmers’ markets are: 
Columbia 50 
Charleston 20 


Spartanburg 40 
Develop a shipping schedule that minimizes total transportation cost. 


22. Solve the following transportation problem using the modified distri- 
bution algorithm, using the Northwest corner rule to obtain an initial 
basic feasible solution. (Hint: Use cells marked with a 0 or an e to 


resolve degeneracy.) 


Availability 


Destination 
Requirement 


23. Solve the plant-to-warehouse transportation problem whose initial basic 
feasible solution is shown in the following tableau. (Hint: Use cells 
marked with a 0 or e to resolve degeneracy.) 


Warehouse 


Plant 
Availability 


Warehouse 
Requirement 
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24. Solve the transportation problem that involves shipments of iron ore 
from a series of ports to a series of steel mills, and that has the following 
initial basic feasible solution. (Hint: Use cells with a 0 or е to resolve 
degeneracy.) 


Steel Mill 


Port 
Availability 


25. Solve the following transportation problem that involves a shoe man- 
ufacturer who has three distribution centers that must supply four 
shoe wholesalers. The initial feasible solution for this problem is as 


follows. 
Warehouse 
Distribution 
Distribution Center 
Center Availability 


26. Solve the following transportation problem, using the MODI method. 
Obtain an initial basic feasible solution using the Northwest corner 
rule and use cells marked with a 0 or е to resolve degeneracy. 
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Destination 


Origin 
Availability 


Destination 4 990 
Requirement 1 


27. The shipping manager of Yummy Catfood Ltd. has three plants and 
four distribution warehouses composing his operations network. The 
transportation costs from each plant to the four warehouses and the 
plant availabilities and destination requirements are: 


Warehouse 


Availability 


Determine an optimal shipping schedule for Yummy Catfood Ltd. 

28. Solve the transportation problem having the following costs, origin 
availabilities, and destination requirements. Use the Northwest corner 
rule to obtain an initial basic feasible solution. 


Destination 
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31 


32 
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For the tableau of Problem 5-1, assume that the plant availabilities are 
250, 300, and 125, respectively, instead of the values shown. Add the 
necessary slack column and solve the problem using the MODI method. 
For the tableau of Problem 5-2, assume that the refinery availabilities 
are 20, 22, and 15, respectively, instead of the values shown. Add the 
necessary slack column and solve the problem using the stepping-stone 
algorithm. 

For the tableau of Problem 5-3, assume that the origin availabilities 
are 50, 70, 90, and 35, respectively, instead of the values shown. Add 
the necessary slack column and solve the problem using the MODI 
method, 

A company has three warehouses containing 10,000, 7,500, and 12,000 
units of its product. In the next month it must ship 3,500, 2,500, 7,000, 
5,000, 500, and 3,500 units to six retail outlets. The unit cost of ship- 
ment from any warehouse to any retail outlet is contained in the fol- 
lowing matrix. Determine the minimum-cost shipping plan. 


The Runaway Railroad Company has a problem in connection with 
the distribution of its empty railroad cars. It has a shortage of railroad 
cars in certain cities and an oversupply of railroad cars in other cities. 
The imbalances are as follows. 


City Shortage ^ Overage 
New York — 50 
Boston — 15 
Philadelphia — 30 
Atlanta 20 — 
Miami — 40 
Washington, D.C. 30 — 
Pittsburgh 40 — 
Cleveland 25 — 
Detroit 35 — 


The costs associated with distributing the railroad cars are presented 
in the following table. Determine the minimum-cost shipping plan. 


ee 


To 
From Atlanta Washington Pittsburgh Cleveland Detroit 
New York 40 30 50 60 90 
Boston M 50 70 90 100 
Philadelphia 30 10 20 40 60 
Miami 30 50 60 70 M 


e_m 
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34. A producer of microcomputers manufactures its product in Los An- 


Manufacturing 
' Location 


geles, Dallas, San Francisco, and Denver and maintains regional dis- 
tribution centers in New York, Cleveland, Reno, and Tampa. The 
shipping cost per microcomputer for every manufacturer-to-distri- 
bution center combination is provided by the following cost matrix. 
Origin availabilities and destination requirements are also indicated. 
Determine a minimum-cost shipping plan for this firm. 


Regional Distribution Center 


35. The Damascus Sword Razor C orporation has three warehouses con- 
taining 13,000, 15,000, and 8,000 units of its product, respectively. In 
the next week it must ship 20,000, 8,000, and 6,000 units to three 
retail outlets. The unit cost of shipment from any warehouse to any 
retail outlet is provided by the following matrix. Use this information 
to determine an optimal shipping schedule. 


36 


Retail Outlet 
Availability 


[5| 
| 20000 | 


equirement 20,000 8,000 6,000 


The farm districts surrounding Moscow, Minsk, Kiev, and Volgograd 
produce all the corn, barley, rye, and wheat for the USSR. The Soviet 
demand requirements for corn, barley, rye, and wheat (in hundred 
thousand bushels) are as follows: 40, 115, 5, and 120. The total amounts 
of land allocated to these crops in the four farming districts (in hundred 
thousand bushels) are 25, 75, 100, and 40. The cost (per hundred 
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thousand bushels of crop) for each farm district in hundreds of rubles 
is: 


Corn Barley Rye Wheat 


Moscow 30 25 40 25 
Minsk 45 25 45 35 
Kiev 35 20 30 20 
Vol d 50 40 50 50 


Determine the optimal allocation of acreage for each crop in each of 
the districts so as to meet Soviet food requirements at a minimum cost. 
Assume that the cost of importing each crop is double the highest 
domestic production cost for a hundred thousand bushels of that crop. 
Solve the transportation problem having the following costs, origins, 
availabilities, and destination requirements. Use a method of your choice 
to obtain an initial basic feasible solution, and use the modified dis- 
tribution algorithm to determine the optimal solution. 


Destination 


Origin 
Availability 


Destination 
Requirement 


38. J. W. Bandit runs a moonshine operation in western North Carolina. 


He operates three stills in North Wilkesboro, Boone, and Henderson- 
ville. Bandit Enterprises has four major distributors located in Char- 
lotte, Raleigh, Asheville, and Burlington. The cost of running a truck- 
load of shine from each of the supply facilities to the demand destinations 


is: 
Charlotte Burlington Raleigh Asheville 
North Wilkesboro $250 $350 $200 $250 
Boone 200 350 350 350 
Hendersonville 300 350 300 350 


The supply availabilities at the stills in North Wilkesboro, Boone, and 
Hendersonville are 40, 30, and 25, respectively. The demand require- 
ments for Charlotte, Burlington, Raleigh, and Asheville are 15, 35, 40, 
and 35. Determine an optimal shipping schedule for Bandit Enter- 


prises. 
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39. Energon Industries is a large manufacturer of turbines with an inter- 


national market for its product. Four of its production facilities are 
situated in the eastern United States and supply Energon’s South 
American and Caribbean markets. These plants are located in New 
York, Norfolk, Jacksonville, and Miami; the markets are located in 
Caracas, Rio de Janeiro, Salvador, Santiago, and Lima (S.A.) and in 
San Juan (Caribbean). The cost of shipping a turbine from any of the 
port production locations to another is given by the following cost 
matrix. 


To 
1 2 3 4 
From Jacksonville Norfolk Мем York Miami 
1 Jacksonville 0 25 22 14 
2 Norfolk 25 0 17 19 
3 New York 22 17 0 55 
4 Miami 14 19 55 0 


The air transport cost per turbine from production unit to market is 
given by the following cost matrix. 


To 
Caracas Rio Salvador Santiago Lima бап Juan 
Jacksonville 52 50 78 93 89 73 
65 78 57 57 82 65 
75 100 82 95 57 90 
43 33 25 37 52 49 


The air transport cost per turbine from one market location to another 
is provided by the following cost matrix. 


To 
5 6 7 8 9 10 
Caracas Rio Salvador Santiago Lima бап Juan 
5 Caracas 0 25 17 25 33 24 
6 Rio 25 0 5 35 20 57 
7 Salvador 17 5 0 23 51 42 
8 Santiago 25 35 23 0 45 38 
9 Lima 33 20 51 45 0 27 


Тһе supply availabilities at the production units in Jacksonville, Nor- 
folk, New York, and Miami are 54, 30, 62, and 21, respectively. The 
demand requirements at the markets in Caracas, Rio de Janeiro, Sal- 
vador, Santiago, Lima, and San Juan are 30, 22, 51, 11, 7, and 46, 
respectively. Develop an optimum transshipment schedule utilizing the 
transportation algorithm. 
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40. Super Suction Ltd. manufactures vacuum cleaners for three depart- 


ment stores located in New York, Chicago, and Dallas. The manufac- 
turing concern consists of three production facilities to serve the three 
department stores. The following shipping options are available to 
management to aid in getting cleaners to the three department stores. 


Ship from plant to department store. 

Ship from plant to one of two intermediate distribution centers. 
Ship from plant to plant. 

Ship from distribution center to distribution center. 

Ship from distribution center to department store. 

Ship from department store to department store. 


The number of cartons available for shipment at plant 1 is 50, plant 
2 is 90, and plant 3 is 35. The demand requirements for the three 
department stores are 75, 50, and 50. Derive an optimum shipping 
schedule given the following cost matrices. 


Plant to Department Store 


Department Store 


Plant 1 2 3 
1 200 225 300 
2 120 180 130 
3 165 210 210 
Plant to Distribution Center 
Distribu- 
tion 
Center 
Plant 1 2 
1 75 180 
z 75 100 
3 95 125 
Plant to Plant 
Plant 
Plant 1 2 3 
1 0 75 60 
2 75 0 45 
3 60 45 0 


Distribu- 
tion 
Distribution _ Center 
Center 1 2 
о е Е U ea 
Te ETL eee JC" 
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Distribution Center to Department Store 


Distribution _Department Store _ 
Center 1 2 3 
1 190 100 100 
2 75 80 85 
Department store to итке ا‎ 
Department Department Store 
Store 1 9 3 
1 0 100 70 
2 100 0 30 
3 70 30 0 


A diesel engine manufacturing operation consists of three production 
facilities that supply three warehouses. The following network provides 
the cost per railcar shipment of engines for the factory-to-factory, 
warehouse-to-warehouse, and factory-to-warehouse combinations in- 
dicated. The supply of engines (in railcar shipments) for each pro- 
duction facility is as follows. 

Factory 1 30 

Factory 2 45 

Factory 3 50 


The demand for engines (in railcar shipments) for each of the ware- 
houses is as follows. 


Warehouse 1 25 
Warehouse 2 30 
Warehouse 3 70 


Use the transportation algorithm to select an optimal shipping sched- 
ule for this transshipment scenario. 


Factory Warehouse 


A light fixture manufacturing concern has three manufacturing facil- 
ities that supply four wholesale distributors. The production units are 
located in Boise, Idaho; Denver, Colorado; and Omaha, Nebraska. 
The wholesale distribution outlets are in Sacramento, California; Al- 
buquerque, New Mexico; Houston, Texas; and Tampa, Florida. The 
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cost matrices provided here give the cost per truckload of light fixtures 
for the various available shipping options. 
Plant to Plant 

Boise Denver Omaha 


Boise 0 70 95 
Denver 80 0 30 
Omaha 95 25 0 


Wholesale Distributor to Wholesale Distributor 
Sacramento Albuquerque Houston Татра 


Sacramento 0 90 65 150 
Albuquerque 90 0 60 120 
Houston 65 60 0 85 
Tampa 150 120 85 0 


Plant to Distributor 
Sacramento Albuquerque Houston Tampa 


Boise 60 115 175 155 
Denver 50 45 120 200 
Omaha 130 60 125 125 


The distributor-to-plant shipping costs are the same as the plant-to- 
distributor shipping costs. The supply availabilities at Boise, Denver, 
and Omahaare 25, 75, and 50, respectively. The demand requirements 
at Sacramento, Albuquerque, Houston, and Tampa are 25, 30, 50, and 
45, respectively. Develop an optimal shipping schedule for this trans- 
shipment problem. 

Five auto mechanics in a garage must be assigned to five cars needing 
repair. From the type of repairs involved, the supervisor knows the 
time each mechanic needs to do the job. These times, in hours, are 
shown in the following table. 


Job 
Mechanic 1 2 $4.5 
Alice 3 5 оаза 20, 
June LAG ite dere yen T 
Bob 2 7 3 4 5 
Slim 5 4 Fit do EE | 
Fats 3 4 4 5 5 


Assuming that each mechanic can be assigned to only one job, deter- 
mine the minimum-cost assignment. 

A certain computer service bureau has six keypunching jobs that it 
wishes to assign to its six keypunchers. From the nature and length of 
the job, the manager of the service bureau can estimate the time each 
keypuncher requires to perform each job. These times, in hours, are 
shown in the following table. 
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Job 

Keypuncher 1 2 3 4 5 

Sue 4 6 9 7 10 5 
Alice 7 2 5 6 4 8 
Elton 5 5 6 10 7 10 
Janet SN OO NMEEDE T 7 8 
Bill LS EE 9 3 8 
Yvonne NTC 7 9 6 5 


Assuming that each keypuncher can be assigned to only one job, de- 
termine the minimum-cost assignment. 
Mr. Speedy Limbs, the head track coach at the local university, needs 
to assign runners to a medley relay race involving four events. His 
four best runners and the fastest times (in seconds) they have achieved 
in each of the four races are as follows. 


лт 


Киппег 
Касе Кеп Al Gene Janet 
100-yd dash 9.7 9.8 10.1 99 
220-yd dash 24.0 22.4 23.1 22.3 
440-yd dash 50.3 48.9 48.6 48.3 


880-yd dash 100.7 106.2 105.2 103.3 


Each runner can run in only one event in the medley relay. Determine 
the best assignment of runners to the events, 


Slick’s Used Car lot currently has five prospective customers for its six 
available late-model Ford used cars. Each of the five customers is willing 
to pay a price, p, (or less) for the jth car. The values of the ру are given 
in the following table, 


2 11 13 15 17 13 11 

3 9 15 9 14 19 13 ($, hundreds) 
4 10 12 11 13 14 14 
5 


13 10 15 10 16 15 


Тһе management wishes to determine which car to offer to each cus- 
tomer at what price, so as to maximize its total revenues, Solve as an 
assignment problem. 


Customer 


Betty Edwards is a college student whose summer job involves selling 
magazine subscriptions. She currently has five magazine subscriptions 
available, and according to company policy, she can sell only one sub- 
scripuon to any customer. She currently has four prospective cus- 
tomers, and these four customers are willing to pay different prices 
for the subscriptions to the five magazines. The profit table associated 
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with sales of the five magazine subscriptions to the four customers is 
as follows. 


Customer 
1 2 3 4 
1 5 7 8 10 
2 8 6 9 11 
Magazine 3 9 6 7 9 
4 11 8 10 7 
5 8 10 9 6 


То which customers should Betty Edwards try to sell the magazine 
subscriptions, to maximize profits? 

A certain equipment repair operation has seven repair jobs that it 
wishes to assign to its seven mechanics. The service manager has es- 
timated the time each mechanic requires to fix each machine. These 
estimates, in hours, are provided by the following table. 


Job 
Mechanic 1 2 3 4 5 6 7 
1 3 2 1 4 7 5 8 
2 4 3 1 6 8 4 7 
3 2 1 3 3 4 6 8 
4 5 3 1 7 8 9 9 
5 4 6 7 8 9 8 7 
6 3 1 5 7 7 9 8 
7 8 5 6 5 8 7 Я, 


Assuming that each mechanic сап be assigned to only one job, deter- 
mine the minimum time assignment. 

A law firm has five secretaries composing its support staff. A. J. Alimony 
has four divorce action documents that must be typed as accurately as 
possible. He knows the approximate number of errors each secretary 
will make in each of the documents. These error estimates are given 
in the following table. 


Errors 
Case Secretary 1 25619; а 
1 5 9 3 4 
2 6 10 3 4 
3 6 9 z 4 
4 3 7 1 3 
5 2 6 2 4 


-———— —————— 


Assuming that each secretary сап be assigned to only one job, deter- 
mine the minimum error job assignment for this unbalanced problem. 
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Introduction 


6.1 INTRODUCTION 


In previous chapters we have made an extensive 
study of linear programming. In formulating and 
solving linear programming problems, the model- 
ing process focused on a single objective, such as 
maximizing total profits or minimizing total costs. 
Thus, we inherently forced all the objectives or 
goals of management into a single aggregate 
dimension. However, in many important “real- 
world” decision-making situations, it may not be 
feasible, or desirable, to try to reduce all the goals 
of an organization to a single objective. For ex- 
ample, rather than focusing only on maximizing 
profits, the corporation may simultaneously be 
interested in maintaining a stable work force, 
increasing its share of market, and limiting price 
increases. 

An important new technique for the analysis 
and solution of problems involving multiple goals 
or objectives has been developed to supplement 
linear programming. Called goal programming, 
it allows the decision maker the opportunity to 
include in the problem formulation multiple goals 
or objectives. Goal programming greatly enhances 
the flexibility of linear programming as it allows 
the inclusion of conflicting objectives while still 
yielding a solution that is optimal with respect to 
the decision maker's specification of goal priori- 
ties. The use of goal programming thus reflects 
a philosophy of trying to obtain an optimal com- 
promise solution to a set of conflicting objectives. 
Goal programming has been applied to numerous 
multiobjective modeling situations, including lin- 
ear or nonlinear functions and constraints, and 
both continuous and discrete variables. However, 
in this text we will limit our discussion to linear 
goal programming problems with continuous 
variables. 

Goal programming is a multiobjective exten- 
sion of linear, or nonlinear, programming. As we 
shall demonstrate, formulation of a goal program- 
ming model is done in a manner similar to the 
formulation of a linear programming model. Thus, 
the decision variables of the model must first be 
defined. Then the managerial goals related to the 
problem must be specified and ranked in order 
of priority. Since it may be very difficult to rank 
these goals on a cardinal scale, an ordinal ranking 
is usually applied to each of the goals. A distin- 
guishing characteristic of goal programming 1s 


that goals ranked in order of priority or impor- 
tance by the decision maker, or manager, are 
satisfied in ordinal sequence by the goal program- 
ming solution procedure. Obviously, it may not 
always be possible to reach every goal specified 
by the decision maker. Thus, goal programming 
is often referred to as a lexicographic procedure 
іп which the various goals are satisfied in order 
of their relative importance. Finally, goal pro- 
gramming is often called a satisficing procedure 
in that the goal programming approach involves 
the decision maker in a process that attempts to 
achieve a "satisfactory" level of multiple objec- 
tives, rather than an "optimal" outcome for a 
single objective (as is done in linear program- 
ming).' 

Тһе beginnings of goal programming can per- 
haps be traced to the pioneering work of Charnes 
and Cooper? who developed a goal programming 
approach to resolving infeasibility problems in 
linear programming problems that were caused 
by conflicting objectives. Charnes and Cooper 
considered only a linear multi-objective model, 
which they transformed into a conventional sin- 
gle-objective linear programming model by the 
use of weighted-goal deviational variables. 

"Their approach is often referred to as weighted 
linear goal programming. One major advantage 
of this approach to goal programming is that it 
is very efficient computationally, because the 
weighted linear goal programming model can be 
solved using the usual linear programming pro- 
cedures. One major disadvantage of this approach 
is that it may be difficult, or impossible, to assign 
valid weights for various conflicting objectives in 
practical, real-world problems. 

Both Ijiri and Jaaskelainen' made further 
refinements to the technique of goal program- 
ming. Lee? contributed greatly to the advance- 


"This "satisficing" concept is discussed. more fully іп J. G. 
March and H. A. Simon, Organizations (New York: John Wiley 
& Sons, Inc., 1958). 

ЗА. Charnes and W. W. Cooper, Management Models and 
Industrial Applications of Linear Programming (New York: John 
Wiley & Sons, Inc., 1961). 

SY, Ijiri, Management Goals and Accounting for Control (Chi- 
cago: Rand McNally Company, 1965). 

1V. Jaaskelainen, Accounting and Mathematical Programming 
(Helsinki: Research Institute for Business and Economics, 
1973). 

55, M. Lee, Goal Programming for Decision Analysis (Phila- 
delphia: Auerbach Publishers, Inc., 1972). 


ment of goal programming by the development 
of the idea of preemptive priority goal program- 
ming. In this framework, achievement of a set of 
goals, at some priority P}, is always preferred to 
the achievement of a set of goals at a lower- 
ranking priority, Р. Additionally, it is possible to 
include several weighted goals within each rank- 
ing, if the goals within a ranking are commen- 
surable (і.е., measured іп the same units). This 
approach is often referred to as lexicographic weighted 
goal programming. Lee has provided extensive case 
study results from the application of lexicographic 
weighted goal programming. Ignizio® has further 
extended goal programming by developing and 
applying a number of exact integer goal program- 
ming algorithms and has also done work in non- 
linear goal programming. 


6.2 GOAL PROGRAMMING 
CONCEPTS AND TERMINOLOGY 


The basic idea in goal programming is to incor- 
porate all managerial objectives into the goal 
programming formulation. An objective is any 
general statement of the desires of the decision 
maker, such as “maintain stable work force” or 
“reduce energy costs.” For each objective the 
decision maker then specifies a numerical aspi- 
ration level that serves to relate or transform the 
objective into a numerical goal. For example, the 
decision maker may seek to “reduce energy costs 
by at least 10 percent.” Since all the aspiration 
levels cannot always be simultaneously satisfied, 
deviations from the goals can be expected. In 
goal programming a specific numerical goal is 
first established for each of the objectives. We 
then seek a solution that minimizes the (weighted) 
sum of the deviations of these objectives from 
their respective goals. In mathematical terms: 


, x, = the decision variables of 

the problem 

the number of objectives 
being considered 

the coefficient of 

x (7 = 1,2,...,луіп the 
objective function for each 
objective k (k = 1, 2,..., K) 
g, = the goal for objective k 


Let Жү. 4%)... 


K 


1 


Cik 


*J. P. Ignizio, Goal Programming and Extensions (Lexington, 
Mass.: D. C. Heath and Company, 1976). 
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The solution to the goal programming problem 
that is sought is the one that comes as close as 
possible to attaining the goals: 


Y CX; = fi (goal 1) 
jl 


сах, = E» (goal 2) 
PE 2 8 т” 


% сах, = gi (goal K) 
ізі 


Now, it will generally not be possible to satisfy all 
these goals simultaneously. Thus, we need to 
define an aggregate objective function for the 
goal programming model that allows for a com- 
promise with respect to achieving the various 
goals. Assuming that positive or negative devia- 
tions from the respective goals are considered to 
be equally important, the aggregate objective 
function for the goal programming model can be 
written as: 


Minimize (sum of deviations from goals) 


( Сах) — | 2) 
у=! 


2-2 
k=l 
Thus, the objective function of the goal program- 
ming model is expressed as a preference function 
or achievement function in terms of deviations 
from target goals. Unfortunately, the objective 
function given by Equation 6-2 is too complicated 
to be solved very easily. Now, the key notion in 
goal programming involves transforming the ob- 
jective function given by Equation 6-2 into a linear 
programming format that will facilitate the solu- 
tion of the problem. The first step in the trans- 
formation process involves the definition of the 
new variables. 


dı = У) сах g fok-12,...,K (6-3) 
j=l 
so that the objective function becomes: 
K 
Minimize 2 = > |d,| (6-4) 
ізі 


Since the 4, can be either positive or negative, we 
can replace each variable d, by the difference of 
two new nonnegative variables (e.g., d, = dj — 
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аг, where d? = 0, d; = 0) such that’: 


| = |dt -|- *df + di, 
fork = 1,2,...,K 


Thus, d? and а; are deviational variables that 
represent the degree of overachievement and 
underachievement of a goal, respectively. Since 
we cannot have both underachievement and 
overachievement of a goal simultaneously, either 
one or both of these deviational variables will be 
equal to zero; that is: 


dj x dj =0 (6-6) 


(6-5) 


The complete goal programming model can now 
be written as: 


к 
Minimize Z = Y (dr + dy) (6-7) 
ісі 
2 бах = (dj — dr) = gi, (6-8) 
fork = 1,2,...,К 


subject to: 


plus any original linear programming constraints in- 
volving the x; 


with t =0,d; =0,x,=0 3 
"oi oe Me don 2) 


Observe that in this goal programming formula- 
tion each of the respective goals is included as an 
equality constraint. Each of these goal constraints 
has been rewritten in terms of nonnegative de- 
viational variables (dj and аг). This ensures that 
the auxiliary variables will satisfy their original 
definition, (Equation 6-3), in terms of the real 
variables of the problem and allows us to incor- 
porate the deviational variables into the objective 
function in a linear programming format. 

The simplex method can now be used to solve 
the goal programming model given by Equations 
6-7, 6-8, and 6-9. The solution will provide values 
for all the variables (including the x). The values 
of di and dy are used to determine the values of 
d, = аў — dj and are then discarded. 

In many practical situations deviations from 
certain goals may be much more important than 


Bes wv ШУО ee e 

"Earlier, in Chapter 3, we represented unconstrained vari- 
ables as xj — xf, where ху 2 0 and x! = 0. We are using 
exactly the same concept here, except that we are changing 
the notation to emphasize the positive and negative deviation 
concept of goal programming. 
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deviations from other goals. Also, for a particular 
goal, a deviation in one direction may be much 
more important than a deviation in the opposite 
direction. These situations can be addressed by 
assigning differential weights, w and wy (k = 
1, 2, ... , К), to the respective df and dj 
deviations, where the differential weights reflect 
the relative importance of the various deviations 
from the goals. The weighted goal programming 
model is written as: 


к 
Minimize Z = У) (wid; + wid;) (6-10) 
ізі 
subject to: 
o Саху ¬ (di – dî) = gu o ДИ Е К 
іі 
ог 


У саҳ – dî + dy = р, юе L3... X 
ҒЫ 


(6-11) 
plus any original linear programming constraints in- 
volving the x, 


with dj 2=0,d;=0,x,=0 forj=1,2,...,n 


(6-12) 


In most instances, a goal constraint will contain 
both an underachievement (d7) and ап over- 
achievement (dř ) deviational variable, even when 
both deviational variables do not appear in the 
objective function. However, it is possible to have 
a goal constraint of the form: 


by бах) + dy = g> > сах, S gi (6-13) 
jal n 
For this case, the fact that d? does not appear in 
the goal constraint indicates that the overachieve- 
ment of this goal level is not possible. This is an 
example of an upper-bound goal, and it is similar 
to a = inequality in a linear programming model. 
The deviation dj above goal g, is not permitted, 
but the deviation dj below g, is acceptable. The 
deviation variable d; would appear in the objec- 
tive function of the goal programming model. 

Similarly, it is possible to have a goal constraint 
of the form: 


Усу = dt = a> Ў сах =. (6-14) 
ј=1 үзі 
For this case the fact that 4; does not appear in 
the goal constraint indicates that underachieve- 
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ment of this goal level is not possible. This is an 
example of a lower-bound goal, and it is similar 
to a = inequality in a linear programming model. 
The deviation d; below g, is not permitted, but 
the deviation dj above g, is acceptable. The 
deviational variable dj would appear in the ob- 
jective function of the goal programming model. 


6.3 FORMULATING GOAL 
PROGRAMMING MODELS 


Тһе goal programming model given by Equations 
6-7, 6-8, and 6-9 has been applied to a number 
of real-world problems. In this section we will 
provide simple examples of some of the more 
common goal programming formulations. To gain 
a clear understanding of the relationship between 
linear programming and goal programming, we 
will initially consider a single-goal model. 


6.3.1 SINGLE-GOAL MODEL 


EXAMPLE 1 


Тһе Sonic Company produces two types of microwave 
ovens: (1) a "Dial Setting" model and (2) a “Touch 
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Setting" model. It currently is experiencing very strong 
demand for its microwave ovens and can sell all of 
these two microwave ovens that it can produce. The 
company makes a profit of $100 on the "Dial Setting" 
model and $150 on the “Touch Setting" model. The 
production capacities and processing times for the two 
major manufacturing steps required are shown in the 
following table. 


Processing Hours per 
Microwave Oven 


Type of Wiring and 
Microwave Component Final Assembly 
Oven Subassembly and Testing 
Dial setting 4 2 
Touch setting 2 2 
Hours available 80 60 


per day 


Assume for the moment that the Sonic Company is 
interested in simply maximizing the total profit asso- 
ciated with the production of these two microwave 
ovens. If this were the case, this problem situation 
could be formulated as the following linear program- 
ming model. 


Maximize (total profit) Z = 100x, + 150x (6-15) 
subject to: — 4x, + 2x, = 80 (wiring and component subassembly) 6-16 

2x, + 2x, = 60 (final assembly and testing) (6-16) 
with x, 2 0, х, > 0 (6-17) 


where 
x, = number of "Dial Setting" microwave ovens pro- 
duced daily 
ха = number of "Touch Setting" microwave ovens 
produced daily 


Тһе optimal solution to this linear programming prob- 
lem can be obtained easily (i.e., solved graphically) and 
is x, = 0 units per day, x, = 30 units per day with a 
total daily profit of $4500. The graphical solution to 
this problem is shown in Fig. 6.1. 

Assume now that the management of the Sonic 
Company is contemplating making a major capital 
investment to improve the efficiency of its two manu- 


facturing processes. As it attempts to make a decision 
with respect to this capital investment, it feels that it 
can no longer simply seek to maximize profit. However, 
it would like to achieve some satisfactory level of profits 
during the period of time for which the capital invest- 
ment would be made. The management of the Sonic 
Company has decided that a daily profit goal of $5000 
during the capital expenditure period would be ac- 
ceptable. It now wishes to determine, for the same 
production data, the product mix that would at least 
achieve this daily profit goal. 

This new problem situation can be addressed by 
means of goal programming. To incorporate the $5000 
daily profit goal into the goal programming model, we 
first define the following deviational variables: 
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х1 


Optimal Solution: х, 


10 20\ 


Maximum Z = $4500 


2x, + 2x2 <60 


FIGURE 6.1 GRAPHICAL SOLUTION—LINEAR PROGRAMMING 
MODEL (MICROWAVE OVEN PRODUCTION) 


di = overachievement of the target daily profit (i.e., 
the amount by which the actual daily profit will 
exceed the target daily profit) 

d; — underachievement of the target daily profit 
(i.e., the amount by which the actual daily 
profit will fail to reach the target daily profit) 


The daily profit goal is now written into the goal 
programming model, using these deviational variables, 


as the following profit goal constraint: 
ت‎ LA 
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хі 
30 40 
100x, + 150x, - (d? - d7) = 5000 
(profit goal constraint) 
or (6-18) 


100x, + 150x, — dt + d; = 5000 
(profit goal constraint) 


The entire goal programming model can be for- 
mulated as: 


Minimize Z = d; (minimize underachievement of daily profit goal) (6-19) 
4x, + 2x, = 80 (wiring and component Resource or 
subassembly) structural 
2x, + Ох; = 60 (final assembly and testing) constraints (6-20) 
+ — Daily profit 
100x, + 150 = di + di = 5000 goal constraint 
(6-21) 


with x xs, df, dî = 0 


The major difference between the linear program- 
ming formulation given by Equations 6-15, 6-16, and 
6-17 and the goal programming formulation given by 


Equations 6-19, 6-20, and 6-21 is in the objective 
function of the goal programming model where a 
deviational variable is employed and in the daily profit 
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goal’ constraint that is а part of Equation 6-20. The 
objective function of the goal programming model, as 
given by Equation 6-19, contains only the deviational 
variable dj, reflecting the fact that our objective, in 
goal programming form, is to minimize the under- 
achievement of the $5000 daily profit goal. Since 
underachievement of this goal is undesirable, we seek 
to drive d; as close to zero as possible. The daily profit 
goal constraint utilizes both an overachievement devia- 
tional variable d? and an underachievement deviational 
variable d; , thus recognizing that the actual daily profit 
level attainable may be above or below the $5000 daily 
profit goal. In most applications, both overachievement 
and underachievement variables will appear in the goal 
constraints. However, for each pair of deviational vari- 
ables, at most only one will take on a positive value in 
any solution. For example, in this example it is not 
possible to underachieve the daily profit goal of $5000 
at the same time that it is overachieved. Therefore, if 
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at least 15 “Touch Setting” microwave ovens. In both 
instances it wishes to avoid underachievement of the 
respective goals. The Sonic Company now wishes to 
determine, for the same production data, the produc- 
tion mix that would achieve, or most nearly achieve, 
both daily sales goals. 

For this new problem situation, let us first define 
the following deviational variables. 


t = overachievement of the target daily sales 
goal—“Dial Setting" microwave ovens 
d; = underachievement of the target daily sales 
goal—"Dial Setting” microwave ovens 
di = overachievement of the target daily sales 
goal—“Touch Setting” microwave ovens 
2 = underachievement of the target daily sales 
goal—“Touch Setting” microwave ovens 


The entire goal programming model for this new 
problem situation can be written as: 


Minimize Z = d; + 4; (minimize underachievement of daily sales goals) (6-22) 

subject to: 

4x, + 2x; = 80 (wiring and component subassembly) | Resource 

2x, + 2x, = 60 (final assembly and testing) constraints 

x, — dt +d; - 15 (daily sales goal constraint—“Dial 6-93 
Setting” microwave ovens) (5-23) 
х» — di + 45 = 15 (daily sales goal constraint— 

“Touch Setting” microwave ovens) 

with — xj,xsdf,di,di,d; =0 (6-24) 


a goal is exactly achieved, both deviational variables 
will be zero, and if the goal cannot be achieved, then 
one or the other of the deviational variables will be 
zero. Observe, finally, that the two resource or struc- 
tural constraints for the goal programming model are 
exactly the same as the original constraints of the linear 
programming model. 


6.3.2 MULTIPLE-GOAL MODEL— 
GOALS EQUALLY RANKED 


EXAMPLE 2 


Suppose that the Sonic Company has reconsidered its 
microwave oven production problem and has decided 
that it would like to achieve two equally important 
goals. Accordingly, it would like to achieve a daily sales 
goal of at least 15 "Dial Setting" microwave ovens and 


Note that only the underachievement deviational vari- 
ables d; and d; appear in the objective function and 
both are assigned equal weights (i.e., cardinal weights 
of one). The goal programming formulation specified 
by Equations 6-22, 6-23, and 6-24 is a weighted linear 
goal programming model, in which the management of 
the Sonic Company wants equally to avoid under- 
achievement of both of the two daily sales goals. 


—————————Á 


6.3.3 MULTIPLE-GOAL MODEL— 
PRIORITY RANKING OF GOALS 
(NONCONFLICTING GOALS) 


———— 


EXAMPLE 3 


Suppose now that the management of the Sonic Com- 
pany has decided that it wishes to achieve a daily profit 
goal of at least $2400, a daily sales goal of at least 15 
"Touch Setting" microwave ovens, and a dailv sales 
goal of at least 5 "Dial Setting" microwave ovens. In 
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each instance it wishes to avoid underachievement of 
the respective goal. Furthermore, it has decided that 
these three goals should be assigned priorities that 
reflect their importance, as follows. T 


Goal Priority 
1. Produce to make a daily profit P, 
of at least $2400. 
2. Produce to achieve daily sales of P, 


at least 15 "Touch Setting" 
microwave ovens. 
. Produce to achieve daily sales of P, 
at least 5 "Dial Setting" 
microwave ovens. 


Qo 


Observe that these three priority-ranked goals are 
incommensurable goals, since they are not measured 
in the same units. The ordinal priority rankings here 
are called preemptive priority factors in goal program- 
ming. These priority factors have the relationship: 

P, >>> P, >>> +++ >>> P >>> Pı (6-25) 
where >>> means “very much greater than.” 


Thus, the priority ranking is absolute; that is, the P, 
goal is so much more important than the Р; goal that 
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the P, goal will never be achieved until the P, goal is 
achieved. In mathematical terms, the preemptive prior- 
ity relation implies that multiplication by a number 
n > 0, however large n may be, cannot make a lower- 
priority goal as important as a higher-priority goal (i.e., 
P, > n P,,,). These preemptive priority factors are 
incorporated into the objective function as weights for 
the deviational variables. The Sonic Company now 
wishes to determine, for the same production data, the 
product mix that would achieve, or most nearly achieve, 
the three priority-ranked goals. 

For this new problem situation let us first define the 
following deviational variables. 


{ = overachievement of the target daily profit 

г = underachievement of the target daily profit 

2 = overachievement of the target daily sales of 

"Touch Setting" microwave ovens 

dg - underachievement of the target daily sales of 
"Touch Setting" microwave ovens 

d$ = overachievement of the target daily sales of 
"Dial Setting" microwave ovens 

d; - underachievement of the target daily sales of 

"Dial Setting" microwave ovens 


The goal programming model for this new problem 
situation can then be reformulated as: 


Minimize 2 = P,d; + Pad; + Pd; (6-26) 


TO S onu subject to: 
4x, + 2x; =) 80 
2x, + 2x; € 60 
100x, + 150x, = dj + di - 2400 (6-97) 
хә — di + 45 = 15 
xi - dý + d; = 5 
with ххэ, di, di, di, di, dł, d5 = 0 (6-28) 


The objective function for this goal programming 
model indicates that management first wishes to min- 
imize the underachievement of the daily profit goal; 
then it wishes to minimize the underachievement of 
the daily sales goal for the "Touch Setting’ microwave 
oven; and, finally, it wishes to minimize the under- 
achievement of the daily sales goal for the “Dial Setting 
microwave oven. --- 
Observe one other very important characteristic of 
this problem. Although there are three priority-ranked 
goals for this problem, all three are inherently non- 
conflicting goals. This occurs because the achievement 
of the two sales goals (i.e., daily sales of 5 Dial Setting 
microwave ovens and 15 "Touch Setting microwave 
ovens) will also achieve the first priority goal (i.e., daily 
profit of $2400), since $100 (хі — 5) + $150 (х, = 
15) - $2750. Thus, as long as the two resource 


constraints can be satisfied, all three of the priority- 
ranked goals can be achieved. 


6.3.4 MULTIPLE-GOAL MODEL— 
PRIORITY RANKING OF GOALS 
(CONFLICTING GOALS) 


——————— 


EXAMPLE 4 


Suppose now that the management of the Sonic Com- 
pany is faced with multiple, conflicting goals because 
of a disagreement with one of its labor unions. Because 


of this labor disagreement, which involves total hours 
worked by employees daily, the hours available for 
wiring and component subassembly can be at most 45 
hours per day, and the hours available for final assembly 
and testing can be at most 35 hours per day. Thus, for 
this situation management decides to rank its set of 
goals, with priorities as follows: 


Goal Priority 
1. Utilize at most 45 hours рег day in h 
wiring and component subassembly 
and utilize at most 35 hours per 
day in final assembly and testing. 
2. Produce to make a daily profit of at Р, 
least $2400. 
3. Produce to achieve daily sales of at P, 
least 15 “Touch Setting" microwave 
ovens. 
4. Produce to achieve daily sales of at P, 


least 5 "Dial Setting" microwave 
ovens. 


Observe that once again these four priority-ranked 
goals are incommensurable, since they are not mea- 


Goal Programming 


sured in the same units. The Sonic Company now 
wishes to determine the product mix that would achieve, 
or most nearly achieve, the four priority-ranked goals. 

For this new problem situation, let us first define 
the following deviational variables: 


overachievement of the target daily profit 
underachievement of the target daily profit 
2 = overachievement of the target daily sales of 
“Touch Setting" microwave ovens 


d; — underachievement of the target daily sales of 
“Touch Setting" microwave ovens 

4% = overachievement of the target daily sales of 
"Dial Setting" microwave ovens 

dj = underachievement of the target daily sales of 
"Dial Setting" microwave ovens 

di = overachievement of the target daily hours— 
wiring and component subassembly 

dî = underachievement of the target daily hours— 
wiring and component subassembly 

dł = overachievement of the target daily hours— 
final assembly and testing 

d; — underachievement of the target daily hours— 


final assembly and testing 


Тһе goal programming model for this new problem 
situation can then be reformulated as: 


Minimize Z = Ра) + P,d? + Pody + Psd; + Pd; (6-29) 
subject to: 
100x, + 150x, — dt + dj = 2400 
ха — + di = 15 
Xj - dj +d; = 5 (6-30) 
4х, + 2x, - + dî = 45 
2хі% 2x, — d +d; = 35 
with xi, Xs, dt, di, dł, dř, dj, ds, dł, di dý, d; = 0 (6-31) 


The objective function for this new formulation of the 
problem indicates the management of the Sonic Com- 
pany first wishes to minimize usage of labor-hours in 
both wiring and component subassembly and final 
assembly and testing, then it wishes to meet its daily 
profit goal, and then it wishes to meet its daily sales 
quota on “Touch Setting” and “Dial Setting” microwave 
ovens. 

Observe very carefully the conflicting goals nature 
of this problem. Because the two resource constraint 
goals have been given the top priority, there is now 
inherently a conflict between satisfying the resource 
constraint goals and achieving the daily profit and sales 
goals. Obviously, it may not now be possible to achieve 
these conflicting goals, because the resource constraint 
goals have the top priority and the amounts of resource 
to be utilized have been reduced 


6.3.5 MULTIPLE GOAL MODEL— 
WEIGHTED PRIORITY RANKING OF GOALS 
(CONFLICTING GOALS) 


EXAMPLE 5 


As a final situation suppose that the management of 
the Sonic Company is confronted with a similar set of 
prioritized goals as was developed in the previous 
example (see Section 6.3.4). However, with respect to 
the first priority factor, P,, the management of the 
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Sonic Company has determined that avoiding overutil- 
ization of 45 hours per day in wiring and component 
subassembly is twice as important as avoiding under- 
utilization of 35 hours per day in final assembly and 
testing. Thus, the goal programming formulation for 
this situation involves the weighting of the deviational 
variables at the same priority level (P;). This сап be 
done since the deviational variables on the first priority 
level are commensurable (i.e., they are both measured 
in labor-hours). 

Using the same goals, priorities, and deviational 
variables as defined in Section 6.3.4, the goal program- 
ming model for this new problem situation can be 
reformulated as: 
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linear programming formulation of this problem 
was solved graphically, as shown in Fig. 6.1, with 
a solution identified as x, = 0, x» = 30, with a 
total daily profit of $4500. 

The goal programming formulation for this 
problem situation resulted in a single-goal model 
given by Equations 6-19, 6-20, and 6-21. The 
graphical solution to this single-goal model is 
shown in Fig. 6.2. To solve this problem graphi- 
cally we plot all three constraints (i.e., two resource 
constraints plus one goal constraint) as shown. 
Ignoring for a moment the profit goal constraint, 
the feasible solution space is defined by area 


Minimize Z = 2P,dj + Pid; + Pd; + Psd; + Рай; (6-32) 
subject to: 
100x, + 150x, — dt + аг - 2400 
Xs — di * d; = 15 
Xi = d$ + d; = 5 (6-33) 
4x; + 2x, = di +d; = 45 
2x, + 28: -dł +d; = 35 
with xı, x9, di, di, di,dz,d$,ds,di, di, di, ds = 0 (6-34) 


The objective function for this new formulation of the 
problem thus involves a weighted priority ranking of 
the deviational variables associated with the first priority 
goal. Additionally, the conflicting goals nature of the 
problem is also still present, because there is still an 
inherent conflict between satisfying the (weighted) re- 
source constraint goals and achieving the daily profit 
and sales goals. 


_“—-——+———— 


6.4 COMPUTATIONAL APPROACHES 
TO GOAL PROGRAMMING 


There are several computational approaches that 
can be used to solve goal programming problems. 
Virtually all are based on the simplex method of 
linear programming. As we shall see in the dis- 
cussion that follows, the choice of a computational 
approach for a specific goal programming prob- 
lem is dependent on the structure of the goal 
programming model that is being used. Thus, we 
will discuss computational approaches to goal 
programming within the framework of the five 
goal programming models previously developed. 


6.4.1 SINGLE-GOAL MODEL 


Reconsider the first Sonic Corporation problem 
that was discussed earlier in Section 6.3.1. The 


OABC. Next, taking into consideration the profit 
goal constraint and noting that profit can be less 
than, equal to, or greater than $5000, the feasible 
solution space can be on either side of the straight 
line defined by this constraint, as noted by the 
arrow signs pointing in two directions. Therefore, 
the feasible solution space is still defined by OABC, 
that is, by the two resource constraints that formed 
the constraint set of the original linear program- 
ming formulation. 

Тһе next step involves the analysis of the 
objective function (i.e., minimize 7 = аг), which 
states that we are seeking to minimize the under- 
achievement (dj) of the daily profit goal. To 
minimize this objective function, the optimal so- 
lution must lie at point A (i.e, x, = 0, x» = 30, 
minimum Z = аг = 500). This is the extreme 
point within the feasible solutin space that is the 
closest to the profit goal constraint (as can be seen 
graphically). 

Тһе simplex method of linear programming 
can also be used to solve the single-goal model 
given by Equations 6-19, 6-20, and 6-21. The 
initial tableau for this problem is shown in Table 
6.1. 

In constructing this initial tableau, the first two 
resource constraints are converted to equalities 
using the usual slack variables. In the goal con- 
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Міпітит 7 = $500 


20 


Optimal Solution: x, = 0, x, = 30 


100 x, 150x2 - dy* +417 = 5000 


Goal Programming 


FIGURE 6.2 GRAPHICAL SOLUTION—SINGLE-GOAL MODEL (MICROWAVE 


OVEN PRODUCTION) 


straint the deviational variable d? represents a 
surplus variable, and the deviational variable d; 
represents a slack variable. Thus, the initial basic 
variables are s, (slack variable), s» (slack variable), 
and d; (deviational variable). In this initial basic 
feasible solution 5) = 80, s = 60, and d; = 
5000. The profit contribution at x, = 0, x» = 0 
is equal to zero, which is $5000 below the profit 


goal. This is indicated by the fact that the devia- 
tional variable d; = 5000 and 4, = 5000. 

Since we are minimizing the objective function, 
we select the variable having the smallest c; — Z; 
value to enter the basis (i.e., хә is selected to enter 
the basis since c — Z; = — 150). This means that 
the profit goal will be increased by $150 for each 
unit of xy produced. Pivoting is accomplished 


TABLE 6.1 SINGLE-GOAL MODEL—INITIAL TABLEAU 
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TABLE 6.2 SINGLE-GOAL MODEL—FINAL TABLEAU 


using the usual simplex procedure. The final 
simplex tableau for this problem is shown in Table 
6.2. 

This final tableau (optimal solution) indicates 
that underachievement of the daily profit goal of 
$5000 will be minimized by producing 0 units of 
x, and 30 units of х». This will result in a daily 
profit of (0 units) ($100 per unit) + (30 units) 
($150 per unit) = $4500, which is the closest that 
we can come to the $5000 daily profit goal. Note 
that the profit level achieved is identical to the 
solution to the standard linear programming for- 
mulation shown in Fig. 6.1. 


6.4.2 MULTIPLE-GOAL_MODEL— 
GOALS EQUALLY RANKED 


Reconsider the second Sonic Corporation prob- 
lem discussed in Section 6.3.2. The goal program- 
ming formulation of this problem was given by 
Equations 6-22, 6-23, and 6-24. 

The graphical solution to this multiple-goal 
model having the goals equally ranked is shown 
in Fig. 6.3. To solve this problem graphically, we 
initially plot the two resource constraints and the 
two goal constraints. Recall from the goal pro- 
gramming formulation of this problem that we 
are trying to minimize the negative deviations 
associated with the two goal constraints. Graphi- 
cally, we can see that points A (x, = 12.5, хз = 
15) and B (x, = 15,х; = 10) are two points within 
the feasible solution space that will also minimize 
the negative deviations for the two goal con- 
straints. By inspection, point A minimizes the sum 
of the negative deviations to the two goal con- 
straints to a value of Z = 1 (dj = 2.5) = 2.5. 

The simplex method of linear programming 
can be used directly to solve this multiple-goal 


model where the goals are equally ranked (і.е., 
the coefficients of the deviational variables in the 
objective function are all + 1).* The initial tableau 
for this problem is shown in Table 6.3. In con- 
structing this initial tableau, the first two resource 


30k 


20 


-х,-а) +d; = 15 


FIGURE 6.3 GRAPHICAL SOLUTION—MULTIPLE- 
GOAL MODEL (GOALS EQUALLY RANKED) 


It should also be noted that if the goals can be assigned 
cardinal weights (e.g., goal 1 is three times as important as 
goal 2, and so forth), then the simplex method of linear 
programming can again be employed. 
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TABLE 6.3 MULTIPLE-GOAL MODEL—INITIAL TABLEAU (GOALS EQUALLY RANKED 


Basic 
Variables 


constraints are converted to equalities using the 
usual slack variables. In the first (daily sales) goal 
constraint, the deviational variable d} represents 
a surplus variable, and the deviational variable 
d; represents a slack variable. In the second (daily 
sales) goal constraint, the deviation variable dł 
represents a surplus variable, and the deviational 
variable d; represents a slack variable. Thus, the 
initial basic variables are x; (slack variable), x; 
(slack variable), d; (deviational variable) and dz 
(deviational variable). In this initial basic feasible 
solution x; = 80, ху = 60, d; = 15, 45 = 15. 
This solution is 15 units below the daily sales goal 
for both the “Dial Setting" and “Touch Setting" 
microwave ovens. This is indicated by the fact 
that the deviational variables d; = 15, 45 = 15, 
and minimum Z - 30. 

Since we are minimizing the objective function 
we select the variable having the smallest c; = Z; 
value to enter the basis (i.e., x, is selected to enter 
the basis). Pivoting is accomplished using the 
usual simplex procedure. The final tableau (op- 
timal solution) shown in Table 6.4 indicates that 
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Вавіс 
с, Variables 


TABLE 6.4 MULTIPLE-GOAL MODEL—FINAL TABLEAU (GOALS EQUALLY RANKED 


Solution 


12.5 units of x; (“Dial setting" microwave oven) 
and 15 units of x; ("Touch Setting" microwave 
oven) should be produced. This'will underachieve 
the first daily sales goal by 2.5 units, which is 
indicated by the fact that the underachievement 
deviational variable d; — 2.5. The second daily 
sales goal of 15 units is exactly achieved. There 
is also 5 hours of slack in final assembly and 
testing. Since the first daily sales goal has not 
been achieved, by 2.5 units, the goal program- 
ming objective function composed of the two 
equally weighted deviational variables is mini- 
mized to a value of l(d; = 2.5) = 2.5. 


6.4.3 MULTIPLE-GOAL MODEL— 
PRIORITY RANKING OF GOALS 
(NONCONFLICTING GOALS) 


Тһе graphical solution to this multiple-goal mode! 
having priority-ranked (nonconflicting) goals is 
shown in Fig. 6.4. To solve this problem graphi- 
cally, we initially plot the two resource constraints 


Solution 
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жх-аужафу- 15 


100x, + 150 x,—d,* + dj = 2400 


FIGURE 6.4 GRAPHICAL SOLUTION—MULTIPLE-GOAL 
MODEL (PRIORITY-RANKED NONCONFLICTING GOALS) 


and the three goal constraints, as shown. Recall 
from the goal programming formulation of this 
problem that the first prioritized goal was to 
minimize the underachievement of the target 
daily profit. This was followed by the second 
prioritized goal of minimizing the underachieve- 
ment of the target daily sales of the “Touch 
Setting” microwave oven. This was followed by 
the third prioritized goal of minimizing the un- 
derachievement of the target daily sales of the 
“Dial Setting” microwave oven. Graphically, we 
can see that point A (хі = 5, x2 = 15) is within 
the feasible solution space and that it exactly 
satisfies the second and the third priority goal 
constraints. At the same time, it is above the 
straight line that represents the first priority goal. 
This means that point A more than satisfies the 
first priority goal. By inspection, point A mini- 
mizes the prioritized sum of the deviations for 
the three goal constraints to a value of Z = 0. 
Reconsider the third Sonic Corporation prob- 
lem that was discussed earlier in Section 6.3.3. 
The goal programming formulation of this prob- 
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lem was given by Equations 6-26, 6-27, and 6-28. 
Also recall that the priority rankings for this 
problem, Р\, P, and Ps, were preemptive. In 
solving this problem we thus seek to satisfy the 
minimization of all deviations involved with prior- 
ity 1, then we seek to satisfy the minimization of 
all deviations involved with priority 2, and finally 
we seek to satisfy the minimization of all deviations 
involved with priority 3. To solve the problem in 
this fashion, we must modify the simplex proce- 
dure to take into account the priority rankings. 
In Table 6.5, the initial goal programming 
simplex tableau for this problem is presented. 
Using this tableau, there are a number of char- 
acteristics of the modified simplex method of 
goal programming that we will now explain. 


l. The variable entry criterion (i.e., select the 
variable having the most negative c; — Z; value 
as the variable to enter the basis for a minimization 
problem) is no longer expressed as a single row 
at the bottom of the simplex tableau. Instead, 
there is a separate 2, and c; - 2, for each of the 
P,, P», and Р; preemptive priorities. This is nec- 
essary because we cannot add deviations from the 
profit goal to deviations from the “Touch Setting" 
microwave oven sales goal because the units are 
different. Thus, we need these separate priority 
rows to account properly for each of the priorities. 
Тһе usual practice is to place the priority rows 
from bottom to top in the simplex tableau. 


2. The c; — 7, value for any column is shown in 
the priority rows at the bottom of the tableau. 
Thus, с = Zi = —1 Ps — 100Р); с – 25 = -1 
P, — 150 P,, and so forth. 

3. In selecting a variable to enter the basis, we 
begin with the most important priority, Ру, and 
select as the variable to enter the basis that variable 
having the most negative value in that row. Thus, 
in the initial goal programming simplex tableau, 
variable x; is chosen to enter the basis, since c — 
2 = —150 is the most negative c; — 2; value. If 
there was no negative c; - 7, value in that row, 
we would have moved up in the tableau to the 
next most important priority, P», and would have 
examined the с; - 2; values in that row. If there 
are no negative c; — Z, values in any of the priority 
rows, the optimal solution has been obtained. 

4. In selecting a variable to remove from the 
basis, the usual linear programming variable re- 
moval criterion is employed. Thus, we compute 
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TABLE 6.5 MODE ETR MULTIPLE-GOAL MODEL—INITIAL TABLEAU (NONCONFLICTING GOALS 


Basic 
Variables 


the appropriate ratios in column 2, and 22 = 15 
is the smallest positive value. Thus, row 4 (variable 
аг) will be replaced in the next tableau. The pivot 
element, “1,” has been circled in Table 6.5. 


5. If we encounter a negative c; — 2; value in 
one of the priority rows that has a positive с; — 
Z; in one of the priority rows underneath it, we 
do not consider it. This is done because the 
positive value means that deviations from the 
lower (and therefore more important) goal would 


TABLE 6.6 Sea ra MULTIPLE-GOAL MODEL—SECOND TABLEAU (NONCONFLICTING 


GOALS 


0 


Basic 
Variables 


be increased if we entered that variable into the 
basis. This must be avoided since it will not 
improve the solution, and in fact will make it 
worse. 


From the initial goal programming simplex 
tableau shown in Table 6.5 we proceed in the 
manner encompassed by the five steps just dis- 
cussed. The resulting goal programming simplex 
tableaus are shown in Tables 6.6 to 6.9. 
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TABLE 6.7 PRIORITY-RANKED MULTIPLE-GOAL MODEL—THIRD TABLEAU (NONCONFLICTING 


GOALS MODEL 


Basic 
Variables 


The optimal solution to this goal programming 
is presented in the final goal programming sim- 
plex tableau shown as Table 6.9. From the optimal 
solution shown in it, all three of the nonconflicting 
goals have been entirely met. Thus, for this set 
of priority goals and resource constraints, the 
Sonic Corporation should produce (daily) 5 "Dial 
Setting" microwave ovens and 15 “Touch Setting” 
microwave ovens. If this is done, the profit goal 
will be overachieved, since: 


$100), = 5) + 150(x, = 15) 
= $2750 (>$2400 by $350) (6-35) 


This is shown in the final tableau by the fact that 
the deviational variable dî = 350. Note also that 
in this goal programming problem we are able to 
satisfy the two resource constraints, since: 


4(x, = 5) + 2(х» 
2(x, = 5) + 2(х; 


15) = 50(< 80 by 30) 
15) = 40(< 60 by 20) 


(6-36) 


ne سس‎ 
TABLE 6.8 PRIORITY-RANKED MULTIPLE-GOAL MODEL—FOURTH TABLEAU (NONCONFLICTING 
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TABLE 6.9 UA Pp MULTIPLE-GOAL MO 


DEL—FINAL TABLEAU (NONCONFLICTING 


GOALS MOD! 
Basic 

€; Variables | x, x; di di di d; di d3 51 $$ | Solution 
0 $i Ж ЖЕ 0 2 -2 4 zu xp £9 30 
0 А OL LEO 0 2 -2 2 чо: T0. i 20 
0 x, EPt O 0 0 0 -1 її. 50-0 5 
0 ха А ТШ, 0 -1 1 0 О: E 15 
0 di (1. QF 1 -1  -150 150 —100 100 0 о 350 
7 | Z, (Ra qe 10 0 0 0 0 ОТО 5%) 3 

d 6 — Z 0270.20 0 0 0 0 IE EO: € ^40 
ў | 2) т Оф” cp 0 0 0 0 0 "0 б 

А 6 2, ue 8 0 0 1 0 бу 20) 590 

G-Z o cu iro 1 0 0 0 б 1074: 70 


This is shown іп the final tableau by the fact that 
slack variable s, = 30 and slack variable s, = 20. 


6.4.4 MULTIPLE-GOAL MODEL— 
PRIORITY RANKING OF GOALS 
(CONFLICTING GOALS) 


Reconsider the fourth Sonic Corporation problem 
discussed earlier in Section 6.3.4. The goal pro- 
gramming formulation of this problem was given 
by Equations 6-29, 6-30, and 6-31. Also recall that 
the priority rankings for this problem were 
preemptive. Finally, the daily sales and profit 
goals for this problem are in conflict with the 
goals that seek to minimize the usage of labor- 
hours in both wiring and component subassembly 
and final assembly and testing. 

The graphical solution to the multiple-goal 
model having priority-ranked (nonconflicting) 
goals is shown in Fig. 6.5. To solve this problem 
graphically, we initially plot the five goal con- 
straints, as shown. Recall from the goal program- 
ming formulation of this problem that the first 
prioritized goal was to utilize at most 45 hours 
per day in wiring and component subassembly 
and utilize at most 35 hours per day in final 
assembly and testing. Graphically, we see that 
points А (x, = 2.5, xi 15) and B (x, - 3.75, 
X 15) exactly satisfy these two first priority 
goals, respectively. At the same time, these two 


points are above the straight line that represents 
the second priority goal (i.e., produce to make a 
daily profit of at least $2400). These two points 
also exactly achieve the third priority goal of 
producing 15 “Touch Setting” microwave ovens. 
Finally, these two points underachieve the fourth 
priority goal of producing 5 “Dial Setting” micro- 
wave ovens. However, point A (x, 2.5, x» = 


х-аужаг-5 


xy-df жа 7-15 
100х + 150x; — d;* + аг = 2400 
2х|+2х,-4# +4; = 25 


Ax, *2x,- d! + d, = 45 


FIGURE 6.5 GRAPHICAL SOLUTION—MULTIPLE-GOAL 
MODEL (PRIORITY-RANKED CONFLICTING GOALS) 


TABLE 6.10 PRI 
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15) exactly satisfies the first priority goal of utiliz- 
ing 35 hours per day in final assembly and testing 
and more than satisfies the first priority goal of 
utilizing 45 hours per day in wiring and compo- 
nent subassembly. Point В (x, = 3.75, x» = 15) 
exactly satisfies the first priority goal of utilizing 
45 hours per day in wiring and component sub- 
assembly, but does not satisfy the second priority 
goal of utilizing 35 hours per day in final assembly 
and testing. Therefore, the optimal solution is at 
point A, which minimizes the prioritized sum of 
the deviations for the five goal constraints to a 
value of Z = 1 (05) = $. 

The initial goal programming simplex tableau 
for this problem is shown in Table 6.10. From 
this initial tableau, this problem is solved using a 
series of tableaus and a pivoting process that is 
the same as that employed for our previous 
example. This multiple-goal simplex tableau will 
be utilized whenever we encounter a goal pro- 
gramming situation involving multiple goals. ! 

The optimal solution to this goal programming 
problem is presented in the final goal program- 
ming simplex tableau, which is shown in Table 
6.11. For the fourth priority, Pa, observe that 
there are two negative c; - 2; values, namely, 
cs = 25 = —landey - Фа = m However, 
each of these negative c; — Z; values has a positive 


c; — 2; value іп one of the P rows underneath it. 
These positive values mean that deviations from 
the lower (and more important) goals would be 
increased. if the corresponding variables were 
brought into the basic solution. This must be 
avoided, and therefore the optimal goal program- 
ming solution has been obtained. From the opti- 
mal solution shown in Table 6.11, three of the 
four priority goals have been satisfied. The top 
priority goal has been achieved exactly by the 
production of 23 “Dial Setting" microwave ovens 
and 15 "Touch Setting" microwave ovens. These 
production levels satisfy the labor-hour utilization 
goal, since: 


4(x, = $) + 26 
2(x, = $) + 2(х; 


15) = 40 (<45 by 5) 
15) - 35 (exactly 35) 


(6-37) 


Similarly, the second priority goal, namely, that 
of making a daily profit of $2400 has been over- 
achieved, since: 


100(x, = 3) + 150(x, = 15) 
- 2500 (> $2400 by $100) (6-38) 


This is indicated by the fact that the deviational 
variable, df, has a value of 100 in the final goal 
programming tableau. The third-priority goal, 
namely, that of achieving a daily sales goal of 15 


ORITY-RANKED MULTIPLE-GOAL MODEL—INITIAL TABLEAU (CONFLICTING GOALS MODEL) 


Maece LUN dun ИНУ dina. dis da 
150 -1 1 0 0 0 0 0 0 0 
0 азалы MM ЖУ 0 0 бй 
1 0 0 0 0 0 1 0 0 
4 9 0 0 0 0 0 1 1 
9 9 0 0 0^ 70 0 0 0 
-1 0 0 0 0 0 1 0 0 0 0 0 
0 0 0 0 -1 1 0 0 0 0 0 0 
—100 -150 1 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 1 0 1 0 
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TABLE 6.11 PRIORITY-RANKED MULTIPLE-GOAL MODEL—FINAL TABLEAU (CONFLICTING GOALS MODEL) 


с; 0 0 0 Р, 0 Р, 0 Р, Р, 0 Р, 0 

Вавіс 

Variables | x; x di dj di d; di dq dea tds di d3 Solution 
хі 1 0 0 0 1 -1 0 0 0 0 -і 1 $ 
Xo 0 1 0 0 -1 1 0 0 Qr eno 0 0 15 
4; 0-50 0 0 -1 1-і 1 0 i -i i 
dî QU eU 0 -9 9 беле -1 1 9 -2 5 
: 0». 0 1 -1 -50 50 0 5/0 б 2:0 -50 50 100 

| 7, gur 0 0 -1 ls 0057 0 0 } = à 
4-2 без 0 0 1 -1 1 0 0: 140 =} } 

RE | 
6 - 2; 0 0 0 0 0 1 Oe ec: @ 0 0 0 

ВЕ 
а-2, 0r mU 0 1 0 0 Озе: O0 0 0 

-Z 0:20 0 0 0 0 ОРТО үну 1 0 


“Touch Setting” microwave ovens has been ex- 
actly achieved, since x = 15 in the final goal 
programming tableau. The fourth priority goal, 
namely, that of achieving a daily sales goal of 5 
“Dial Setting” microwave ovens, has been under- 
achieved, since x, = 2.5 in the final goal pro- 
gramming goal. In summary, it is not possible, 
for this problem situation, to achieve all four 
conflicting priority goals. 

Microcomputer packages for solving goal pro- 
gramming problems are not as prevalent as those 
for solving linear programming problems. How- 
ever, several such packages do exist. One can be 
found in Operations Research Software." We will now 
illustrate its use in solving the conflicting goals 
model we just solved manually. 

Input to this software program is done in 
spreadsheet fashion. These input data are shown 
in Fig. 6.6, in slightly condensed form. 

Output data from this software program are 
shown in Fig. 6.7, in slightly condensed form. 

Although the output is not presented in tableau 
form, it can be seen that the answer is exactly the 

same as that presented in Table 6.11. 


"Gordon Н. Dash and Nina М. Kajiji, Operations Research 
Software (Homewood, Ill.: Richard D. Irwin, Inc., 1988) 


6.4.5 MULTIPLE-GOAL 
MODEL—WEIGHTED PRIORITY 
RANKING OF GOALS 
(CONFLICTING GOALS) 


Reconsider finally the fifth Sonic Corporation 
problem discussed earlier in Section 6.3.5. The 
weighted priority goal programming formulation 
of this problem was given by Equations 6-32, 6- 
33, and 6-34. Recall that the priority rankings for 
this problem were preemptive and that the devia- 
tional variables associated with the first priority 
factor, Ру, were weighted. Finally, the daily sales 
and profit goals for this problem were in conflict 
with the goals that sought to minimize the usage 
of labor hours in both wiring and component 
subassembly and final assembly and testing. 

The graphical solution to this multiple-goal 
model having weighted priority ranked (noncon- 
flicting) goals is shown in Fig. 6.8. To solve this 
problem graphically, we initially plot the five goal 
constraints, as shown. Recall from the goal pro- 
gramming formulation of this problem that for 
the first priority factor, P}, management of the 
Sonic Company has determined that avoiding 
overutilization of 45 hours per day in wiring and 
component subassembly is twice as important as 
avoiding underutilization of 35 hours per day in 
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Exit Sub-System 
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[SH+] 
Var 1 yar- ed 
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Output Data—Conflicting Goals Model 
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Weighted Under 


Priority Achievement 
1 none 
2 none 
3 none 
4 попе 
5 2.500 
OPTIMAL SOLUTION 
Variable Value 
Х1 2.500 
Xe 15.000 
SLACK ANALYSIS 
aie Achievenent; ----- 
Available Under (h-) Over (h+) 
2400.000 0.000 200.000 
15.000 0.000 0.000 
5.000 2.500 0.000 
45.000 5.000 0.000 
35.000 0.000 0.000 
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xj-dj + dy = 15 (Р) 


100x, + 150x,—d,;* + dj = 2400 


2x, + 2x - ds! +4; = 35 
4x, + 2x2 — dq + dz = 45 


(Р;) 


FIGURE 6.8 GRAPHICAL SOLUTION—MULTIPLE-GOAL 
ОА) (WEIGHTED PRIORITY-RANKED CONFLICTING 


final assembly and testing. Graphically, we see 
that point А (x, = 3.75, x» = 15) exactly satisfies 
the most heavily weighted first priority goal while 
exceeding the less heavily weighted first priority 
goal. The second priority goal, namely, that of 
making a daily profit of $2,400, is exceeded, at 


GOALS MO 
с 0 0 0 Р, 0 
Вавіс 
Variables хі х, di di di 
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point A. Point А exactly achieves the third priority 
goal of producing 15 *Touch Setting" microwave 
ovens daily. The same point underachieves the 
fourth priority goal of producing 5 "Dial Setting" 
microwave ovens daily. Therefore, the optimal 
solution is at point А, which minimizes the ргіог- 
itized sum of the deviations of the five goal 
constraints to a value of Z = 1(4;) = 1.25. 

The initial goal programming simplex tableau 
for this problem is shown in Table 6.12. The 
modified simplex procedure discussed in the pre- 
ceding two sections of this chapter is again used 
to solve the problem. For the sake of brevity, the 
intermediate goal programming simplex tableaus 
will not be illustrated. The final goal program- 
ming simplex tableau (optimal solution) is pre- 
sented in Table 6.13. 

'The final goal programming simplex tableau 
shown in Table 6.13 indicates that priorities P, 
Р,, and P, have been satisfied. The optimal so- 
lution indicates that x, — 3.75 "Dial Setting" 
microwave ovens and хә — 15 "Touch Setting" 
microwave ovens should be produced. These pro- 
duction levels satisfy the labor-hour utilization 
goals since: 


4(х\ 
2(x, 


3.75) + 2(х, 
3.75) + 2(x, 


15) 
15) 


45 (exactly 45) 
37.5 (>35 by 2.5) 
(6-39) 


1 MULTIPLE-GOAL MODEL—INITIAL TABLEAU (CONFLICTING 


2P, 0 0 Р, 


2400 


15 


Solution 
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П 


TABLE 6.13 WEIGHTED PRIORITY-RANKED MULTIPLE-GOA اس‎ 
ANO OAL MODEL—FINAL TABLEAU (CONFLICTING 


Solution 


Note that the weight of the deviational variables 
associated with the first priority has led to a 
solution in which the most heavily weighted first 
priority goal has been satisfied exactly. The second 
most heavily weighted first priority goal has been 
exceeded by 2.5 hours (1.е.,45 = 2.5). The second 
priority goal, namely, that of making a daily profit 
of $2400 has been overachieved since: 


100(x, = 3.75) + 150(x, = 15) 
= 9695 (>2400 by $225) (6-40) 


This is indicated by the fact that the deviation 
variable dt = 225. The third priority goal, namely, 
that of achieving a daily sales goal of 15 “Touch 
Setting” microwave ovens has been exactly 
achieved, since хә = 15 in the optimal solution. 
The fourth priority goal has been underachieved, 
since x, = 3.75 in the optimal solution. This is 
verified by the fact that the underachievement 
deviational variable associated with this goal, 
dg = 1.25. In summary, for this problem situation 
three of the four conflicting priority goals have 
been achieved. 


6.5 SPECIAL PROBLEMS IN 
GOAL PROGRAMMING 


As evidenced in the examples presented in the 
preceding section of this chapter, the computa- 


tional approaches used in goal programming are 
based upon the simplex algorithm of linear pro- 
gramming. Therefore, just as was the case for 
linear programming, a number of special prob- 
lems can occur in the goal programming simplex 
solution process. These special problems will now 
be discussed in a goal programming context. 


6.5.1 ALTERNATIVE OPTIMAL SOLUTIONS 


Alternative optimal solutions can occur in goal 
programming, just as in linear programming, and 
will be indicated by the presence of an entire 
column of zeroes іп the c; — Z; rows for a nonbasic 
variable with the existence of at least one positive 
ау element in the corresponding column. The 
alternative optimal solution is determined by com- 
puting a new tableau, using the standard iterating 
procedure described earlier. 


6.5.2 UNBOUNDED SOLUTIONS 


Unbounded solutions do not occur in goal pro- 
gramming, since every goal constraint (i.e., objec- 
tive) has an associated right-hand-side value. Sub- 
sequently, any given solution either does or does 
not satisfy this right-hand-side value. Therefore, 
in the goal programming simplex process we only 
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search for а solution that satisfies a given goal, not 
for a solution that absolutely optimizes the value 
of this goal. Thus, regardless of how much a 
right-hand-side value is increased, the problem 
may still have an implementable solution. The 
presence of this type of situation will not be 
identified in a manner analogous to that in linear 
programming. 


6.5.3 INFEASIBLE SOLUTIONS 


Infeasible solutions occur in linear programming 
where absolute constraints, which are always pres- 
ent, may be incompatible. In goal programming, 
infeasibility is generally not a problem, because 
deviational variables are employed in an attempt 
to satisfy various goals, which are written as con- 
straints. Nevertheless, a type of infeasibility can 
occur in goal programming if we establish a set 
of absolute objectives at the highest-priority level. 
An infeasibility for this situation represents an 
unimplementable solution and is indicated by a 
solution with a negative с, - 2, value for some 
nonbasic variable associated with the highest- 
priority level (i.e., with some absolute goal). This 
means that the satisfaction of this absolute objec- 
tive was not completely achieved. In practice, this 
indicates that either the absolute objectives should 
be modified (i.e., they do not have to be as absolute 
as first stated) or that changes in the problem 
environment (e.g., increases in the limited re- 
sources) need to be considered. 


6.5.4 TIE FOR ENTERING 
BASIC VARIABLE 


A tie for the entering basic variable can occur 
between the c; - 7, values in any row (i.e., for 
any priority level) of the goal programming ta- 
bleau. As in linear programming, this tie can be 
broken arbitrarily. 


6.5.5 TIE FOR LEAVING BASIC VARIABLE 


In the goal programming simplex process, the 
variable selected for removal from the basis is 
determined as the smallest nonnegative ratio that 
is computed when the coefficients of the incoming 
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column are divided into the "Solution" column 
If two or more rows have the same ratio, the tie 
may be broken by selecting the row having the 
highest associated priority level (i.e., by referring 
to the priority levels as indicated in the "c," 
column). However, in some instances the variables 
being considered for removal will not have asso- 
ciated priority levels. In such cases, the tie can be 
broken arbitrarily. Theoretically, this could cause 
degeneracy in the goal programming problem, 
but this has not occurred in practice. 


6.5.6 NEGATIVE RIGHT-HAND- 
SIDE VALUES 


In the goal programming simplex procedure, 
negative right-hand-side values are not permitted. 
We can avoid negative right-hand-side values by 
multiplying the entire goal constraint by — 1. 
However, this modification should be done after 
the deviational variables have been added. For 
example, the goal constraint: 


2x, — xs — di +d; = —100 (6-41) 
would be changed to: 
с + xs +d? d; = 100 (6-49) 


The correct variable to appear in the objective 
function is determined by analyzing the original 
constraint rather than the new constraint. Thus, 
if our goal were to achieve or exceed — 100, then 
d; would appear in the objective function; if our 
goal were to underachieve — 100, then dt would 
appear in the objective function. 


6.6 DUALITY THEORY AND 
SENSITIVITY ANALYSIS IN 
GOAL PROGRAMMING 


Just as was the case for linear programming, 
duality theory and sensitivity analysis can be con- 
sidered in a goal programming context. These 
topics, although of interest and importance to 
goal programming, will be omitted here for the 
sake of brevity. The more interested reader can 
refer to textbooks by Lee (1972) and Ignizio 
(1976) for extensive discussions of these topics 
(see "Selected References," this chapter). 
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6.7 APPLICATIONS OF 
GOAL PROGRAMMING— 
FORMULATION EXAMPLES 


Goal programming has been utilized in a large 
variety of decision-making situations. In market- 
ing, it has been used for advertising media 
scheduling'" and sales effort allocation." In fi- 
nance, it has been used for portfolio selection 
problems" and for capital-budgeting problems." 
In accounting, it has been used for budgeting 
and break-even analysis and for audit-sampling 
problems.'* In the public sector, goal program- 
ming has been used for academic-planning 
problems!* and to determine school busing 
plans.” 

In this section of the chapter we will present 


several examples that illustrate the formulation 
of goal programming models. Each of the for- 
mulations presented next will be based upon some 
actual application of goal programming. In ad- 
dition to the problem formulation, we will sum- 
marize the solution for each of the applications 
presented. It is recommended that the student 
use these solutions to check the consistency of the 


problem formulations. 


6.7.1 THE DIET PROBLEM 


Sally Phillips has a choice of seven different food 
items from which to plan a daily diet menu: beef, 
milk, eggs, yogurt, bread, rice, and orange juice. 
Тһе nutritional and cost information for the 
selected items are provided in the following table. 


Selected Food Items 


Vitamin/ Recommended 
Nutritional Beef Milk Eggs Yogurt Bread Rice Orange Juice Daily 
Element (oz) (сир) (each) (oz) (oz) (cup) (cup) Allowance 
Vitamin A (IU) 7.0 380.0 590.0 300.0 00 оо 500.0 7000.0 
Iron (mg) 1.0 0.1 1.1 0.12 0.75 1.7 0.5 12.0 
Protein (g) 9.0 9.0 7.0 7.0 2.5 15.0 20 75.0 
Food energy 
(calorie) 50.0 170.0 100.0 80.0 80.0 6770 90,0 2600.0 
Carbohydrates (g) 1.7 12.0 0.0 6.0 14.0 112.0 25.0 ма 
Cholesterol 
(units) 1.0 5.0 10.0 0.0 0.0 0.0 0.0 - 
Соз! рег ипи 0.18 0.35 0.10 0.17 0.15 0.15 0.19 
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То maintain a "balanced" diet, Sally's physician 
strongly recommends that she restrict her daily 
consumption of the various food items to the 
following amounts: 8 ounces of beef, 6 cups of 
milk, 3 eggs, 8 ounces of yogurt, 6 ounces of 
bread, 3 cups of rice, and 4 cups of orange juice. 
Sally must also take into consideration that she 
has a budgeted amount of $7.00 per day with 
which to plan her menu. In light of these con- 
straints, Sally desires to design a daily menu that 
satisfies certain daily nutritional requirements as 
well as her own preferences for the various food 
items. Her first priority, however, is to satisfy the 
recommended daily allowances for vitamin A, 
iron, protein, and food energy. Her second prior- 
ity is to minimize her intake of cholesterol and 
carbohydrates. Last, Sally desires to incorporate 
her food preferences into her diet menu: her 
favorite foods are milk, yogurt and orange juice. 


272 


A goal programming model сап be formulated 
to determine an appropriate diet menu. To con- 
struct this goal programming model, let x, ( = 1, 
..., 7) represent the number of units of food 
type j to be included in Sally's daily diet plan. 
(Note that some of the units for various food 
items are incommensurable.) 

To initiate the formulation of this model, we 
define a set of constraints that are associated with 
the maximum allowable amounts of the food 
items recommended by her physician and the 
aforementioned budget limitation. 

First, we define the maximum allowable consump- 
lion constraints, as follows: 


x, 58 (beef) 

x = 6 (milk) 

х = 3 (eggs) 

х= 8 (yogurt) (6-43) 
x, =6 (bread) 

X= 3 (rice) 

x,s4 (orange juice) 


Then we define the budget constraint, as follows: 


0.18x, + 0.35x. + 0.10х; + 0.17%, 


6-44 
+ 0.15x; + 0.15х + 0.19x; = 7.00 ы ) 


The constraints given by Equations 6-43 апа 6- 
44 are the resource constraints for this goal pro- 
gramming model. 

Next, we must formulate the goal constraints 
for this model. Note that the first set of goal 
constraints will be associated with Sally’s foremost 
priority of meeting certain nutritional require- 
ments. The recommended daily allowances of 
vitamin A, iron, protein, and food energy serve 
as target or aspiration levels for these constraints. 


Vitamin A {7.0x, + 380.0х, + 590.0х, + 300.0х, 
+ 0.0х, + 0.0x, + 500.0x, + d; — dj = 7000.0 
(6-45) 


Iron (1.0x, + 0.1x, + 1.1х‚ + 0.12x, + 0.75x, 
+ 17% + 0.5x, + dy — di = 12.0 
(6-46) 

Protein (9.0x, + 9.0x, + 7.0х, + 7.0х, + 2.5x, 
+ 15.0x, + 2.0x, + d; — d$ = 75.0 
(6-47) 

Food energy {50.0x, + 170.0x, + 100.0х, + 80.0х, 

+ 80.0x, + 677.0х, + 90.0х, + d; - dj = 2600.0 
(6-48) 
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The positive and negative deviational variables 
associated with these constraints will be assigned 
a priority factor of one (Ру) in the objective 
function to encourage conformance with the 
stated aspiration levels. 

The next set of goal constraints are concerned 
with Sally's objective of minimizing her intake of 
cholesterol and carbohydrates. Consider that the 
positive deviational variables for both these con- 
straints will appear at a priority level of two (Po) 
in the objective function. 


Carbohydrates (1.7x, + 12.0x, + 0.0х; + 6.0x, 
+ 14.0x, + 112.0x, + 25.0x, + 5 -4і = 0 
(6-49) 


Cholesterol (1.0x, + 5.0x, + 10.0х; + 0.0x + 0.0x, 
+ 0.0х; + 0.0x, + 0.0x, + d; — di = 0 
(6-50) 


The final set of goal constraints reflect Sally's 
third priority concerning preferences for selected 
food items. We will assume that Sally wants to 
consume at least four cups of milk daily, at least 
three ounces of yogurt daily, and at least two cups 
of orange juice daily. These preferences necessi- 
tate the formulation of three lower-bound goal 
constraints, as follows: 


xs — dj = 4 cups (milk) 


x, — di = 3 ounces (yogurt) (6-51) 


x; - dj = 2 cups (orange juice) 


Тһе positive and negative deviational variables 
for these three lower-bound goal constraints will 
appear at a priority level of 3 (Рз) in the objective 
function. 

Тһе objective function for this goal program- 
ming model is specified as follows: 


Minimize Z = Р, (dî + di + d; + di + dj + dj 
+ dî + dj) + Pad} + dj) + Ра + di + di) 
(6-52) 
Finally, we must restrict the values of our decision 
and deviational variables to be nonnegative: 


(6-53) 
The optimal solution values for this goal pro- 


gramming model are: 


(Beef, 02): x 
(Milk, cups): х; 


0.0 
6.0 
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(Eggs, each): ху = 3.0 
(Yogurt, 02): x, = 3.1667 
(Bread, oz): x, = 0.0 
(Rice, cups): хы = 0.98473 


(Orange juice, cups): х; = 4.00 


The aspiration levels associated with the vitamin 
A and food energy requirement constraints were 
exactly achieved. The aspiration level associated 
with the iron requirement constraint was under- 
achieved by 5.046 mg; however, the target level 
for protein was overachieved by 44.94 grams. The 
daily consumption level of carbohydrates was 
301.29 grams, while the resulting intake of cho- 


lesterol was 60.0 units. The daily cost of Sally's 
diet menu was $3.85. 


6.7.2 THE SCHOOL BUSING PROBLEM 


Carteret County is faced with the challenge of 
designing a busing program for the students in 
its three school districts to achieve racial deseg- 
regation in its three schools. The following table 
contains the busing cost and mileage data for 
every district-to-school combination and indicates 
the number of students of each race in each 
district as well as the total school population 
capacities of the three schools. 


Number of 
School 1 School 2 School 3 Pupils by Race 
Transportation Transportation Transportation 
Cost ($) Mileage | Cost ($) Mileage | Cost ($) Mileage | Black White 


District 1 
District 2 
District 3 
School 
Capacity 


The mileage figures represent the average miles 
traveled by a student within the county on the 
shortest route basis from strategic community bus 
stops to schools. The costs figures are based on 
the assumption that for the first mile there is a 
fixed transportation cost of $15.00 per student 
per year and an additional annual cost of $8.00 
per student for every mile traveled beyond the 
initial mile. 

The County School Board has delinéated and 
prioritized the following goals for Carteret’s 
school busing program. 


Goal 


Priority 
1 Each child must Бе assigned to a 
school. 


2 Achieve a racial balance in each 


1400 (combined 
black/white total) 


school that corresponds to the racial 
proportions of Carteret County (i.e., 
if 50% of the citizens in the county 
are black, then 50% of the students in 
each of the schools must be black). 


3 Avoid overcrowding or underutiliza- 
tion of any of the schools. 

4 Minimize the total transportation cost 
of the school busing program. 

5 Limit the distance (average) traveled 


by any student to 8 miles. 


To formulate this goal programming model, let 
ха @ = 1, 257 = 1, 2, 3; k = 1, 2, 3) represent 
the number of students of race i (where black is 
coded “1”) from district j that are assigned to 
school k. The constraints for this goal program- 
ming problem can now be formulated. Тһе con- 


274 


straints corresponding to the highest-priority goal 
are written as follows. 


3 
У xu + dî = 450 


ізі 


3 
У xu + dz = 80 


k=l 


3 
У xm + 4; = 250 
isl (6-54) 


3 
У хы + dz = 100 


ізі 


3 
> жй Hide. 190 


kel 


3 

У хы + d; = 500 

k=l 
Note that the negative deviational variable d; in 
each equation represents the number of unac- 
cepted children of race i in district j assigned by 
the school system. To achieve the objective of 
assigning every child in the county to a school, 
the slack variable d; must be minimized. 

The racial balance constraints are formulated 
next since the achievement of racial balance in 
every school was the second-highest priority goal 
and in fact the main reason for instituting a school 
busing program. The objective is to ensure that 
the racial proportions in each school correspond 
to the racial proportions in the entire county. The 
target proportions are: 


Population Students Proportion 
Black students 720 0.514 
White students 680 0.486 


Total population 1400 1.000 


As indicated, the racial mix in each school should 
be 51.4 percent black and 48.6 percent white. 
Therefore the racial balance constraint for school 
1, for example, was expressed as: 


5 3 5 
хл + 4; - d = 0.514 (%, B Ў) (6-55) 
іі "LH jel 


Note that this constraint requires that the number 
of black children in each of the districts assigned 
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to school 1 (уху) must equal 51.4 percent of 
the total number of students assigned to school | 
when the deviational variables d; and d? are 
minimized. This constraint can be rewritten as 
follows: 


3 3 
0.486 >) xy, = 0.514 Y xy, + d7 — di = 0 (6-56) 


үзі үзі 
The racial balance constraints for schools 2 апа 
3 are written as follows: 


3 3 
0.486 Хх); — 0.514 У xy; + ds = di = 0 
ТЕП 


Tut 


(6-57) 
3 3 
0.486 У, хуз — 0.514 У xs + — dg = 0 
Fe} 


ізі 
The next goal іп order of importance was to 
avoid overcrowding or underutilization of any of 
the schools. The constraints associated with this 
objective can be expressed as: 
3 


У Эх + 4 – di, = 400 


і5і)- 


(6-58) 


Me 


ха + dî — dñ = 500 
1 


J 


500 


2 3 

У У tys + dia = dh 

isl jul 
Note that in the first of these constraints, the 
aspiration level for the number of students as- 
signed to school 1 is the capacity of school 1. To 
avoid overcrowding or underutilization in school 
1, both deviational variables must be minimized 
in the objective function. The same holds true 
for the second and third constraints of this con- 
straint set. 

Proceeding, we formulate a constraint for the 
minimization of total transportation cost. This 
objective can be achieved by minimizing the pos- 
Шуе deviational variable in the following con- 
straint: 


(6-59) 


where сд is the annual per student transportation 
cost from district j to school А. 

Lastly, the constraints associated with the low- 
est-priority goal were formulated. To limit the 
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average distance traveled by any student to 8 
miles, we must first identify all the decision vari- 
ables that represent district-to-school combina- 
tions with a mileage factor greater than 8, and 
then minimize the values of these decision vari- 
ables in the final solution. This can be accom- 
plished by minimizing the positive deviational 
variables in the following constraints. 


хз- di = 0 
Xas = di, = 0 
хз = dig = 0 (6-60) 
xas — dj = 0 
хы — di = 0 
хн — dig = 0 


The constraint set for the model is completed by 
placing nonnegativity restrictions on the decision 
and deviational variables comprising the goal 
programming formulation. Finally, the objective 


School capacity 


The underachievement at each priority is: 


Priority Underachievement 
1 0.00 child 
2 0.40 child (i.e., virtually 0) 
3 0.00 child 
4 $77,623.69 
5 976.00 miles 


Notice that the first three goals, which were 
assigned the highest priorities, were achieved at 
a total transportation cost of $77,623.69. The goal 
of limiting the average distance traveled by any 
student was not achieved, which is not surprising 
since it was the lowest-ranked objective in this 
model. The underachievement value of 976 miles 
results from the fact that 237 black students must 
travel an average distance that is 4 miles above 


function is constructed by minimizing the previ- 
ously specified deviational variables with the ap- 
propriate preemptive priority factors assigned to 
them. 


Minimize Z = P, X d; + Р, У (d; - dj) 


im 


12 
+ P, У (d7 + dt) + Ра 

к» (6-61) 
+ P, (4dî, + Adj, + 64% 


+ 64; + 2dî + 24) 


Note that the cardinal weights associated with the 
last six positive deviational variables represent 
miles above 8 for the associated district-to-school 
combinations. 

Тһе optimal solution is presented in the fol- 
lowing table. 


'Total Number 
of Pupils 

450 

80 
250 
100 
20 
500 


the desired upper-bound average distance of 8 
miles, and 14 white students must travel an av- 
erage distance that exceeds the desired upper- 
bound distance by 2 miles (ie., [4 x 237] * 
[2 x 14] - 976). 


6.7.3 A PORTFOLIO 
SELECTION PROBLEM 


The portfolio selection problem previously intro- 
duced in Section 3.7.4 can also be analyzed using 
a goal programming model. Recall that the Im- 
prudential Insurance Company was faced with a 
choice of seven investment alternatives over a 10- 
year time horizon. The investments and their 
associated financial factors are presented in the 
following table. 
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Length of 
Investment Investment 
Alternative (year) 
1. Treasury bills 4 
2. Common stock 7 
3. Corporation bonds 8 
4. Real estate 6 
5. Growth mutual fund 10 
6. Savings and Loans 5 
7. Cash 0 


Annual 
Rate of Growth 
Return Risk Potential 
(%) Coefficient (%) 
3 1 0 
12 5 18 
9 4 10 
20 8 32 
15 6 20 
6 3 7 
0 0 0 


The various financial factors given in the table 
are explained as follows: The length of the invest- 
ment is the expected number of years required 
for the annual rate of return to be realized, taking 
into account the possibility of reinvestment. The 
annual rate of return is the expected rate of return 
over the 10-year investment horizon. The risk 
coefficient is an ordinal estimate of the relative 
safety of each investment opportunity on a scale 
from 1 to 10. (The larger the integer, the higher 
is the perceived risk of the alternative.) The growth 
potential, expressed as a percentage, is also а 
subjective estimate and is indicative of the port- 
folio manager's appraisal of the potential increase 
in the value of the investment alternative over 
the 10-year time horizon. 

Assume that Imprudential Insurance Com- 
pany wants to determine the proportion of their 
available funds to invest in each alternative with 
a view toward achieving several prioritized objec- 
tives. These objectives are listed in order of their 
importance to the firm as follows. 


1. Retain a target level of 9 percent of all available 
funds in the form of cash for the purpose of 
maintaining working capital liquidity. 

2. Achieve an average annual rate of return of 
14 percent or higher. 

3. Achieve an average risk coefficient of 5 or 
lower. 

4. Attain an average potential growth percentage 
of 14 or higher. 

5. Achieve a targeted average length of the in- 
vestment for the portfolio of 6 years. 


A goal programming model for this problem 
situation can be formulated in the following man- 


ner. First, we must define a set of choice variables 
x, (j = 1, ..., 7) to represent the proportion of 
available funds to be invested in the jth investment 
alternative. The next consideration involves the 
construction of the goal constraints. Recall that 
the first priority of the firm is to maintain a target 
level of 9 percent of all funds in the form of cash. 
Тһе goal constraint that corresponds to this par- 
ticular objective is presented as follows: 


x; tdi — dj = 0.09 (6-62) 


Note that the achievement of this objective will 
be encouraged by the minimization of the nega- 
tive and positive deviational variables in the ob- 
jective function at the appropriate priority level 
(P). 

Тһе next goal constraint, associated with at- 
taining an annual rate of return of 14 percent or 
higher, can be written as 


0.03x, + 0.12x, + 0.09x, + 0.20x, + 0.15х, 


+ 0.06x, + 0.0x, + dy — d} = 0.14 (6-63) 


To encourage conformance with the designated 
objective, the negative deviational variable dy will 
be minimized (at a priority level of 2) in the 
objective function, 

The third objective—to achieve a risk coeffi- 
cient less than or equal to 5—is now subject to 
examination. The constraint associated with this 
particular prioritized goal can be expressed as: 


Ix, + 5x, + 4x, + Bx, + Gx, + 3x, 


ко 85 ~ ay = ко 059 


The positive deviational variable d? will be min- 
imized in the objective function at a preemptive 
priority of 3 to encourage conformance with the 
specified objective. 
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The next constraint to be formulated is asso- 
ciated with the growth potential objective. 


0.00x, + 0.18х, + 0.10x, + 0.32x, + 0.20х; 


+ 0.07, + 0.00x, + dz — d; = 0.14 (999) 


The negative deviational variable dj will be min- 
imized in the objective function at a priority level 
of 4. The final goal constraint to be constructed 
corresponds to the objective involving the average 
length of the investment. 


4x, + 7x, + 8ху + 6x, + 10x; 


5n Cede фут Тт ашы 


Both the positive and negative deviational vari- 
ables in this constraint will be assigned a priority 
factor of 5 and minimized in the objective func- 
tion. 

It should be clear to the reader that the single 
structural constraint in this goal programming 
model is concerned with restricting the sum of 
the proportion of funds invested in the various 
investment alternatives to equal one. 


X, + xg + xy + xq + Xs + Xo + ху = 1.0 (6-67) 


Equation 6-67, and the usual nonnegativity con- 
straints on the decision and deviational variables, 
completes the constraint set for our goal pro- 
gramming problem, and we proceed to formulate 
the objective function. 


Minimize Z = P,(dy + di) + Руф 
+ Pyd; + Pqdî + РУ + di) 


Note that the priority factors are assigned to the 
deviational variables to reflect the relative impor- 
tance of the specified objectives of this model. 
Тһе results of this goal programming formu- 
lation are discussed next. The optimal solution 
values of the decision variables were as follows: 
x, = 0.247, x; = 0.0, хз = 0.0, x4 = 0.663, 


(6-68) | 


x; = 0.0, х; = 0.0, and x; = 0.09. Thus, 24.7 per- 
cent of the available funds should be invested in 
Treasury bills, 66.3 percent should be invested in 
real estate, and 9 percent should be retained to 
maintain working capital liquidity. 

The optimal solution implies an expected an- 
nual rate of return of 14 percent for the invest- 
ment portfolio, an average risk coefficient of 
5.551, an average growth potential of 21.2 per- 
cent, and an average investment length of 4.97 
years. Note that objectives 1, 2, and 4 were 
achieved and that the average growth potential 
percentage exceeded the specified lower bound 
by 7 percent. 

The third objective, however, was not achieved; 
the resulting risk coefficient was 0.551 higher 
than the specified upper bound on its value. Also, 
the average length of the investment was lower 
than the target value of 6 years. However, the 
deviations from aspiration levels in these instances 
were not unduly large. 


6.8 CONCLUSION 


Modern decision making inherently involves 
problems in which the decision maker would like 
to consider multiple (and often conflicting) goals 
or objectives. Goal programming allows the de- 
cision maker the opportunity to include in the 
problem formulation multiple goals or objectives. 
It represents an important approach for the so- 
lution of multiobjective decision-making prob- 
lems. In this chapter we have demonstrated how 
several types of goal programming problems can 
be formulated and solved. Additionally, we have 
presented case study applications that demon- 
strate how goal programming has been used in 
practice. 


Case Study: Estimating Start-up Resource 
Utilization in a Newly Formed Organization 


The North American Youth Ministries (NAYM) Distribution Center is one 
of several companies that comprise the multimillion-dollar conglomerate 
of Union Diversified Industries, Inc., of Lincoln, Nebraska. NAYM consists 
of two divisions: an international distributor and exporter of Pathfinder 
brand uniforms and a manufacturing division called Sabbath School Pro- 
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duction (SSP), which is one of the nation’s largest suppliers of religious felt 
products. The SSP Division manufactures several hundred religious prod- 
ucts that consist of drawings, paintings, and silk screenings on various types 
of felt materials. 

The SSP Division was purchased by NAYM from a California-based or- 
ganization in the spring of 1983 and brought to Lincoln, Nebraska, that 
summer. At that time, the majority of SSP’s products required felt as a raw 
material. SSP introduced a series of new products each quarter over a three- 
year cycle, with the cycle being determined by the products’ use in the 
religious education program. Of the several hundred products sold by SSP, 
production planning each quarter involved only 30 to 40 products. Each 
set of products could be sold only during the predefined quarter in the 
three-year cycle; therefore, some attention had to be paid to minimizing 
finished product inventory. The SSP production, acquisition, and inventory 
managers, who were newly hired and interested in starting up the business, 
wanted to know: 


= How much of the current inventory levels would be needed for the year’s 
production? 


= What supplies were needed for the year’s production? 
= What labor was needed for the year’s production? 


A typical felt product underwent a cutting stage, a silk-screening stage 
(where images were printed on the felt), a painting stage (where multiple 
colors were painted on the images), and a finish-cut stage. At each stage, 
decreases or increases in the unfinished products and resources occurred. 
Unfinished or finished products decreased when they were judged to be 
irregular and became scrap. Resources increased when materials scrapped 
for one product was reworked and used for another product. To determine 
resource allocation, the SSP Division also had to determine the scrap rates 
for each product. These scrap rates varied by production stage and by 
product because the complex products required skills the workers lacked, 
because the staff lacked experience in manufacturing new products, and 
because of the nature of the labor goal. 

Goal programming, combined with input/output analysis, was used to 
solve the multistage, multiproduct production planning problem faced by 
the SSP Division of NAYM. The modeling process was done on a quarter- 
by-quarter basis over a one-year time horizon, because the product line 
differed each quarter. For example, 32 finished products were required the 
first quarter, As a multistage problem, each of the three to five stages in 
the production process for each product required a separate decision vari- 
able. Of the 111 decision variables, 32 were for externally consumed finished 
products and 79 were for internally consumed products. A matrix of these 
111 products by 111 processes were used to generate the input/output 
coefficients. 

The complete goal programming model for the first quarter's production 
consisted of a total of 101 decision variables and 153 goal constraints. The 
model was solved, using a modified simplex computer program, on an IBM 
370-158, and required 97 seconds of execution time. 

The goal programming model utilized four preemptive priorities: 


Goal 1: Meet targeted amounts for finished products. 
Goal 2: Avoid overutilization of available resources. 
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TABLE 6.14 QUARTERLY GOAL ACCOMPLISHMENTS—YEAR ONE 


Goal Priority 1 2 3 4 

Meet targeted product 

level Р, Achieved Achieved Achieved Achieved 
Avoid overutilization of 

available resources Р, Achieved Achieved Achieved Achieved 
Minimize inventory Р, Achieved Achieved Achieved Achieved 
Minimize cost of Not Not Not Not 

production P, achieved achieved achieved achieved 


Goal 3: Minimize inventory levels. 
Goal 4: Minimize total product cost. 


The solutions obtained from using the goal programming models pro- 
vided the finished product production levels for each quarter for the start- 
up year. The goal achievement for each quarter of the start-up year is 
shown in Table 6.14. 

During the first year of operation, the SSP Division used the goal pro- 
gramming model for planning purposes. The model helped to identify 
excessive inventory levels, identified future inventory shortages in materials 
and supplies, and, in general, provided a useful aid in planning the start- 
up year’s production operations. Specifically, the output of the model and 
the postsolution calculations provided very precise operational answers to 
the managers of the SSP Division. The model indicated that the available 
inventory of felt materials and supplies for the start-up year was, with only 
a few exceptions, more than adequate. 

Aleta Hubbard, operations manager, North American Youth Ministries, 
observed: “Use of the goal programming planning model will continue to 
save both management time and a considerable amount of money. Based 
on the plans. . . set forth, our million-dollar inventory/production base will 
be slashed to the $150,000 investment, which we both feel is a more normal 


operating level.” 


d Robert E. Markland, “Estimating Start-up Resource Utilization in a Newly Formed Orga- 


Source: Marc J. Schniederjans ап 
urce: Marc J. Schniederjans а october 1986): 101-109. 
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Achievement Function. The expressing of the objective function of a 
oal programming problem in terms of deviations from target goals. 

Aspiration Level. A numerical value that represents the decision maker’s 
desired level of achievement for a given goal. 

Bound. A limit on а goal. 

Commensurable Goals. Goals that have a common unit of measure. 

Conflicting Goals. Two goals are conflicting if the level of achievement 
of one of the goals cannot be increased without simultaneously reducing 
the level of achievement of the other goal. 


Соа1 Ргортаттїп 


Deviational Variables. Auxiliary variables іп а goal constraint equation 
that measure the underachievement or overachievement of the specified 
aspiration level. A negative deviation variable (d; = 0) reflects the 
amount by which aspiration level i is underachieved, while a positive 
deviational variable (4) > 0) indicates the amount by which aspiration 
level i is exceeded, where d; > dt = 0. 

Deviations. Failure to achieve a particular goal will result in a positive or 
negative deviation from that goal. 

Differential Weights. Cardinal weights used in weighted linear goal pro- 
gramming to weight deviational variables. 

Goal. A numerical expression of an objective in terms of the aspiration 
level associated with that objective. 

Goal Constraints. A set of constraints that corresponds to the goals ex- 
pressed by the decision maker. 

Goal Programming. A technique that extends linear programming to 
allow the consideration of multiple objectives or goals rather than the 
single objective of a linear programming formulation. 

Incommensurable Goals. Goals that have no common units of measure. 

Lexicographic. Ranked according to some ordinal scale. 

Lower-Bound Goal. A goal from which a positive deviation is acceptable 
but a negative deviation is to be avoided. 

Modified Simplex Method of Goal Programming. A modification of 
the simplex algorithm used in solving preemptive linear goal program- 
ming problems that allows for the achievement of the highest-priority 
goal before considering the next-highest-priority goal, and so on. 

Nonconflicting Goals. Two goals are nonconflicting if the level of 
achievement of one of the goals can be increased without simultaneously 
reducing the level of achievement of the other goal. 

Objective. A general statement of the desires of the decision maker. 

One-Sided Goal. A goal from which a positive (negative) but not a neg- 
ative (positive) deviation is acceptable. 

Preemptive Priority Factors. Priority factors P; (j = 1,..., К; where 
K is the number of objectives in the model) that have the following 
relationship: 

P, >>> P, >>>+++>>>P,>>>P,,, 


where >>> implies “infinitely greater than.” 

Preemptive Priority Goal Programming. A frequently used goal pro- 
gramming formulation in which the deviational variables in the objective 
function are assigned preemptive priority factors that represent an or- 
dinal ranking of goals. Each of the goals is considered in order of priority; 
low-priority goals may be satisified only after higher-priority goals have 
been satisfied to the fullest possible extent. Deviational variables in the 
objective function that are associated with incommensurable goals are 
assigned different priority factors. 

Resource or Structural Constraints. The set of constraints involving 
resource utilization that are included in the goal programming formu- 
lation. These constraints are typically the same as those that would appear 
in the linear programming formulation of the problem. 

Satisficing. A concept that states that the decision maker may often be 
satisfied with achieving a satisfactory level for multiple objectives rather 
than determining the optimal level for a single objective. 
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Upper-Bound Goal. A goal from which a negative deviation is acceptable 
but a positive deviation is to be avoided. 

Weighted Linear Goal Programming. A goal programming formula- 
tion in which the deviational variables in the objective function are as- 
signed cardinal weights, thus allowing solution by the simplex algorithm. 
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Discussion Questions 


1 


Explain why the weighted linear goal programming formulation may not be 
appropriate in a problem where some of the objectives are expressed in non- 
commensurable units. 

Explain why the following condition must always hold when one is using a 
simplex or simplex-based solution algorithm: d; «dj = 0. 

Describe the advantages of preemptive linear goal programming over linear 
programming from the viewpoint of management. 

Provide a brief description of the goal programming simplex method. 

What are some of the limitations of linear preemptive goal programming? 
Explain how you could use a standard linear programming computer package 
to solve the following preemptive linear goal programming problem using a 
sequential optimization methodology: 


Minimize Z = P,(dî + dj) + Pd; + Psd; 


a ae 


т^ 


subject to: — aux, + aix + di — di = bi 
анх, + аза + d; - d} = by 
ауху + asx: + dy - dj = by 


with xpd, dt =0 forj = 1,2;i = 1,2,3 
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Suppose the following two goal constraints involve the jth-priority-level ob- 
jective of meeting the sales forecasts (SF) for two products, А and В. 


x, +d; — df = SF, 
xg + dg — dj = SF, 


Given that the contribution margin of product A is $80 and the contribution 
margin of product В is $40, show how the deviational variables associated with 
these constraints should appear in the objective function if differential weights 
are utilized. 

Provide a brief summary of the steps involved in the formulation of a goal 
programming model. 

Identify two conditions that prohibit the appearance of alternate optimal so- 
lutions in a preemptive goal programming solution. 

What course of action should be taken when the final solution to a goal pro- 
gramming problem involving multiple conflicting goals yields zero deviations 
from all the goals? 


Problem Set 
1. 
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The Winthrop Corporation manufactures two flavors of mouthwash: 
spearmint and cinnamon. A batch (1000 bottles) of spearmint requires 
10 production hours, while a batch (1000 bottles) of cinnamon requires 
12 production hours. the sales forecast for the coming week for the 
spearmint mouthwash is 20,000 bottles (200 production hours), while 
the forecasted level of sales for the cinnamon mouthwash is 25,000 
bottles (300 production hours). The regular time-available production 
capacity is 4500 hours. If more than 4500 hours are utilized, overtime 
costs are incurred. If less than 4500 hours are utilized, layoff costs 
result. However, if the sales forecasts are not met, the company suffers 
from loss of goodwill, and if the sales forecasts are exceeded, inventory 
costs are incurred. Formulate this problem as a goal programming 
model, to minimize overtime, layoffs, loss of goodwill, and inventory 
costs. 


Hatteras Hammocks, Incorporated, produces some of the world's finest 
hammocks. The Hatteras production facility consists of two production 
lines. Production line A is staffed with skilled workers who can produce 
an average of three hammocks per hour. Production line B is staffed 
with less experienced employees who are able to produce only two 
hammocks per hour. Regular working hours for each line for the next 
week are 40 hours. The operating costs of the two lines are almost 
identical. The production manager has prioritized the objectives for 
the coming week as follows. 

Produce 228 hammocks. 

Limit the overtime operation of line A to 5 hours. 

Avoid the underutilization of regular working hours for both lines 
(assign differential weights according to the productivity of each 
line). | 

Limit the sum of the overtime operation of both lines (apply differential 
weights according to the productivity of each line). 


Formulate and solve as a goal programming model. 


Problem Set 


3. 
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A production manager is faced with the problem of job allocation 
between his two production teams. The production rate of team X is 
8 units per hour, while the production rate of team Y is 5 units per 
hour. The normal working hours for both teams are 40 hours per 
week. The production manager has prioritized the following goals for 
the coming week: 


P,; Avoid underachievement of the desired production level of 550 
units. 

Py Апу overtime operation of team X beyond 5 hours should be 
avoided. 

Ру The sum of the overtime for both teams should be minimized. 
(Assign differential weights according to the relative cost of an 
overtime hour—assume that the operating costs of the two teams 
are identical.) 

Р: Anyunderutilization of regular working hours should be avoided; 
again, assign differential weights according to the relative pro- 
ductivity of the two teams. 


Formulate and solve as a goal programming model. 


Sally Hefty has a choice of five different food items to include in her 
diet plan for the coming week: cottage cheese, fruit, yogurt, bread, 
and carob candy bars. The calories and protein associated with each 
unit of these items and their unit costs are provided in the following 


table. 


Calories Protein (mg) 


Food Item per Unit per Unit Cost per Unit 
Cottage cheese 225 0.15 $2.00 
Fruit 200 0.25 0.10 
Yogurt 175 0.15 1.10 
Bread 150 0.05 0.08 
Carob candy bar 400 0.08 0.75 


Carob сапу 


Sally has а limited budget of $25.00, and she must restrict her intake 
of calories to at most 10,000 to lose weight (Sally weighs 200 pounds). 
Furthermore, she must consume at least 9.5 mg of protein to keep her 
strength up (Sally is a weight lifter). Sally has stated that her favorite 
diet item is the carob candy bar, followed by cottage cheese, fruit, 
bread, and yogurt, respectively. Formulate and solve this problem so 
as to maximize Sally's satisfaction subject to the aforementioned con- 


straints. 
The Trentwater Corporation has developed two new products that can 
be produced by making use of the excess productive capacity in its two 
roduction facilities. The principal reason for the development of the 
new products was to achieve complete utilization of excess production 
capacity on a profitable basis. Although Trentwater's plants usually 
operate at full capacity on its existing product lines, production at less 
than full capacity does occur occasionally, causing problems with the 
labor force. While the company does not need the full labor force 
during these slack periods, layoffs would be costly and Trentwater's 
management wants to avoid this as much as possible. 
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Management also wants to balance the utilization of excess capacity 
between the two plants to distribute the work load equitably between 
the two plants. 

For the current production-planning horizon, the plants have the fol- 
lowing excess production capacities (in terms of units of new products) 
and available warehouse capacities allocated to the new products. 


Excess Production Storage Capacity 


Plant Capacity (units) (cubic ft) 
1 800 27,500 
2 700 20,000 


Products 1 and 2 require 35 and 30 cu ft per unit, respectively. ‘The 
unit profit contributions of products 1 and 2 are $250 and $200, ге- 
spectively. Sales forecasts indicate that Trentwater will sell at least 1200 
and 1400 units of products 1 and 2, during the specified planning 
horizon. 


Management has expressed the following goals in order of decreasing 

importance, 

P, Achieve a profit of at least $145,000. 

Ру: Use as much of the excess plant capacity as possible. Due to lower 
labor costs, management feels that it is twice as important to use 
the excess capacity in plant 1 than in plant 2. 

Ps: Achieve a work load balance in the use of the excess capacity 
among all plants. Because of certain extra demands on plant 1 
workers, management feels that if a work load imbalance occurs, 
it is twice as important to favor having plant 1 do less work than 
more work relative to plant 2. 

P,: Achieve the sales forecast for product 1, since it has the largest 
contribution per unit. 

Ру: Produce a sufficient amount of product 2 to meet forecasted sales. 

Pg: Avoid exceeding the available warehouse capacity. 

Formulate and solve the goal programming model for the Trentwater 

Corporation production-planning problem. 


A medium-sized vegetable farm in southern Illinois is faced with the 
problem of choosing a one-year cropping plan, such that initially the 
sum of the gross margins from all its crops grown are maximized. The 
farmer considers the following four cropping activities: (1) carrots, (2) 
celery, (3) cucumbers, and (4) peppers. The farmer must consider his 
decision subject to three resource constraints. 

Тһе available acreage of land (200 acres) 

Тһе hours of labor available (10,000 hours) 

A rotational and market outlet constraint (this requires that the total 
acreage of celery and peppers be less than or equal to the total acreage 
of carrots and cucumbers) 


A time series of gross margins over the six most recent years was 
obtained from a sample of actual fresh market vegetable farms in South 
Carolina and Georgia, and mean gross margins used as forecast values 


Problem Set 


Race 
Black 
White 
Black 
White 
Black 
White 
Black 
White 


School 
capacity 


District 
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for the Illinois farmer’s gross margins. These gross margins are pro- 
vided in the following table. 


Activity Gross Margins per Acre 
Year Carrots Celery Cucumbers Peppers 


1 292 — 128 420 579 
2 179 560 187 639 
3 114 648 366 379 
4 247 544 249 924 
5 426 182 322 5 
6 259 850 159 569 


The number of hours of labor required per acre of carrots, celery, 

cucumbers, and peppers are 30, 45, 35, and 60, respectively. 

(a) Formulate and solve as a linear programming model. 

(b) Formulate and solve as a goal programming model where the 
farmer’s goals in order of their priorities are: 

(1) Maximize gross margins. 
(2) Utilize all available acreage. 

(с) Now assume that it is possible for the farmer to acquire more land, 
but that he dislikes this five times more than he dislikes not using 
all his 200 acres. 

(d) Compare and discuss your solution in part (c) with those of parts 
(a) and (b). 

Carteret County is faced with the challenge of designing a busing 
program for the students in its four districts to achieve racial deseg- 
regation in its three schools. The following table contains the busing 
cost and mileage data for every district-to-school combination and also 
provides the number of students of each race in each district and the 
capacities of the three schools. 


Transportation Transportation Transportation | Total Number 

Cost ($) Miles | Cost ($) Miles | Cost ($) Miles of Pupils 
39 8 103 12 450 
39 4 71 8 103 12 0 
47 5 63 7 119 14 250 
47 5 63 7 119 14 100 
87 10 31 3 47 5 20 
87 10 31 3 47 5 500 
63 n 47 5 31 3 0 
63 7 47 5 31 3 


The mileage figures represent the average miles traveled by a student 
within the county on the shortest-route basis from strategic community 
bus stops to schools. The cost figures are based on the assumption that 


286 


Goal Programming 


for the first mile, there is a fixed transportation cost of $15.00 per 
student per year and an additional annual cost of $8.00 per student 
for every mile traveled beyond the initial mile. 


The County School Board has the following goals for the busing pro- 
gram, which are listed in order of their importance. 


Achieve a racial balance in each school which corresponds to the 
racial proportions of Carteret County. (For example, if 50 percent 
of the students in the county are black, then 50 percent of the 
students in each of the schools must be black.) 

Avoid overcrowding or underutilization of any of the schools. 

Minimize the total transportation cost of the busing program. 

Limit the distance (average) traveled by students to eight miles. 


The system constraints of the problem must ensure that every child is 

assigned to a school. 

(a) Formulate this problem using the goal programming approach. 

(b) Suppose that the number of white children in district 4 is 300 
instead of 380. This means that the total capacity of the school 
system exceeds the total number of children (1620 versus 1700). 
Suppose that the objectives listed in order of importance are as 
follows. 


Achieve racial balance. (Note that proportions will differ from those 
of part A because the number of white children in district 4 was 
decreased.) 

Avoid overcrowding any of the schools. 

Balance the underutilization of each of the schools by allocating stu- 
dents to schools in proportion to their capacities. That is, if 41.2 
percent of the total capacity of the school system is accounted for 
by school 1, then assign 41.2 percent of the total number of students 
to school 1. 

Minimize the total transportation cost of the busing program. 

Formulate this revised problem as a goal programming model. 

The Ace Manufacturing firm uses three different resources in the 

manufacture of two products, A and B, which have contribution mar- 

gins of $30 and $25, respectively. The following table indicates the 

requirements of material, labor, and equipment needed to produce a 

single unit of product A and a single unit of product В. 


Product A Product B 
Material (parts per unit) 7 5 
Labor (hours per unit) 3 5 


Equipment (hours per unit) 6 4 


The general manager has prioritized the following goals. 

Р: Manufacture at least 7 units of product А and 10 units of product 
B. 

Ру; Avoid using more than 95 parts of material, 125 worker hours, 
and 110 equipment hours. 

Р; Achieve a target profit of $550. 


Specify a production plan using a goal programming model. 


Problem Set 


9. 


10. 
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The editor of a publishing company must expedite the editing of a 
racy new novel entitled “Rita’s Story.” The 1400-page manuscript must 
be edited within 10 working days (8 hours per day), and the targeted 
total cost for this endeavor is $1500.00. The number-one company 
policy dictates that a published book of this size should have no more 
than 15 errors. The editor can assign a given number of pages to each 
of four freelance editors, Harry, Mickey, Joe, and Suzy. Their per- 
formance and relevant cost data are presented in the following table. 


1 2 3 4 
Harry Mickey Joe Suzy 
Speed (hours per page) 0.25 0.20 0.15 0.10 
Accuracy (errors per page) 0.02 0.03 0.005 0.01 
Wage rate ($ fee рег page) $1.25 1.19 1.29 1.30 


Formulate and solve this problem using the goal programming meth- 
odology. 


The Atwater Corporation manufactures seven types of water skis from 
four basic resources. Resource requirements for each ski type, available 
units of resources, sales forecasts, and contribution margins for each 
ski type are provided in the following table. 


لإ ~~ 


Number of Units of Water Ski Type, j 
Resource i Needed 
1 2 3 4 5 6 » Т 
to Manufacture Опе Available Units 
Pair of Skis of Resource 
AEE OF RUS ge E eS 
Resource 1 3 3 2 7 5 5 3 600 
Resource 2 2 2 1 3 4 2 2 350 
Resource 3 5 5 4 4 3 2 1 450 
Resource 4 3 2 4 3 2 2 1 300 
Contribution margin $100 $125 $275 $275 $350 $250 125 
Sales forecast 10 40 40 40 30 30 30 


—— — a асс — ——————— n 
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Тһе Atwater Corporation must generate a profit of at least $30,000. 
Furthermore, the management wishes to minimize loss of goodwill 
costs associated with the failure to meet demand. Loss of goodwill costs 
are roughly equivalent for all ski types except for types 2 and 4. Min- 
imizing loss of goodwill costs for these ski types is twice as important 
as for the other ski types. 

Formulate and solve as a weighted linear goal program. Discuss the 
results. 


A company is considering undertaking three candidate marketing pro- 
grams, each with a two-year life. The total projected budget for year 
one is 8 units, but it falls to 7 units in year two. Relevant data for each 
program are given in the following table. 


1 5 3 7 3 
2 4 3 1 1 
3 5 2 4 1 


The company has а goal of obtaining as much profit as possible апа 
as great a market share as possible, while adhering as closely as possible 
to the projected budget. Formulate using a weighted linear goal pro- 
gramming model. 
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7.1 INTRODUCTION 


For some time, network analysis has been an 
important tool in the study of electrical networks. 
Recently, there has been a growing awareness 
that various concepts and techniques of network 
theory are also very useful in business and eco- 
nomic analysis. For example, important applica- 
tions of network theory have been made in 
information retrieval and processing, in the study 
of subway, highway, and transportation systems, 
and in the planning and control of research and 
development projects. Consequently, it is very 
important for the management science student 
and practitioner to have an understanding of 
some of the basic aspects of network modeling. 
One typical network analysis problem involves 
allocating flows in a manner that maximizes the 
flow through a network connecting an origin and 
a destination. The maximum-flow problem thus 
concerns the maximum amount of flow (e.g., 
liquids, electrical impulses, and vehicles) that can 
enter into and exit from some connected network 
during a given period of time. Another interesting 
network analysis problem, which is of great prac- 
tical importance in the study of transportation 
systems, involves the determination of the shortest 
route through a network. The shortest-route 
problem involves the determination of the mini- 
mum total distance from the origin to the desti- 
nation in a network. A third network problem 
requires the determination of the set of connec- 
tions that provides a route between any two points 
in a network in a manner so as to minimize the 
total length of this set of connections. This situ- 
ation is known as the minimal spanning tree 
problem and requires using the branches of the 
network to reach all the connecting points in the 
network in a manner that minimizes the total 
length of the branches used to reach these points. 
Each of these types of network problems will 
be analyzed and explained in detail in this chapter. 
We will also provide illustrations of applications 
of the various network models. Throughout this 
chapter we will employ various terms and con- 
cepts from the field of graph theory. This no- 
menclature will be useful in developing a good 
understanding of network modeling, and it is 
suggested that careful attention be paid to the 
various aspects of graph theory as they relate to 


network analvsis. Finally, we will observe that 
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these network models have a special structure 
that facilitates their analysis and solution by means 
of very powerful, special-purpose algorithms. 


7.2 BASIC TERMINOLOGY USED ІМ 
ANALYZING NETWORK PROBLEMS 


Before we begin our study of network models, it 
is instructive to define certain basic terms. Using 
the terminology of the theory of graphs, a graph 
is defined as a set of junction points called nodes 
or events that are connected by lines called 
branches or activities (or "arcs," "links," "con- 
nectors,” or “edges”). Fig. 7.1 is an example of a 
simple graph, in which the circles are the nodes 
and the lines connecting the circles are the 
branches. 

We can attribute a sense of direction to a branch 
by indicating which node is to be considered the 
point of origin. Such a branch is called directed, 
or oriented, and when drawing a graph, we 
indicate the orientation of a branch by an arrow- 
head. For example, in Fig. 7.1, "branch 1 to 2" is 
a directed branch, and in this branch the direction 
is from node 1 to node 2. A branch that does not 
have a sense of direction attached to it is called 
undirected and is not marked with an arrowhead. 
In Fig. 7.1, "branch 2 to 3" is an undirected 
branch. In most instances, we can replace an 
undirected branch with a pair of directed 
branches, whose directions are opposite. 

A sequence of connecting branches between 
nodes i and j is called a chain from i and to j. In 
Fig. 7.1, one of the chains connecting node 1 and 
node 7 is the sequence of branches 1 to 2, 2 to 5, 
5 to 7, or vice versa. 

If the direction of travel, or flow, along a chain 
between two nodes is specified, it is called a path. 
In Fig. 7.1, one path between node 1 and node 
7 is composed of the branches 1 to 2, 2 to 5, 5 to 
4, and 4 to 7 (in that specific order). 

A cycle is a chain that begins and ends at the 
same node. In Fig. 7.1, the chain 1-2-> 
5-4->3->|іға cycle. 

A graph is called a connected graph if there 


‘See, for example, R. С. Busacker and T. L. Saaty, Fine 
Graphs and Networks (New York: McGraw-Hill Book Company. 
1964), and L. R. Ford and D. R. Fulkerson, Flows m Networks 
(Princeton, N.J.: Princeton University Press, 1962) 
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Event (Node) 


Activity 
(Branch) 


FIGURE 7.1 A SIMPLE GRAPH 


is a path connecting every pair of nodes in the 
graph. The graph shown in Fig. 7.1 isa connected 
graph. However, if we removed branches 2 to 5 
and 3 to 4, we would no longer have a connected 
graph. 

An undirected, connected graph that contains 
no cycles is called a tree. Therefore, between any 
two nodes of the tree there is a unique chain 
joining the two nodes. For example, Fig. 7.1 would 
be a tree if its only branches were 1 to 2, 2 to 3, 
2 to 5, 5 to 4, 5 to 6, and 4 to 7. 

In many practical situations some sort of phys- 
ical flow takes place in the branches of the graph. 
A network is defined as a graph such that flow 
can take place in the branches of the graph.? 
Examples of common networks involving physical 
flows are shown in Table 7.1. 

The basic graph theory definitions just pre- 
sented will be used throughout the material that 
follows. Additional definitions will be introduced 
with respect to specific network models. 


7.3 THE MAXIMUM 
(MAXIMAL)-FLOW PROBLEM 


In the maximum- or maximal-flow problem we 
consider a connected network consisting of a 
single origin (source), a single destination (sink), 
and branches connecting intermediate nodes. 
Within the maximum-flow network some, or all, 
of the branches may be directed. In this instance, 
the orientation of the branch is assumed to be 
the feasible direction of flow along the particular 
branch. We assume that there is conservation of 
flow (i.e., flow into the node equals flow out of 


م ل 
*This is the graph theory definition of a network, and this‏ 

definition will be used as we analyze maximum-flow network 
problems. However, in later sections of this chapter, we will 
ork” problems in which a network 


consider other generic “netw 
will simply be a collection of nodes connected by branches 


and will not have to involve physical flows. 


the node) at each node other than the source and 
the sink. The source node has an orientation such 
that all flow moves away from that node, and the 
sink node has an orientation such that all flow 
moves toward that node. Additionally, it is im- 
portant to recognize that a branch in a maximal- 
flow network need not be directed because it may 
be feasible to have flow in either direction along 
a branch. A two-way street is an example of a 
nonoriented branch, while a one-way street is an 
example of an oriented branch. 

In the maximum-flow problem, the flow ca- 
pacity of a branch in a specified direction is 
defined to be the upper limit to the feasible 
magnitude of the rate (or total quantity) of flow 
in the branch in that direction. The flow capacity 
of a branch may be any nonnegative quantity, 
including infinity. An oriented branch will have 
a flow capacity equal to zero in one direction and 
a flow capacity equal to a nonnegative quantity 
in the other direction. The maximum-flow prob- 
lem is to determine the feasible steady-state pat- 
tern of flows through the network that maximizes 
the total flow from the source to the sink. 

One typical network flow problem involves the 
maximization of the flow through an oil pipeline 
network. The oil field becomes the source, the 
refinery the sink, and the various pipeline seg- 
ments the branches of the network. Each node of 
the network is a valve, and there is no storage or 
transformation possible at the nodes. The prob- 
lem becomes that of planning the pipeline net- 


---------------- 
TABLE 7.1 EXAMPLES OF FLOW NETWORKS 


Nodes Branches Flow 
Intersections Highways Automobiles 
Valves Pipeline segments Natural gas 
Ports Shipping lanes Ships 
Cities Rivers Barges 
Work stations Conveyors Products 
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work in a fashion that maximizes the total oil flow 
through the network. 

A second typical network flow problem might 
involve the maximization of information flow 
through a computer network. The central pro- 
cessing unit would be the source, and some type 
of output device would become the sink. The 
branches of the network would then become the 
various channels between the central processing 
unit and the output device. The objective in this 
situation would be to plan the selection and 
utilization of the various channels in a manner 
that would maximize the total information flow 
through the network. 


7.3.1 A LINEAR PROGRAMMING 
APPROACH TO THE 
MAXIMUM-FLOW PROBLEM 


The maximum-flow problem can be formulated 
as a linear programming problem. Suppose that 
ме have a network with N nodes, where nodes 1 
and N are the source node and sink node, re- 
spectively. For each directed branch (ij), let х; 
denote the rate of flow from node i to node j, 
and let с; be the flow capacity for the branch (i,j). 
We seek to send as much material (flow) as is 
possible from the source node to the sink node. 
A flow from source to sink is considered feasible 
if there is conservation of flow at every node 
except the source node and sink node and if the 
flow capacities are satisfied for all the branches. 
The linear programming formulation of the max- 
imum-flow problem can be written as: 


Maximize Z= Ух, or Maximize Z= Yxy 
I 1 I i 


(7-1) 


Flow out of Flow into 
source node sink node 
subject to: 


5% d Хх 


Deu if i = 1 (source node) 


= 0 otherwise (7-2) 
- Уха ifi = М (sink node) 
4 
with 0=х;5 с; for each branch (ij) (7-3) 


In the constraint set given by Equation 7-2, note 
that there is conservation of flow at every node 
except the source node and the sink node. 
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Although the maximum-flow problem can be 
formulated and solved using linear programming, 
a much simpler and more efficient solution pro- 
cedure can be devised by following an intuitive 
solution approach. The following example will be 
used to explain this solution procedure. 


7.3.2 SOLUTION PROCEDURE FOR THE 
MAXIMUM-FLOW PROBLEM 


To illustrate the development and application of 
an efficient method for solving the maximum- 
flow problem, consider the Benzoil Company 
pipeline network presented in Fig. 7.2. The source 
node (oil field) and sink node (refinery) are nodes 
1 and 7, respectively. The potential flow capacity 
for each pipeline segment cj is shown by the 
number along branch (i7j) nearest node i. Thus, 
the flow capacity of branch (172) is 7, and the 
flow capacity of branch (271) is 0. The maximum- 
flow problem is to determine the feasible flow in 
each branch in the network that will maximize F, 
the total flow out of the source or into the sink. 
Each node can be thought of as a valve that can 
be used to regulate flows through that node. 

The intuitive solution procedure for the max- 
imum-flow problem involves repeatedly selecting 
any path from source to sink and assigning the 
maximum feasible flow to that path, continuing 
the process until no more paths have strictly 
positive flow capacity. To begin this solution 
procedure we can immediately see that one fea- 
sible flow pattern is a flow of 5 along the path 
1->2->4->7. This flow is limited by the capacity 
of branch (477), c4; = 5. Assigning a flow of 5 to 
path 1->2->4->7 we obtain the network shown in 
Fig. 7.3. 

Note that, as a result of this assignment of a 
flow of 5, we have reduced the capacities in 
branches (172), (274), (477) as follows: 


Branch Original Capacity Мем Capacity 
(1:2) 7 2 
(2:4) 7 2 
(477) 5 0 


Note further that no additional flow can occur 
along the path 1->2->4->7 since the capacity of 
branch (477) has been reduced to 0. 
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Source 


FIGURE 7.2 MAXIMUM-FLOW EXAMPLE—BENZOIL COMPANY PIPELINE NETWORK 


We now search for another feasible flow as- 
signment, and observe that a second feasible flow 
pattern is a flow of 2 along the path 1->3->6->7. 
Assigning a flow of 2 to path 1->3->6->7, we 
obtain the network shown in Fig. 7.4. Again, the 
capacities in branches (173), (376), and (677) are 
reduced, and we see that no additional flow can 
occur along the path 1->3->6->7, since the ca- 
pacity of branch (376) has been reduced to 0. 

This intuitive approach continues in similar 


Assign a flow of 5 to 1->2->4->7 


Resulting 
Network: 


fashion with the assignment of flows along the 
various paths until no more such paths can be 
found. This procedure is illustrated in Figs. 7.5 
and 7.6. Observe that one flow assignment is 
made at each step and that the corresponding 
branch capacities are then reduced by the amount 
of this flow assignment. The assignment of flows 
is done in a purely arbitrary manner, based on 
the judgment of the analyst. 

We now observe that no more paths with 


FIGURE 7.3 MAXIMUM-FLOW EXAMPLE—FIRST-FLOW ASSIGNMENT 


Assign a flow of 2 to 1->3->6->7 


Resulting 
Network: 
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FIGURE 7.4 MAXIMUM-FLOW EXAMPLE—SECOND-FLOW ASSIGNMENT 


positive flow capacity remain. The question is: 
Has our intuitive approach yielded a flow pattern 
that is optimal? The answer for the example, and 
in general, is no. Remember that we began our 
intuitive approach by arbitrarily assigning a flow 
of 5 along the path 1->2->4->7. This immediately 
reduced the flow capacity of branch (477) to 0, 
and no further flow through branch (477) was 
permitted. However, we could have just as easily 


Assign a flow of 5 to 1->3->5->7 


chosen to make an initial assignment of a flow of 
3 along the path 1->2->4->7 and a flow of 2 along 
the path. 1256-7. Thus, the total flow 
would remain equal to 5 as it did in our original 
assignment. Now, all subsequent assignments 
could be made as previously and we obtain the 
network shown in Fig. 7.7. 

Note that, in this network, we can now assign 
an additional flow of 2 to the path 134-7, 


FIGURE 7.5 MAXIMUM-FLOW EXAMPLE—THIRD-FLOW ASSIGNMENT 
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Assign a flow of 2 to 1-+2-+4-+5-+7 


FIGURE 7.6 MAXIMUM-FLOW EXAMPLE—FOURTH-FLOW ASSIGNMENT 


thus increasing the total flow from F = 14 to 
F = 16. The maximum flow for the Benzoil Com- 
pany pipeline network is as shown in Fig. 7.8. 
Comparing the suboptimal flow assignments 
in Fig. 7.6 and the optimal flow assignments in 
Fig. 7.8, it is apparent that we need to refine our 
intuitive approach slightly to guarantee an opti- 
mal solution. We need to permit a previously 
assigned flow to take an alternate route to open 
up new paths from the source to the sink with 


Path Flow Assignment 


132457 
1252252567 


positive flow capacities. This is done in the fol- 
lowing manner. We permit the assignment of 
fictional flows in the "wrong" direction, that is, in 
the direction of a zero-flow-capacity branch, when 
the real effect of this assignment is to cancel out 
part or all of the previously assigned flow in the 
"right" direction, that is, in the direction of a 
positive-flow-capacity branch. To demonstrate 
this procedure, consider the last network shown 
originally for our intuitive approach in which 


FIGURE 7.7 MAXIMUM-FLOW EXAMPLE—REVISED-FLOW ASSIGNMENTS 


Path Flow Assignment 


122547 
122—567 
1232567 
123557 


1->2->4->5->7 


133-47 


نی دم دہ ی یح دما 
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FIGURE 7.8 MAXIMUM FLOW—BENZOIL COMPANY PIPELINE NETWORK 


F = 14 was obtained. As we observed in our 
analysis of this network, it was possible to gain an 
improvement to F = 16 by increasing by 2 the 
flow along paths 1->2->5->6->7 and 1->3->4->7 
and decreasing by 2 the flow in branch (274). 
Note, however, that this can also be accom- 
plished by assigning a flow of 2 along the path 
1->3->4->2->5->6->7. Now, the real effect of 
assigning a flow of 2 along branch (472) is to 
decrease the previously assigned flow along 
branch (274) by 2. For this to occur, our procedure 
should have increased the flow capacity by 5 in 
branch (472) when we made our original flow 
assignment of 5 to path 1->2->4->7 and by 2 in 
branch (472) when we made our original flow 
assignment of 2 to path 1->2->4->5->7. In sum- 
mary, the refinement that we must make to our 
original intuitive approach is that of increasing 
the capacity of a branch in the opposite direction 
by the same quantity of flow being assigned to 
that branch. In addition, when this procedure 
is completed, only the net flow in a branch 
is relevant. We imagine that two flows, xj and 
x, pass simultaneously in opposite directions 
through branch (i7j) and that the net flow is given 


by: 
xy = xy — xj 20 (7-4) 
This net flow must satisfy Equation 7-4, and we 
are thus assuming that the capacity с; for flow in 
a branch refers to the net flow in that branch. In 
a problem-solving sense, when flow has been 
assigned to a branch in both directions, the smaller 
of the two flows should be subtracted from the 
capacities in both directions in the optimal net- 
work, leaving only the net flow as shown in 
Equation 7-4. Given a value of x;, then x; must 
be in the interval 0 = x, = xj. This means ме 
cannot impose a flow in the wrong direction along 
a branch unless we have at least as great a flow 
in the proper direction. Thus, there cannot be a 
net flow in the wrong direction. If we are given 
a value of x;, then x; must satisfy: 
XQS x, Жс, + x, (7-5) 

The modified solution procedure may now be 
summarized as follows. 
1. Find a path from source to sink with positive 

flow capacity. Obviously, if none exists, the 


net flows already assigned constitute a maxi- 
mal-flow pattern. 
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Assign a flow of 5 to path | — 2—4 —7 POR 

2 е 
E 
(5) 9 


FIGURE 7.9 MODIFIED SOLUTION PROCEDURE—FIRST-FLOW ASSIGNMENT 


Resulting 
Network: 


2. Search this path for the branch with the 5. Return to step 1 and repeat the procedure 
smallest flow capacity. Denote this capacity as outlined in steps 2, 3, and 4 until no paths 
c£, and increase the flow іп this path by сў. with positive flow capacity remain. 


3. Decrease by cf the flow capacity of each branch 6. Compute the net flow in all branches for which 
in the selected path. flow(s) have been assigned in both directions. 


4. Increase by сў, in the opposite direction, the Applying this modified solution procedure to 


flow capacity of each branch in the selected the example given previously in Fig. 7.2 yields 
path. the results summarized in Figs. 7.9, 7.10, and 


Assign a flow of 2 to path 1—23—67 7 
5 to path 1253557 
2 to path 1->2->4->5->7 


Resulting 
Network: 


FIGURE 7.10 MODIFIED SOLUTION PROCEDURE—SECOND-, THIRD-, AND FOURTH- 
FLOW ASSIGNMENTS 


Assign a flow of 2 to path 1—3—4—2—5—6—7 


Resulting 
Network 
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FIGURE 7.11 MODIFIED SOLUTION PROCEDURE—FIFTH-FLOW ASSIGNMENT 


7.11. No paths with positive flow capacity remain 
in the network shown in Fig. 7.11. Thus, the 
maximum flow is 16. 

Тһе maximum flow and its associated flow 
pattern are most easily identified by recording 
and accumulating the flow assignments as they 
are made. This is easily accomplished by making 
accumulations such as those shown in Table 7.2 
as the flow assignments are made. Using this 
method, when flow has been assigned to a branch 
in both directions, the smaller of the two flows 
must be subtracted from the larger of the two 
flows to determine the net flow for that branch. 
For example, in Table 7.2, the net flow of 5 in 


branch (274) is computed as the flow of 7 in 
branch (274) minus the flow of 2 in branch 
(472). 

А second method for identifying the final flow 
pattern and the maximum flow involves compar- 
ing the remaining flow capacities of the optimal 
network with the flow capacities of the original 
network. Using this method one can construct а 
summary such as that shown in Table 7.3, after 
all flow assignments are made. Using this method, 
the direction of net flow in a branch is the same 
direction of the branch having the smallest re- 
maining flow capacity. The magnitude of the flow 
will equal the amount by which this capacity has 


TABLE 7.2 IDENTIFICATION OF FLOW PATTERNS BY ACCUMULATION OF BRANCH FLOWS 
Branch! 
Assignments 192 153 2354 2955 3-4 355 396 452 455 457 556 557 627 
5 to 1->2->4->7 5 5 5 
2 to 1532627 2 2 2 
5 to 1532527 5 5 5 
2 to 152242527 2 2 2 2 


2 to 1->3->4->2->5->6->7 2 2 


Total net flow 


Note: Maximum flow = 16; net flow = 7 - 2 = біп branch (274). 
'For simplicity, only those branches to which flows are assigned are shown in Table 7.2. 


122 153 24 255 94 358 54 41 45 47 56 50 6—7 
Original capacity 7 11 7 4 2 2 о 2 5 ? 7 
Final capacity 0 2 2 2 0 9 5 о о 0 0 
Total net flow 7 9 5 2 2 2 -5 2 5 ? 7 


Note: Maximum flow = 16; net flow = 5 in branch (274) 


‘For simplicity, only those branches to which flows are assigned are thown ін Table 7% 


e 


decreased. Using this method we need not be 
concerned with whether or not flow has occurred 
in both directions of a branch, and the procedure 
indicated above will hold for all situations. For 
example, in Table 7.3 the net flow of 5 in branch 
(274) is indicated directly in the table itself. 

In solving the maximum-flow problem, it is 
very important to develop and utilize some sys- 
tematic type of record keeping, or accounting, 
such as the two methods described previously. 
For small problems, either of these two methods 
can be executed in manual fashion. The author 
has a preference for the first method in which 
flows are accumulated as each flow assignment is 
made. This method essentially affords a check on 
each flow assignment and associated branch ca- 


pacity as the assignments are made. The second 
method is satisfactory, provided you keep an 
accurate record of the reduced branch capacities 
throughout the analysis. 

Microcomputer software programs for solving 
various types of network problems are readily 
available. The previously mentioned microcom- 
puter software package developed by Chang and 
Sullivan’ contains several network modeling mod- 
ules, We will now illustrate its maximum flow 

module, using the Benzoil Company 
Pipeline network. 

The input data for the Benzoil Company Pipe- 
line problem are shown in Fig. 7.12. Note that 
each branch of the network is named, defined by 
a starting and ending node, and given a specific 


Input Data—Benzoil Pipeline Company, Maximum Flow 
“Input Data of the Problem BENZOIL COMPANY Page 1 


Branch Branch Start End 
Number Name Node Node 
1 <В si “Ж >) X 
г <вг >: Га 53142 
3 <B3 > <= > E 
4 <B4 > ues cA > 
5 <BS SNS > 
b «Bb жақ SE. > 
? «B? > ғ. эү ХА > 
8 <ва Е Е e /> 
q «B3 PM CA E d 
10 <B10 БӨЗ Aa E 
11 <В11 SW. cadent ep > 
12 «Bie Ны SUMMER 
13 «B13 ЕНБ Lai goi Lt 
14 <В14 SO еН aeo» 

FIGURE 7.12 


Flow Capacity 
From End Node 


Flow Capacity 
From Start Node 


< +?.0000> <0 > 
«*11.0000» <0 > 
< +ь.0000> <0 > 
< %?.0000> <0 > 
< +4.0000> <0 > 
< +3.0000> <0 > 
< +2.0000> <0 > 
< +5.0000> <0 > 
< +2.0000> <0 > 
< +2.0000> < «2.0000» 
< +5.0000> <0 > 
< +2.0000> <0 > 
< +7.0000> <0 > 
< +4 .0000> <0 > 


*Yih-Long Chang and Robert S. Sullivan, Quantitative 
Systems for Business (Englewood Cliffs, N.J.: Prentice Hall, 
1986). 
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Output Data—Benzoil Pipeline Company, Maximum Flow 
Detailed Steps for the Maximal Flow Algorithm: 


Step 1 Flow = 2, determined by branch 3 - 4 
The path selected is: 1- 2- 3- 4- 5- b- 7 
Step о : Flow = 4, determined by branch е - 3 
The path selected is: 1- 2- 3- 5- 7 
Step 3 : Flow = 1, determined by branch 1-2 
The path selected is: 1- 2- 4- ? 
Step 4 : Flow = 1, determined by branch 3 - 5 
The path selected is: 1- 3- 5- ? 
Step 5 : Flow = 2, determined by branch 3 - Ь 
The path selected is: 1- J- b- ? 


Step b : Flow - 4, determined by branch 4 - ? 


The path selected is: 


Step.? : 
The path selected is: 


The Final 
Branch 


g^ un un fA £N لیا لیا‎ u کے چ لم ل۸‎ 
I 
T M (^ AJ Un (D un ۸ Un کم‎ LJ fu 


FIGURE 7.13 


capacity from both its starting and ending node. 
This information corresponds to that shown pre- 
viously in Fig. 7.2. 

The output data for this problem are shown 
in Fig. 7.13. Note that the steps followed in the 
computer solution of this problem are very similar 
to those followed in solving this problem man- 
ually. As you can see from this output, the max- 
imum total flow is 16. The net flow in each of 
the branches is also shown in the output. 


J- 3- -2- 4- 7 


Flow = о, determined by branch 3 - 2 
1- 3- 2- 5- 7 


Flow for BENZOIL COMPANY 
Net Flow 


Page 1 


(B1) 
(B2) 
(B4) 
(B5) 
(В?) 
(B8) 
(B3) 
(B10) 
(B11) 
(B12) 
(B13) 
(B14) 


IN A FU Un fU fu un ru nu ui oN 


7.3.3 THE MAX FLOW-MIN 
CUT THEOREM 


The modified intuitive approach for determining 
the maximum flow in a network is a very straight- 
forward and simple process. However, it would 
be more useful if one could ascertain when opti- 
mality had been reached, without having to con- 
duct an exhaustive search for a nonexistent path. 
We now proceed to develop a method for deter- 
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mining when optimality has been reached, using 
an important theorem of network theory known 
as the max cut-min flow theorem. We shall begin 
by defining a cut in a network. 


Cut A cut in a network is a collection of oriented 
branches such that every oriented path from source to 
sink contains at least one branch in the cut. 


To illustrate, consider the cuts shown in the 
original network of Fig. 7.2, which is redrawn as 
Fig. 7.14. 

For any given network, the number of cuts is 
finite. If we sum the capacities of the branches in 
a cut, it is clear that the maximum flow cannot 
be greater than this sum, because the flow in 
every path is limited by the branch of lowest 
capacity, and every oriented path contains a 
branch of the cut. The sum of the flow capacities 
of the branches (in the direction of the orientation 
designated by the cut) is defined to be the cut 
value of the cut. The first cut value of 18 is 
obtained by adding the capacity of branch (172), 
7, to the capacity of branch (173), 11. The second 
cut value of 16 is obtained by adding the capacity 
of branch (172), 7; the capacity of branch (372), 
0; the capacity of branch (374), 2; the capacity of 
branch (375), 5; and the capacity of branch 


(276), 2. The cut values of the other cuts shown 
in Fig. 7.14 are computed in similar fashion. 

The max flow—min cut theorem can be stated 
as follows: 


Max Flow-Min Cut Theorem //, for any network, 
we find the cut value for each of the finite number of 
cuts that can be made in the network, then the smallest 
total capacity (cut value) is equal to the maximum flow 
in the network. 


The max flow—min cut theorem simply states that 
the smallest of the cut values in a network is equal 
to the maximum value of F. In addition, any cut 
value provides an upper bound on F. Thus, if we 
can determine a cut in the original network whose 
value equals the value of F currently attained by 
the solution procedure, then the current flow 
pattern must be optimal. Equivalently, optimality 
has been obtained whenever there exists a cut in 
the current network whose value is zero with 
respect to the remaining flow capacities. 

Notice that two cuts in the network shown in 
Fig. 7.14 have a minimal cut value equal to 16, 
which was later found to be the maximum value 
of F. Note further that, for the final network that 
resulted from our modified solution procedure, 
in which F — 16, each of these two corresponding 
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cuts had cut values of zero with respect to the 
remaining flow capacities. Thus, we had achieved 
optimality and could have recognized this fact 
from either, or both, of the two applications of 
the max flow—min cut theorem. 

The modified intuitive solution procedure ac- 
companied by the max flow—min cut theorem 
provides an adequate, yet simple, method for 
solving maximum-flow problems of reasonable 
size. For large, complicated networks the modified 
intuitive procedure for finding the maximum- 
flow may be rather inconvenient. However, other 
more rigorous approaches have been developed. 
Ford and Fulkerson have suggested a branch- 
labeling technique, based on a straightforward 
algebraic expansion of the intuitive approach.’ 
Hadley later expanded their work into a matrix 
approach to the problem. Both these procedures 
are beyond the level of this textbook, but the 
interested reader can consult the references foot- 
noted for further details. 


7.4 THE SHORTEST-ROUTE 
PROBLEM 


The shortest-route problem is of great practical 
interest and is concerned with finding the shortest 
route from an origin to a destination through 
a connecting network, given the nonnegative 
distances 4; = 0 associated with the respective 
branches of the network. In practice, shortest 
(time) routes are often of equal interest to short- 
est (distance) routes, and such problems arise 
frequently in connection with transportation 
networks, delivery systems, communications net- 
works, equipment replacement, and the sched- 
uling of complex projects. 


7.4.1 A LINEAR PROGRAMMING 
APPROACH TO THE 
SHORTEST-ROUTE PROBLEM 


Тһе shortest-route problem can also be formu- 
lated as a linear programming problem. Letting 


‘L. R. Ford and D. R. Fulkerson, “A Simple Algorithm for 
Finding Maximal Network Flows and an Application to the 
Hitchcock Problem," Canadian Journal of Mathematics, 9 (1955) 
210-218 

'G. Hadley, Linear Programming (Reading, Mass 
Wesley Publishing Company, 1965), рр. 346-351 


Addison- 
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ху = 1 mean that we would include branch і->/. 
in the route, and letting x; = 0 mean that we 
would not include branch і->/ in the route, the 
linear programming formulation of the shortest- 


route problem is as follows. 
Minimize Z — D Хау; where 4; = direct distance 
j between nodes 

i and j 


(7-6) 
subject to: 


1 ifi = 1 (source node) 


Хх - xu —4 0 otherwise (7-7) 
j k —] ifi = N (sink node) 
with xj; z 0, and x, = 0 or 1 for all i and j (7-8) 


The interpretation of the shortest-route problem 
is that we want to go from the source node to the 
sink node in a minimum distance. The constraint 
set imposed by Equation 7-7 indicates that we 
can take only one route out of the source node, 
and only one route into the sink node, and for 
every other node that is part of the shortest route 
we can take only one route into, and one route 
out of the node. Note that this last restriction 
does not mean that all nodes will necessarily be 
utilized in determining the shortest route (i.e., if 
a node is not part of the shortest route, all 
branches into the node and all branches out of 
the node would be equal to zero). 

Although the shortest-route problem can be 
formulated and solved using linear programming, 
a more efficient solution procedure can be de- 
vised. This solution procedure will now be pre- 
sented; it will then be illustrated by means of an 
example. 


7.4.2 SOLUTION PROCEDURE FOR THE 
SHORTEST-ROUTE PROBLEM 


This solution procedure for the shortest-route 
problem was originally developed by Dijkstra. It 
assumes that the direct distance, d,, between any 
two nodes in the network of n nodes is given and 
that all such distances are nonnegative. Dijkstra's 
algorithm proceeds by assigning to all nodes a 


*E. W. Dijkstra, "A Note on Two Problems in Connection 
with Graphs," Numerische Mathematik, | (1959): 269-271 
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label that is either temporary or permanent. The 
temporary label represents the upper bound on 
the shortest distance from the source node to the 
node being evaluated. The permanent label is the 
actual shortest distance from the source node to 
the node being evaluated. 

To begin, the source node is assigned a per- 
manent label of zero. All the other nodes are 
assigned temporary labels equal to the direct 
distance from the source node to the node being 
examined. If any node cannot be reached directly 
from the source node, it is assigned a temporary 
label of +, The algorithm then proceeds to 
examine the temporarily labeled nodes and makes 
them, one at a time, permanent labels. As soon 
as the sink node receives a permanent label, the 
shortest route from the source node to the sink 
node has been determined. 

The iterative steps of Dijkstra’s algorithm can 
be summarized as follows. 


Step 0 Initialization Step A permanent label of 
zero is assigned to the source node. All other 
nodes are assigned temporary labels that are set 
equal to the direct distances from the source node 
to the nodes being examined. If any node cannot 
be reached directly from the source node, it is 
assigned a temporary label of +2. 


Step 1 All the nodes having temporary labels are 
examined, and the node having the minimum of 
the temporary labels is selected and declared 
permanent. If there are ties between temporary 
labels, break the tie arbitrarily. 


Step 2 Suppose that node T has been assigned 
a permanent label most recently. The remaining 
nodes with temporary labels are examined, by 
comparing, one at a time, the temporary label of 
each node to the sum of the permanent label of 
node T and the direct distance from node T to the 
node being examined. The minimum of these 
two distances is assigned as the new temporary 
label for that node. Note that if the old temporary 
label for the node being examined is still minimal, 
then it will remain unchanged during this step. 


Nodes: 0 А В C 
L(0) - 0, 897, 759, 800, 
2 ys 0 [0] [0] 


Preceding node 


Step 3 Now select the minimum of the tempo- 
rary labels and declare it permanent. If there are 
ties, select one, but only one, and declare it 
permanent. If the node just declared permanent 
is the sink node, the algorithm terminates and 
the shortest route has been determined. Other- 
wise, return to step 2. 


After the algorithm terminates, the shortest path 
is identified by retracing the path backward from 
the sink node to the source node, selecting the 
nodes that were permanently labeled at each step. 
Alternatively, the shortest path may be identified 
by determining which of the nodes have perma- 
nent labels that differ exactly by the length of the 
connecting arc. 

Before illustrating Dijkstra’s algorithm, we 
should emphasize that it can be applied to either 
a directed or nondirected graph or a network. In 
actuality the shortest-route problem involves find- 
ing which path connecting two specified nodes 
minimizes the sum of the branch distances along 
the path. Thus, it is not really necessary to travel 
in any specific direction along this path. It should 
also be mentioned that frequently 4; does not 
equal d;, and some nodes may not be connected 
directly, a situation which can be indicated by 
letting the corresponding d; = +, 

Тһе use of Dijkstra's algorithm will now be 
illustrated by means of an example. 


7.4.3 А SHORTEST-ROUTE APPLICATION 


Consider the nine-city highway network shown 
in Fig. 7.15, and suppose that we are interested 
in driving from San Francisco to Cincinnati. As 
can be seen in Fig. 7.15, we could travel along 
any of several different routes in going from San 
Francisco to Cincinnati. The distances between 
the various cities (nodes) of this network are 
shown along its various branches. We are inter- 
ested in determining the shortest (distance) route 
from San Francisco to Cincinnati. 

Initially, node O is permanently labeled as zero, 
and all other nodes are assigned temporary labels 
equal to their direct distance from node O. Thus, 
the node labels at step 0, denoted by L(0), are: 


+, 
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бап 
Francisco 


Phoenix 


Note that an asterisk (*) has been placed over 
node О, indicating that node O has been perma- 
nently labeled. Additionally, we have included a 
row marked “Preceding node,” which indicates 
the preceding node on the route from the source 
node to the other nodes. 

At step 1 the smallest of the temporary labels 
is made permanent. Thus, node B is assigned a 
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St. Louis Cincinnati 


Dallas 
FIGURE 7.15 A NINE-CITY HIGHWAY NETWORK 


permanent label equal to 759, and it is the shortest 
distance from node O to node B. This must be 
true because all branch distances are nonnegative 
(i.e., all d; = 0), and if we move from node O to 
node B through any intermediate node, we cannot 
go less than the direct distance from node O to 
node B (i.e., the shortest distance from node O 
to node B is 759). Thus, the node labels at step 
1, denoted by L(1), are: 


ж ж 
Nodes: 0 А В 5 
L(l) = (0, 827, 759, 800, +o, +, %о, +0, ғ», 
Preceding node -- 0 0 — al 2 ut KS) 


Now, for each of the remaining nodes (A, C, 
D, E, F, G, 8), we compute a number that is the 
sum of the permanent label of node B and the 
direct distance to the node being evaluated. We 
then compare this number to the temporary label 
of the node, and the smaller of the two numbers 
becomes the new temporary label for that node. 
To illustrate: 


New temporary label for node D 

= minimum of (759 + 512 = 1971, +®) = 1271 
New temporary label for node G 

= minimum of (759 + 1241 = 2000, +%) = 2000 


(7-9) 


Then, the smallest of the temporary labels is 
made permanent. Thus, at step 2, node C is 
assigned a permanent label. 


ж ж 
Nodes: 0 A B с р Е Е с 5 
L(2) = (0, 827 759, 800 1271, +o, +2, 2000, +] 
Preceding node атш» [4] [4] 0 В — T В сее 


Тһе Shortest-Route Problem 


Now, for each of the remaining nodes (A, D, 
E, F, С, S), we compute a number that is the sum 
of the permanent label of node C and the direct 
distance to the node being evaluated. We then 
compare this number to the temporary label of 
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the node, and the smaller of the two numbers 
becomes the new temporary label for that node. 
Then, the smallest of the temporary labels is 
made permanent. Thus, at step 3, node A is 
assigned a permanent label. 


* ж ж ж 
Nodes: 0 A B C D E F G 5 
143) = (0, 827, 759, 800, 1971, +0, 2278, 1805, +0] 
Preceding node — 0 0 0 B C C — 


Now, for each of the remaining nodes (D, E, 
F, G, S), we compute a number that is the sum of 
the permanent label of node A and the direct 


* * * * 
Nodes: 0 A B с 
14) = |02 825. 159; ¢ 800, 
Preceding node — 0 0 0 


Using the permanent label of node D, the 
comparison process is repeated. Then, node G is 
assigned a permanent label. 


ж ж ж ж 
Nodes: 0 A B б 
145) = [0; 767827, 9259," * 800; 
Preceding node — [0] 0 [0] 


Using the permanent label of node G, the 
comparison process is repeated. Then, node F is 
assigned a permanent label. 


* ж ж ж 
Nodes: 0 A B C 
L(6) — (0, 8277 (с 759, 800, 
Preceding node — [0] 0 0 


Using the permanent label of node F, the 
comparison process is repeated. Then, node E is 
assigned a permanent label. 


* * * * 
Nodes: 0 А В с 
L(7) = [0) 7 89727759) - 800, 
Preceding node — [^ 0 0 


Using the permanent label of node E, the 
comparison process is repeated. Then, node $ is 
assigned a permanent label. 


distance to the node being evaluated. Thus, at 
step 4, the permanent label of node A is used to 
update the temporary label of node E. Then, 
node D is assigned a permanent label. 


D E F G S 
1271, 2890, 2278, 1805, T] 
B A C C — 
* * 
D E F G S 
1271, 2890, 2125 1805, T] 
B A D е -- 
ж ж ж 
D E F G S 
1271, 2890, 2127, 1805, 2748] 
B A D C G 
* * * * 
D E F G S 
1271, 2415, 2127, 1805, 2465] 
B F D C F 
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ж ж ж ж ж ж * * * 
Nodes: о А В с р Е Е G 5 
L(8) = (0; 8% 759, 800, 1971 2415, 2127, 1805, 2465] 
Preceding node - 0 о 0 В Е р C F 


We have now labeled the destination (sink) node 
so that algorithm terminates, and the shortest 
distance from node O to node S is 2465 miles. 
Actually, we have determined the shortest dis- 
tance from node О to every other node in the 
network since every node was labeled in step 8. 

To determine the sequence of nodes in the 
shortest route from node О to node 5, we work 
backward from node S. The "Preceding node" 
row can be used in this process. Thus, node F is 
the immediate predecessor of node S. Similarly, 
node D precedes node F, node B precedes node 
D, and the immediate predecessor of node B is 
node О. Therefore, the shortest route from node 
О to node S is OB—D-—F-S, with a total 
distance of 2465 miles. 

The Chang and Sullivan microcomputer soft- 
ware package also contains a module that can be 
used to solve shortest-route problems. We will 
now illustrate its use in solving the highway 
network problem. 

The input data for the highway network prob- 


Input Data—Highway Network, 


lem are shown in Fig. 7.16. Observe that each 
branch of the shortest-route network is given a 
name and is specified by its start node, end node, 
and associated distance. The data shown in Fig. 
7.16 correspond to Fig. 7.15. 

Тһе output data for this problem are presented 
in Fig. 7.17. Observe that the solution procedure 
employs Dijkstra's algorithm in a manner very 
similar to that which we used manually to solve 
this problem. The summary provided in this 
output data also indicates the shortest-route dis- 
tance to every node in the network. 


7.4.4 APPLYING THE 
SHORTEST-ROUTE ALGORITHM TO 
EQUIPMENT REPLACEMENT 


'The Backgammon Taxicab Company operates a 
fleet of taxis in Tempe, Arizona. A small, but 
aggressive company, it is interested in planning 
replacements for its taxicab fleet over the next 


Shortest Route 


Input Data of the Problem HIGHWAY NETWORK Page 1 


Branch Branch Start End Distance 
Number Name Node Node 
1 <В1 > «1i. 55 «d.c» < -88?.00» 
«Be = Si» <j > = БҮЗУ» 
a «B3 > “> <4 > < +800.00> 
4 <B4 > <> са М < +871.00> 
5 <В5 > <2), > <S > <--1347.00> 
Ь <Вь > ph > <b > <+2063.00> 
? <B? > <a = ec > < +S1¢.00> 
à <Вв8 > = | Oe =o > <+1241.00> 
q «Bad > <4 > Ср 5 <+1478.00> 
10 <В10 > a <А > <+1005.00> 
11 <В11 > «Hir SQ > « +656.00> 
12 «Bie > <b > «qo «raw. Dg» 
13 <В13 н heehee OR <b > < +268.00> 
14 <В14 > ғы ES НЫ > < %338.00> 
15 <В15 > <6 > <4 > < 4343.00» 


FIGURE 7.16 


The Shortest-Route Problem 


Output Data—Highvay Network, Shortest Route 


Detailed 


Step 1 Permanently label node 1 
Update the following nodes and 
Node 2: ( 825; 1) 
Node 3: ( 759; 1) 
Node 4: ( 800; 1) 


: Permanently label node 3 
Update the folloving nodes 
Node 5: ( 1271; 3 ) 
Node 8: ( 2000; 3) 


Permanently label node 4 

Update the following nodes 
Node 7: ( 2078; 4 ) 
Node 8: ( 1805; 4 ) 


: Permanently label node 2 
Update the following nodes 
Node b: ( 2830; 2) 


Permanently label node 5 
Update the following nodes 
Node 7: ( 2127; 5) 


Permanently label node 8 
Update the following nodes 
Node 3: ( 2748; 8 ) 


: Permanently label node 7 
Update the following nodes 
Node 6: ( 2415; ? ) 
Node 3: ( 2465; ? ) 


Permanently label node Ь 

Update the following nodes 
None 

Permanently label node 9 

Update the following nodes 
None 


The Final Shortest 


Step 2 
and 


Step 3: 
and 


Step 4 
and 


Step 5 : 
and 


Step & 
and 


Step ? 
and 


Step 8 
Р апа 


Step 9: 
Р апа 


Node Distance 


62? 
254 
800 
1271 
2415 
210? 
805 
2465 


1- 2 (Bl) 
1- 3 (Be) 
1- 4 (B3) 
3- 


1- 
1- 
1- 


0© A (^ ul ۸ Uu ru 


FIGURE 7.17 


five years. It can replace its entire fleet at any 
point in time during the next five years. However, 
because its cabs receive heavy use, there is an 
increase in operating and maintenance costs over 
time. The following chart summarizes the com- 
pany's estimates of the total net discounted cost 


Routes for HIGHWAY NETWORK 


3- 5 (B2-B?) 
1- J- S- ?- 6 (B8-B?-B11-B13) 
J- 5- ? (Вг-В?-В11) 

4- 8 (B3-B10) 

3- 5- ?- 4 (В2-В?-В11-В14) 


Steps for the Shortest-Route Algoriths: 


labels (1.е., distance and fros node): 


labels distance and from node): 


labels distance and fros node): 


labels distance and from node): 


labels distance and from node): 


labels distance and from node): 


labels distance and from node): 


labels (i.e., distance and from node): 


labels (i.e., distance and from node): 


Page: 1 


Shortest Route from Node 1 


of purchasing its cab fleet (purchase price minus 
trade-in allowance, plus operating and mainte- 
nance costs) at the end of year i and selling it at 
the end of year j. Year 0 represents the current 
point іп time, and all entries are given in thou- 
sands of dollars. 
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Your Year Sold (j) 
Purchased, i 1 4 5 
0 0 13 15 26 S% 

1 12 14 20 26 ($000) 
2 10 16 24 
3 10 21 
4 10 


The company wishes to determine the best time, 
or times, to replace its cab fleet over the next five 
years. It wants to make this decision in a manner 
that minimizes the total net discounted cost of 
the cab fleet over the five years. 

This equipment replacement situation can be 
couched in the form of the shortest-route problem 
by letting each of the years be the nodes of the 
network, and by letting the branches between the 
nodes represent the discounted cost of purchasing 
the cab fleet at the end of year i and selling the 
cab fleet at the end of year j. The shortest-route 
network for the problem can be constructed as 
shown in Fig. 7.18. 

Using Dijkstra’s algorithm, the solution to this 
shortest-route problem is obtained as follows. 


Nodes: 0r. ok) eee hoe OS 5 

L(0) = ГО ,10:/,192-45:! 96° ,361 

Preceding node — 0 0 0 0 0 
ж “ж 

Nodes: UTE RUNE 5 

141) = |0: 101. 137 AS 1267 136] 

Preceding node — 0 0 0 о 0 
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* ж > 
Nodes: 0 1 25232 4 5 
L(2) = [D 10 13 15 26 36) 
Preceding node - 0 0 0 0 0 
ж Ы ж ж 
Nodes: 0 1 2 3 4 5 
L(3) = |07 1041S ss -25 36) 
Preceding node — 0 0 0 3 0 
ж ж ж ж ж 
Nodes: 0. 1 2x8 4 5 
L(4) = [010 13 15 "25 $6) 
Preceding node = 0 0 0 3 0 
* * * * * * 
Nodes: dua "4 5 
L(5) - (0: 10:5/135,15 25 35] 
Preceding node — 0 0 0 3 4 


Using the “Preceding node” row, the shortest 
route can be traced backward from node 5. Thus, 
node 4 precedes node 5, node 3 precedes node 
4, and node 0 precedes node 3. 

The shortest-route solution to this equipment 
replacement problem, therefore, indicates that 
the Backgammon Taxicab Company should buy 
a new fleet of cabs now, at the end of year 3, and 
at the end of year 4. This will result in a total 
minimum net discounted cost of $35,000 for the 
five-year planning horizon. 


7.5 THE MINIMUM SPANNING 
TREE PROBLEM 


A very interesting variation of the shortest-route 
problem is known as the minimum spanning tree 
problem. Once again, we are given a network 


FIGURE 7.18 SHORTEST-ROUTE NETWORK—EQUIPMENT REPLACEMENT 


PROBLEM 


^ А» 


Тһе Minimum Spanning Tree Problem 


consisting of a set of nodes and branches, with 
eee a e a 
However, the minimum tree problem 
involves choosing the branches for the network 
that have the shortest total length while providing 
а route between each pair of nodes. In solving 
this problem, we choose the branches in a manner 
that the resulting network forms a tree, a con- 
nected network containing no cycles, that "spans" 
(i.e., is connected to) all the nodes of the given 


 metwork. This spanning tree cannot have any 


"cycles" or sequences of branches connecting two 
nodes. In summary, the problem is simply to find 
the tree that reaches all the nodes of the network 
with a minimum total branch length. 

The minimum spanning tree problem is im- 
portant in a number of practical situations. Its 
most important application is in the planning of 
transportation networks, such as bus or subway 
systems. In such applications, the nodes of the 
network are the various terminals or stops and 
the branches are the distances between the nodes 
via highways, subway tracks, and so on. The 
problem then, is to specify the transportation 
lanes that would serve all the terminals in а 
minimum total distance. Other applications of the 
minimum spanning tree problem arise in the 
planning of distribution networks and commu- 
nication systems. 


7.5.1 SOLUTION PROCEDURE FOR THE 
MINIMUM SPANNING TREE PROBLEM 


The minimum spanning tree problem сап be 
solved in a simple, orderly manner. The steps 
involved in the solution procedure are as follows. 


1, Select any node of the network arbitrarily and 
connect it to its nearest node; that is, choose 
the shortest possible branch to another node, 
without worrying about the effect this would 
have on а later decision. 

2. Identify the unconnected node that is closest 
to a connected node, and then connect these 
two nodes. 


3. Repeat step 2 until all nodes have been con- 
nected. 


The resulting network will be a minimal spanning 
uec. 

Ties for the nearest node (step 1) or for the 
closest unconnected node (step 2) can be broken 
arbitrarily, and the solution process will still yield 
an optimal solution. Such ties indicate that there 
may be multiple optimal solutions to the problem. 
Such multiple optimal solutions can be identified 
by tracing out the spanning trees for all possible 
ways of breaking ties. 

We will now illustrate the solution procedure 


FIGURE 7.19 MINIMUM SPANNING TREE—COMMUNICATIONS NET- 


WORK 
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for the minimum spanning tree problem, using 
a graphical approach. Our illustration will utilize 
the highway network discussed previously, which 
is reproduced in Fig. 7.19. Assume that, for the 
network shown in Fig. 7.19, we are interested in 
specifying a set of communication lines paralleling 
the branches of this highway network that will 
connect, or span, all the nodes. Further assume 
that any unspecified distances in Fig. 7.19 are 


The unconnected node closest to node O or node 
B is node D (closest to node B). Connect node D 
to node B. 


2063 
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greater than the branch distances already shown. 
For example, no distance is specified for branch 
OE, but it is assumed that the length of branch 
OE is greater than the lengths of branches OA, 
OB, and OC, respectively. Using the data sum- 
marized in Fig. 7.19, the step-by-step solution of 
the problem is summarized below. 

Arbitrarily select node O (source node) to start. 
The unconnected node closest to node O is node 
В. Connect node В to node О. 
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The unconnected node closest to node O, B, or 
D is node C (closest to node O). Connect node C 
to node O. 


The unconnected node closest to node О, В, С, 
or D is node A (closest to node О). Connect node 


A to node О. 


The unconnected node closest to node 0, А, В, 
С, or D is node F (closest to node D). Connect 


node F to node D. 
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The unconnected node closest to node O, A, B, 
C, D, or F is node E (closest to node F ). Connect 
= node E to node F. 


The unconnected node closest to node O, A, B, 
C, D, E, or F is node S (closest to node E). Connect 
node 5 to node Е. 
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The unconnected node closest to node О, А, В, 
C, D, E, Е or S is node С (closest to node 5). 


Connect node С to node S. 


All nodes are now connected, so we have deter- 
mined the desired solution to the problem. This 
minimum spanning tree, shown in Fig. 7.20, has 
a total branch length of 5278 miles. i 

It may appear that the choice of the starting 
node will affect the final solution and its total 
branch length. This does not occur, and it is 


suggested that the reader verify this fact by re- 
working the example, using a different starting 
node. 

The Chang and Sullivan microcomputer soft- 
ware package also contains a module for solving 
minimum spanning tree network problems. We 
will now illustrate its use in solving the commu- 
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FIGURE 7.20 MINIMUM SPANNING TREE—COMMUNICATIONS NET- 
WORK А 


nications network problem we previously solved 
manually. 

The input data for the communications net- 
work problem are shown in Fig. 7.21. Observe 
that each branch of the network is named, defined 
by a starting and ending node, and given a branch 
distance. This information corresponds to that 
shown previously in Fig. 7.19. 


Input Data—Communications 


The output data for the communications net- 
work problem are shown in Fig. 7.22. Observe 
that the steps shown in this solution correspond 
to the way we solved the problem manually. The 
summary presented in Fig. 7.22 shows each 
branch in the spanning tree, along with its asso- 
ciated distance. 


Network, Minimum Spanning Tree 


Input Data of the Problem HIGHWAY NETWORK Page 1 


Branch Branch Start End Distance 
Number Name Node Node 
1 <В1 > Сән ran <2. > < +ёе?.00> 
«Be > < > <3 > < +759.00> 
E] <В3 d <i, > <4 > < +800.00> 
4 <В4 > <2 > <3 > < +871.00> 
5 <BS > ecd са <8 > <%1347.00> 
b «Bb > «d > «b > <+2063.00> 
? <B? > ETAD <3 > < +52ә.00> 
6 <B6 > <3 > <6 > <%1241.00> 
4 «Ba > <4 > жй. 5S <%1478.00> 
10 <В10 > <> <8 > <+1005.00> 
11 <В11 > <3 = әс > < +85ь.00> 
12 <В12 > <b." > <4) > < +293.00> 
13 <В13 > T de Te « > < +266.00> 
14 <В14 > т Жы <q > < +336.00> 
15 <В15 > r. ай < > < +943.00> 


FIGURE 7.21 


Conclusion 
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is: Node 3 
distance 754 


is: Node S 
distance 512 


is: Node 4 
distance 400 


is: Node 2 
distance ёо? 


is: Node ? 
distance 456 


is: Node & 
distance 288 


is: Node 4 
distance 293 


is: Node 8 
distance 843 


is: None 


Detailed Steps for the Minimal Spanning Tree Algorithm: 
Step 1 : Connect node 1 
The unconnected node closest to the connected nodes 
The shortest distance is from node 1 to node 3 with 
Step 2 Connect node 3 
The unconnected node closest to the connected nodes 
The shortest distance is from node 3 to node 5 with 
Step 3 : Connect node 5 
The unconnected node closest to the connected nodes 
The shortest distance is from node 1 to node 4 with 
Step 4 : Connect node 4 
The unconnected node closest to the connected nodes 
The shortest distance is from node 1 to node 2 with 
Step 5 : Connect node г 
The unconnected node closest to the connected nodes 
The shortest distance is from node 5 to node ? with 
Step b : Connect node ? 
The unconnected node closest to the connected nodes 
The shortest distance is from node ? to node Ь with 
Step ? Connect node Ь 
The unconnected node closest to the connected nodes 
The shortest distance is from node b to node 4 with 
Step 8 : Connect node 4 
The unconnected node closest to the connected nodes 
The shortest distance is from node 3 to node 8 with 
Step 4 : Connect node 8 
The unconnected node closest to the connected nodes 
The Final Minimal Spanning Tree for HIGHWAY NETWORK Page: 
Branch on the Tree Distance 
1 - 2 (B1) аг? 
1 - 3 (Be) 759 
1 - 4 (B3) 600 
3 - 5 (B?) 512 
5 - 7 (В11) 85b 
6 - 9 (B12) e43 
7 - b (B13) 266 
q - 8 (B15) 843 
Total distance = 5278 
FIGURE 7.22 


7.6 CONCLUSION 


In this chapter we have considered a group of 
problems that can be analyzed by constructing a 
network. Network problems arise ina wide variety 
of business decision-making situations, including 


the planning of transportation and distribution 
systems, the structuring of flow systems such as 
pipelines, and the specification of terminals in a 
mass transit system. For three of these network 
problems, namely, the maximum-flow problem, 
the shortest-route problem, and the minimum 
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spanning tree problem, we developed and applied 
algorithms that were based on the unique struc- 
tures of these particular problems. 


Case Study: Network Modeling at Air Products and 


Chemicals, Inc. 


The major products of the industrial gas industry are oxygen, nitrogen, 
hydrogen, argon, and carbon monoxide. In the industry’s early years, the 
gases were sold in highly compressed form in heavy metal cylinders. Air 
Products and Chemicals, Inc., a leading supplier of industrial gases, was 
founded by the late Leonard P. Pool, in 1940, using the basic idea of “on- 
site” production of industrial gases, primarily oxygen. Air Products and 
Chemicals, Inc., built oxygen-generating facilities adjacent to large-volume 
users, so that oxygen could be piped directly from the generating facility 
to the point of use. This procedure reduced distribution costs and was a 
technical and economic success. It enabled Air Products and Chemicals, 
Inc., to grow very rapidly, and it was the foundation for subsequent high- 
technology innovations in distribution. 

Today, Air Products and Chemicals, Inc., is one of the world’s largest 
industrial gas producers. Sales have grown from $8,300 in 1940 to over 
$1.5 billion in 1982, including international revenues, Throughout its his- 
tory a spirit of innovative progress has flourished in its distribution function. 
By the middle 1970s, the plants, trucks, and other equipment used by Air 
Products and Chemicals, Inc., for the manufacture and distribution of liquid 
gases were highly engineered and automated. This was in sharp contrast 
to the completely manual system for scheduling the delivery of these liquid 
gases. The company determined that its competitive edge in the industrial 
gas industry would depend on automation of delivery scheduling. 

After completion of extensive data base work, a project team at Air 
Products developed a large, computerized, vehicle scheduling system. This 
vehicle scheduling system is depicted in Fig. 7.23. The program modules 
and data of the system reside оп an AMDAHL 470/У8 at Air Products 
corporate headquarters in Allentown, Pennsylvania. The scheduling mod- 
ule of this system is used daily at each depot to produce a detailed schedule 
for a two- to five-day horizon, with the first day's schedule being most critical. 
Delivery data and customer requirements are updated interactively as they 
are received. 

Six data files are used by the system. They are as follows: 


1. Customer File—contains a description of each customer served by Air 
Products, including the capacities of all tanks, safety stock levels, and 
historical product usage. 


2. Resource File—contains a description of each truck in the system, giving 


its capacity by state and a list of customers that can feasibly be served 
by the truck. 


3. Cost File—contains all relevant costs, including a per mile rate for vehicle 
fuel and maintenance and extensive data describing driver pay regu- 
lations. 
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FIGURE 7.23 AIR PRODUCTS—VEHICLE SCHEDULING SYSTEM 


4. Mileage File—contains a network representation of the road system of 
the United States. 

5. Time and Distance File—contains material obtained by applying the short- 
est-route algorithm to the mileage file. It contains the distance, travel 
time, and toll costs between any pair of customers. 

Scheduling File—contains a list of trips to be performed over the next 
two to five days. The data given for each trip include the start time, the 
scheduled vehicle, the amount of product to be delivered to each cus- 
tomer, the time at which delivery to each customer will be completed, 
the length of the trip, and the cost of the trip. 


өз 


The scheduling file is produced by using the previous five files as input 
to the scheduling module, which is called ROVER, for Real Time Optimizer 
for Vehicle Routing. ROVER obtains a schedule by solving a very large (up 
to 800,000 variables and 200,000 constraints) mixed integer program to 
proven near optimality using a Lagrangian relaxation algorithm. (We will 
discuss mixed integer programming in Chapter 9 and Lagrangian relaxa- 
tion in Chapter 10.) 

The most tangible benefit to Air Products from this network modeling 
effort has been a reduction in delivery expenses resulting from the increased 
productivity of the drivers and vehicles. The average savings for a system 
of 16 depots was estimated at $1.54 million to $1.72 million annually. This 
annual dollar savings will continue to increase as Air Products’ business 
continues to grow or as inflation in the cost of transportation persists. 
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Another benefit derived from increased tanker productivity is a reduction 
in future requirements to meet growing business needs. In the future, 
estimated savings from avoiding capital expenditures should reach 
$445,000 annually and should total a $3.1 million reduction in capital 
spending. 


Source: Walter J. Bell et al., “Improving the Distribution of Industrial Gases with an On-Line Computerized Routing and 
Scheduling Optimizer," Interfaces, 13, по. 6 (December 1983): 4-23. 


Glossary of Terms 


Activity. In graph theory terminology an activity is simply a branch or 
connector between the nodes of the network. 

Branch. A line connecting junction points in a graph. 

Chain. A sequence of connecting branches between nodes i and j. 

Connected Graph. A graph in which there is a path connecting every 
pair of nodes in the graph. 

Cut. A collection of oriented branches in a network such that every ori- 
ented path from source to sink contains at least one branch in the cut. 

Cut Value. The sum of the flow capacities of the branches, in the direction 
of the orientation designated by the cut. 

Cycle. A chain that begins and ends at the same node. 

Directed or Oriented Branch. A branch characterized by a sense of 
direction indicating which node is to be considered the point of origin. 

Event. In graph theory terminology an event is simply a junction point 
or node of the network. 

Flow Capacity. The upper limit to the feasible magnitude of the rate (or 
total quantity) of flow in the branch in that direction. 

Graph. A set of nodes or events that are connected with certain pairs of 
lines called branches or activities. 

Max Flow—Min Cut Theorem. A method for determining when opti- 
mality has been reached in a network problem. 

Maximum (Maximal)-Flow Problem. Concerns the maximum amount 
of flow that can enter into and exit from some connected network during 
a given period of time. 

Minimum Spanning Tree Problem. Involves choosing the branches 
for the network that have the shortest total length while providing à 
route between each pair of nodes. 

Network. A graph with flow of some type between its nodes through its 
branches. 

Node. A junction point in a graph. 

Path. A chain between two nodes that has a direction of travel, or flow, 
attributed to it. 

Shortest-Route Problem. Involves the determination of the minimum 
total distance from the origin to the destination in a network. 

Trees. An undirected, connected graph that contains no cycles. 
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Discussion Questions 


1. Why does the solution procedure for the maximum flow problem work with 
“net” flows to obtain an optimal solution? 

2. How is the max cut-min flow theorem used? 

3. What do we mean by "convergence" of the shortest-route algorithm? 

4. What is the difference between the solution procedure of the shortest-route 
problem and the minimum spanning tree problem? 

5. Is the solution procedure of the minimum spanning tree problem dependent 
on the choice of the starting node? Is this same question also relevant for the 
shortest-route problem? Why or why not? 


Problem Set 


1. For the following pipeline network, find the maximum oil flow from 
the source to the sink, given that the flow capacity from node i to node 
jis the number along branch (i, )) nearest node i. 


322 Network Models 


2. For the following highway network, find the maximum vehicle flow 
from the source to the sink, given that the flow capacity from node i 
to node j is the number along branch (i, j) nearest node i. 


3. For the following pipeline network, find the maximum natural gas 
flow from the source to the sink, given that the flow capacity from 
node i to node j is the number along branch (i, j) nearest node i. 


4. For the following electrical transmission network, find the maximum 
energy flow from the source to the sink, given that the flow capacity 
from node i to node j is the number along branch (i, j) nearest 
node i. 
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5. Eight Flags over Arizona is attempting to plan a system of tramways 
for its proposed amusement park to be built it. Apache Junction, Ar- 
izona. It has a single entrance and a single exit to and from the park. 
There are six major amusement areas within the park. Potential flow 
capacities for the tramways are determined and structured in terms of 


the following network. 


Note: Flow capacities are in thousands of persons per hour. 


Determine the size (capacities) of tramways to be built to maximize the 
flow of people from the entrance to the exit. Specify the maximum 
flow. 


6. The Arabco Oil conglomerate has a network of pipelines and inter- 
mediate storage facilities connecting its oil field in northern Iraq to its 
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oil refinery in Baghdad. Crude oil can be pumped from the oil field 
to any of three major intermediate storage facilities A, B, and C. The 
maximum capacity of each of the connecting pipelines from the field 
to A, B, and C is 20, 15, and 22 (thousand) barrels of oil per day, 
respectively. Oil can be pumped from these major intermediate facil- 
ities to other facilities and, finally, to the refinery. The pipeline 
branches comprising this network and their maximum flow capacities 
are given. Determine the maximum flow from the oil field to the 
refinery. 


Maximum Flow Capacity 
Branches (thousand barrels) 
AB 12 
AD 18 
BD 20 
BoE 20 
C—B 5 
CF 18 
DG 14 
DE 10 
EG 25 
EF 5 
F>H 20 
G—Refinery 30 
G>H 10 
H—>Refinery 25 


. Determine the maximum flow for the following network. 


. The Sydney Zoo has decided to sell Beargrass Zoo a number of koala 


bears. The koala bears cannot be shipped directly to Beargrass Zoo 
but instead will be shipped first to one or more of three intermediate 
destinations. Six koala bears can be shipped by commercial jet from 
Sydney to intermediate location 1, 2 koala bears can be shipped from 
Sydney to intermediate location 2, and 3 koala bears can be shipped 
from Sydney Zoo to location 3 by private aircraft. From intermediate 
location 1 to intermediate location 3, 2 koalas сап be transferred by 
train. From intermediate location 2 to intermediate location 1, 4 koalas 
can be transferred by truck. From locations 1, 2, and 3 to Beargrass 
Zoo, 5, 1, and 4 koalas, respectively, can be shipped by train. Determine 
the maximum number of koalas that can be transferred from Sydney 
Zoo to Beargrass Zoo in a 24-hour period. 
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9. Find the shortest route for the following highway network, where the 
distances shown are in hundreds of miles. 


(Origin) 


(Destination) 


10. A hiker wishes to hike through a national park in as few days as possible. 
Possible branches between various ranger stations in this park are 
shown in the following network (branch numbers represent number 
of days required to hike between nodes of that branch). What route 
should be taken to minimize travel time? 


(Destination) 


11. Find the shortest route for the following railroad network, where the 
branch distances are in hundreds of miles. 
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24 


Ж.) 


S 


12. Find the shortest route for the following electrical transmission net- 
work, where the branch distances are in hundreds of miles. 


(4) - | О, : (с) 
(о) Ө (ғ) (н) (т) 
O D 


13. The Flying Horse Commuter Airline Company operates a fleet of small 
airplanes to provide commuter flights between a number of small mid- 
western cities. The flight distances between these cities are shown. 


Q 


200 
т LU 


(Destination) 


(Destination) 


Find the shortest route from the origin to the destination. 


14. The city of Metro has a comprehensive monorail system that connects 
eight of its major shopping areas as well as its two main cultural centers. 
Each monocab is assigned а round-trip route between two of the сеп- 
ters; every 5 minutes a monocab departs from one center to another. 
A one-way monorail trip between two centers averages 20 minutes. 
Determine the minimum route from the east side of Metro (center 1) 
to the west side of Metro (center 10) given the following list of Metro's 
monoroutes and the associated distances. 
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15 


16. 


Center | to center 2 
Center | to center 4 
Center | to center 5 
Center 2 to center 4 
Center 2 to center 3 
Center 3 to center 4 
Center 3 to center 6 
Center 4 to center 5 
Center 4 to center 6 


Monoroute 
Connection 


Center 5 to center 6 
Center 5 to center 7 
Center 5 to center 8 
Center 6 to center 8 
Center 7 to center 8 
Center 7 to center 9 
Center 8 to center 9 
Center 8 to center 10 
Center 9 to center 10 
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Distance 
(miles) 


2.0 
1.2 
4.0 
3.5 
1.5 
2.0 
3.3 
2:5 
1.5 


Using the distances specified in Problem 7-26, determine the shortest 
route from the oil field to the refinery. 
Beargrass Zoo has a network of paths that gives animal lovers easy 
access to all of the exhibits and also serves to connect 11 information 
and refreshment centers. A member of the Beargrass staff is stationed 
at each center to answer any questions the public may have. The dis- 
tances (in miles) between the centers is indicated on the paths in the 
diagram. Determine the minimum-distance route from the entrance 


to the exit. 


2 


3 


0.6 


0.5 


4 


Beargrass 
Zoo 
0.5 
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А midwestern company that owns and manages a chain of automatic 
car washes is considering the replacement of the conveyor mechanisms 
in its car washes. It anticipates completely remodeling its car washes 
in three years, so the conveyor systems will not be needed after that 
time (i.e., the conveyor systems will be replaced by belt systems). How- 
ever, because the car washes receive heavy usage, it still may be eco- 
nomical to repair the conveyor systems after one or two years. The 
following table indicates the total net discounted cost associated with 
purchasing the conveyor systems (purchase price minus salvage value 
plus running and maintenance costs) at the end of year i and salvaging 
them at the end of year j (where year 0 is now). 


J 
i 1 2 3 
0 5 9 17 
1 6 12 (8000) 
2 7. 


What is the best repair plan? 


The Parks and Recreation Department of Florissant, Missouri, is con- 
sidering the problem of planning the resurfacing of the 25 tennis courts 
at its various city parks. It can resurface these courts at any point in 
time over the next four years. However, since the courts are under 
increasingly heavy use because of the rising popularity of tennis, there 
will be an increase in resurfacing costs over time. The following table 
summarizes the Parks and Recreation Department's estimate of the 
costs associated with resurfacing again in year j. All entries are given 
in thousands of dollars. 


p Uu er d LX 
Year of Next 


Year of Initial . .Resurfadng;] — 
Resurfacing, i 1 2 3 4 
0 20 26 33 57 
1 21 29 36 
2 22 29 ($000) 
3 22 


LL 
What is the best resurfacing plan? 


Find the minimum spanning tree for the network shown in Problem 
7-9, 


Find the minimum spanning tree for the network shown in Problem 
7-10. 


Find the minimum spanning tree for the network shown in Problem 
7-11. 


Find the minimum spanning tree for the network shown in Problem 
7-12. 


Find the minimum spanning tree for the network shown in Problem 
7-13. 


The Sunsmooch Citrus Company planted a large orange grove some 
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26. 
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five years ago in Mesa, Arizona. It plans on starting to harvest oranges 
from this grove next year and must make each of the 10 sections of 
the orange grove accessible to each of the other sections. Consequently, 
it needs to plan a system of roads that makes each section of the grove 
accessible from every other section. The distances (in miles) between 
every pair of sections of the grove are as follows. 


From To Section 

SecGon 02708458 6,7 8 9 10 
1 - BIRD 7 8 rcgno d 

2 mete КИ 8 5 6 810 12 

3 E Db: 55 9 Sea CQ O 

4 — 6 10 9619.-242 5 

5 — 8 im Т 92419 

6 — 11 Arm 

1 — 4 5 9 

8 (Symmetrical, i.e., Li аі; 
values same as above ЕСЫ. 

9 diagonal) E 

10 


Solve as a minimum spanning tree problem. 

Тһе city of Metro (Problem 7-14) wishes to establish a minimum-cost 
communications system for its 10 centers so that every center is con- 
nected. Determine the minimal spanning tree for the communications 
network. 

Suppose Arabco wishes to establish a communications network for its 
oil field, intermediary facilities, and refinery, so that communications 
lines connect all locations. The cost associated with establishing com- 
munications between any two of the facilities is a function of the dis- 
tance between any two facilities are given. Determine the optimal set 
of connections (minimum spanning tree). 


Connection Distance (miles) 
Oil field А 105 
Oil field B 115 
Oil field > C 125 

А-В 135 
AD 120 
BD 100 
BE 114 
CB 122 
DG 140 
DoE 143 
Е-Е 113 
FH 109 
G—Refinery 101 
G>H 119 


H—Refinery 121 
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27. Beargrass Zoo management wants to establish a communications sys- 
tem between each of the centers. The cost of establishing a commu- 
nication line between each center is based on the distances between 
the centers. Determine the optimal communication network so all cen- 
ters are connected at a minimum cost. (See diagram, Problem 
7-16.) 


Ue ЫРЫ Ат 
Animi АҚЫ збы 
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8.1 INTRODUCTION 


In recent years, few management tools have been 
the subject of so many discussions, have had as 
much publicity, or have been the target for so 
much scrutiny as have the Critical Path Method 
(CPM) and the Program Evaluation and Review 
Technique (PERT). The Critical Path Method 
originated in 1957, when consultants from the 
Remington Rand UNIVAC Division of the Sperry 
Rand Corporation were asked by the DuPont 
Corporation of Wilmington, Delaware, to help 
devise a scheduling technique to be used in the 
construction, maintenance, and shutdown of 
chemical process plants. The Program Evaluation 
Review Technique was developed in 1958 for the 
planning and control of the efforts involved in 
the development of the Fleet Ballistic Missile 
(Polaris) submarine. 

CPM is typically used for construction projects 
in which a single, or deterministic, time estimate 
is made for each job or activity. PERT is used for 
projects that involve research and development 
work in which the planning effort and the man- 
ufacturing of component parts is new and is 
usually being attempted for the first time. Hence, 
the time estimates cannot be predicted with cer- 
tainty, and probabilistic concepts are employed. 


8.2 FUNDAMENTALS OF CPM AND 
PERT NETWORKS 


A project can be viewed as a group of jobs or 
operations that are performed in a certain se- 
quence to reach an objective. Each one of the 
jobs or operations that make up a project is time 
and resource consuming and is usually referred 
to as an activity. Each activity has a beginning 


PERT/CPM 


and an end point that are points in time. The 
points in time are known as events and can be 
considered as milestones of the project. A path 
for the project is a sequence of activities that is 
resource and time consuming. 

A mathematical model satisfying the previous 
definitions can then be visualized as a network in 
which nodes, corresponding to events, are joined 
by branches, corresponding to activities. This net- 
work thus becomes a convenient method of ex- 
pressing the sequential nature of the project. 

The initial step in using PERT or CPM to 
schedule a project involves specifying all the 
activities involved in a project. The development 
of a complete and accurate set of project activities 
is the key step in the project scheduling process, 
since it is the foundation for the entire project 
scheduling process. 

To illustrate the specification of the activities 
that constitute a project, consider Table 8.1, which 
lists the activities required for planning the “Fall 
Charity Bazaar.” To construct Table 8.1 we would 
begin by making a careful analysis of what was 
involved in doing the entire project. From Table 
8.1 it can be seen that all the project activities are 
listed, along with descriptions of the activities. 
Additionally, there is a column labeled “Imme- 
diate Predecessors” that indicates those activities 
that must be completed immediately prior to the 
beginning of a given activity. For example, activity 
D, "Sell tickets and programs," cannot begin until 
activity A, "Determine date, time, and location of 
bazaar," has been completed. The information 
concerning the immediate predecessors is very 
important because it allows us to specify the 
interdependencies among the activities and events 
of the network. This, in turn, enables us to con- 
struct the network for the project. 


LE 8.1 ACTIVITY LIST—PLANNING THE FALL CHARITY BAZAAR 


TAB 
SSSR Ан BAZAAR 0 


Activity 


Print tickets and programs 


Description of Activity 
A Determine date, time, and location of bazaar 
B Compile a list of bazaar patrons 
С Advertise for volunteer workers and donated items 
D 
E 
F 


Immediate 
Predecessor(s) 


| 


А 
Collect funds from bazaar patrons B 
Secure volunteer workers and donated items С 


Fundamentals of CPM and PERT Networks 


There are several important ground rules con- 
nected with the handling of events and activities 
in a network that should be followed to maintain 
the correct structure for the network. The follow- 
ing rules are most important: 


1. Each defined activity is shown by a unique 
branch. 

2. Branches show only the relationship between 
different activities; the lengths and bearings 
of the branches have no significance. 

3. Branch direction indicates the general pro- 
gression in time. The branch head represents 
the point in time at which an “activity com- 
pletion event” takes place. In similar manner, 
the branch tail represents the point in time at 
which an “activity start event” occurs. 

4. When a number of activities terminate at one 
event, this indicates that no activity starting 
from that event may start before all activities 
terminating at this event have been completed. 

5. If one event takes precedence over another 
event that is not connected by a specific activ- 
ity, a dummy activity is used to join the two 
events. Dummy activities have no duration or 
cost. 

6. Events are identified by numbers. An effort 
should be made to have each event identified 
by a number higher than the immediately 
preceding event. 

7. Activities are identified by the numbers of 
their starting event and ending events. 


To illustrate these rules, consider the following 
examples. 
El 


EXAMPLE 1 


When an activity is dependent on the completion of 
many other activities, the network should be structured 
as follows. 


Аа,2) 


(Incorrect) 


In this situation, activity A is shown to start only after 
B, C, and D are completed. 


EXAMPLE 2 


If the completion of an activity is the milestone for the 
start of a number of activities, the network model will 
be shown as follows. 


In this situation, activities B, C, and D can start only 
after the completion of A. 


EXAMPLE 3 


If two activities in a project must be done concurrently, 
one way to present these activities would be to join two 
events by two or more branches corresponding to each 
activity. However, because all activities are identified 
by their beginning and ending event number, a dummy 
activity should be introduced and the ambiguity that 
would have arisen is eliminated, as follows. 


“ 
x Dummy 
‘N 


В(1,3) 


(Correct) 


FIGURE 8.1 NETWORK—FALL CHARITY BAZAAR 


Using the preceding rules and the activity list shown 
in Table 8.1, we can now construct a network describing 
the activities and events associated with planning the 
Fall Charity Bazaar. This network is presented in Fig. 
8.1. Observe that each activity (branch) is indicated by 
a capital letter, and each event (node) is represented 
by a circled number. Also, the network maintains the 
immediate predecessor relationships among the various 
activities that were shown in Table 8.1. 


——— 


8.3 ACTIVITY TIME 
ESTIMATING PROCEDURES 


As previously mentioned, CPM deals with deter- 
ministic situations. Thus, only one time estimate 
for the completion of an activity is required. PERT 
is commonly employed for projects having a 
significant amount of time uncertainty. Herein, 
three time estimates are employed, as follows. 


1. Optimistic. Ап estimate of the minimum time 
an activity will take, a result that will be 
obtained only if unusually good luck is expe- 
rienced and everything goes according to plan. 


Most likely. Ап estimate of the normal time 
an activity will take, a result that would occur 
most frequently if the same activity could be 
repeated a number of times. 


Pessimistic. Ап estimate of the maximum time 
an activity will take, a result that can occur 
only if unusually bad luck is experienced. This 
estimate should reflect the possibility of initial 
failure and fresh start. However, the possibility 
of catastrophic events should not be consid- 
егей unless they аге an inherent risk of the 
activity, 


N 


= 


In developing three time estimates for an ac- 
tivity, the statistical judgment of competent per- 
sonnel should be utilized. The three time es- 
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timates are considered to be related in the form 
of a unimodal probability distribution, with m, 
the most likely time, being the modal value. 
Because a, the optimistic time, and 5, the pessi- 
mistic time, may vary in their relationship to m, 
this probability distribution may be skewed to the 
right or to the left. These relationships are shown 
in Fig. 8.2. 

After considerable research into the relation- 
ships between these three times, the original 
research team decided that the beta distribution 
seemed to fit these general properties. Thus, the 
beta distribution was chosen for determining the 
mean or expected time, /,, and the standard 
deviation, o,,, associated with the three time 
estimates. 

'Two basic assumptions are made to convert m, 
a, and 6 into estimates of the expected value and 
variance of the elapsed time required by the 
activity. The first of these assumptions is that o,,, 
the standard deviation of the elapsed time re- 
quired by the activity, is equal to one-sixth of the 
range of reasonably possible time requirements. 


-| 2] 


Тһе underlying rationale for this assumption is 
that the tails of many probability distributions are 
known to lie at about three standard deviations 
from the mean, so that there would be a range 
of about six standard deviations between the tails. 

The second basic assumption is that the activity 
times are beta distributed, as shown in Fig. 8.2. 
Under this assumption, the expected activity time 


(8-1) 


Most Likely Time, 


te = Expected Time 


Probability 


Optimistic 
Time, a 


Pessimistic 
Time, 5 
Time 


FIGURE 8.2 PROBABILITY DISTRIBUTION OF PERT 
TIME ESTIMATES 
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can be approximated as: 
t, = Ma + 4m + b] (8-2) 


This equation is thus used to compute the esti- 
mated expected value of the elapsed time required 
for an activity. 


8.4 SLACK AND CRITICAL 
PATH CONCEPTS 


Once time estimates have been made, the actual 
method of calculating the longest, or critical path, 
is the same for either PERT or CPM. To illustrate, 
consider the following simple network, where the 
numbers along the branches indicate the expected 
values of the elapsed times for the various activ- 
ities. From this network, using our previous def- 
initions, it is evident that events C and D cannot 
occur any earlier than 5 and 13 months hence, 
respectively, but that activity BC can be delayed 
1 month without delaying events C and D. For 
any particular event, its earliest time Т; may be 
defined as the time at which the event will occur 
if the preceding activities are started as early as 
possible. Thus, the earliest times for events A, B, 
C, and D are 0, 0,5, and 13, respectively. Similarly, 
the latest time for an event, Ту, may be defined 
as the latest time at which the event can occur 
without delaying the completion of the project 
beyond its earliest time. Consequently, the latest 
times for events A, B, C, and D are 0, 1, 5, and 
13, respectively. Now, the slack concept defines 
the slack 5 for an event as the difference between 
its latest time and earliest time, S = Т, - Tz. 
Thus, the slacks for events A, B, C, and D are 0, 
1,0, 0, respectively. The slack value indicates how 
much delay in reaching an event can be tolerated 
without delaying project completion. 


When project activities are plotted according 
to the branch-diagramming technique described 
in the previous section, there can be numerous 
paths existing between the “start” and “end ofa 
project network. By adding the duration of all 
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the various activities forming a path, various 
“durations for project completion” are obtained. 
The longest of these durations is the critical time 
for project completion, and the path associated 
with it is the critical path. Thus, the critical path 
controls the project completion time. 

The critical path for the project can be defined 
as the path through the network defined such 
that the events on this path have zero slack. In 
the example above, the critical path is A>C—D. 
It is important to note that, in determining the 
critical path for the network, we are not optim- 
izing anything. Rather, we are simply identifying 
the set of branches (activities) of the network that 
are most critical in terms of the time required for 
the project's completion. 


8.5 FINDING THE CRITICAL PATH: 
AN EXAMPLE 


The concepts just discussed will now be used in 
the analysis of the PERT network associated with 
planning the Fall Charity Bazaar. Recall that this 
network was presented earlier in Fig. 8.1. Assume 
now that we have made activity time estimates as 
shown in Table 8.2. 

Given the project network (Fig. 8.1) and the 
activity time estimates (Table 8.2), we can calculate 
the expected completion time for the project and 
prepare a detailed schedule for the various activ- 
ities of the project. Initially, we must compute 
the expected times and variances for the various 
activities of the network. These computations are 
summarized in Table 8.3. 

Determination of the expected times and vari- 
ances in Table 8.3 was done using Equations 8-1 
and 8-2. For example, for activity A: 


+ 4m tb 
Expected time (t4) = چ‎ 
EEL OEI EN 
6 
59 
Жуту 9.83 
д C= 
Standard deviation (о) = 0 (8-4) 
127-117 
тте 0.83 
b-ay (12 – 7)’ 
Variance (0?) = ( 6 3 = اا‎ (8-5) 
= (0.83)? = 0.69 


РЕКТ/СРМ 


TABLE 8.2 ACTIVITY TIME ESTIMATES—FALL CHARITY BAZAAR 


Activity Optimistic, a 
7 
16 


DECEM > 
© 


Time Estimates 
Most Likely, m 


Pessimistic, 5 


10 12 
18 20 
8 9 
12 17 
24 26 
18 20 
3 7 


Using the expected activity time information 
shown in Table 8.3, the Fall Charity Bazaar 
network can now be redrawn as shown in Fig. 
8.3. Above each branch is the letter corresponding 
to that activity. Below each branch is the expected 
time of the activity. 

The critical path is the longest time path route 
through the network. To determine the critical 
path for the network, we determine the following 
four quantities for each activity in the network: 


1. Earliest start time (ES): The earliest time an 
activity can begin without violating the im- 
mediate predecessor relationships. 

Earliest finish time (EF): The earliest time 
an activity can end. 

3. Latest start time (LS): The latest time an 
activity can begin without delaying the entire 
project. 

Latest finish time (LF): The latest time an 
activity can finish without delaying the entire 
project. 


2 


> 


The computational process for the earliest start 
time and the earliest finish time starts at the origin 
node for the network (i.e., node 1). The earliest 
start time for the origin node is set equal to zero. 
Since activity A has an expected activity time of 
9.83 days, its earliest finish time is 9.83 days. In 
general the earliest finish time can be computed 
as: 


Earliest finish time 
= earliest start time + expected activity time 


ЕЕ = ES +t, (8-6) 


Within the network, the earliest start time and 
the earliest finish time for each activity is done in 
the manner shown here for activity A. 


Earliest start time Earliest finish time 
0 A 9.83 
t4 = 9.83 


To compute these times for all the activities in 
the network, we make a forward pass through 
the network, moving from the origin node to the 


TABLE 8.3 EXPECTED TIME AND VARIANCE COMPUTATIONS—FALL CHARITY BAZAAR 


Activities Activity Time Estimates Expected 
Predecessor Successor Activity 
Events Event Optimistic, a Most Likely, m Pessimistic, bl Time Variance 
1 А 2 7 10 12 9.83 0.69 
1 В 16 18 20 18.00 0.45 
1 с 4 7 8 9 8.00 0.11 
2 р 5 9 12 17 12.33 1.77 
3 E 5 20 24 26 23.67 1.00 
4 F 6 14 18 20 17.67 1.00 
5 G 6 2 3 7 


3.50 0.69 
_ TO c 


Finding the Critical Path: An Example 


FIGURE 8.3 FALL CHARITY BAZAAR NETWORK—WITH 
EXPECTED ACTIVITY TIMES 


destination node. Because the activities that leave 
a node cannot be started until all the predecessor 
activities have been completed, the following rule 
is used to determine the earliest start time for the 
activities. 


Earliest Start Time Rule The earliest start 
time for an activity leaving a node is equal 


to the largest of the earliest finish times for 
all activities entering the node. 


To show how this rule is used, we will apply it 
to node 5 of the Fall Charity Bazaar network. In 
Fig. 8.4, the portion of the network involving 
node 5 is shown. As can be seen, there are two 
activities that lead into node 5. Since activity D 
has an earliest finish time of 22.16 days and 
activity E has an earliest finish time of 41.67 days, 
the earliest start time for activity G is the larger 
of the two, 41.67 days. The earliest start time rule 
is used throughout the network at each node 
having two, or more, activities leading into it. 

The Fall Charity Bazaar network with earliest 
start times and earliest finish times shown above 
the respective activities is presented in Fig. 8.5. 


FIGURE 8.4 APPLICATION OF THE EARLIEST START 
TIME RULE AT NODE 5 
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As seen in Fig. 8.5 the earliest finish time for 
activity F is 25.67 days, and for activity G is 45.17 
days. Since activities F and G are the last activities 
for the entire project, the earliest completion time 
for the entire project is 45.17 days. 

The next step in finding the critical path for 
the network is to compute the latest start time 
and latest finish time for each activity in the 
network. This is done by making a backward pass 
through the network. We start the computational 
process at the destination node for the network 
(Le., node 6). The latest finish time for the 
destination node is set equal to earliest finish time 
for entire project, 45.17 days. The latest start 
time is then computed as: 


Latest start time 
= latest finish time — expected activity time 


LS = LF — t, (8-7) 


For example, for activity G, the latest finish 
time is 45.17 days and the expected activity time 
is 3.50 days. The latest start time for activity G is: 


LS (activity G) = LF (activity G) — ¢, (activity G) 
= 45.17 — 3.50= 41.67 days 
(8-8) 


In performing the backward pass through the 
network, the following rule is used to determine 
the latest finish time for the activities: 


Latest Finish Time Rule The latest finish 
time for an activity entering a node is the 


smallest of the latest starting times for all 
activities leaving that node. 


The Fall Charity Ball network with the latest 
start times and latest finish times shown below 
the respective activities is presented in Fig. 8.6. 

After we have obtained the earliest and latest 
start times and the earliest and latest finish times, 
we can determine the amount of free time, or 
slack, associated with each of the activities. Slack 
is the amount of time an activity can be delayed 
without delaying the overall completion time for 
the project. The slack for each activity is computed 
as: 


Slack = latest start time — earliest start time gy 
= LS = ES 


Earliest finish time 


Earliest start time 
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FIGURE 8.5 FALL CHARITY BAZAAR NETWORK—EARLI- 
EST START TIMES AND EARLIEST FINISH TIMES 


or 


Slack = latest finish time 
— earliest finish time = LF — EF (8-10) 


In Table 8.4 а summary of ES, LS, EF, LF, and 
slack times for the activities of the Fall Charity 
Ball is presented. Referring to Table 8.4, we see 
that activity F has 19.50 days of slack time, since 
LS — ES = 27.50 — 8.00 = 19.50 days (or alter- 
natively LF — EF = 45.17 — 25.67 = 19.50 
days). This means that activity F can be delayed 
up to 19.50 days without causing the project to 
extend beyond the total project completion time, 
45.17 days. Observe, however, that activities B, 
Е, and С have slack times equal to zero. This 
means that none of these activities can be delayed 
without delaying the completion of the entire 
project. These activities are called critical activi- 
ties, and their corresponding path is the critical 
path. The length of the critical path, as shown in 
Table 8.4, is the last (and largest) number in the 
EF or LF column (45.17 days). The critical path 
is 1->3->5->7 and is shown in boldface in Fig. 
8.6. 


8.6 PROBABILITY ANALYSIS IN A 
PERT NETWORK 


For the PERT network we have just analyzed, let 
us assume that we would like to complete the 
planning of the Fall Charity Bazaar within 47 
days. From our analysis, we determined that the 
critical path for this network is 45.17 days. Does 
this mean that there is a strong likelihood, or a 
high probability, that we will complete the plan- 
ning effort within 47 days? To answer this ques- 
tion, we must perform a probability analysis for 
this PERT network. 

Recall that in a PERT network we make three 
estimates for each of the activity times. This causes 
variations in the times of the various activities. 
Since the critical path activities govern the ex- 
pected project completion time, variation in the 
times of the activities on the critical path can 
cause а variation in the project completion time 
of 45.17 days. 

The variances in times of the critical path 
activities are used to determine the variance in 
the project completion time. This variability can 


FIGURE 8.6 FALL CHARITY BAZAAR NETWORK—WITH LATEST START TIMES AND 


LATEST FINISH TIMES 


Probability Analysis іп а PERT Network 
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TABLE 8.4 FALL CHARITY BALL—ACTIVITY SCHEDULE AND SLACK TIMES 


Earliest Latest Earliest Latest Slack On 
Start Start Finish Finish (LS — ES) Critical 
Activity Time (ES) Time (LS) Time (EF) Time (LF) (LF — EF) Path? 

A 0 19.51 9.83 29.34 19.51 No 
B 0 0 18.00 18.00 0 Yes 
с 0 19.50 8.00 27.50 19.50 Мо 
р 9,83 29.34 22.16 41.67 19.51 Мо 
Е 18.00 18.00 41.67 41.67 0 Үез 
Е 8.00 27.50 25.67 45.17 19.50 Мо 
с 41.67 41.67 45.17 45.17 0 Үе$ 


cause a longer than expected total project time 
or a shorter than expected total project time. The 
variabilities in times for activities that are not on 
the critical path will generally not affect the total 
project completion time, since there will be slack 
time associated with each of the noncritical path 
activities. 

The PERT procedure assumes that the activity 
times are statistically independent and distributed 
according to the beta distribution. Since the ac- 
tivity times are statistically independent, the ex- 
pected times (means) and variances along a 
particular path in a network can be summed to 
determine the total expected time and variance 
for the path. The PERT method also assumes 
that there are enough activities in the path for 
the summed totals to be approximately normally 
distributed. This means that the total project 
completion time can be approximated by the 
normal distribution. This assumption uses the 
central limit theorem of probability theory, which 
states that the sum of several independent vari- 
ables tends toward normality. The normal prob- 
ability distribution of total project completion 
time can then be used to determine the probability 
of finishing the project by a specific time. 

For the Fall Charity Bazaar network, the ex- 
pected, or mean, project completion time, T, is 
given by the sum of the expected (mean) activity 
times for the activities along the critical path 
B—E-»G. It is computed as follows: 


T, = tg tl + le 


8-11) 
- 18.00 4 23.67 % 3.50 - 45.17 days! 


Similarly, the variance in the project comple- 
tion time, g?, is given by the sum of the variances 


of the critical path activities. It is computed as 
follows: 
о? = of + oi + Oi 
= 0.45 + 1.00 + 0.69 = 2.14 days 


(8-12) 


From this variance, the standard deviation of 
the project completion time can be completed as 
follows: 

ou Ve 
= V2.14 = 1.46 days 


(8-13) 


Using the expected project completion time 
and the standard deviation of the project com- 
pletion time, we can determine the probability of 
planning the Fall Charity Bazaar in 45 days, or 
less. Since the total project completion time can 
be approximated by a normal distribution, it can 
be depicted as shown in Fig. 8.7. 

We need to determine the probability of plan- 
ning the Fall Charity Bazaar in T = 47 days, or 
less. Using the normal distribution, this is the 
probability that the expected project completion 


Standard deviation = 1.46 days 


Тұс 45.17 days 
Total project completion time 


FIGURE 8.7 NORMAL PROBABILITY 
DISTRIBUTION FOR TOTAL PROJECT 
COMPLETION TIME—FALL CHARITY 
BAZAAR 
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о = 1.46 days 


Tg = 45.17 days Т = 47 days 
FIGURE 8.8 PROBABILITY OF 
PLANNING FALL CHARITY BA- 
ZAAR PRIOR TO 47-DAY DEAD- 
LINE 


time is less than or equal to T = 47, as shown 
graphically in Fig. 8.8. 

The standard normal equation can be applied 
to this situation, as follows: 


Probability 
(meeting target project completion time of T 
= 47 days) = P (T = 47) 
= probability 
expected project completion time 
< > target project completion time 
-standard deviation of project 
completion time 


PERT/CPM 


where Z has a standard normal distribution. We 
determine the probability associated with the Z 
value of 1.49 by referring to a normal distribution 
table (see Appendix D, Table D.3). This is also 
shown in Fig. 8.8 with the area under the normal 
distribution curve to the left of T = 47 days shown 
as 0.895. To summarize, there is a 89.5 percent 
chance that the planning of the Fall Charity 
Bazaar will be completed within the 47-day time 
limit. 

Similar probability statements can be made 
about meeting target completion times at each 
node of the network. This is again done by 
computing the expected activity time and stan- 
dard deviation for the longest path to each node 
being examined. Then, the normal distribution is 
used as we did already. All this probability analysis 
is based on the assumption that there are enough 
activities along the path to justify the use of the 
central limit theorem. 

To complete our discussion let us illustrate the 
use of the Chang and Sullivan! personal computer 
software package in solving the Fall Charity Ba- 
zaar PERT problem. The input data for the 
problem are presented in Fig. 8.9. Observe that 


= probability this input information is obtained from the project 
туу, м 47- 45.17 network (Fig. 8.1), activity list (Table 8.1), and 
Zs = probability (z RET | activity time estimates (Table 8.2). 
= probability The PERT analysis for this problem is shown 
1.83 es in Fig. 8.10. 
е сел РЕ babili Sk Қ 2 : 
1.46 розу s. ].25) This output information corresponds to that 
- 0.895 (8-14) shown in Table 8.4. The probability analysis for 
Input Data—Fall Charity Bazaar 
Input Data of The Problem FALL CHARITY BAZAAR Page: 1 
Activity Activity Start End Optimistic MostLikely Pessimistic 
number name node node time time time 
1 <А >< >< > <+?.00000> <+10.0000> —-12.0000» 
e «B > <1 > «3 > <+16.0000> <+18.0000> <+ә0.0000> 
3 «c > <1 > <4 > <+?.00000> <+8.00000> <+9.00000> 
4 <р > <2 > «5 > <+9.00000> <+12.o000> <%17.0000> 
5 <Е > <3 > <S > <+20.0000> <+24.0000> <+әь.0000> 
Е <Е — «4. Mb > <+14.0000> «18.0000» «20.0000» 
= <G > "Б Кер, > <+2.00000> <+3.00000> <+? .00000> 
FIGURE 8.9 


'Yih-Long Chang and Robert S. Sullivan, Quantitative 
pee for Business (Englewood Cliffs, N.J.: Prentice Hall, 
). 
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Output Data—Fall Charity Bazaar 
ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD? 


3 PERT Analysis for FALL CHARITY BAZAAR Page 1 5. 
FMMMMMMMMMMMMMOMMMMMMMMMMMMMMMMMMOMMMMMMMMOMMMMMMMMOMMMMMMMMOMMMMMMMMONMMMNMMMMS 
3 Activity 3 Activity 3Earliest3 Latest 3Earliest3 Latest 3 Slack 3 


3 No. Name 3Exp.Time Variance3 Start 3 Start 3 Finish 3 Finish 3 15-Е5 3 
FMMMMMMMMMMMMMXMMMMMMMMMMMMMMMMMMXMMMMMMMMXMMMMMMMMXMMMMMMMMXMMMMMMMMXMMMMMMMMMS 


31 А 343.83333 +0.6944430 3%14.50003%4.833333%24.33333%14.5000 3 
3e B 3418.0000 -0.4444430 3-191E-083+16.00003+146.00003Critical 3 
33 с 3+6.00000 +0.1111130 3+29.50003+8 .000003+e7 .S0003+19.S000 3 
34 D 3418.3333 +1.777783+9.833333+29.33333+22.16673+41.6ьь73+29.5000 3 
35 E 94+23.6667 +1.000003+146.00003+16.00003+41.66673+41.66b73Critical 3 
3b F 34+17.6667 +1.000003+6.000003+27 .50003+25.66673+45.16673+19.5000 3 
3? G 343.50000 +40.694443+41.66673+41.66673+45.16673+45.16673Critical 3 


FMMMMMMMMMMMMMOMMMMMMMMMMMMMMMMMMOMMMMMMMMOMMMMNMMMOMMMMMMMMMMMMMMMMMMMMMMMMMMMS 
3 Expected completion time = 45.166666 3 
GDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDX 
Critical paths for FALL CHARITY BAZAAR with completion time = 45.1666 


CP #1 : (with variance = 2.138889 ) 
B-E-G 
Probability Analysis for FALL CHARITY BAZAAR 


The following probability calculations assume that activities are 
independent and that all paths are also independent. It also assumes that 
your network has a large enough number of activities so as to enable use of 
the normal distribution. Therefore, when the activities are not independent 
or the number of activities is not large, the following analysis may be 


high biased. 
Expected completion time = 45.16666 
What is your project schedule time (type 0 to end analysis) ? 4? 


жж For CP # 1: Variance = 2.138883 Standard deviation = 1.458484 
Probability of finishing within 4? is .8985010? 


Do you want to enter a new scheduled completion time (Y/N) ? 


FIGURE 8.10 


8.11 HOME REPAIR ACTIVITY. NETWORK—ORIGINAL NETWORK 


FIGURE 
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TABLE 8.5 ACTIVITY TIMES AND ACTIVITY COSTS 


Activity Time 


(days) 
Activity Regular Crash 
1-9 2 1} 
1-3 1 } 
4ج1‎ 1 4 
225 $ 2 
327 3 2 
46 2 1 
5-7 3 1} 
6-7 2 1 


Activity Cost ($) Crash Cost 
CAE Pan wan Ophea 1 per Day 
Regular Crash ($) 

200 275 150 
150 200 100 
175 250 150 
750 1000 250 
600 700 100 
500 650 150 
500 1200 467 


400 50 


т 


this network, for a target completion time of 47 
days, is shown at the bottom of Fig. 8.10. Observe 
that the software allows the user to enter alter- 
native target completion times if so desired. 


8.7 MAKING TIME-COST 
TRADE-OFFS 


In our previous discussion we have assumed that 
the time associated with completing an activity in 
a network was essentially fixed. However, it should 
be apparent that this may not always be true and 
the manager may have the ability to assign more 
resources to a particular activity. For example, 
more workers or overtime may be used to shorten 
the time for a particular project activity. Decreas- 
ing the project activity time will usually be accom- 
panied by an increase in the activity cost, and 
thus, we must consider how to make appropriate 
time-cost trade-offs. 

To illustrate the procedure used in analyzing 
time-cost trade-offs consider the home repair 
activity network shown in Fig. 8.11. Each of the 
activities within this network may be done in a 
regular manner or on a “crash” basis involving 


overtime. The activity times (in days) and the 
activity costs for the regular and crash programs 
are shown in Table 8.5. For this activity network, 
the critical path is 1->29->5->7 and has a length 
of 8 days, under the assumption that regular 
programs are used for each activity. The total 
cost for the home repair job, using the activity 
costs in the regular program column is $3225. 

Assume now that the homeowner decides that 
8 days is too long for the home repair job and 
wishes to shorten it to 6 days or less by using 
overtime labor. Observe first that those activities 
that are not on the critical path already have slack 
time associated with their completion. Thus, there 
is no need to try to hasten the completion time 
for these activities, since this would have no effect 
on the total time required for the home repair 
project’s completion. This means that the home- 
owner needs only to consider those activities on 
the critical path since shortening any of these 
activities will shorten the total project time. 

The three critical path activities, their incre- 
mental time savings, and incremental cost in- 
creases are shown in Table 8.6. From Table 8.6 
it is apparent that the activity that can be short- 
ened in the cheapest manner is activity 1—2 at 


TABLE 8.6 INCREMENTAL TIME SAVINGS AND COST INCREASES 


Days Shortened Incremental Cost Incremental Cost 
Activity by Crash Program of Crash Program ($) per Day ($) 
12 1 75 150 
д—›5 1 250 250 


Making Time-Cost Trade-offs 


FIGURE 8.12 HOME REPAIR ACTIVITY NETWORK—ACTIVITY 1 — 2 


CRASHED 4 DAY 


an incremental cost of $150 per day. This would 
reduce the total project completion time to 
8 —} = 74 days, at a total project cost of 
$3225 + $75 = $3300. Note that the critical path 
is still 1->2->5->7 (see Fig. 8.12). 

Since the homeowner wishes to reduce the 
home repair project completion time to less than 
6 days, he would next put activity 25 on the 
crash program. This would reduce the total proj- 
ect completion time to 73 — 1 — 6} days, at a 
total project cost of $3300 + $250 - $3550. Note 
that the critical path is still 125-7 (see Fig. 
8.13). 

Continuing the time reduction process, he 
would next attempt to put activity 57 on the 


crash program. Now, however, there would be 
two critical paths (1->4->6->7 and 1->2->5->7), 
both with a length of 5 days, since if activities 
1—2, 25, and 5->7 are all crashed, 1->2->5->7 
would take only 5 days. The total project cost asso- 
ciated with the crashed critical path (12— 
5— 7) would be $3225 + $75 + $250 + $700 = 
$4250. Note further that it would no longer be 
necessary to have 12, 25, and 5-7 on а crash 
basis, since this would reduce the total project 
completion time to 5 days, which is below the 6 
days minimum required. Thus, after deciding 
that activity 5->7 must be crashed, the homeowner 
would need to review activities 1->2 and 2—5 to 
see which of these activities could be put back on 


FIGURE 8.13 HOME REPAIR ACTIVITY NETWORK—ACTIVITY 1 — 2 
CRASHED à DAY, ACTIVITY 2 — 5 CRASHED 1 DAY 
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FIGURE 8.14 HOME REPAIR ACTIVITY NETWORK—ACTIVITY 1 — 2 
CRASHED 4 DAY, ACTIVITY 5 — 7 CRASHED 15 DAYS 


Activities 1--2, 2—5, 5--7 crashed 


« (54250) 
4200 OP даны 255 TOS 
M. (54175) 
4100 PN 
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WM, Activities 1—2, 5—7 crashed 
4000 ($4000) 
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> 3900 \ 
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= 3600 X Activities 1—2, 2—5 crashed 
3 X ($3550) 
^ 3500 b 
^ 
^ 
3400 pet 
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Activity 1--2 crashed 
` (53300) 


me All activities 
at regular 
time ($3225) 


5 6 7 8 
Project Completion Time (Weeks) 


FIGURE 8.15 TIME-COST TRADE-OFFS 


Making Time-Cost Trade-offs 


TABLE 8.7 PRICES, DISTRIBUTORS, AND SOFTWARE INTERFACES— 
SELECTED PROJECT MANAGEMENT MICROCOMPUTER SOFTWARE PACKAGES 


Software 
Package Price 
Harvard Total $495 
Project Manager 
ПЕ Project $175 
Management $140 
IIE members 
IntePert $249 
MacProject $150 
MicroPERT O $350 
Microsoft $250 
Project 
PAC MICRO $990 
Project Manager $1150 
Workbench advanced 
version 
OWIKNET $895 
SuperProject $395 
Task Monitor $495 


Distributor 


Harvard Software, Inc. 
521 Great Road 
Littleton, MA 01460 
(617) 486-8431 


Industrial Engineering 
and Management Press 
25 Technology Park/Atlanta 
Norcross, GA 30092 
(404) 449-0460 
Schuchardt Software Systems 
515 Northgate Drive 

San Rafael, CA 94903 
(415) 492-9330 

Apple Computer, Inc. 
20525 Mariani Avenue 
Cupertino, CA 95014 
(408) 996-1010 
Sheppard Software Col. 
4750 Clough Creek Road 
Redding, CA 96002 
(916) 222-1553 
Microsoft Corporation 
10700 Northup Way 
Box 97200 

Bellevue, WA 98009 
(206) 828-8088 


AGS Management Systems, Inc. 


880 First Avenue 
King of Prussia, PA 19406 
(215) 265-1550 
Applied Business Technology 
365 Broadway, 6th Floor 
New York, NY 10013 
(212) 219-8945 
Project Software 

& Development, Inc. 
20 University Road 
Cambridge, MA 02138 
(617) 661-1444 
SORCIM/IUS Micro Software 
2195 Fortune Drive 
San Jose, CA 95131 
(408) 942-1727 
Monitor Software 
960 North San Antonio Rd. 
Suite 210 
Los Altos, CA 94022 
(415) 949-1688 


Software 

Interface 
Lotus 1-2-3 
VisiCalc 
dBASE II 


InteSoft 
products 
(InteCalc, 


IntePlan, . . . 


MacWrite 
MacPaint 
MacDraw 


Multiplan 
Microsoft 
Chart 
Lotus 1-2-3 
VisiCalc 
dBASE II 


Lotus 1-2-3 
dBASE II 


PROJECT/2 


SuperCalc 


` 
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TABLE 8.7 (continued) 

Software Software 
Package Price Distributor Interface 
Time Line $395 Breakthrough Software Corp. Lotus 1-2-3 
505 San Marin Drive Symphony 
Novato, CA 94947 SuperCalc3 

(415) 898-1919 Multiplan 

dBASE П 

VisiSchedule $195 Paladin Software Corp. VisiCalc 


2895 Zanker Road 
San Jose, CA 95134 
(408) 946-9000 


a regular program. If activities 12 and 5->7 аге 
crashed, and activity 25 is not, then 15257 
would take 6 days at a cost of $3225 + $75 + 
$700 = $4000. If activities 9->5 and 5—7 аге 
crashed, and activity 12 is not, then 15257 
would take 5} days at a cost of $3225 + $250 + 
$700 - $4175. The final crashed network is 
shown in Fig. 8.14. 

Since the time-cost trade-off analysis has re- 
duced the critical path to 6 days, which equals 
the 6 days maximum desired by the homeowner, 
no further activities would be crashed. However, 
this example should make apparent some of the 
complexities involved in analyzing time-cost 
trade-offs. For example, were this analysis to 
proceed, it would be necessary to consider crash- 
ing activities along both current critical paths (i.e., 
along 1->2->5->7 and along 1->4->6->7). 

In Fig. 8.15 we have summarized the results 
of our time-cost trade-off analysis. The time-cost 
trade-off curve shown in Fig. 8.15 indicates the 
costs to the homeowner associated with the var- 
ious project completion times. 


8.8 COMPUTER SOFTWARE FOR 
PERT/CPM 


A large number of computer software packages 
are available for solving PERT/CPM problems. 
In 1983, Moder et al.’ published a review of 
mainframe PERT/CPM software. More recently, 


"Joseph J. Moder, Cecil R. Phillips, and E. Davis, Project 
Management with CPM, PERT, and Precedence Diagramming 
(New York: Van Nostrand, 1983) 


Gido* reviewed some 127 project management 
software packages. These mainframe software 
packages can solve project networks having 10,000 
activities or more. 

A wide variety of project management software 
packages for microcomputers are also available. 
While they have considerably smaller project size 
limits, they are interactive and more user oriented. 
A recent working paper by Assad and Wasil‘ 
presented a detailed review and evaluation of 13 
microcomputer software packages. 

Тһе prices, distributors, and software inter- 
faces for these 13 microcomputer software pack- 
ages are shown in Table 8.7. A summary of 
hardware requirements and package capabilities 
for the 13 software packages is presented in Table 
8.8. 


8.9 CONCLUSION 


In this chapter we considered the planning and 
control of network projects using CPM and PERT. 
Although the use of these techniques is wide- 
spread, certainly difficulties in their application 
should be noted. These difficulties include the 
following: 


1. Successful use of PERT is dependent on being 
able to make accurate time estimates. How- 


———— 
1J. Gido, Project Management Software Directory (New York 
Industrial Press, 1985). 

'Arjang A. Assad and Edward A. Wasil, "Project Manage- 
ment Using a Microcomputer," Working Paper MS/S #85- 
027, College of Business and Management, University of 
Maryland, College Park, August 1985 
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ever, such time estimates аге subjective, since 
they are made by humans operating in an 
uncertain environment. 


PERT/CPM 


lish. Often, contingency relationships exist 
among activities. 


. The theoretical foundation of the PERT sta- 


tistical procedure is questionable. Research 
continues concerning possible errors intro- 
duced by use of the beta probability distribu- 
tion. 


In spite of these difficulties, CPM and PERT are 
extremely popular and useful techniques and 
have proven to be very effective. 


2. For some projects it may be difficult to divide 
the project into a set of independent activities, 
Also, it may be hard to decide exactly where 
one activity ends and another activity begins. 


3. The precedence relationships among the ac- 
tivities in a network may be difficult to estab- 


Case Study: Scheduling National Forest 
Timber Sales 


The Forest Service is the agency of the U.S. Department of Agriculture 
that administers the national forests located throughout the United States. 
In the late 1970s, in the states of Oregon and Washington, 19 national 
forests covered 23 million acres of land and provided over 25 percent of 
the raw timber sold from national forest land in the continental United 
States. 

Each of the national forests was administered by a forest supervisor, with 
a staff composed of technical specialists in personnel, engineering, and 
resources. Underneath the forest supervisor and his staff were three to five 
districts, each headed by a district ranger who supervised 20 to 100 people. 

The most complex tasks facing the forest supervisors and district rangers 
in the western United States were those of scheduling and coordinating the 
people and activities required to prepare a portion of a forest for a timber 
sale. The activities and required resource skills for a typical timber sale are 
shown in Table 8.9. 

At any point in time, a particular district ranger could be supervising 50 
timber sales concurrently, with each timber sale requiring as many as 30 
different types of work skills. Obviously, this environment created a need 
for a high level of scheduling and coordination. 

Because of the complex nature of the scheduling task that was faced by 
the Forest Service, many of the individual forest rangers attempted to apply 
PERT/CPM techniques to their scheduling activities. By 1970, the multi- 
project nature of the scheduling problem was recognized and a computer 
package, called “Critical Path Man Scheduling,” was made available to all 
the administrators of the 19 national forests in the states of Oregon and 
Washington. This PERT/CPM program could accommodate 99 timber 
sales, containing up to 4500 activities involving 99 different resource craft 
skills, 

Eventually, 18 of the 19 administrations in the region used some form 
of PERT/CPM in scheduling timber sales activities. Of the 18 administra- 
tions that introduced computerized PERT/CPM in scheduling timber sales, 
however, only 4 continued to use the technique for three or more years 


Conclusion 


TABLE 8.9 ACTIVITIES ASSOCIATED WITH A NATIONAL F 
TIMBER SALE cci acd 
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Duration 
Activity (days) Resource Required 
Engineer right of way 13-21 Survey crew 
Send right-of-way data 
to regional office 1-3 None 
Lay out sales boundary 3-11 Forester 
Process right-of-way data 8-12 Central computer facility 
and return location line 
Lay out location on 110-130 Survey crew 
ground 
Cruise timber 17-23 Forester 
Send cruise data to local 1-5 Local computer facility 
computer; process and 
return 
Compare cruise results 1-3 Forester 
Appraise sale 4-6 Appraisal forester 


following its introduction. Those administrations that successfully used 
PERT/CPM for an extended period of time appeared to be positively in- 
fluenced by the following two factors: 


1. Level of person making the introduction of PERT/CPM: The higher the 
person was in the organizational structure, the more likely it was that 
the introduction of PERT/CPM would be successful. 

2. Stated purpose for the introduction of PERT/CPM: The more broad and 
general the announced purpose for the introduction of PERT/CPM, 
the better was its chance for successful introduction. 


Source: С. W. Dane, С. Е Gary, and B. M. Woodworth, “Factors Affecting the Successful Application of PERT/CPM Systems 
in a Government Organization,” Interfaces, 9, no. 5 (November 1979): 94—98. 


аа айы сла i ыз у... 
Glossary of Terms 


Activity. In PERT/CPM terminology an activity is one of the jobs or 
operations that makes up a project and consumes time and resources. 

Backward Pass. A calculation procedure that moves backward through 
the network and determines the latest start and finish times for each 
activity. 

Beta Distribution. A continuous probability distribution used to describe 
the distribution of PERT time estimates. 

Branch. A line connecting junction points in a graph. 

CPM (Critical Path Method). A network procedure typically used for 
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construction projects in which a single, or deterministic, time estimate 
is made for each job or activity. 

Crash Activities. Reassigning some of the work force from activities not 
on the critical path to activities on the critical path (assuming transference 
of labor skills). 

Critical Activities. The activities on the critical path. 

Critical Path. The “longest” path in a CPM or PERT network. 

Dummy Activities. An activity that has no duration or cost, which is used 
to join two events if one event takes precedence over another event, and 
is not connected by a specific activity. 

Earliest Finish Time. The earliest time at which an activity may be 
completed. 

Earliest Start Time. The earliest time at which an activity may begin. 

Earliest Time. The time at which the event will occur if the preceding 
activities are started as early as possible. 

Event. In PERT/CPM terminology an event is the beginning or ending 
point in time for an activity. 

Expected Activity Time. In PERT, the mean of the optimistic time, 
most likely time, and pessimistic time where the relationship between 
these activity time estimates is specified by a beta distribution. 

Forward Pass. A calculation procedure that moves forward through the 
network and determines the latest start and finish times for each activity. 

Immediate Predecessors. The activities that must immediately precede 
another given activity. 

Latest Finish Time. The latest time at which an activity may be completed 
without holding up the entire project. 

Latest Start Time. The latest time at which an activity may begin without 
holding up the entire project. 

Latest Time. The latest time at which the event can occur without delaying 
the completion of the project beyond its earliest time. 

Most Likely Time. In PERT, an estimate of the normal time an activity 
will take. 

Network. A graphical description of a project of numbered circles (nodes) 
interconnected by a series of lines (branches or arcs). 

Node. A junction point in a graph, or an event in PERT/CPM terminol- 
ogy. 

Optimistic Time. In PERT, an estimate of the minimum time an activity 
will take. 

Path. In PERT/CPM terminology a path in a network is a sequence of 
activities that is resource and time consuming, 

PERT (Program Evaluation Review Technique). A project sched- 
uling network technique typically employed in research and development 
work in which a probabilistic time estimate is made for each job or activity. 

Pessimistic Time. In PERT, an estimate of the maximum time an activity 
will take. 

Slack. The slack for an event is the difference between its latest and earliest 
times. It indicates how much delay in reaching an event can be tolerated 
without delaying project completion. 

Time-Cost Trade-off Curve. Indicates the costs of a project associated 
with various project completion times. ; 
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Discussion Questions 


1. What is the basic difference between CPM and PERT? 
2. What are “dummy” activities and when are they used? 
3. What assumptions are made in computing the expected activity times and 
variances in a PERT network? Р 
4. Is the slack concept relevant іп analyzing а CPM network? Why ог why not? 
5. Describe briefly how you determine the critical path in a network. 
6. Why is the identification of the critical path important to the scheduling and 
controlling of a project? 
7. What is the meaning of slack in a network and how can it be computed? 
8. Briefly discuss making time-cost trade-offs. 
9. What are some of the problems in making time-cost trade-offs? 
10. What do we mean by “crashing” activities? 
11. Why would we want to “crash” an activity? 
12. How do we compute the probability that a project will be completed by a certain 
point in time? What assumptions are made in this computation? 
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Problem Set 


1. The following data relate to the project network shown here. 
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Optimistic Most Likely Pessimistic 


Estimate Estimate Estimate 

Activity (days) (days) (days) 
AAO tnt vk peed eee eg MC 

B 5 9 11 

C 6 9 12 

D 4 9 9 

E 6 8 13 

F 7 7 9 

G 4 7 10 


Determine: 

(1) The expected activity time and the variance of the expected activity 
time for each activity. 

(2) The ES and LS values for each activity. 

(3) The EF and LF values for each activity. 

(4) The slack for each activity. 

(5) Тһе critical path for the project. 

(6) Determine the probability that the project will be completed in 30 
days or less. 

(7) Determine the probability that the project will require 35 or more 
days for completion. 


2. Consider the following CPM network in which the time required (in 
hours) for each activity is known and is given by the number along 
the corresponding branch. Find the earliest time, latest time, corre- 


sponding slack for each event. Identify the critical path for the system 
flow plan. 


3. Consider the following PERT network. 
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The PERT time estimates for each of these activities are: 


Optimistic Most Likely Pessimistic 
Activity Estimate Estimate Estimate 
1-52 2 4 5 
1-3 3 4 5 
14 6 7 9 
2-5 5 7 8 
2—6 4 6 8 
S5 2 4 5 
356 3 5 9 
45 5 6 7 
46 6 8 g 
5-7 4 5 6 
627 3 5 8 


Designate the start of the project as time 0, and the scheduled time to 

complete the project (by contract) is 21 days. 

(a) Using the three time estimates shown, calculate the expected value 
and the standard deviation of the expected value of the time re- 
quired for each activity. 

(b) Using the expected value times, determine the critical path for the 
project. 

(c) Compute the probability associated with the project being com- 
pleted by the time specified in the contract. 


4. Consider the following CPM network in which the time required (in 
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days) for each activity is known and given by the number along the 
corresponding branch. Determine the critical path for this network. 
- Consider the following PERT network that describes a research and 
development project. 


The PERT time estimates (in days) for each of the activities of this 
network are as shown below. 


Optimistic Most Likely Pessimistic 


Activity Estimate Estimate Estimate 
1->2 3 6 8 
1>3 4 6 7 
24 5 9 10 
2-5 6 8 9 
26 9 10 12 
237 8 11 13 
3—4 7 10 12 
35 11 13 15 
3-6 8 10 12 
5-7 9 12 13 
4-8 5 7 9 
4-9 5 5 6 
5-8 2 4 5 
5-9 7 9 10 
6-9 8 9 10 
6-10 10 12 15 
7—9 6 "i 11 
710 5 9 11 
8-1 7 8 19 
9-11 8 10 13 

10->11 3 5 8 


(а) Using the three time estimates shown, calculate the expected value 
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and the standard deviation of the expected value of the time re- 
quired for each activity. 

(b) Using the expected value time, determine the critical path for the 
network. 

(c) Assume that we would like to have this research and development 
project completed by 35 days from its initiation (time 0), Compute 
the probability of completing the project within 35 days. 

6. Consider the following PERT network that describes the probable ac- 
tivities associated with staging a conference of university professors of 
management science. 


The PERT time estimates (in weeks) for each of these activities are: 


Optimistic Most Likely Pessimistic 


Activity Estimate Estimate Estimate 
122 3 4 6 
1-3 1 2 4 
23 1 3 5 
2—4 6 8 12 
3-4 2 3 5 
3-5 1 2 4 
4-6 4 5 9 
5-6 4 6 11 


(а) Using the three time estimates shown, calculate the expected value 
and the standard deviation of the expected value of the time re- 
quired for each activity. ү 4) 

(b) Using the expected value time, determine the critical path for the 


network. : 
(c) Assume that the conference planners would like to complete all 
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of their planning activities within 16 weeks. What is the likelihood 
of this occurring? 
7. The following data relate to the project network shown: 


Activity Time 


(days) Activity Cost 
Activity Regular Crash Regular Crash 
122 5 4 $ 500 $ 550 
153 6 4 650 750 
2->4 7 5 800 900 
2-5 9 6 1000 1200 
355 6 3 750 1000 
3-6 8 5 900 1100 
4-7 10 8 1200 1300 
5->7 11 9 1300 1400 
6->7 12 8 1400 1700 


(a) Determine the critical path for this network. 

(b) Assume that the project manager wants to reduce the total com- 
pletion time for the project to 23 days. Determine the time-cost 
trade-off curve and associated activities to be crashed to achieve 
this objective, 


8. In a research and development project, the various activities can be 
crashed at various costs and with various time reductions. The follow- 


ing table lists the various activities and the associated time and cost 
information. 


Un Regular Crash Daily “Crash” 
Activity Time (days) Time (days) Cost 
А-В 3 2 $100 
AC 4 2 150 


continued 


dendi 
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Regular Crash Daily “Crash” 
Activity Time (days) Time (days) Cost 
BD 3 3 200 
BE 6 4 125 
CoD 7 5 175 
C—E 5 4 225 
DF 8 5 200 
DG 9 5 180 
D-H 10 7 200 
Е-Е 9 7 190 
EG 8 6 150 
EH П 9 175 
FoI 7 5 225 
Gol 8 5 210 
HI 9 6 200 


(a) Draw the network diagram for this project and determine the 
critical path, assuming that no activities are crashed. 

(b) Determine the least cost sequence to crash activities in order to 
complete the project in 26 days. Determine the time-cost trade- 
off curve and associated activities to be crashed to achieve this 
objective. 

9. Southeastern University is attempting to organize an eight-team soccer 
tournament. It has determined that the following activities must be 
accomplished and has made time estimates for each of the activities. 


Time Estimate 
Immediate Optimistic Most Likely ^ Pessimistic 


Activity Predecessor Time Time Time 

А Select teams = 2 3 5 
B Determine tournament site A 3 5 8 
C Make invitations B 10 13 20 
D Make team-housing arrangement C 5 8 11 
E Print programs and tickets B 4 7 8 
F Sell programs and tickets E 17 20 21 
G Complete final planning C 5 7 12 
H Schedule practices, games, and field D 2 3 5 
1 Schedule practice sessions G,H 1 2 3 

FI 1 1 1 


Conduct tournament 


(a) Draw the PERT network for these activities. 
(b) What is the expected time necessary to complete all activities (that 


is, what is the critical path)? 
(c) What is the probability of organizing and conducting the soccer 
tournament within 30 days? 
10. Suppose that PERT is being used and the following information is 
computed: 
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Earliest Finish Original 
Activity Mean Variance Schedule 
A 0.0 0.0 0 
B 11.5 0.50 10 
с 4.6 0.20 5 
р 15.4 0.80 14 
Е 13.1 0.80 14 


What аге the probabilities of meeting the original schedule for each 
activity in the network? 


11. The following set of activities and precedence relationships have been 
developed with respect to a construction project. Construct a PERT/ 
CPM network appropriate for these activities. 


Immediate 
Activity Predecessors 
pco RO a ی‎ 


C,D 
E 
G,H 


/ LF 


12. For the construction project where activities and precedence relation- 
ships were shown in Problem 8.11, the following expected activity times 
have been computed, 


= бу чу һу оо BS 
> => | 


Expected Activity 


Activity Time (days) 

A 9 

В 5 

C 6 

D 2 

E 8 

F 5 

G 9 

H 5 

I 7 

J 8 
——— 
Determine: 


(1) The ES and LS values for each activity, 
(2) The EF and LF values for each activity, 
(3) The slack for each activity. | 

(4) The critical path for the project. 
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9.1 INTRODUCTION 


You will recall that in our previous discussions of 
linear programming (Chapters 2, 3, and 4), we 
allowed both the decision variables and the slack 
variables to assume nonnegative fractional values, 
or nonnegative integer values, in the optimal 
solution. We observed that one of the basic prop- 
erties of linear programming is continuity, which 
means that fractional levels of the decision vari- 
ables are possible in the solution to a linear 
programming model. In many of the problem 
situations we analyzed fractional values for the 
decision variables were obtained as an optimal 
solution was determined, and these fractional 
values were acceptable and appropriate in the 
context of the problem being considered. In 
general, it is quite possible to use a fractional 
amount of a resource to produce a fractional 


amount of a product. 
ا‎ 
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EXAMPLE 1 


However, there are also a number of important prob- 
lem situations in which fractional answers are neither 
practical nor very meaningful. For example, consider 
the following production-planning situation. Pegasus 
Airframe Corporation manufactures three types of 
corporate jets. The selling prices for these three cor- 
porate jets are as follows. 


1. Model A—$1,750,000 
2. Model B—$2,000,000 
3. Model C—$1,900,000 


Yearly production of these three corporate jets is 
constrained by available work force, available machine 
time, and capital availability. The production conditions 
for the problem situation can be expressed as follows. 


Model Model Model Resource 
Constraint A B С Availability 
Work force 40 workers 65 workers 50 workers 150 workers 
Machine time 6,000 hours 10,000 hours 8,000 hours 30,000 hours 
Capital $1,500,000 $1,000,000 $1,250,000 $3,500,000 


Letting x, = number of model A airplanes produced, 
x» = number of model В airplanes produced, and x, 


— 


= number of model C airplanes produced, the standard 
linear programming formulation of this problem would 


Maximize 2 = $1,750,000x, + $2,000,000х + $1,900,000x, (9-1) 
subject to: 40x, + 65x, + 50x, = 150 
6,000x, + 10,000x, + 8,000x, = 30,000 (9-9) 
1,500,000x, + 1,000,000x, + 1,250,000x, < 3,500,000 
with x, 2=0,x,2=0,x,=0 (9-3) 


The linear programming solution to this problem is x, 
= 2.32 model A airplanes, x, = 1.14 model C airplanes, 
Z = $6,234,474. However, from the nature of the 
problem, it is apparent that we could not allow the 
manufacture of a part of an airplane. In this production 
scheduling situation the decision variables have rele- 
vance only if they have integer values. 


EXAMPLE 2 


In some practical applications, an integer solution to a 
particular linear programming problem can be ob- 
tained by simply “rounding off” the fractional values 


that appear in the optimal solution that is determined 
by application of the simplex algorithm. Unfortunately, 
this rounding procedure тау cause two difficulties. 
First, this integer solution may not be feasible, partic- 
ularly if some of the a, coefficients in the constraint set 
аге negative. Second, even if the “rounded-off” solution 
is feasible, it may not be the optimal solution. To 
illustrate the first problem, suppose that the constraint 
set for the problem is: 


x, +x, = 7h 
{=m 4 


(9-4) 


and that application of the simplex method has resulted 
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in an optimal (noninteger) solution of x, = 4, х; = 31. 
Observe that we cannot round off x, to either 3 or 4 
and maintain feasibility. Indeed, we can round off x, 
only if we also change the integer value of x,. Obviously, 
rounding off becomes even more impractical as the 
number of constraints and variables increases. 


EXAMPLE 3 


The second problem, as noted, is that even though a 
feasible integer solution can be obtained by rounding 
off, it may not be the optimal integer solution. To 
illustrate, consider the following problem situation. The 
Tesla Transformer Company manufactures two large 
transformers. The 5-kilo-volt transformer sells for 
$1000 and the 25-kilo-volt transformer sells for $4000. 
Production of these transformers is constrained by the 
company’s current stock of copper wire, which consists 
of some 18 rolls. Each 5-kilo-volt transformer requires 
1 roll of copper wire and each 25-kilo-volt transformer 
requires 6 rolls of copper wire. Additionally, production 


x 
5 
4 Optimal Integer Solution: 
x,=0 
x,=3 
Z=12 


0 1 2 


х<3 


of the 5-kilo-volt transformer is constrained to һе equal 
to, or less than, three units because there are several 
unsold 5-kilo-volt transformers in inventory at the 
present time. 

Letting x, = number of 5-kilo-volt transformers 
produced and x, = number of 25-kilo-volt transformers 
produced, the integer programming formulation of 
this problem would be: 


Maximize Z = $1000x, + $4000x, (9-5) 
subject to: x, + 6x, = 18 

x >, (9-6) 
with x, =0,x, 2 0, and x, and x, integers (9-7) 


Referring graphically to Fig. 9.1, it can be seen that 
the optimal noninteger solution is x, = 3, 
x, = 2.5, Z = 13. To obtain an integer solution 
to this problem by rounding off, we would obtain 
x, = 3,x; = 2, Z = 11. However, the optimal integer 
solution is x, = 0, x, = 3, Z = 12, as can be seen in 
Fig. 9.1. 


Optimal Noninteger 
(LP) Solution: 
х=3 
ху= 2.5 
2-13 


сәрі 
7-7 = Ix, + 4x2 


Rounded Integer Solution: 
х= 3 
х= 2 
2 = 11 


3 4 5 X 


FIGURE 9.1 ILLUSTRATIVE INTEGER PROGRAMMING PROBLEM—ROUNDING 


DIFFICULTIES 


362 


Practical applications of integer programming have 
become much more common in recent years. Because 
of this fact, and the problems associated with simply 
rounding off linear programming solutions, there has 
arisen a need for an efficient solution procedure for 
integer linear programming problems. 

Three major algorithms have been developed to 
solve integer programming problems: 


1. The cutting-plane algorithm developed by Ralph 
Gomory' 

2. The branch-and-bound algorithm developed by 
A. H. Land and A. G. Doig* 


3. The additive algorithm for zero-one integer pro- 
gramming problems developed by E. Balas 


The cutting-plane algorithm will be introduced, and 
its application to an all-integer programming will be 
presented. The branch-and-bound algorithm will then 
be discussed and applied to several problems. Balas's 
zero-one additive algorithm is very specialized and will 
not be considered further. These algorithms generally 
are applicable to small problems, because of com- 
putational difficulties. However, progress is being 
made in terms of developing more efficient algorithms 
and/or computer codes that are applicable to larger 
problems. 


—M M — 


9.2 FORMULATING INTEGER 
PROGRAMMING MODELS 


Integer programming problems arise in a wide 
variety of managerial decision-making situations. 
Many integer programming problems are essen- 
tially identical to linear programming problems 
with only the added requirement that some, or 
all, of the decision variables must assume integer 
values. Other problems situations have a structure 
such that they.can be modeled accurately only if 
integer variables are employed. Still other prob- 
lems have structures that can be reformulated in 
integer programming form. In the material that 


'Ralph E. Gomory, "An Algorithm for Integer Solutions 
to Linear Programs," in R. L. Graves and P. Wolfe (eds.), 
Recent Advances іп Mathematical Programming (New York: 
McGraw-Hill Book Company, 1963), pp. 269-309. 

ЗА. Н. Land and А. G. Doig, “An Automatic Method of 
Solving Discrete Programming Problems,” Econometrica, 28 
(July 1960): 497-520. 

‘Egon Balas, “An Additive Algorithm for Solving Linear 
Programs with Zero-One Variables,” Operations Research, 13, 
no. 4 (July-August 1965): 517-546. 
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follows we will describe and discuss some of the 
integer programming formulations that are pos- 
sible. It should be stressed that the integer pro- 
gramming formulation techniques described in 
the paragraphs that follow can be used in a wide 
variety of applications. 


9.2.1 REPRESENTING YES-OR-NO 
DECISIONS USING BINARY 
(ZERO-ONE) VARIABLES 


One of the most common uses of integer pro- 
gramming involves decision-making situations in 
which a choice must be made concerning whether 
or not to undertake some activity or project. For 
example, we may need to decide whether or not 
to build a plant on a particular site, or whether 
ог not to invest in a specific security, or whether 
or not to develop a new product. 

In cases such as these а "yes-or-no" or “go/ 
no-go" decision is required. Such decisions can 
be represented within an integer programming 
framework using binary (or 0-1) variables. (Note: 
Such variables are also sometimes referred to as 
bivalent or logical variables.) Thus, with just two 
choices, such decisions can be represented by 
decision variables that are restricted to just two 
values, namely, 0 and 1. The jth yes-or-no decision 
would be represented by the decision variable x 
such that: 


1, 
у= [t 


Many go/no-go decisions involve mutually ex- 
clusive or multiple-choice alternatives in which 
at most one or exactly one decision in a group of 
decisions can be yes. In this situation, each group 
of alternatives would need a constraint having 
one of the following forms. 


if decision / is yes 


9. 
if decision j is no E 


Mutually exclusive: 
а 
>Y ms 
ізі 


ог (9-9) 


(if at most one decision in the 
group must be yes) 


Multiple choice: 


5 xn] (if exactly one decision in the 
m An group must be yes) 


A slight extension of the idea of a multiple-choice 
constraint can be used to model situations in 
which k out of a set of n projects either must, or 
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can, be selected. For example, assume that ху, x», 
X5, X4, and x; represent five investment opportun- 
ities. If exactly k = 2 investment opportunities 
had to be selected, the following constraint would 
be used. 


(multiple-choice, 
two decisions) 
(9-10) 


xy + Xo + Xs + x, + xs = 2 


If no more than k = 2 investment projects could 
be selected, the following constraint would be 
used. 


(mutually exclusive, 


Xi + ху + xg +x, +x, 52 isi 
1 2 3 4 8 two decisions) 


(9-11) 


Other go/no-go decisions may involve prece- 
dence or contingency relationships. (Note: Such 
relationships are also sometimes referred to as 
conditional or dependence relationships.) For exam- 
ple, x» might be а 0-1 variable signifying the 
acceptance (хә = 1) or rejection (x; = 0) of a 
building construction project in a particular part 
of the city that is, in turn, dependent on the 
acceptance of a building construction project in 
another part of the city. Denoting as x, the first 
project, then the fact that the second project 
cannot be accepted unless the first project has 
been accepted can be represented by the prece- 
dence constraint: 


хә € X, 
ог (9-12) 
-х tx, 50 


where x, and хә are 0-1 variables. 

In situations involving two projects that must 
be undertaken simultaneously, or not at all, a 
precedence constraint of the following form can 
be employed. 

XQ = X2 
or (9-13) 
х-ал0 


where x, and x, are 0-1 variables. 
RUM o _ 
EXAMPLE Construction Project 
Selection Problem 


Carolina Pride Construction Company has an oppor- 
tunity to build five shopping malls during the forth- 
coming year. The expected net profit and expected 


cost for each of the shopping malls is shown in the 
following table. 


Expected Expected 
Shopping Net Profit Cost 
Mall ($ 000) ($ 000) 
1 200 150 
2 150 90 
3 140 50 
4 125 80 
5 180 100 


Because of cash flow problems, Carolina Pride Con- 
struction Company will have approximately $300,000 
available for construction work during the next year. 
Also, due to various legal restrictions the following 
relationships among the projects must be met. 


l. Exactly one of the three shopping malls 1, 2, and 
5 must be constructed. 


2. At most, only one of the two shopping malls 3 and 
4 may be constructed. 


3. If shopping mall 4 is constructed, then shopping 
mall 5 must also be constructed. 


Carolina Pride Construction Company wants to select 
the feasible set of shopping malls to build to maximize 
total net profit. 

То formulate this problem as an integer program- 
ming model, let x, be the binary decision variables of 
the problem: 


STL 
x = 0, 


Thus, this problem requires a yes-or-no or go/no-go 
decision with respect to the project selection decision. 
Using these variables the objective function for the 
integer programming model can be written as: 


if shopping mall / is built 
if shopping mall / is not built 


(/ = 1,2, 3, 4, 5) (9-14) 


Maximize (total expected net profit) 
= $200,000x, + $150,000x; 
+ $140,000x, + $125,000x, 
+ 8180,000х, 


(9-15) 


The cash flow restriction constraint for the problem 
can be written as: 


$150,000x, + $90,000х, + $50,000x, 
+ $80,000x, + $100,000x, 
= $300,000 
The restriction that exactly one of the three shopping 


malls 1, 2, and 5 must be constructed can be written 
as the following constraint. 


(9-16) 


(9-17) 


x, +X, + x; = 1 
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This is an example of a multiple-choice constraint, stating 
that the company wants to build exactly one shopping 
mall from the group of three shopping malls (i.e., 1, 
2, and 5). The restriction that at most one of the two 
shopping malls 3 and 4 may be constructed can be 
written as the following constraint. 


Xs tix | 


(9-18) 


This is an example of a mutually exclusive alternative 
constraint, stating that the company wants to build at 
most one shopping mall from the group of two shop- 
ping malls (i.e., 3 and 4). The restriction stating that if 
shopping mall 4 is constructed then shopping mall 5 
must also be constructed can be written as the following 
constraint. 


хат Xs 
ог (9-19) 
х-х,- 0 
This is ап example of a precedence constraint. Finally, 
we have the binary (0-1) restrictions on the decision 
variables, which can be written as: 


x, = богі оту 1,277 45D (9-20) 
т 


9.2.2 THE FIXED-CHARGE PROBLEM 


Many practical problems involve a situation in 
which a fixed-charge or set-up cost is incurred if 
a particular activity is undertaken. In such situa- 
tions the total cost of the activity will be the sum 
of the fixed charge for undertaking the activity 
plus the variable cost associated with the level of 
the activity. Thus, if the variable ху represents the 
level of activity j, c; represents the variable cost 
associated with activity j, and 4; represents the 
fixed charge associated with activity j, then the 


total cost of activity j will be given by: 
(ky + Gx), Шх>0 
70, ifs =0 sd 


The corresponding objective function for a fixed 
charge problem can then be written as: 


Z = fil) + fx) + +++ +f.) (9-99) 
where — f(x) = E 70% x E © (9-23) 
, J 


where the х; variables are nonnegative for j = 
1, 2; КИЛУ. 

Quite often the constraint set for a fixed-charge 
problem will consist entirely of a set of linear 
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constraints just as in a linear programming prob- 
lem. Assuming that some or all of the fixed 
charges, the A, are strictly positive, the fixed- 
charge problem can be formulated as an integer 
programming problem having the following 
form: 


Minimize Z = У) (cx, + ky) 


үті 


(9-24) 


subject to: 


1. The original set of linear constraints (9-25) 
2.451 

y=0 

yis an integer forj = 1, 2,...,n 
3. x; — Му<0 


(9-26) 


where the x; variables are nonnegative for j = 
Баа 


In the objective function, the fixed-charge por- 
tion: 

Е ИМЕЯ 200 

9710) іх, = 0 

Thus, in the constraint set we must constrain yj 

to be an integer zero-one variable, as is done in 

Equation 9-26. Furthermore, by letting M be a 

very large number that exceeds the maximum 


(9-28) 


feasible value of any x; = 1,2, ...,m), the 
constraints: 
x = Му forj =1,2,...,n (9-29) 


will ensure that у; = 1 whenever x; > 0. Note that 
these constraints allow у, to be either zero or one 
when x, — 0. However, recall that k; = 0. If k; = 
0, the product k; - y, will also be zero in the 
objective function. When k; > 0 and x, = 0 so 
that the constraints will allow either y = 0 or 
у = Ly = 0 must yield a smaller value for the 
objective function. Thus, the optimal solution to 
the problem will have у, = 0 when x = 0. 


Қ 
EXAMPLE Fixed-Charge Problem 


The River Falls Textile Company can use any, or all, 
of three different processes for weaving its standard 
white polyester fabric. Each of these production pro- 
cesses has а weaving machine set-up cost and per- 
square-yard processing cost. These costs and the ca- 


pacities of each of the three production processes are 
as follows. 
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Maximum 
Weaving Processing Daily 

Process Machine Cost Capacity 
Number Set-up Cost ($ per уд?) (уа?) 
1 $ 50 $0.06 20,000 
2 80 0.04 30,000 


3 100 0.03 35,000 


River Falls Textile Company forecasts a daily demand 
for its white polyester fabric of 40,000 square yards. 
The company’s production manager wants to make a 
decision concerning which production processes to 
utilize to meet the daily demand forecast, and at what 
level of capacity, to minimize total production costs. 

To formulate this problem as an integer program- 
ming model, let x, (j = 1, 2, 3) represent the production 
level for process j, and let: 


UNIS 
Ji 0, 


Using these variables the objective function for the 
integer programming model can be written as: 


if process j is used; j = 1,2,3 
if process j is not used; j = 1,2,5 
(9-30) 


Minimize (total production cost) Z = $0.06x, + $0.04x, + $0.03x, 


In using this constraint we want to ensure that у, is 
either 0 or 1. If x, > 0, then 20,000y, > 0, and this 
can occur only if y, = 1. If x, = 0, then y, = 0 since 
we are minimizing total production cost and y, = 0 
will yield a smaller value for the objective function. 

Thus, the complete fixed-charge integer program- 
ming model for the River Falls Textile Company can 
be written as: 


Minimize (total production cost) Z 


= $0.06x, + $0.04x, + $0.03x, (9-35) 
+ $50y, + $80у„ + $100), 
subject to: ху + xa + ху = 40,000 (yd?) 

x, - 20,000y, = 0 

ха - 30,000, = 0 

x, — 35,000y, = 0 
7,54 (9-36) 
»*1 : 
ysl 
»z0 
y»z0 
уз = 0 


with x, = 0, xs > 0, x, = 0; Jı, y», уз integers 
(9-37) 


-31 
+ $50y, + $805 + 8100у; (9-31) 
subject to: 
x, + ху + ху = 40,000 (sq yd) (daily demand forecast) 
хі = 90,000 (sq yd) ^ (capacity constraint—process 1) (9-32) 


Xa = 30,000 (sq yd) 
x, = 35,000 (sq yd) 


Additionally, we must ensure that if any production 
process is used at a positive level, both the fixed weaving 
machine set-up cost and the variable weaving machine 
processing cost will be incurred. For example, if we 
use production process 1 (і.е., x, > 0), then y; = 1 (i.e., 
we incur the fixed weaving machine set-up cost asso- 
ciated with process 1). Thus, we must ensure that the 
following relationships are present in the integer pro- 
gramming model. 
if x, = 0, then y, = 0 
ifx, > 0, then y = 1 
(9-33) 


For each production process: 
(j = 1,2,3) 


Fortunately, each of these relationships can be com- 
bined with the corresponding capacity constraint, to 
form one constraint. For example, for production 
process | we can utilize a constraint of the form: 


x, = 20,000y, 


or 


x, — 20,000y, = 0 where y, is 0 or 1 (9-34) 


(capacity constraint—process 2) 
(capacity constraint—process 3) 


9.2.3 EITHER-OR CONSTRAINTS 


In some problem situations, a choice must be 
made between two constraints, so that one but 
not both constraints must hold. For example, 
assume that we have a blending situation in which 
either of two resources may be used to satisfy a 
resource requirement. Assume that we have for- 
mulated this situation with the constraints: 


Either 5x, + 3x, s 15 (9-38) 


(9-39) 


Letting M be a very large number, the con- 
straints given by Equations 9-38 and 9-39 can be 
rewritten as: 


or 4x, + 2x, = 11 


5x, + 3x4 = 15 + My (9-40) 
4x, + 2x, = 11 + M(1 – у) (9-41) 
y=0 or 1 (9-42) 
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Additionally, the integer variable у is assumed to 
have an objective function coefficient of zero. 

When y = 0, the first constraint (9-40) reverts 
to its original form (9-38) and becomes binding. 
The second constraint (9-41) becomes redundant 
since M is very large and is, in effect, eliminated. 

When у = 1, the second constraint (9-41) 
reverts to its original form (9-39) and becomes 
binding. Since M is assumed to be very large, the 
first constraint (9-40) becomes redundant and is, 
in effect, eliminated. 

Thus, the formulation given by (9-40), (9-41), 
and (9-42) guarantees that one, and only one, of 
the original constraints must hold. This set of 
constraints would then simply be added to the 
original problem, and the resulting integer pro- 
gramming formulation would be solved using an 
appropriate algorithm. 


9.2.4 K QUT OF М CONSTRAINTS 
MUST BE MET 


Various problem situations require that some K 
out of N constraints must be met (assuming K < 
N). For example, a firm might decide to use a 
group of criteria such as cost, expected life, 
efficiency, and energy consumption with respect 
to a particular piece of equipment. Then, in 
making a decision as to purchasing a particular 
piece of equipment, the manager might want to 
try to specify that a minimum satisfactory level 
for a certain number of these criteria be achieved. 
This would be equivalent to specifying that K out 
of N constraints must be met. 

The equivalent integer programming formu- 
lation of this problem situation can be constructed 
as follows: 


fixis X3, ۰۰. , Xn) S b + My, 
fais X e o x) S by + Му, ы уры 
Мк, Xo... Xn) S by + Му, 
ysl (9-44) 
у 20 
y, is an integer, fori = 1,2,...,7 N 
Уу = № — К (9-45) 


where it is assumed that М is a very large number. 


Integer Programming 


This formulation assures that the у; values will 
be zero or one. The constraint given by Equation 
9-45 guarantees that K of the у; values will equal 
zero and that N — К of the у, values will equal 1. 
This assures that K of the original constraints will 
be unchanged, and hence binding, while the 
remaining N — K constraints will be eliminated. 

To illustrate, assume that we have formulated 
a problem having the following four constraints: 


2x, = Ix. + 9х,<=< 11 
—3x, + 4x, eod rr 
Qx, - Sx, = 12 nm» 

2x, 4x, - Ixy s 10 


and that we would like for three (K — 3) of these 
four (N — 4) constraints to be binding. 

We would then reformulate this constraint set 
as the following. 


2x, — lx, + 3x5 S 11+ My, 

— 3x, + 4 = 7+ Му, (9-47) 
2x, — 8x, 5 12 + My, 
2х, + 4х, — 1x, 5 10 + My, 

y = 0orl fori = 1,2,3,4 (9-48) 
yı + ر‎ ty ty = 4 - 3 =1 


9.2.5 RIGHT-HAND SIDE OF A 
CONSTRAINT REQUIRED TO ASSUME 
ONE OF SEVERAL VALUES 


In certain problem situations, the right-hand side 
of a single constraint may be required to assume 
one of several values; that is: 


TG ig 54,2%. 


The equivalent integer programming formulation 
of this constraint is; 


‚Жу 55,5,..., or b, (9-49) 


feti se. sx) ss > 8» 
k=) 


and 


Nt eo + ,و‎ = | (9-50) 


where y, = D if b, is the right-hand side (9-51) 


0, otherwise 


This is an equivalent formulation because exactly 
опе у, must equal one and all the other у, must 
equal zero. This makes the ғ yes-or-no decisions 
on the selection of the respective b, right-hand- 
side values multiple-choice alternatives. 

For example, assume that we have a situation 
in which we are manufacturing two products, 
denoted as x, and x», with 14 hours required to 
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manufacture product x, and 3 hour required to 
manufacture product x». Assume further that we 
have 80 labor-hours available on our first shift, 
but if a second shift is employed, this labor-hour 
availability will increase to 120 labor-hours. Thus, 
the right-hand side of the constraint correspond- 
ing to this situation can be either 80 hours or 120 
hours. We can represent this situation in an 


integer programming format, as follows: 
1.5x, + 0.5x, = 80y, + 120у; 

9-52 

ESSO Nn 


0, x» = 0, and yı, ys are 0 — 1 (binary) 


where x, z 
variables. 


9.3 ILLUSTRATIONS OF INTEGER 
PROGRAMMING MODELS 


Recall from our earlier discussions of linear pro- 
gramming that the set of feasible solutions was 
seen to be a convex set. The consequence of this 


x 


0 ] 2 


3 
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fact was that the basic feasible solutions were then 
seen to be at the corners of this convex set, which 
were the intersections of the constraint bounda- 
ries. However, when we add to the linear pro- 
gramming problem the restriction that all decision 
variables may have only integer values, the inter- 
section of the constraints will no longer specify 
feasible solutions, except by accident. 

Consider Fig. 9.2, which presents the convex 
set formed by two constraints and the nonnega- 
tivity restrictions in a linear programming prob- 
lem. Any point within this convex set represents 
a basic feasible solution. Now, assume that both 
decision variables x, and x» must be integers. This 
added restriction reduces the number of feasible 
solutions from infinity to 26, namely, those lattice 
points (integer values of x, and x;) specified by 
dots that lie on the boundary or within the original 
constraint set. Thus, integer programming is con- 
cerned with discrete functions that exist for only 
integer values of the function. 


4 5 xi 


FIGURE 9.2 FEASIBLE SOLUTIONS—COMPARISON OF NONINTEGER AND INTE- 


GER FORMULATIONS 


There аге basically three types of integer pro- 
gramming problems: 
1. An All-Integer Programming Problem. АП 
the decision variables are constrained to inte- 
ger values. 


2. A Mixed-Integer Programming Prob- 
lem. Some, but not all, of the decision vari- 
ables are constrained to integer values. 


3. A Zero-One Integer Programming Prob- 
lem. All of the decision variables are con- 
strained to the integer values zero or one. 


All these types of integer programming problems 
are couched within the general format of what 
would otherwise be a linear programming prob- 
lem. That is, the objective function and constraint 
set of the problem are linear functions, with only 
the additional restriction that the decision vari- 
ables must be solved for as integers. As a result, 
some authors prefer the use of the term "integer 
linear programming" rather than just "integer 
programming." This distinction does not seem to 
be too important as long as the student under- 
stands the structure of the problem being consid- 
ered. 

Applications of integer programming within 
various decision-making contexts are numerous 
and varied. Typical illustrations of the three basic 
types of integer programming problems will now 
be provided. 


Illustration 1 An All-Integer Programming Prob- 
lem. Bill Dawes is returning from a late-summer 
fishing trip in Colorado. He has extra space in 


Chemical 
Requirement 
per Drum 
16.67 gal 
13.33 gal 
Labor 
Requirement 
per Drum 
0.53 hour 


Chemical A 
Chemical B 


the back of his station wagon and is interested in 
taking back two locally produced camping items 
to see to friends. These two items are: 


x, = camping tents 


x, = sleeping bags 
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Bill has determined that he has about 50 cu ft of 
extra space in his station wagon, and he does not 
want to add more than 75 |b to his current load. 
A camping tent weighs 9 Ib and takes up about 
5 cu ft. A sleeping bag weighs 23 Ib and takes up 
2 cu ft. He estimates that he can make a $10 
profit on each camping tent and an $8 profit on 
each sleeping bag. 

This problem situation can be structured using 
an all-integer programming format, as follows. 


Maximize Z = $10x, + $8x, (9-53) 


subject to: — 5x, + 9х, = 50 (volume constraint) 
9x, + 23x, = 75 (weight constraint) 

(9-54) 

with xı = 0, x. = 0, and x, and x, integers (9-55) 


Note that this problem must be structured in 
terms of solving for both the decision variables x, 
and x, strictly as nonnegative integers because 
Bill is restricted to selling whole camping tents 
and whole sleeping bags. 


Illustration 2 A Mixed-Integer Programming 
Problem. The Gorgon Chemical Company man- 
ufactures and sells an extremely effective termite 
spray. It sells its termite spray either in a 55-gal 
drum for $50 or in bulk form at $1.25 per gal. It 
has just received a new shipment of the two 
chemicals required for the termite spray and has 
available two workers to mix the termite spray. 
Its mixing process has the following characteris- 
tics. 


Chemical 
Requirement Chemical 
per Gallon Availability 
0.444 gal 1000 gal 
0.250 gal 750 gal 
Labor 
Requirement Work Force 
per Gallon Availability 
0.04 hour 80 hour 


If we let x, = number of 55-gal drums of the 
termite spray produced and Ха = number of 
gallons (in bulk form) of the termite spray pro- 
duced, this problem situation can be represented 
by the following mixed-integer programming for- 
mulation. 
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Maximize Z = $50x, + $1.25x, 


subject to: 16.67x, + 0.444x, 
13.33x, + 0.250x, 


0.53x, + 0.04x, 


IA AIA 


> 


with x, = 0, x, = 0, x, integer 


Note that only x, is required to be an integer 
since the variable x, represents the number of 
whole drums to be produced. The variable x; 
represents the bulk gallons of the termite spray 
produced and is thus not required to be integer 
valued. 


Illustration 3 A Zero-One Integer Programming 
Problem (Capital Budgeting). Barbara Shade, the 
controller of the Clover Manufacturing Company, 
is trying to determine which of 10 capital invest- 
ment projects to fund for the coming year. Based 
on the discounted cash flow rate of return pre- 
dicted for each project, she has assigned a value 
to that project on a scale of 1 to 100. For each 
project she has also determined the capital cost 
for the project. 

Barbara would like to select a set of capital 
projects that maximizes the total discounted cash 
flow rate of return for the company. However, 
she is constrained by a capital expenditure budget 
of $750,000. Additionally, according to company 
policy she cannot spend more than $100,000 on 
any one project. Finally, she must either totally 
accept or totally reject each project (i.e., making 
a partial capital expenditure for a project is not 
possible). 

Ms. Shade's preliminary evaluation of the po- 
tential projects is as follows. 


Capital Capital 

Investment Expenditure Project Value 
Project Requirement ($) — (scale: 1-100) 

1 95,000 60 

2 70,000 40 

3 82,000 50 

4 50,000 35 

5 110,000 70 

6 75,000 45 

7 100,000 65 

8 60,000 35 

9 85,000 55 

10 80,000 50 


000 
750 
80 


(9-56) 


(chemical availability 
constraints) 

(work force availability 
constraint) 


| 


(9-57) 


(9-58) 


To formulate this problem we let x; j = 
hz 10 be zero-one integer decision variables. 
Thus, if x, - 0, this indicates that project j is not 
funded. This problem situation can then be rep- 
resented by the following zero-one integer pro- 
gramming formulation. 


Maximize 7 = 60x, + 40x, + 50x, + 35x, 


+ 70x, + 45x, + 65x; (9-59) 
+ 35x, + 55x, + 50x, 
subject to: 
95,000x, + 70,000x, + 89,000х, 
+ 50,000x, + 110,000x, + 75,000x, 
+ 100,000х; + 60,000х, + 85,000x, (9-60) 


+ 80,000x,, = 750,000 
(total capital expenditure constraint) 


95,000х, = 100,000 
70,000x, = 100,000 
82,000x, = 100,000 
50,000x, = 100,000 
110,000x, = 100,000 (individual project capital 
75,000x, = 100.000 expenditure constraints) 
100,000х; = 100,000 
60,000x, = 100,000 
85,000x, = 100,000 
80,000x,, = 100,000 
(9-61) 
x = 0, х; = 0orl forj = 1,2,...,10 (9-62) 


Note that each of the x; values is constrained to 
be either one or zero in the optimal solution. 
Thus, we are restricted to a zero-one integer 
solution for this problem situation. 


Illustration 4 А Zero-One Integer Programming 
Problem (Routing). An entire class of problems 
involving sequencing, scheduling, or routing in- 
herently involves zero-one integer programming 
problems. One very important scheduling prob- 
lem is the traveling salesman problem, which is 
concerned with the determination of a route that 
minimizes the total travel cost (with travel cost 
usually expressed as a function of distance or 
time). In the traveling salesman problem, the 
variable x; equals 1 if the overall routing includes 
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a trip from location i to location / in stage А of 
the routing; otherwise, x,y equals 0. The param- 
eter с represents the cost associated with making 
a trip from location i to location j, in stage k of 
the routing. 

To illustrate the formulation of a traveling 
salesman problem, consider the following situa- 
tion involving a routing among five cities. An 
independent trucker has contracted to deliver 
vegetables to four locations in South Carolina: 
Spartanburg, Florence, Sumter, and Rock Hill. 
The produce will be loaded onto his truck at the 
Farmers’ Market in Columbia, South Carolina, 
and after his final delivery, he must return to this 
control supply location for another load. The 
trucker wants to determine a route that will 
minimize the total distance that he travels. He 
has obtained the following mileage data from the 
South Carolina Department of Transportation. 
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possible routings. In our example there are (5 — 
1)! = 4! = 24 possible routings, with one such 
routing being Columbia—Spartanburg-Flor- 
ence Sumter— Rock Hill-Columbia. 

This problem situation can be formulated as 
the following zero-one integer programming 
problem. 


5 5 5 
Minimize Z = Y Y Y cx, 


ied jel kel 


fori #7 (9-63) 


(Minimize total travel distance for the trip.) 
5 

subject to: Sen = 1 (9-64) 
іе? 


(This constraint stipulates that the trip must begin 
in Columbia.) 


5 
2 Ran al (9-65) 


1-22 


= 


Origin Columbia Spartanburg 
Columbia 0 93 
Spartanburg 93 0 
Florence 82 150 
Sumter 44 137 


Destination 
Florence Sumter Rock Hill 
82 44 68 
150 137 62 
0 38 99 
38 0 88 


Rock Hill 68 62 99 88 0 
SY 


Note that these mileage data are symmetrical 
(e.g., the distance from Columbia to Spartanburg 
is the same as the distance from Spartanburg to 
Columbia). If the problem were couched in time 
units, or cost units, the data could be asymmet- 
rical. This, however, would not affect the for- 
mulation of the problem. 

The mileage data shown in the preceding table 
are the cj, parameters. For example, сі) = 93 
and represents the distance associated with a trip 
from Columbia to Spartanburg in the first stage 
of the routing. As another example, суу = 68 
and represents the distance associated with a trip 
from Rock Hill to Columbia in the final stage of 
the routing. 

In the traveling salesman problem the idea is 
to begin from some home city, visit each of (n — 
1) other cities exactly once, and return home at 

a minimal distance (or cost, or time). Thus, a 
traveling salesman problem involves (п — 1)! 


(This constraint stipulates that the trip must end 
in Columbia.) 


5 


S Bing =] 


i=2 )-9 


fork = 2, 3,4; i Fj (9-66) 


(These constraints specify that each stage of the 
routing is associated with a single routing seg- 
ment.) 


5 


S UE 


ml ke2 


fori = 2,...,5;i#j (9-67) 


Ifj=1,k=5 or ifk=5,j=1 


(This set of constraints guarantees that there is 
exactly one departure from each of the five 
locations.) 


5 4 

259 Ж іседі forj = 2,...,5;і%) (9-68) 
ізі ӛзі 

Kfi-lke1 or ifkeli-l 
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(This set of constraints ensures that only one stage 
of the trip ends at each of the five locations.) 


Xii = > Xu 
=2 


forj = 2,...,5;j*t 


> xa = У ха forj = 2,...,5;Ё = 2,$; 
їжу.) #1 
> ху = уш forj ж29,...,5;)%! 


(9-69) 


(This final set of constraints guarantees that if 
stage k of the trip ends at location j, then stage 
k + 1 must start from the same location.) 

Note that the last constraint set eliminates the 
possibility of disjoint subtours of the cities from 
occurring instead of a single trip or tour. That is, 
it prevents an infeasible solution such as the one 
depicted in Fig. 9.3 from resulting. 

Consider that in Fig. 9.3 we have two disjoint 
subtours that involve all five cities. However, in 
the first subtour we start and end in city 1, and 
in the second subtour we start and end in city 2. 
Note that we do not have any linkage between 
city 5 and city 2. The constraints given by Equa- 
tion 9-69 ensure that such a linkage will always 
occur. For instance, xj, = 1 indicates that in 
stage 1 we are traveling to city 5. Therefore, a 
feasible solution would require that in stage 2, we 
depart from city 5. Note that in the infeasible 
solution given, we are departing from city 2 in 
stage 2.4 


9.4 DIFFICULTIES IN 
SOLVING INTEGER 
PROGRAMMING PROBLEMS 


From our previous discussion, it may seem to you 
that integer programming problems should be 
easy to solve. As we saw in earlier chapters, the 
simplex method is very efficient for linear pro- 
gramming problems, and integer programming 
problems have fewer solutions to be considered. 


ЕЕЕ: cC 

‘For alternate formulations of the traveling salesman prob- 
lem, see T. C. Hu, Integer Programming and Network Flows 
(Reading, Mass.: Addison-Wesley Publishing Company, 1970), 
p. 270; and Harvey M. Wagner, Principles of Operations Research, 
2nd ed. (Englewood Cliffs, N.J.: Prentice Hall, 1975), p. 518. 
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Infeasible Solution: xis, = 1 Қы” 
im = | Хы” 
Xso = 1 


FIGURE 9.3 DISJOINT SUBTOURS 


In integer programming problems we consider a 
finite number of integer valued solutions, and in 
linear programming we must consider many more 
extreme points and convex combinations of ex- 
treme points. 

However, there are two major problems in 
solving integer programming problems. First, 
while we consider a finite number of feasible 
solutions to an integer programming problem, 
this number can become astronomically large. For 
example, consider the (relatively) simple case of 
a binary valued (zero-one) integer programming 
problem. For such a problem, 2” solutions must 
be considered, where n is the number of variables. 
Thus, every time n is increased by one, the 
number of solutions to be considered is doubled. 
The problem, therefore, grows exponentially. For 
example, for n = 10, there are 2" = 1024 
solutions; for n = 20, there аге 2? = 1-million- 
plus solutions; for n = 30, there are 2? = 1- 
billion-plus solutions. Even with rapidly increas- 
ing computer processing speeds, the complete 
evaluation of all possible feasible solutions to such 
problems may be a major source of difficulty. 
This problem is greatly compounded for the 
general integer programming problem in which 
the variables can take on a range of integer values 
rather than being restricted to binary values. 

A second problem is that by eliminating the 
noninteger feasible solutions from a linear pro- 
gramming problem, as is done for an integer 
programming problem, it may not be easier to 
solve. To the contrary, the fact that a linear 
programming problem has a set of extreme-point 
feasible solutions (basic feasible solutions) is what 
assures that there will be an optimal solution (or 
alternative optimal solutions) to the problem. 
This extreme-point optimal solution is the key to 
the tremendous efficiency of the simplex method 
and is the reason that linear programming prob- 
lems are so much easier to solve than integer 
programming problems. 
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Because of these two difficulties, most success- 
ful approaches for solving integer programming 
problems use the simplex method (or dual simplex 
method) to solve simplified portions of the cor- 
responding integer programming problem. We 
will illustrate this process, called LP-relaxation, in 
our discussion of the cutting plane and branch- 
and-bound algorithms, which follows. 

There are a number of algorithms and heuris- 
tics in existence for solving various types of integer 
programming problems. Many of them exploit 
the special structures of certain types of integer 
programming problems. Also, many of them are 
efficient for only relatively small-sized problems. 
Consequently, the development, testing, and com- 
puter implementation of integer programming 
methods are active areas of research. 


9.5 THE CUTTING-PLANE 
ALGORITHM 


An algorithm for solving all-integer and mixed- 
integer programming problems has been devel- 
oped by Ralph E. Gomory. In using this algo- 
rithm, the integer requirement is first relaxed, 
and the resulting linear programming problem is 
solved in the usual manner. If all the decision 
variables have integer values, then this current 
linear programming solution is also the solution 
to the corresponding integer programming prob- 
lem. However, if the current linear programming 
solution does not have integer values for the 
decision variables, we proceed as follows. We 
modify the original linear programming problem 
by adding a new constraint that eliminates some 
noninteger solutions (including the previously 
optimal noninteger linear programming solu- 
tion), but which does not eliminate any feasible 
integer solutions. (This procedure will be dis- 
cussed in detail subsequently.) 

We now proceed to find the optimal solution 
to the modified problem, using the dual simplex 
algorithm, since the addition of the new constraint 
will have made the previous optimal solution 
infeasible. If this optimal solution has all integer 
values for the decision variables, it is the integer 
solution to the problem. If it does not, we add 
another new constraint to the current modified 
problem and repeat the procedure. 

Utilizing this cutting-plane algorithm, the op- 
timal integer solution will eventually be obtained 
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after all the noninteger solutions to the problem 
have been "cut" away. The key idea in the process 
is that we are searching for a new linear program- 
ming problem whose set of feasible integer solu- 
tions coincides with the set of feasible solutions 
for the integer programming problem that we 
are attempting to solve. If the optimal solution to 
this linear programming problem is an integer 
solution, then it must be the best feasible solution 
to the integer programming problem. 


——MM— У 


EXAMPLE 


We will now proceed to illustrate the procedure used 
to add a cutting-plane constraint at each iteration. 
Assume that we have used the simplex algorithm on 
an integer programming problem and have obtained 
a row in the final (optimal) simplex tableau that can be 
expressed algebraically in terms of the variables as: 


Ix, + 2b, — dx, + 35, – 34x, + 3x, = 3} (9-70) 


and that x, = 34 is the only noninteger value in the 
optimal solution to the current problem. We can now 
rewrite the coefficients of Equation 9-70 as the sum of 
an integer and a nonnegative fraction, namely, as: 


+ 


(+ O)x, + (2 + lx, (7-14 x, 
+ (3 + xs + (74 + Dx, 
+ (3 +0)x,=3 +] 


(9-71) 


By transposing the integer coefficients to the right- 
hand side, we obtain: 


Ix, + Ixy + bx, + by = Д 


+ (3 — Ix, - 2x, + Ixy - 3x, + 4x, - 3x,) 


(9-72) 

Now, assume that all the variables are nonnegative 
integers.’ Clearly, the left-hand side of the transposed 
version of Equation 9-72 is nonnegative since the 
simplex algorithm will generate only zero or positive 
values for the decision variables. Also, the right-hand 
side of Equation 9-72 must equal 4 plus some integer 
Additionally, it must be positive. Furthermore, it is 
apparent that the quantity in parentheses on the right- 
hand side of the equal sign is an imteger (because we 
assumed that all the variables were nonnegative inte- 
gers). This quantity in parentheses must be positive, 


ooo 

“Бу all variables is meant original variables and slack 
variables. This condition will be assured if we wale the 
constraint set and the right-hand-side vector so that all coc! 
ficients and 6, values are integers 


The Cutting-Plane Algorithm 


or zero, because it would yield a negative sum when 
added to 3 if it were any negative integer. This, in turn, 
would make the quantity on the left side of the equal 
sign negative, and we have already concluded that this 
cannot occur since all values are positive. 

Therefore, since: 


мә + dx, + bes + ік, 


= 4 + some integer (positive or zero) (9-73) 
and 
ах, + Ix, + xs + bx, = 0 


for nonnegative integer valued variables, it now follows 
that: 


(9-74) 


dix, + xy + bx, + bx, Sh (9-75) 


Thus, the minimum possible value for the quantity on 
the left side of the equal sign is the quantity on the 
right side that results when the portion in parentheses 
on the right-hand side is equal to zero. 

The condition shown by Equation 9-75 is the cutting- 
plane constraint that is added to the original linear 
programming problem. Introducing a nonnegative 
slack variable, 51, this new constraint сап be written in 
equality form as: 


xg — fx, — bes а +5) = 4 


То obtain the next optimal solution we simply append 
Equation 9-76 as a row in the previously optimal 
solution, with s, = —4. The dual simplex algorithm is 
then applied with x, being selected as the initial basic 
variable to leave. 

This discussion has assumed that only one variable 
had a noninteger value. It is, of course, quite possible 
that more than one, or indeed all variables, will be 
noninteger in the optimal solution. As а result, a choice 
must now be made as to which variable (and corre- 
sponding equation) will be used to derive the new 
constraint, as shown, In practice, the noninteger vari- 
able (and associated equation) having the largest frac- 
tional part is selected to generate the additional con- 
straint at each subsequent iteration until optimality is 
achieved. 


ee 


(9-76) 


9.5.1 APPLICATION OF THE CUTTING- 
PLANE ALGORITHM TO AN ALL-INTEGER 
PROGRAMMING PROBLEM 

The cutting-plane algorithm will now be illus- 
trated by applying it to the all-integer program- 
ming problem presented earlier, namely: 


Maximize Z = Ix, + 4x; (9-77) 
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subject to: Ix, + 6x, = 18 
Ly, = 3 ue 
with xı 0,x, = 0, and x, and x, integers (9-79) 


Application of the simplex method to this all- 
integer programming problem yields, in two it- 
erations, the optimal (noninteger) linear pro- 
gramming solution shown in Table 9.1 (refer also 
to Fig. 9.1). 

This optimal linear programming solution hav- 
ing x» = $ is obviously not the optimal solution 
to the all-integer programming problem given by 
Equations 9-77, 9-78, and 9-79. Since the variable 
хә is the only variable having a noninteger solution 
value, we refer to the second row of the optimal 
simplex tableau to specify the cutting-plane con- 
straint. Expressing the second row of this simplex 
tableau algebraically in terms of the variables, we 
obtain: 


0 + (1 + 0)х + (0 + ds, + (—1 + 85 = 21 
(9-80) 


or 


as, + $s = 4 + (2 — 1х + 05) (9-81) 


The cutting-plane constraint is then written as: 


Б + ês, =$} (9-82) 


Тһе cutting-plane constraint, with the addition 
of the nonnegative slack variable 5; becomes: 


—4s, — dsp + وى‎ = -3 (9-83) 


The appended first dual simplex tableau is shown 
in Table 9.2. Applying the dual simplex algorithm 
we obtain the second dual simplex tableau, as 
shown in Table 9.3. Thus, a first dual simplex 
iteration yields the optimal solution to the current 


TABLE 9.1 FINAL SIMPLEX TABLEAU (OPTIMAL 
LP SOLUTION 
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TABLE 9.2 FIRST DUAL SIMPLEX TABLEAU (WITH 


APPENDED CONSTRAINT 


linear programming problem, namely: 


х=} 
x= M 
і-0 Maximum 2 = 121 (9-84) 
зі 
5; = 0 


To illustrate what has occurred, recall that our 
original constraints were: 


Ix, + 6x, + Is, 18-> Is, 


= 18 — Ix, - бх, 
Ix, + ls = 3— Is, 


9- Ix, 
(9-85) 


and that we appended to these constraints the 
first cutting-plane constraint: 


ШЕ! 


ds, + 5,2 $ ог  s-5sz3 (9-86) 


Substituting the values of s; and s, from the 
original constraints into the first cutting-plane 
constraint, we obtain: 


(18 — Ix, — бх) + 5(3 — Іх) z 3 
ог (9-87) 


Ix, + 1x 55 


Thus, the first cutting-plane constraint is equiv- 


alent to the constraint 1x, + 1x; = 5. Our original 
constraint set has now been expanded to the 
constraint set: 


Ix, + бх, = 18 
Ix, zu 
Ix, + Ix S 5 


(9-88) 


The graphical solution to this expanded problem 
is shown in Fig. 9.4. However, this optimal solu- 
tion is not an integer solution, so a new variable 
and its corresponding equation (row) must be 
selected for generating a new constraint. Using 
the rule we previously discussed row 2, x», or row 
3, зә, are tied with the largest fractional parts. 
Choosing row 3, у, arbitrarily, yields the following 
new constraint. 

bs, + 455 > 8 (9-89) 
so the equation 


m = ts, + "= -$ (9-90) 


is appended to the current (second) dual simplex 
tableau. The appended second dual simplex ta- 
bleau is shown in Table 9.4. Applying the dual 
simplex algorithm, we obtain the third dual sim- 


TABLE 9.3 SECOND DUAL SIMPLEX TABLEA 


Basic 
Variables 


U 
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x 


0 1 2 
FIGURE 9.4 GRAPHICAL SOLUTION—ADDITION OF FIRST CUTTING-PLANE 
CONSTRAINT 


plex tableau, as shown in Table 9.5. Once again, 
we have obtained an optimal solution to the 
current linear programming problem, namely: 


x, = 


Maximum Z = 19) (9-91) 


$70 
Illustrating what occurred, recall that our revised 
constraints were: 


Ix, + 6x, + Is, 
Ix, + 1% 


Ix, + lx + ls 


and that we appended to these constraints the 


second cutting-plane constraint: 
кізе or st 4s, > 3 (9-93) 


Substituting s, and з; from the revised constraints 


Current Optimal Noninteger 
(LP) Solution: 
2 


into the second cutting-plane constraint, we ob- 
tain: 


(18 — 1x, — бх)) + 4(5 — Ix, — 1x) > 3 (9-94) 
or 
xy + 2х,= 7 


Thus, the second cutting-plane constraint is 
equivalent to the constraint 1x, + 2x, = 7. The 
original constraint set has now been expanded to 


18-15, = 18 — Ix, — 6x, 

3-15 = 3- Іх (9-92) 

Б1з = 5- Ix, — Ix, 

the constraint set: 

Ix, + бх, € 18 
Ix, = 3 (9-95) 
Ix, + Ixy < 5 
Іх, + 2x, s 7 
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TABLE 9.4 SECOND DUAL SIMPLEX TABLEAU (WITH 


The graphical solution to this problem is shown 
in Fig. 9.5. However, this optimal solution is not 
an integer solution, so a new variable and its 
corresponding equation (row) must be selected 
for generating a new constraint. Using the largest 
fractional part rule we have a tie between row 2, 
Хә, and row 4, Ss. Choosing row 2, x», arbitrarily, 
yields the following new constraint: 


An + fs, > 3 (9-96) 


so the equation 


-hi — ix +s, = –{ (9-97) 


is appended to the current (third) dual simplex 
tableau. The appended third dual simplex tableau 
is shown in Table 9.6. Applying the dual simplex 
algorithm we obtain the fourth dual simplex 
tableau, as shown in Table 9.7. As can be seen in 
this tableau, the optimal integer solution has been 
obtained, namely: 


xf = 0 
xf =3 
sf =0 
sf = 8 Maximum Z* = 19 (9-98) 
st = 2 
sf = 1 


Illustrating what has occurred, recall that our 
revised constraints were: 


Ix, + 6x, + Is, 

Ix, + ls 
Ix, + Ix, 

Ix, + 2x, 
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"wow 


and that we appended to these constraints the 
third cutting-plane constraint: 


is tids2z1 ог 5-435223 (9-100) 


Substituting s, and s, from the revised constraints 
into the third cutting-plane constraint, we obtain: 


(18 = 1x, + 6x.) + 5(7 - Ix, = 2x) 2 3 


or (9-101) 


lx; + 3x, = 9 


Thus, the third cutting-plane constraint is equiv- 
alent to the constraint 1x, + Эх; = 9. The original 
constraint set has now been expanded to the 
constraint set: 


Ix, + бх, = 18 
Ix, 53 
Ix, + 1х5 5 
ix, + 2x, 7 
+3x,5 9 


(9-102) 


Ix, 


The graphical solution to this problem is shown 
in Fig. 9.6. Observe that all variables, both the 
real variables, x, and x», and the slack variables 
have zero or nonnegative integer values in the 
current optimal integer solution. 

In terms of the original problem formulation 
for this situation, the Telsa Transformer Com- 
pany will maximize revenue at $12,000 by con- 


181s, = 18 — Ix, - 6x, 

Sls, = 3 - Ix, us 
Sls, = 5- ix- iyn (999 
tls, = 7 — lx, - 2x, 


Тһе Branch-and-Bound Technique 377 


TABLE 9.5 THIRD DUAL SIMPLEX TABLEAU 


structing three of the 25-kilo-volt transformers. 9.6 THE BRANCH-AND- 
This all-integer solution has a lower optimum BOUND TECHNIQUE 


value for its objective function than does the cor- 


responding linear programming problem. How- Тһе difficulties encountered in applying the 
ever, the physical realities of the problem situation ^ cutting-plane algorithm, and the fact that any 
require that all the solution values be integers. bounded integer program has only a finite num- 


X 


хүє<3 
Current Optimal Noninteger 
(LP) Solution: 


м 


0 1 2 3 4 5 x 


FIGURE 9.5 GRAPHICAL SOLUTION—ADDITION OF SECOND CUTTING-PLANE 
CONSTRAINT 
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TABLE 9.6 THIRD DUAL SIMPLEX TABLEAU (WITH 
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ber of feasible solutions, has led to the develop- 
ment of implicit enumeration procedures for 
finding the solution to such problems. One such 
implicit enumeration procedure is the branch- 
and-bound technique in which only a small frac- 
tion of the feasible solutions are explicitly ex- 
amined. The fact that the branch-and-bound 
technique involves enumeration of only a small 
percentage of the feasible solutions should be 
emphasized, because a relatively small problem 
involving 15 decision variables, each of which 
could assume 10 feasible values, could have as 
many as 10? feasible solutions. Regardless of the 
fact that today’s digital computers make arith- 
metic computations very rapidly, exhaustive or 
complete enumeration of all the feasible solutions 
to a problem such as this would be very time 
consuming and costly. 


9.6.1 AN OVERVIEW OF THE 
BRANCH-AND-BOUND METHOD 


The branch-and-bound method employs a strat- 
egy in which the feasible region is divided into 
smaller and smaller subsets, with each successive 
subset being examined until that feasible solution 
which produces the optimal value of the objective 
function is obtained. In general, there are a 
number of ways of dividing the feasible region, 
and therefore there are a number of branch-and- 
bound algorithms in existence. We will provide a 


"A survey of branch-and-bound methods can be found in 
E. L. Lawler and J. D. Wood, “Branch-and-Bound Methods: 
A Survey,” Operations Research, Vol. 14 (1966): 619-719. 


Solution 


brief overview of the branch-and-bound method 
in this section, and then we will illustrate its 
application to specific problems. 

An integer linear programming problem is a 
continuous linear programming problem that has 
been further constrained by the imposition of 
integrality requirements on the decision variables. 
In a maximization problem, the optimal solution 
value to the continuous linear programming 
problem will always be an upper bound on the 
optimal solution value to the integer linear pro- 
gramming problem. Furthermore, any feasible 
point (i.e., any feasible integer solution) to the 
integer programming problem is always a lower 
bound on the optimal value of the objective 
function of the continuous linear programming 
problem. Now, the basic idea of the branch-and- 
bound method is to utilize these two fundamental 
observations to subdivide logically the continuous 
linear programming feasible region and to then 
seck feasible integer solutions to the integer pro- 
gramming problem. 

The basic steps of the branch-and-bound 
method (for a maximization problem) can be 
summarized as follows, 


l. Initialization Step. Given the integer pro- 
gramming problem, relax the integrality re- 
strictions and solve the problem as a con- 
tinuous linear programming problem. If the 
optimal solution results in integer values for 
all the variables that are constrained to be 
integers, the optimal integer programming 
solution has been obtained. If not, the optimal 
solution to the continuous linear program- 
ming problem represents the initial upper bound 
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TABLE 9.7 FOURTH DUAL SIMPLEX TABLEAU 
INTEGER SOLUTION ms 


on the integer programming problem. The integer programming solution is greater than 
initial lower bound on the integer programming or equal to the lower bound and less than or 
problem can be determined by rounding down equal to the upper bound. Proceed to step 2. 


to integers all the noninteger variables in the 
optimal solution to the continuous linear pro- 2. Branch Step. Select an integer-constrained 
gramming problem. At this point the optimal variable that has а noninteger value in the 


x 


Current Optimal Integer Solution: 
x*=0 
ху*=3 
7*=12 


0 1 2 3 
FIGURE 9.6 OPTIMAL INTEGER SOLUTION—ADDITION OF THIRD CUTTING-PLANE 
CONSTRAINT 


pe 


e 


optimal solution to the linear programming 
problem. Partition, or branch, the problem into 
two new subproblems using the variable se- 
lected. The branching is done by introducing 
two mutually exclusive constraints that satisfy 
integer requirements while preventing the ex- 
clusion of any feasible integer solution. If k is 
the integer portion of the current value of the 
noninteger selected for branching, the variable 
will be constrained to be less than or equal to 
Кіп one subproblem and greater than or equal 
tok + 1 in the other subproblem. Proceed to 
step 3. 


Bound Step. Determine the optimal solution 
for each of the newly created subproblems, 
using the usual linear programming ргосе- 
dures (ie., disregarding the ingeter restric- 
tions on the variables). In this manner a 
reasonable upper bound for each newly cre- 
ated subproblem is determined. 


Fathoming Step. Each new subproblem is 
examined to determine if it is desirable to 
explore it any further. There are four possible 
outcomes for each subproblem: 

a. If a subproblem has no feasible linear 
programming solution, it is eliminated 
from further consideration or is said to be 
fathomed by infeasibility. 

b. Ifa subproblem has a linear programming 
solution that is worse than the best integer 
solution obtained thus far (i.e., the current 
lower bound), it is eliminated from further 
consideration or is said to be fathomed by 
bounding. 

с. If a subproblem has a linear programming 
solution that is also all integer, the value 
of this integer solution is compared to the 
best integer solution obtained thus far (i.e., 
the current lower bound). If the integer 
solution for the subproblem is worse than 
the best integer solution obtained thus far, 
it is eliminated from further consideration 
or is said to be fathomed by integrality. If 
the integer solution for the subproblem is 
better than the best integer solution ob- 
tained thus far, it is specified as the current 
lower bound. 

d. If a subproblem has a linear programming 
solution that does not have integer values 
for the integer-constrained variables, but 
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that is better than any integer solution 
obtained thus far (i.e., the current lower 
bound), we then specify this solution value 
as the upper bound for this subproblem 
and return to step 2 and branch on the 
subproblem. 


5. Completion Step. The procedure outlined in 
steps 2, 3, and 4 is continued for each such 
subproblem until there are no further sub- 
problems to be examined. At this juncture the 
integer solution corresponding to the current 
lower bound is the optimal integer program- 
ming solution, and the entire procedure stops. 


We will now illustrate the branch-and-bound 
method, using a small, two-variable integer pro- 
gramming problem that can be solved using 
graphical procedures. Each of the steps described 
will be illustrated by this example. 


9.6.2 APPLICATION OF THE BRANCH- 
AND-BOUND METHOD TO AN ALL- 
INTEGER PROGRAMMING PROBLEM 


To illustrate the branch-and-bound method, let 
us first consider the following two-variable all- 
integer programming problem, which we will call 
problem P}. 


Maximize Z = 3x, + 4x, (9-103) 


subject to: 
д (9-104) 


with xı = 0, x. = 0, x), x, integer (9-105) 


This problem is presented graphically in Fig. 9.7. 
Note that the feasible solution space for this 
problem has been shaded, and the lattice points 
(integer values of x, and x») have been shown as 
dots within this feasible solution space. 

Relaxing the integrality restrictions and solving 
the problem graphically, the optimal continuous 
(noninteger) linear programming solution is 
xı = ff, хь = f, maximum Z = 11%, This (non- 
integer) solution is the initial upper bound on the 
integer solution (i.e., Zy = 11%). The initial lower 
bound on the integer solution is the solution with 
both x, and x; rounded down (i.e., xi = 10,x$ = l, 
2, = 7). А 

A convenient way of presenting the various 
solutions that are obtained while using the branch- 
and-bound method is by an enumeration tree. 
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*2 


2x; + 8x2 < 16 


(Continuous, noninteger) 


хі 


FIGURE 9.7 TWO-VARIABLE INTEGER PROGRAMMING PROBLEM—PROBLEM Р, 


The enumeration tree for our problem at this 
point consists of a single node. The initial enu- 
meration tree is shown in Fig. 9.8. 

The continuous linear programming solution 
hasx, = #8 and x, = #. Both these variables must 
be integer in the optimal integer programming 
solution, and we therefore need to subdivide the 
original problem into two parts in order to search 
for possible integer solution values for x, and хә. 
Since both x, and x are noninteger, we must 
select one of the two variables to make the first 
subdivision. Although no general rule exists for 
selecting among two, or more, noninteger vari- 


Node 1. Problem Рі 


Solution 
Max Z = 3x, + 4x2 H -20 
s.t, 2x1 + 8х2 < 16 ; ҚЫ Zy* 1 
74 +2х:<14] әз 7ے‎ 
хі>0,х;>0 1 5 
2:113 


FIGURE 9.8 ENUMERATION TREE— 
PROBLEM Р; 


ables, various branching rules can be used, such 
as: 


1. Select the variable with the noninteger solu- 
tion value that has the greatest fractional part. 


2. Select the variable with the noninteger solu- 
tion value whose objective function coefficient 
is largest. 


For this problem the variable x, is initially selected 
by either of these two branching rules. Now, we 
subdivide the feasible region in an attempt to 
make x; integral. In this case the two integer 
values closest to x = #4 are 1 and 2. Thus, in any 
integer programming solution, x, must be either 
an integer = 1 or an integer > 2. Our first sub- 
division involves the two mutually exclusive con- 
straints x» = 1 and x; = 2. These subdivisions аге 
shown as the single point, P», and the shaded 
region, Ps, in Fig. 9.9. Note that the two added 
constraints eliminate all fractional values of x; 
between 1 and 2, thereby reducing the feasible 
solution space of the original problem in a manner 
so that a fewer number of finite integer solutions 
needs to be evaluated. 


ха 


7x; %2х<4 


x222 


Optimal Continuous Solution 
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FIGURE 9.9 SUBDIVIDING PROBLEM P, INTO SUBPROBLEMS P; AND P, 


Inspection of the two new feasible regions that 
have been created from the original problem 
indicates the following. First, the original, contin- 
uous optimal linear programming solution to the 
problem has been eliminated (i.e., it is not feasible 
with respect to the feasible regions of either of 
the two new subproblems). Therefore, the optimal 
integer solution that we are seeking will be found 
in the feasible region of one of these two sub- 
problems and will have a worse value (i.e., smaller 
value) of the objective function than the solution 
of the original problem. Second, any all-integer 
solution to the original problem is contained 
within one or the other of the two new subprob- 
lems. 

The next step in the branch-and-bound 
method involves solving each of the two new 
subproblems with integer restrictions relaxed. 
The solutions to these two subproblems, obtained 

graphically using Fig. 9.9, are as follows. 


Subproblem P; Subproblem P, 
x, = 0 x, = 1$ 
х, = 2 x = 1 
7 = 8 2 = 9} 


The results ир to this point are shown in the 
enumeration tree, presented as Fig. 9.10. 

Observe that subproblem Р; has yielded an all- 
integer solution whose objective function value, 
Z = 8, is better than the current lower bound, 
Z, = 7. Thus, the current lower bound becomes 
Z, = 8, and we do not need to make any further 
search in subproblem Р,. 

Іп subproblem Р;, further search is required 
because its noninteger solution (x, = 4, x, = 1, 
Z = 94) is better than the current lower bound, 
Z, - 8. Consequently, this further search may 
lead to an all-integer solution whose objective 
function value exceeds the lower bound obtained 
for subproblem P;. At this juncture we set the 
solution value for subproblem P, as the upper 
bound for this subproblem (і.е., Zy = 94). 

We next subdivide, or branch, subproblem Ps 
into two new subproblems, the first with the added 
constraint x, = 2 and the second with the con- 
straint x, = 1. These subdivisions are shown as 
the single point, P,, and the shaded region, Ps, 
in Fig. 9.11. Note that the two added constraints 
eliminate all fractional values of x, between 1 
and 2. 

Solving each of these two new subproblems 
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Node 1. Problem P, 


Max Z = 3x, + 4x? 


D s.t. 2x, + 8x5 < 16 
db 7x, *2x2 < 14 
Z <8-:2, 


Мах Z = 3x, + 4x2 
s.t. 2x; + 8x2 < 16 
7x; + 2х) < 14 
x> 0, х2 >0 


Solution 


Max Z = 3x, + 4x2 


s.t. 2xy + 8x2 < 16 | Solution 
Ixy +2x2<14 | x, = 2 
7 
x2 <1 2 21 
x, 20,x2 >0 à 1 
2-95 =Zy 


FIGURE 9.10 ENUMERATION TREE—PROBLEM P;, SUBPROBLEMS Р; AND Р, 


with integer restrictions relaxed, the following 
solutions are obtained. 


Subproblem P, Subproblem Р» 
x = 2 x, = 1 
X» = 0 хә = 1 
Z=6 Z=7 


The results up to this point are summarized 


7x1 + 2x2 € 14 


in the enumeration tree, presented as Fig. 9.12. 
Note that for both subproblem P, and subprob- 
lem Р», we have obtained all-integer solutions. 
However, the objective function values for these 
subproblems (Z - 6 and Z - 7) are less than the 
current lower bound, 7, = 8, which was obtained 
as the solution to subproblem P;. Consequently, 
subproblem P, and subproblem P; have been 
fathomed by integrality. There are no further 


FIGURE 9.11 SUBDIVIDING SUBPROBLEM P; INTO SUBPROBLEMS P, AND P; 
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Node 1. Problem Р, 
Max Z = 3x, + 4x2 
s.t. 2x) + 8x2 < 16 
7x1 + 2x2 € 14 
хі 20,x2 20 
4 * 
Node 2.Subproblem P2 +% 
Solution Мах Z = 3x, + 4x2 
x1=0 s.t. 2х] + 8х2 < 16 
х= 2 7x1 + 2х) < 14 
Z'-8 ха>2 
Орїїта! x120,x;20 
Solution 


Мах Z = 3x, + 4x2 


Solution s.t. 2x1 + 8x2 < 16 
Pu 7x1 %2х; € 14 
de x2<1 

x1 72 

xı >0,x2 >0 


Fathomed (Integrality) 
FIGURE 9.12 ENUMERATION TREE—PROBLEM P,, SUBPROBLEMS Р;, Ps, P,, AND Ps 


subproblems to be examined, so the integer pro- 
gramming solution obtained for subproblem P}, 
(1.е., the current lower bound Z, = 8) is the 
optimal integer programming solution. This so- 
lution is: 


xf = 0, хў = 2 Maximum 2% = 8 (9-106) 


In the two-variable all-integer programming 
problem we just solved, the various linear pro- 
gramming problems corresponding to the various 
subproblems were solved very easily using graph- 
ical methods. For larger problems involving many 
variables we need a procedure for efficiently 
solving a series of linear programming problems 
(which cannot be solved graphically). Fortunately, 
this procedure is readily available. Recall that 
when we branch to a subproblem, we add one 
constraint that cannot be satisfied by the linear 
programming solution to the subproblem that we 
branched from. Thus, we have added a constraint 


ç 
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7 Node 3. Subproblem Р; 


Max Z = 3x, + 4x2 Solution 
s.t. 2x] + 8x2 < 16 r 
7x1 + 2x2 <14 x2 =1 
x2 <1 2 «91 
хі>0,х;>0 7 


Node 5. Subproblem Ps 


Мах Z = 3x, + 4x2 


s.t. 2x1 * 8x2 < 16 Solution 
7x1 + 2x2 <14 x1 
x2 <1 ا‎ 
х1<1 gu 


x120,x220 


Fathomed (Integrality) 


that renders the previous linear programming 
solution infeasible. However, this is another sit- 
uation in which we can use the dual simplex 
algorithm to restore feasibility and, hence, obtain 
the optimal solution for the new subproblem with 
the added constraint. The use of the dual simplex 
algorithm in this manner will be shown in the 
following section of the chapter, as а mixed- 
integer programming problem is solved. 

The Chang and Sullivan? software package 
contains a module for solving integer program- 
ming problems. We will now illustrate its use 
for the all-integer programming problem we 
just solved using the branch-and-bound method. 
First, consider the input data for this problem as 


——————— 
"Yih-Long Chang and Robert S. Sullivan. Quantitat e 


Systems for Business (Englewood Cliffs, N.J.: Prentice Hall. 
1986). 
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Input Data—Mixed Integer Programming Problem 


Input Data of The Problem ALL INT PROBLEM 


Max +3.00000X1 +4.00000xe 
Subject to 

(1) +e2.00000X1 
(8) +?.00000X1 


Integrality and Bounds 


Page: 1 


+8.00000Xe s +16.0000 
+2.00000x2 s +14.0000 


Page: 1 


Var. no. Name Integrality(C/I/B) Lower bound Upper bound 
1 X1 <I> <+0 > t<+1.0E+30> 
г Хе <І> <+0 > t<+1.0E+30> 
FIGURE 9.13 


shown in Fig. 9.13. This input corresponds to the 
original problem formulation given by Equations 
9-103, 9-104, and 9-105. 

The solution to this problem is shown in Fig. 
9.14. Note that it consists of five iterations and a 
summary of the results. These five iterations do 
not correspond to the five iterations we used to 
solve the problem, as summarized in Fig. 9.12. 
The reason, simply is, that the Chang and Sullivan 
integer programming software program uses a 
different branch-and-bound rule. Thus, some of 
these iterations correspond to the nodes shown 
in Fig. 9.12, but others do not. The optimal 
solution, as shown in the summary of the results 
is, of course, identical to that obtained previously. 


9.6.3 APPLICATION OF THE BRANCH- 
AND-BOUND METHOD TO A MIXED- 
INTEGER PROGRAMMING PROBLEM 


The branch-and-bound method just described сап 
easily be used to solve mixed-integer program- 
ming problems in which some, but not all, of the 
variables are constrained to be integers. In mixed- 
integer programming problems the subdivisions 
of the problem are generated exclusively by the 
variables that are constrained to be integers. 
Otherwise, the branch-and-bound method is the 
same as that described previously. 

To illustrate the use of the branch-and-bound 
method for a mixed-integer programming prob- 
lem, let us consider the following two-variable 
mixed-integer programming problem. This prob- 


lem, which we will denote as problem Р), is as 
follows. 


Maximize Z = 4x, + Зх (9-107) 
subject to: — 3x, + 5x, € 11 

9x, thx 4 199) 
with x, 20,%20 x, an integer (9-109) 


This problem is presented graphically in Fig. 9.15, 
with the feasible solution space shaded. 

Relaxing the integrality restrictions on the vari- 
able x, and solving the problem graphically, the 
optimal continuous (noninteger) linear program- 
ming solution is x, = #, х = 3, maximum 
Z = 10%. This solution, which is noninteger with 
respect to the variable, x), is the upper bound on 
the mixed-integer solution (ie. Zy = 1) The 
initial lower bound on the mixed-integer solution 
is the solution with x, rounded down (i.e.,x; = 1, 
x; = 1, Z, = 7%). 

We will again employ an enumeration tree to 
trace out the branch-and-bound process. The 
enumeration tree for our problem at this point 
consists of a single node and is shown in Fig. 
9.16. 

The continuous linear programming solution 
has x, = H, x; = 19. However, only the variable 
x, must be an integer in the mixed-integer pro- 
gramming problem. Therefore, we must subdi- 
vide the original problem (P;) into two parts іп 
an attempt to make x, integral. Thus, our first 
subdivision involves the two mutually exclusive 
constraints x, = 1 and x, = 2. These subdivisions 
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ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD? 
3 Branch-and-Bound Solution (Newest Bound) -- Iteration: 1 Page: 1 3 
FMMMMMMMMMMMONMMMMMMMMMMQMMMMMMMMMMMKMMMMMMMMMMOMMMMMMMMMMMMOMMMMMMMMMMMMS 
3Lower bound3 Variable 30ррег bound: Variable 3 Solution 3 Obj. Fnctn.3 
FMMMMMMMMMMMXMMMMMMMMMMXMMMMMMMMMMMNMMMMMMMMMMXMMMMMMMMMMMMXMMMMMMMMMMMMS 


30 53 X1 3sInfinity : Xi 3 +1.5384616 3 +3.0000000 3 
30 s3 Хг gsInfinity  : Xe 3 +1.6153446 3 +4.0000000 3 
FMMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMMJMMMMMMMMMMOMMMMMMMMMMMMOMMMMMMMMMMMMS 
J Noninteger solution with OBJ(Max.) = 11.07692? ZL =-1E+30 3 


@DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDY 


ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD? 
3 Branch-and-Bound Solution (Newest Bound) -- Iteration: 2 Page: 1 3 
FMMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMMKMMMMMMMMMMOMMMMMMMMMMMMOMMMMMMMMMMMMS 
3Lower bound3 Variable 3Upper bound: Variable 3 Solution 3 Obj. Fnctn.3 
FMMMMMMMMMMMXMMMMMMMMMMXMMMMMMMMMMMNMMMMMMMMMMXMMMMMMMMMMMMXMMMMMMMMMMMMS 


за 53 Х1 3sInfinity =: X1 3 +2.0000000 3 +3.0000000 3 
3 53 X8 Jsinfinity 2 Xe 3 0 3 +4.0000000 3 
ЕМММММММММММОММММММММММОМИМММММММММОММММММММММОММММММММММММОММММММММММММ5 
3 Integer feasible solution with OBJ(Max.) = Ь г ZL =-1E+30 3 


@DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDY 


ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD? 
3 Branch-and-Bound Solution (Newest Bound) -- Iteration: 3 Page: 1 3 
FMMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMMKMMMMMMMMMMOMMMMMMMMMMMMOMMMMMMMMMMMMS 
JLower bound3 Variable JUpper bound: Variable 3 Solution 3 Obj. Fnctn.3 
FMMMHMMMMMMMXMMMMMMMMMMXMMMMMMMMMMMNMMMMMMMMMMXMMMMMMMMMMMMXMMMMMMMMMMMMNS 


30 53 Х1 35 1 Бар 3 +1.0000000 3 +3.0000000 3 
30 S3 хе d3sInfinity =- Xe 3 +1.7500000 3 +4.0000000 3 
FHMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMMJMMMMMMMMMMONMMMMMMMMNMMNOMMMMMMMMMMMMS 
3 Noninteger solution with OBJ(Max.) = 10 ZL = b 3 


@DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDY 


ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD? 
3 Branch-and-Bound Solution (Newest Bound) -- Iteration: 4 Page: 1 3 
FMMMMMMMMMMMOMMMMNMMMMMMOMMMMMMMMMMMKMMMMMMMMMMOMMMMMMMMMMMMOMMMMMMMMMMMMS 
JLower bound3 Variable JUpper bound: Variable 3 Solution 3 05). Fnctn.3 
FMMMMMMMMMMMXMNMMMMMMMMMXMMMMMMMMMMMNMMMMMMMMMMXMMMMMMMMMMMMXMMMMMMMMMMMMS 


30 53 Х1 35 1 : X1 2 0 3 +3.0000000 3 
зе 53 Хг JsInfinity =: Xe 3 +2.0000000 3 +4.0000000 3 
РМММММИММИМММОММММММММММОМММММММММММЈММММММММММОММММММММММММОММММММММММММ5 


3 Integer feasible solution with OBJ(Max.) = а r ZL = & 3 
& DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDY 


2ррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррр? 
3 Branch-and-Bound Solution (Newest Bound) -- Iteration: 5 Page: 1 3 
РИММММММИММММОММММММММММОМММММММММММКММММММММММОММММММММММММОММММММММММММ5 
JLower bound3 Variable 30ррег bound: Variable 3 Solution 3 Obj. Fnctn.3 
FHMMMMMMMMMMXHMMMMMMMMMXMMMMMMMMMMMNHMMMMMMMMMXMMMMMMMMMMNMMXMMMMMMMMMMMMS 


30 53 X1 3s 1 "111 3 *1.0000000 3 +3.0000000 3 
30 53 Хг 35 1 хе 3 *1.0000000 3 +4.0000000 3 
FMMMMMMMMMMMOMMMMMMMMHHOMMMMMMMHMMMMJHHMNHMMMMMOMMMMMMMMMMNMMOMMMMMMMMMMMMS 
3 Current OBJ(Max.) = 7 sZL=484 3 


&DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDY 
FIGURE 9.14 
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ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD? 


3 Summarized Results for ALL INT PROBLEM Page : 1 3 
FMMMMMMMMMMMMMQNUMMMMMMMMMQM9SMMMMMMMMMKMMMMMMMMMMMMMQNMMMMMMMMMQNMMMMMMMMMMMS 
3 Variables 3 305). Fnctn.: Variables 3 30bj. Fnctn. 3 


3 No. Names 3 Solution 3Coefficient: No. Names 3 Solution 3Coefficient 3 
FMMMMMMMMMMMMMXMMMMMMMMMMXMMMMMMMMMMMNMMMMMMMMMMMMMXMMMMMMMMMMXMMMMMMMMMMMMS 


31 X1 3 03+3.0000000 : г xe 3+2.00000003+4.0000000 3 
FMMMMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMMJMMMMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMMMS 
3 Maximized objective function - 8 No. of iterations - 5 3 
еррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррррү 
FIGURE 9.14 (continued) 
are shown as the single point Р and the shaded The results up to this point are shown in ап 
region Рз in Fig. 9.17. enumeration tree, presented in Fig. 9.18. 
Тһе next step in the branch-and-bound Examining the solution to subproblem Р; we 


method involves solving each of the two new | immediately observe that the solution is integral 
subproblems with integer restrictions relaxed. with respect to x, (i.e., the variable required to be 
The solution to these two subproblems, obtained | integral) The all-integer solution we have ob- 


graphically using Fig. 9.17, are as follows. tained for subproblem P; has an objective func- 

tion value 2 = 8, which is better than the current 

Subproblem P; Subproblem Р; lower bound Z, = 7f. Thus, the current lower 
bound becomes Z, — 8. 

х= 2 х= 1 Examining the solution to subproblem Р; ме 

хә = 0 x = § immediately observe that the solution is integral 

Z=8 Z= 8 with respect to x,. The mixed-integer solution we 


1 
+ 24 


t " 8 - 29 -20 
Optimal Linear Programming Solution: x1 = 17.25 17, 


г Махітит 2 = 10 Е (Continuous, попіптедег) 


FIGURE 9.15 TWO-VARIABLE و‎ INTEGER PROGRAMMING 
PROBLEM—PROBLEM P, 


Node 1. Problem P, 


Solution 
Max Z = 4x, + 3x5 ху = 29 х в 
s.t. Зку + 5x2 & 11 М 20," 1017 
== 9 
2х1 + xa <4 ару 2.775 
z - 10$. 


x1 20,x2 20 


FIGURE 9.16 ENUMERATION TREE—PROB- 
LEM P, 


have obtained for subproblem Р; has an objective 
function value Z = 83, which is better than the 
current lower bound, Z, = 8. Thus, the current 
lower bound becomes Z, = 8%. Now, there are no 
further subdivisions to be examined, so the mixed- 
integer programming solution obtained for sub- 
problem P, (i.e., corresponding to the current 
lower bound 2, = 8$) is the optimal mixed-inte- 
ger programming solution. This solution is: 


х= Це Еч Maximum 2% = 83 (9-110) 
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2x + 1x2 4 
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То illustrate how the dual simplex algorithm 
would be used to solve the linear programming 
problems corresponding to the various subdivi- 
sions of the branch-and-bound method let us 
reconsider subproblem Рз. Subproblem P; is as 
follows: 


Maximize Z = Ах, + 3x, (9-111) 


9x, + 5x, 1 
2x, + іх, = 
< 


Xi 


subject to: 1 
4 
1 


(new constraint) (9-112) 


with x, 20,x > 0 (9-113) 


Expressing this new constraint as an inequality, 
with the addition of the slack variable s, we obtain: 


x, + Iss = 1 (9-114) 


Substituting the current optimal value x, = # 
(i.e., the solution value of x, in problem P;) into 
Equation 9-114, we have: 


Қ) + Iss = 1 


9-115) 
53 -H | 5 


FIGURE 9.17 SUBDIVIDING PROBLEM P; INTO SUBPROB- 


LEMS P; AND Р; 


The Branch-and-Bound Technique 


Node 1. Problem P, 


Node 2. Subproblem P; 


Max Z = 4х + 3x? 


Solution s.t. 3x, + 5x2 < 11 

x3" 

x2 =0 2x, + x2 <4 

ZIES xi 22 
x, 20,x2 20 


Max Z = Ax, + 3x2 
St Iry + 5х2 < 11 


1 » 
2x4 + 2% <4 
ху 20, х2 >0 


Node 3. Subproblem P, 


Max Z = Ax, + 3x2 Solution 
St 3x4 + 5x2 € 11 


2 + x2 <4 


xy <1 ы 74 
ху >0,x2>0 77-8; 
Optimal 
Solution 


FIGURE 9.18 ENUMERATION TREE—PROBLEM Р,, SUBPROBLEMS P; AND P, 


Thus, we observe that the addition of this con- 
straint will result in the inclusion of a slack variable 
in the basis with a negative value. Thus, feasibility 
and optimality must be restored using the dual 
simplex method. The effect of adding this new 
constraint to the optimal linear programming 
solution, in terms of the final simplex tableau, 
would be as shown in Table 9.8. 

Observe that the solution with the additional 
constraint, as presented in Table 9.8, is not a basic 
solution. We must, therefore, create an identity 
matrix within this simplex tableau for the basic 
variables хі, xs, and зу. This means that for the 
basic variables x, and xs, we must convert the 
corresponding coefficient іп the new (ss) row to 
zero using the usual Gauss-Jordan procedures 
(refer back to Chapter 4 for a review of the 


specifics). The revised simplex tableau, which is 
the new basic solution with the added constraint, 
is presented in Table 9.9. 

In Table 9.9 we observe that we have a new 
basic solution that is not feasible. However, we 
can easily restore feasibility, and hence optimality, 
by applying the dual simplex algorithm. Once 
this is done, we will have solved subproblem Ps. 

Applying the dual simplex algorithm, variable 
s leaves the basis and variable s; enters the basis. 
An iteration is performed, and this leads to the 
second dual simplex tableau shown in Table 9.10. 

This solution is, of course, exactly the same 
solution we obtained graphically for subproblem 
Ps. Subproblem Р» could be solved in a similar 
manner using the dual simplex algorithm. In 
summary, the dual simplex algorithm is a con- 


TABLE 9.8 REVISED SIMPLEX TABLEAU (WITH 


ADDITIONAL CONSTRAIN 


Basic 
c; Variables 
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TABLE 9.9 REVISED SIMPLEX TABLEAU (NEW BASIC SOLUTION) 


venient and efficient way of solving the linear 
programming problems that are created during 
the branching process of the branch-and-bound 
method. 

The Chang and Sullivan software package can 
also be used to solve mixed-integer programming 
problems. We will now illustrate its use for the 
mixed-integer programming problem we just 
solved using the branch-and-bound method. First, 
consider the input data for this problem as shown 
in Fig. 9.19. The input data corresponds to the 
original problem formulation given by Equations 
9-107, 9-108, and 9-109. 

The solution to this problem is shown in Fig. 
9.20. Note that it consists of three iterations and 
a summary of the results. Note that these three 
iterations correspond exactly to the three nodes 
shown in Fig. 9.18. This occurred because we 
branched on only one variable, хі, and there were 
only two ways to branch. The optimal solution, 
as shown in the summary of the results, is, of 
course, identical to that obtained previously. 


9.6.4 Application of the Branch- 
and-Bound Method to a Zero-One 
Combinatorial Problem 
(Assignment Problem) 


To further illustrate the use of the branch-and- 
bound method, let us reconsider the assignment 
problem discussed previously in Section 5.9.1 of 
Chapter 5. The cost table associated with the 
assignments of workers to jobs is reproduced 
below as Table 9.11. 

Recall that the objective of this problem was to 
assign each of the five workers to a unique job in 
a manner that minimized the total cost of doing 
all five jobs. This small (n — 5) assignment 
problem is a zero-one combinatorial problem (i.e., 
xj = 1 = worker i is assigned to job у; x; = 0 = 
worker i is not assigned to job j) which has n! = 
5! - 120 feasible solutions. Recall that a feasible 
solution to an assignment problem requires the 
assignment of each resource to a single activity, 
and vice versa. We will now illustrate the branch- 


TABLE 9.10 SECOND DUAL SIMPLEX TABLEAU (OPTIMAL 


SOLUTION 


Basic 


св Variables 
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Input Data—Mixed Integer Programming Problem 


Input Data of The Problem MIXED IP PROBLEM Page: 1 
Мах +4.00000X1 +3.00000xe 
Subject to 
(2) +3.00000X1 -5.00000Х2 s +11.0000 
(е) +2@.00000X1 +.S00000Xe 5 +4.00000 


Integrality and Bounds 


Page: 1 


Var. no. Name Integrality(C/I/B) Lower bound Upper bound 
1 X1 <I> <+0 > t<+1.0E+30> 
e xe <C> <+0 > t<+1.0E+30> 
FIGURE 9.19 


and-bound solution to this cost minimization as- 
signment problem in an iterative manner. 


Iteration 0 Initialization. Using the 120 feasible 
solutions, we begin by determining a lower bound 
on the total cost of the assignment. This lower 
bound is the lowest possible cost associated with 
the assignment of the five workers to the five jobs. 
The lower bound can be determined by summing 
the minimum costs in the respective columns of 
the assignment cost matrix. When we do this, we 
obtain Z, =4+3+4+5 + 5 = 21, which is 
not a feasible solution (i.e., the assignment for 
this solution is Е-1, D-2, C-3, Е-4, and D-5). Next, 
we specify an upper bound on the total cost of an 
assignment.? Initially, we set the upper bound Zy 
= +, Іп subsequent steps this upper bound will 
be reduced to the cost associated with the best 
feasible assignment obtained thus far. In this 
initialization step, we have determined both a 
lower bound and upper bound on the total cost 
of the assignment. However, in the assignment 
that produced our lower bound, worker D and 
worker Е have been assigned to two jobs, and this 
assignment is not feasible. We must proceed to 
find the least cost feasible solution. 


Iteration 1 Branching and Bounding. In this it- 
eration we partition the set of 120 feasible solu- 


*If a feasible solution is readily identifiable initially, the 
upper bound can be set equal to the total cost of this feasible 
solution. For example, we could have initially set Zy = 7 + 
12 + 4 + 9 + 11 = 43, which is the total cost associated 
with the feasible assignment А-1, B-2, C-3, D-4, апа Е-5. 


tions into five branches, or subsets, which corre- 
spond to the five possible lowest-cost ways in 
which a worker can be assigned to job 1. The 
corresponding lower bounds (Z,) for these five 
branches are computed as: 


Zu EM Te Чао тоте ра (not feasible) 


Z,4,7 19 +3 F4 +5 + 5 = 26 (not feasible) 
Zip, = "8 +3+6+5+5=27 (not feasible) 
Zip, = 7 +5+4+5+9=30 (not feasible) 
(not feasible) 


(9-116) 


Zip = £4 + 3 + 4 + 6 + 5 = 22 


Each of these lower bounds is determined by 
assigning job 1 to a specific worker (row) and 
then adding the sum of the minimum costs (ig- 
noring that row) for the remaining four columns. 
These results are summarized in the tree diagram 
in Fig. 9.21. Each of these five solutions is not 
feasible. Thus, our lower bound does not change 
(i.e., Z, = 21), our upper bound does not change 
(Le., Zu = +%), and we must further partition 
one of the five existing branches. 


Iteration 2 Branching and Bounding. From the 
five branches created in iteration 1, branch E is 
selected as the one to partition into new branches, 
since it has the smallest value of Z; (ie., Zi, , = 
22). The partitioning is done by assigning worker 
E to job 1 and then making the second assignment 
in each of four possible ways (i.e., A-2, B-2, C-2, 
or D-2). This partitions branch Е into branches 
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Output data—Mixed-integer programming problem 


ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD? 
3 Branch-and-Bound Solution (Newest Bound) -- Iteration: 1 Page: 1 xj 
FMMMMMMMMMMMONMMMMMMMMMONMMMMMMMMMMKMMMMMMMMMMOMMMMMMMMMMMMOMMMMMMMMMMMMS 
3Lower bound3 Variable 3Upper bound: Variable 3 Solution J Obj. Епсіп.3 
FMMMMMMMMMMMXMMMMMMMMMMXMMMMMMMMMMMNMMMMMMMMMMXMMMMMMMMMMMMXMMMMMMMMMMMMS 


30 53 Х1 3sInfinity : X1 3 +1.70568e3 3 +4.0000000 3 
20 53 Xe J3sInfinity : Xe 3 +1.1764706 3 +3.0000000 3 
FMMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMMJMMMMMMMMMMOMMMMMMMMMMMMOMMMMMMMMMMMMS 
3 Noninteger solution with OBJ(Max.) = 10.35294 ZL =-1Е+30 3 


«DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDY 


ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD? 
3 Branch-and-Bound Solution (Newest Bound) -- Iteration: 2 Page: 1 3 
FMMMMMMMMMMMQMMMMMMMMMMOMMMMMMMMMMMKMMMMMMMMMMOMMMMMMMMMMMMOMMMMMMMMMMMMS 
J3Lower bound3 Variable 3Upper bound: Variable 3 Solution 3 Obj. Fnctn.J 
FMMMMMMMMMMMXMMMMMMMMMMXMMMMMMMMMMMNMMMMMMMMMMXMMMMMMMMMMMMXMMMMMMMMMMMMS 


38 53 X1 3sInfinity : X1 3 +2.0000000 3 +4.0000000 3 
30 53 Хг 3sInfinity : Xe 3 0 3 +3.0000000 3 
FMMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMMJMMMMMMMMMMOMMMMMMMMMMMMOMMMMMMMMMMMMS 
24 Integer feasible solution with OBJ(Max.) = а г ZL =-1E+30 d 


«DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDY 


ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD? 
3 Branch-and-Bound Solution (Newest Bound) -- Iteration: 3 Page: 1 с) 
FMMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMMKMMMMMMMMMMOMMMMMMMMMMMMOMMMMMMMMMMMMS 
З.онег bound3 Variable jUpper bound: Variable 3 Solution 3 Obj. Fnctn.3 
FMMMMMMMMMMMXMMMMMMMMMMXMMMMMMMMMMMNMMMMMMMMMM XMMMMMMMMMMMMXMMMMMMMMMMMMS 


30 53 Х1 35 1 : X1 3 +1.0000000 3 +4.0000000 3 
30 53 Ха 3sInfinity  : Xe 3 +1.6000000 3 +3.0000000 3 
FMHMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMMJMMMMMMMMMMOMMMMMMMMMMMMONMMMMMMMMMMMNS 
3 Integer feasible solution with OBJ(Max.) - 8.8 r ZL — 8 3 


«DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDY 


ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD? 
3 


Summarized Results for MIXED IP PROBLEM Page : 1 3 
FMMMMMMMMMMMMMQNUMMMMMMMMMQNMMMMMMMMMMKMMMMMMMMMMMMMQNMMMMMMMMMQMMMMMMMMMMNMMS 
3 Variables 3 305). Fnctn.: Variables 3 305). Fnctn. 3 


3 No. Names 3 Solution 3Coefficient: No. Names J Solution 3Coefficient 3 
FMMMMMMMMMMMMMXMMMMMMMMMMXMMMMMMMMMMMNMMMMMMMMMMMMMXMMMMMMMMMMXMMMMMMMMMMMMNS 


3 1 X1 3+1.00000003+4.0000000 : 2 Xe 3+1.60000003+3.0000000 3 
FMMMMMMMMMMMMMOMMMMMMMMMMOMMMMMMMMMMMJMMMMMMMMMMMMMONMMMMMMMMMONMMMMMMMMMMMS 
3 Maximized objective function - 8.8 No. of iterations - 3 3 


@ DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDY 
FIGURE 9.20 


EA, EB, EC, and ED. The corresponding lower — Z,, ,, , = “04 + 0-9 3 + 4 + 6 + 9 = 96 
bounds for these four new branches are: (not feasible) 


Z,,,,7 «4 + 0544464 5 = 94 (9-117) 
(not feasible) 

Each of these four new solutions is not feasible. 

Thus, our lower bound does not change (і.е.. 

Z, = 21), our upper bound does not change (i.e. 

Linsey = 44 €^ 5 + 6 + 8 + 5 = 28 Zu = %%), and we must further partition опе of 
(not feasible) the eight existing branches (i.e., A, В, С, D, EA, 


gg * V M + ШЕЕ Ж ЕИ 
(not feasible) 


Тһе Branch-and-Bound Technique 


TABLE 9.11 COST TABLE—ASSIGNMENT 
PROBLEM ILLUSTRATING THE BRANCH-AND- 
BOUND TECHNIQUE 


Jobs 
Workers 1 2 3 4 5 
A 7 5 9 8 11 
В 9 12 7 11 10 
C 8 5 4 6 9 
D 7 3 6 9 5 
E 4 6 1 5 11 


ЕВ, ЕС, and ED). These results are summarized 
in the tree diagram in Fig. 9.22. 


Iteration 3 Branching and Bounding. For the 
eight existing branches we have a tie between 
branch A (i.e., 21, = 24) and branch EA (i.e., 
2,1,2. = 24). Breaking this tie arbitrarily, assume 
that we select branch EA as the one to partition 
into new branches. The partitioning is done by 
assigning worker E to job 1, worker A to job 2, 
and then making the third assignment in each of 
three possible ways (i.e., B —3, C=3, and D=3). 
The corresponding lower bounds for these three 
new branches are: 
= #14 54-5 + 8-37 + 6 + 5 = 27 
(feasible) 


2, LA-2,8-5 


= 6-4 4 4-2 + С<-4 + 9 + 5 = 97 


ЖЕ: 
14-20-3 (not feasible) 


£-14 + 4-25 + 2-36 + 6 + 9 = 30 
(not feasible) 


(9-118) 


Zi, 4-20-3 


Since the lower bound 2, = 27 for the EAB 
branch corresponds to a feasible solution (i.e., 


Assignment: 


(All feasible 
solutions) 


71:21 
(Not feasible) 
Др =+% 


Е-1, А-2, B-3, С-4, D-5), 27 becomes the new 
upper bound (і.е., ме set Zy = 27) on the total 
value of the optimal solution. We have now 
determined the best feasible solution for branch 
EA, namely, EABCD. Furthermore, we can dis- 
continue further consideration of branches C, D, 
EB, and EC (i.e., we can “fathom” these branches), 
since the lower bound for each of these branches 
is equal to or greater than our new upper bound 
Zy = 27 (i.e., for branch C, Z, = 27 = 2, = 27; 
for branch D, Z, = 30 > А, 27; for branch 
EB, Z, = 31 > Zy = 27; and for branch EC, 2, 
= 28 > Zy = 27). Thus, we need to consider 
further possible assignments using only branches 
A, B, and ED. These results are summarized in 
the tree diagram shown in Fig. 9.23. 


Iteration 4 Branching and Bounding. For the 
three remaining branches, branch A has the small- 
est lowest bound (i.e., Z,, , = 24) and is selected 
as the one to partition into new branches. This 
partitioning is done by assigning worker A to job 
1, and then making the second assignment in 
four ways (ie. B-2, C-2, D-2, and E-2). The 
corresponding lower bounds for these four new 
branches are: 


YE ee ne А EO Аад bg odo SBS, 
(feasible) 
unc up ei FIO cp b dS 


(not feasible) 


Zo MEUS 055,8 Ғана dim 28 
, (not feasible) 


4-97 E26 + 4 + 6 + 5 = 28 
(not feasible) 


(9-119) 
Note that the lower bound 7, = 33 for the AB 


N 
> 
= 
А 

1 


(Not feasible) 


(Not feasible) 


(Not Feasible) 


(Not Feasible) 


(Not Feasible) 


FIGURE 9.21 FIRST ITERATION—BRANCH-AND-BOUND EXAMPLE 
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Assignment: 1 


(Not feasible) 


(Not feasible) 


(Not feasible) 


(Not feasible) 


24 (Not feasible) 


(в) 31 (Мо feasible) 


28 (Not feasible) 


пао 26 (Мох feasible) 


FIGURE 9.22 SECOND ITERATION—BRANCH-AND-BOUND EXAMPLE 


branch corresponds to a feasible solution (i.e, ^ since the lower bounds for each of these branches 
А-1, B-2, C-3, D-5). However, this lower bound exceeds our current upper bound Zy = 27. Thus, 
exceeds our current upper bound Zy = 27, and ме now need to consider further possible assign- 
this branch can be eliminated from further con- ments using only branches B and ED. These 
sideration. Furthermore, we can discontinue fur- results are summarized in the tree diagram in 
ther consideration of branches AC, AD, and AE, Fig. 9.24. 


Assignment: 


] 2 
(4) 24 (Мот feasible) 


1w 


(в) 26 (мог feasible) 


27-70 
(Feasible - FABCD) 


30 (Not feasible) 
— FATHOMED 


30 (Not feasible) - FATHOMED 
(Not feasible) - FATHOMED 


(c) 28 (Not feasible) - FATHOMED 


(») 26 (Моя feasible) 
FIGURE 9.23 THIRD ITERATION—BRANCH-AND-BOUND EXAMPLE 
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Assignment 1 2 3 
(в) эз іғеніме) - FATHOMED 


(с) в INot teasibie) - FATHOMED 
(0) в (Not Femibiel - FATHOMED 


(к) в (Not Feasible) - FATHOMED 


R)26 [Nor feasible) 
A 


С) 27 Not feasible) = FATHOMED 


Св) 2? = Ze (Feasible  EARCD) 


(С) 27 (Not feasible) - FATHOMED 


(а) 31 (Not feasible) (») 30 (Мол feasible] - FATHOMED 


— FATHOMED 
(С) 28 (мог feasible) - FATHOMED 


(0) 26 (мо feasible) 


FIGURE 9.24 FOURTH ITERATION—BRANCH-AND-BOUND EXAMPLE 
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Iteration 5 Branching and Bounding. For the two 
remaining branches, branch B has the smallest 
lower bound (i.e., 2, = 26) and is selected as the 
one to partition into new branches. This parti- 
tioning is done by assigning worker B to job 1, 
and then making the second assignment in four 
ways (i.e., A-2, C-2, D-2, and E-2). The corre- 
sponding lower bounds for these four new branches 
are: 

Zip, mt RR 4-9 + 4 + 5 + 5 = 28 


(feasible) 


Zi i ‚= а-9 6-25 + 6+5+ 5 = 30 
ы (not feasible) 


Z,,,,7 9*9 +4 +549 = 30 
10-2 (not feasible) 


i) = а-іш + (5-26 + 4 + 6 + 5 = 30 
ag (not feasible) 


(9-120) 


Note that the lower bound Z, = 28 for the BA 
branch corresponds to a feasible solution (i.e., 
В-1, A-2, C-3, E-4, D-5). However, this lower 
bound exceeds our current upper bound Zy = 
27, and this subset can be eliminated from further 
consideration. Additionally, we can discontinue 
further consideration of branches BC, BD, and 
BE, since the lower bounds for each of these 
branches exceeds our current upper bound Zy = 
27. Thus, we now need to consider further pos- 
sible assignments using only branch ED. These 
results are summarized in the tree diagram shown 
in Fig. 9.25. 


Iteration 6 Branching and Bounding. The only 
remaining branch, ED, is partitioned by assigning 
worker E to job 1, worker D to job 2, and then 
making the third assignment in each of three 
ways (i.e., A-3, B-3, С-З). The corresponding lower 
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33 (Feasible) - FATHOMED 


(Not feasible) - FATHOMED 
(Not feasible) - FATHOMED 
(Not feasible) - FATHOMED 
(Feasible) - FATHOMED 

(Not feasible) - FATHOMEO 
(Not feasible) - ҒАТНОМЕО 


(Not feasible) — FATHOMED 


(в) 27= Zu (Feasible = KARCD) 


(с)27 (мог feasible) = FATHOMED 


(Not feasible) 30 (Not feasible) - FATHOMED 


= FATHOMED 


(с) 28 (Not feasible) - FATHOMED 


(D)28 (Not feasible) 


FIGURE 9.25 FIFTH ITERATION—BRANCH-AND-BOUND EXAMPLE 


bounds for these three new branches are: 


= 4-4 + 9-23 4-9 6 + 9 = 3] 
(not feasible) 


= 5-14 2-5 „3-97 6 4- 9.2.90 
(not feasible) 


= £14 + 2-23 + 04 + 8 + 10 = 29 
(feasible) 


(9-121) 


2и оул 
2, -1D-2,8-3 


Z, 10-2%С-% 


Since all these lower bounds аге greater than 
Zy = 27, the three branches аге immediately 
eliminated from further consideration. There are 
now no further branches remaining for consid- 
eration. Thus, the current feasible solution E-1, 
A-2, B-3, C-4, D-5 must be optimal. Results from 
this sixth and final iteration are summarized in 
the tree diagram in Fig. 9.26. The complete 
sequence of iterations for the application of the 
branch-and-bound method to this assignment 
problem is summarized in Table 9.12. 

In Table 9.12, note that we determined lower- 
bound solutions for 23 branches in total. Of these 


23 solutions, 3 were feasible solutions, and 1 of 
these feasible solutions was the optimal solution. 
This illustrates the efficiency of the branch-and- 
bound method, as the complete enumeration of 
all the feasible solutions to this problem would 
have required the evaluation of 120 branches. 
Several alternative branching rules have been 
suggested for zero-one combinatorial problems. 


TABLE 9.12 - 
ттт неш ОҒ RESULTS—BRANCH 
Мем 
Вгапсһев Best 

Iteration (* = feasible) 2, Zu 
0 21 +0 
1 A, B, C, D, E 21 +o 
2 EA, EB, EC, ED 21 27 
3 EAB,* EAC, EAD 21 27 
4 АВ,“ AC, AD, AE 21 27 
5 AB,* BC, BD, BE 21 27 
6 EDA, EDB, EDC 2 


1 27 
C 
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Assignment 


Fourth 


Fifth 


First D 


Z=21 
Zu =27 


nd 
520 (D) зо (Not feasible) — FATHOMED 
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(Feasible) - FATHOMED 
(Not feasible) - FATHOMED 
(Not feasible) - FATHOMED 
(Feasible) - FATHOMED 
(Not feasible) - FATHOMED 
(Not feasible) - FATHOMED 


(Not feasible) - FATHOMED 


(E) 30 (Мол feasible) - FATHOMED 


(c) 27 (Not feasible) — FATHOMED 


(в) 27-7) (Feasible - FABCD) 
dune (4) = EG 27 (Not feasible) - FATHOMED 
£s (Not teasibie) (D) 30 (мос feasible) - FATHOMED 
28 
(Not feasible) 
Sixth -FATHOMED (А) 31 (Not feasible) — FATHOMED 


(в) 29 


(c) 29 (Feasible) - FATHOMED 


(Not feasible) — FATHOMED 


FIGURE 9.26 SIXTH ITERATION—BRANCH-AND-BOUND EXAMPLE 


The two most popular branching rules for select- 
ing a subset to partition are the best bound rule 
and the newest bound rule. The best bound rule 
says to select the subset having the most favorable 
bound (the smallest lower bound in the case of 
minimization) because this subset would seem to 
be most promising in terms of containing an 
optimal solution, The newest bound rule says to 
select the most recently created subset that has 
not been fathomed, breaking a tie between subsets 
at the same time by selecting the one with the 


most favorable bound. Note that we employed 
the best bound rule in the zero-one combinatorial 


problem just solved. 


9.7 CONCLUSION 


In this chapter we have considered the structure 
and solution of integer programming problems. 
We have seen that such problems are much more 
difficult to solve than linear programming prob- 
lems. 


Case Study: Transit Check Clearing at 


Maryland National Bank 


One of the most important aspects of improving productivity in today’s 
banking environment involves the clearing (i.e., collection of funds) of “tran- 


sit” (out-of-town) checks. 


This problem became even more important due 
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to the passage of the Depository Institution’s Deregulation and Monetary 
Control Act of 1980. This law meant that beginning September 1, 1981, 
the Federal Reserve System began charging for its check-clearing and col- 
lection services. 

Clearing of transit checks is a complex combinatorial problem for several 
reasons. First, a transit check can be cleared in at least three ways: (1) the 
transit check can be cleared using the Federal Reserve System and will cost 
the bank according to the origin and destination banks associated with that 
check, (2) the check may be cleared using a “correspondent” bank that will 
transport the check to the destination bank and will charge the originating 
bank for this service, (3) the check may be cleared by using direct courier 
service from the originating bank to the destination bank. Such a service 
is probably the fastest of the three, but it is also the most expensive in that 
a fixed charge for transportation is incurred while only a nominal check- 
processing charge is assessed for the first two cases. 

The decision concerning which transit check-clearing method to use is 

further compounded by several factors. First, the Federal Reserve System 
and each bank in the United States has an availability schedule that details 
the number of days required to clear particular checks drawn on various 
banks in each region of the country. These availability schedules are quoted 
in terms of business days required for clearing, given presentation of a 
check by a particular time of day and day of week. Second, a separate check- 
clearing decision must be made for each destination bank. Third, while 
transit checks may be cleared most rapidly by sending checks directly to 
the bank on which they are drawn (i.e., a process commonly called a “direct” 
send), a number of alternative transportation options, with differing logistic 
and cost structures, are available at different times of the day. In summary, 
to select the least costly method of clearing transit checks, it is necessary to 
consider reduction of the time required to clear the checks (commonly 
referred to as “float” reduction) within the time constraints imposed by 
availability schedules of the Federal Reserve System and individual banks, 
taking into account the per check processing charges and the fixed charges 
associated with various transportation modes. 
Given the general nature of the transit check-clearing problem as out- 
lined, it can be modeled as a large-scale zero-one integer linear program- 
ming problem. Its structure is similar to the fixed charge problem. The 
notation for the problem is as follows: 


2724 ps if check type i is cleared by method j in time period k 
ж 0,  ifnot 


1 | 1, if clearing method / is used in time period А 


(Uo  ifno 

Cn = opportunity cost of float for checks of type i cleared by method j in time 
period k 

у = variable (per check) charge for clearing method / 

fa = fixed cost of clearing method j in time period k 


Ja = {j| check type i cleared by method j} 
а, = number of checks of check type i ready for Clearing in time period & 


where i = 1,...,n; j EJÒ; k = 1....,m,L = {jlj € Ji, i = С. 
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n}. The complete transit check-clearing problem may be formulated as: 


Minimize У) У) У) суху + б + DD far (9-122) 
i= 1jEJWh=1 i€Lk=1 
subject to 
Xin = 1, а= Им 
2, n (9-123) 
Хук S jks ате te Aa SIN 1, ут 


with xy, = 0,1, alli=1,...,n;j7EJ/@;k =1,...,m (9-124) 
je = 0,1, aljeJy(;k-1l...,m 


The objective function simply adds the opportunity cost of float, the variable 
(per check) charges, and the fixed transportation charges. The first set of 
constraints in Equation 9-122 requires that each check type i during each 
time period k be cleared by exactly one clearing method j € J (4). The second 
set of constraints in Equation 9-123 assures that a check type i during time 
period k can only be cleared if the corresponding clearing method j in time 
period k is being used. The set of Equations 9-124 assign zero-one integrality 
to the variables. An additional constraint: 


УУК (9-125) 
jELk=1 
may also be added to the formulation if a limit is to be placed on the number 
(K) of direct sends that may be made. 

Working within the actual check-processing environment of Maryland 
National Bank, Baltimore, Maryland, a computerized integer programming 
model has been developed, tested, implemented, and successfully utilized. 
Problem sizes (with facility location analogs) are on the order of 200 to 300 
potential direct sends (facilities), 2000 cash letters (customers), and 15,000 
to 20,000 cash letter arcs (facility-customer connections). Optimal solutions 
(with 0 suboptimality tolerance) are generated in about 60 seconds on an 
AMDAHL 470/У7. 

Maryland National Bank typically clears about $600 million of checks 
daily. Use of the computerized model to improve the efficiency of transit 
check clearing has resulted in yearly savings in excess of $100,000 for 
Maryland National Bank. 

The transit check-clearing model produces five types of computer-gen- 
erated reports that are used by management for making decisions. One of 
these reports presents the optimal solution by ordering the pertinent in- 
formation by the day processed, then by the time slots during that day, and 
finally by the appropriate destination (end point). A sample of this type of 
management report is presented in Table 9.13. 


———— O 
Glossary of Terms 


All-Integer Programming Problem. A mathematical programming 
problem in which all of the decision variables are constrained to assume 
integer values. 


Glossary of Terms 
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Best Bound Rule. Branching rule in which the subset of solutions having 
the most favorable bound is selected for partitioning. 

Binary Variables. Zero-one (0-1) variables. 

Bound Step. The step in which a lower bound (for a minimization prob- 
lem) is determined for the value of the objective function for the feasible 
solutions in the subset. 

Branch-and-Bound Technique. An implicit enumeration procedure used 
to solve integer programming problems in which only a small fraction 
of the feasible solutions are examined. 

Branch Step. The step in which some branching rule is used to select 
one of the remaining subsets (those neither fathomed nor partitioned) 
for partitioning into two or more new subsets of solutions. 

Branching Rule. Rule used to determine the manner in which the par- 
titioning of solutions into subsets will be done. 

Completion Step. The step in which the branch-and-bound procedure 
terminates (i.e., stop when there are no remaining unfathomed subsets). 

Cutting-Plane Algorithm. An algorithm for solving all-integer and mixed- 
integer programming problems, which modifies the original linear pro- 
gramming problem by adding a new constraint that eliminates some 
noninteger solutions (including the previously optimal noninteger linear 
programming solution), but which does not eliminate any feasible integer 
solutions. 

Cutting-Plane Constraint. A constraint that is added to a linear pro- 
gramming problem to cut away some of the noninteger solutions to the 
problem. 

Enumeration Tree. A graphical presentation of the various solutions that 
are obtained using the branch-and-bound method. 

Fathomed by Bounding. The elimination from further consideration of 
a subproblem (in a branch-and-bound context) that has a worse linear 
programming solution than does the best integer solution obtained thus 
far. 

Fathomed by Infeasibility. The elimination from further consideration 
of a subproblem (in a branch-and-bound context) that has no feasible 
solution. 

Fathomed by Integrality. The elimination from further consideration 
of a subproblem (in a branch-and-bound context) that has a worse all- 
integer linear programming solution than the best all-integer solution 
obtained thus far. 

Fathoming Step. The step in which each new subset is examined to see 
if it has been fathomed (i.e., can be excluded from further consideration). 

Fixed-Charge Problem. А situation in which a fixed charge or set-up 
cost is incurred if a particular activity is undertaken. 

Implicit Enumeration Procedure. An optimization procedure that ex- 
plicitly examines only a small fraction of the feasible solutions to a prob- 
lem, but implicitly considers all of them. 

Initialization Step. The beginning step of the branch-and-bound pro- 
cedure; requires the determination of the initial upper bound and the 
initial lower-bound for the integer programming problem. 

Lower Bound. А value that is less than or equal to the value of the optimal 
solution (e.g., the value of any feasible integer solution for a maximization 
integer programming problem provides a lower bound). 


402 


Integer Programming 


Mixed-Integer Programming Problem. A mathematical program- 
ming problem in which some, but not all, of the decision variables are 
constrained to assume integer values. 

Multiple-Choice Alternatives. A set of decisions in which exactly one 
decision in the group must be “yes.” 

Mutually Exclusive Alternatives. A set of decisions in which at most 
one decision in the group must be “yes.” 

Newest Bound Rule. Branching rule in which the subset of solutions 
that has most recently been created, and that has not been fathomed, is 
selected for partitioning. 

Precedence or Contingency Relationships. Relationships used to de- 
scribe situations in which one decision is dependent on another decision. 

Traveling Salesman Problem. An important scheduling problem that 
is concerned with the determination of a routing that minimizes total 
travel cost. 

Upper Bound. A value that is greater than or equal to the value of any 
feasible solution (e.g., the solution to the linear programming relaxation 
of an integer programming problem provides an upper bound for a 
maximization problem). 

Zero-One Integer Programming Problem. A mathematical program- 
ming problem in which all of the decision variables are constrained to 
assume integer values of zero or one. 
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Problem Set 


Discussion Questions 


1: 


2. 
3: 


= 
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What is the effect of the “integer” restriction of the decision variables оп the 
solution space in integer programming problems? 

Give a brief description of how the cutting-plane algorithm works. 

Why does the addition of a cutting-plane constraint make the previous optimal 
solution infeasible (assuming the previous optimal solution is not integer)? How 
do we solve this problem? 

Do you think the cutting-plane algorithm is an efficient technique for solving 
large integer programming problems? Why or why not? What alternative tech- 
nique(s) could you use? 

When do you know in the branch-and-bound technique that you have obtained 
an optimal solution to the integer programming problem? 

What is one of the big advantages of using a branch-and-bound technique com- 
pared with other possible techniques in solving integer programming problems? 
Can the branch-and-bound technique also be used to solve 0 — 1 integer pro- 
gramming problems? To solve mixed-integer programming problems? 

What changes in the solution procedure have to be made if you want to solve 
minimization instead of maximization integer programming problems by the 
branch-and-bound technique? 

Whatare the problems associated with simply “rounding off” a continuous optimal 
solution to an LP to obtain an integer solution. 


Problem Set 


1. Solve the following all-integer programming problem, using Gomory’s 


cutting-plane algorithm. 
Maximize Z = 3x, + 4хо 
subject to: — 3x, + 2x. 58 

lx; + 5x, x 9 
with xı = 0, xo = 0, xi, xs integers 
Solve the following all-integer programming problem, using Gomory's 
cutting-plane algorithm. 
Maximize Z = 2x, + 1.7xs 
subject to: 4x, + 3x, 57 

1x1. А: 
with xı = 0, хо = 0, x), x» integers 
Daniel Bridger is going camping and is packing his knapsack. He likes 
sweets and is trying to decide between packing dehydrated packages 
of cake or packages of candy. He prefers the cake to the candy in the 
ratio of 3 to 1. However, each tin of cake weighs 0.55 Ib and takes up 
0.45 cu ft of space. The candy weighs only 0.25 Ib and takes up 0.17 
cu ft of space. He has 1 cu ft space available in his knapsack and wants 
to restrict the weight of his sweet items to 2 Ib. Also, he feels that he 
must take at least one cake and one package of candy. Formulate and 
solve as an all-integer programming problem. 


4. The St. Louis office of a major CPA firm is attempting to schedule its 


auditors for the next audit period. It has three major audits, each of 
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which may be accomplished by using a mix of senior auditors, junior 
auditors, and clerks. The audit requirement for these jobs and the 
"audit value" of the various personnel with respect to the various jobs 
are as follows: 


* Audit Value" of Auditing 


Personnel (hours) Audit 
Audit Senior Junior Requirement 
No. Auditors Auditors Clerks (hours) 
1 5.0 3.0 1.0 20.0 
О 2.5 0.5 15.0 
3 45 2.0 1.5 18.0 
Total 53.0 


There are 15 senior auditors available, 20 junior auditors available, 
and 25 clerks available. The per job cost is $2500 for a senior auditor, 
$1500 for а junior auditor, and $500 for a clerk. No more than three 
of any of the auditing personnel can be assigned to any job. Formulate 
and solve as an all-integer programming problem. 


A dietician for a hospital is trying to develop a menu plan. She would 
like to determine the quantities of certain foods that should be eaten 
to meet the nutritional requirements, at a minimum cost. Her present 
menu plan is limited to milk, beef, and eggs and to vitamins A, B, and 
D. Suppose that the number of milligrams of each of these vitamins 
contained within a purchasing unit for each of the three foods is as 
follows. 

= 


Milligrams per Purchasing Unit of Food е, 
Vitamin Milk (gal) Beef (Ib) Eggs (dz) (mg) 

A 2 1 10 5 

В 50 10 8 60 

р 10 90 10 10 


The cost for the food ingredients is $1.20 per gallon for milk, $1.50 
per pound for beef, and $0.75 per dozen for eggs. Formulate and solve 
as an all-integer programming problem. 


A small midwestern college has just constructed one indoor court and 
one outdoor court, each of which may be used for handball or rac- 
quetball. The recreation director for the school estimates that there 
will be 12 playing hours per day available on the indoor court and 14 
playing hours per day available on the outdoor court. Depending on 
the hours of operation and the weather, each of the two courts can be 
described by a "court-hour" requirement, which can then be related 
to the game being played. The estimated court-hour requirement рет 
court, by type of game being played, is as follows. 


Game 
Court Handball Racquetball 
Indoor 1.0 0.75 


Outdoor 1.25 1.33 


Problem Set 


In general, the recreation director would like to schedule at least twice 
as many racquetball games as handball games. He feels that this sched- 
ule must include at least 2 games daily of handball, both indoors and 
outdoors, and at least 3 games daily of racquetball, both indoors and 
outdoors. Formulate and solve the all-integer programming problem 
that will facilitate the scheduling of the greatest number of hours 
during a day. 
Solve the following mixed integer programming problem, using Go- 
mory’s cutting-plane algorithm. 
Maximize Z = 4x, + 3x, 
subject to: Зх + 5х S 7 

2x, + 1x, = 4 
with x, = 0, xs = 0, x, an integer 
Solve the following mixed-integer programming problem, using Go- 
mory’s cutting-plane algorithm. 
Maximize Z = 1.5x, + 3х, + 4x, 
subject to: 2.5x, + 2xo + 4x, < 12 

2x, + 4х5 — lx = 7 

with x, = 0, x = 0, ху = 0, хз an integer 


. The Green-Lawn Service Company provides lawn maintenance service 


to suburban homeowners in St. Louis county. For its spring lawn spray 
it mixes boxes (10 Ib) of dry chemical A with gallons of liquid chemical 
B. Each gallon of lawn spray that is produced must contain at least 
500 units of weed killer and at least 400 units of crabgrass killer. The 
two chemicals provide the needed ingredients in the following manner. 


Number of Units of Ingredient 


Required Chemical A Chemical B Total 

Ingredient (per 10-1Ь box) (per gal) Requirement 
Weed killer 29 13 500 units 
Crabgrass killer 17 27 400 units 


The dry chemical costs $25 per 10-lb box and the liquid chemical costs 
$10 per gallon. At least one box of dry chemical must be used for 
every 5 gal, or more, of liquid chemical that is used. Formulate and 


solve as a mixed-integer programming problem. 


10. The dietician discussed earlier, in Problem 9-5, is considering a new 


breakfast menu involving oranges, milk, and cereal. This breakfast 
must meet minimum requirements for the vitamins A, B, and C. The 
number of milligrams of each of these vitamins contained in a pur- 
chasing unit for each of these foods is as follows. 


i 


Minimum 
Milligrams per Purchasing Unit of Food Requirements 
Vitamin Oranges (dz) Milk (gal) Cereal (box) (mg) 
A 30 35 17 100 
B 20 40 11 200 


С 17 31 9 160 
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The cost for the food ingredients is $1.10 per dozen for oranges, $1.25 
per gallon for milk, and $1.00 per box for cereal. For dietary reasons, 
at least one unit of each food type must be used in the menu plan. 
Formulate and solve as a mixed-integer programming problem. 

The Deep Six Quarry Company produces paving aggregate, gravel, 
and sand. Each of these products involves two operations: (1) crushing 
and (2) washing and sorting. The production capacities and production 
requirements for the company are as follows. 


Capacity Required per Ton Available 
of Product (hours) Capacity 
Operation Paving Aggregate Gravel Sand (hours) 
Crushing 9 11 13 = 50 
Washing and sorting 5 8 11 = 75 


The unit profits associated with the three products аге $95 per ton for 
paving aggregate, $80 per ton for gravel, and $75 per ton for sand. 

In the production process, at least two units of gravel and three 
units of sand must be produced for each unit of paving aggregate that 
is produced. Also, paving aggregate cannot be sold in fractional 
ی ر‎ pei Formulate and solve as a mixed-integer programming prob- 
em. 


Solve the asymmetric traveling salesman problem, whose cost matrix 
is given here, by the branch-and-bound method. 


——————————————D 


ea To City 

C^ TAY TE eae 
A © 210 420 150 300 
В 70 150 40 290 
с 190 120 ж 310 50 
р 200 150 250 ж 190 
Е 110 450 290 470 0 


Assume that the salesman’s trip must start and finish at city A. 


Solve the symmetrical traveling salesman problem portrayed here us- 
ing the branch-and-bound method. Assume that the salesman’s trip 
must start and finish at city A. 
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14. The Brad-Dunge Paint Company mixes four colors of paint each pro- 
duction shift, using one large mixing vat. The vat changeover times 
(minutes) for the various colors are as follows. 


From To Color 

Color Red Green Blue Yellow 
Red — 11 15 14 
Сгееп 11 — 12 13 
Blue 15 10 — 16 
Yellow 17 8 16 — 


Determine the optimum sequence of color production to minimize the 
vat changeover time for the production process (Hint: Solve by branch- 
and-bound.) 


15. A university professor is working as a consultant to an office of the 
Small Business Administration. She is currently planning a training 
and development program that will allow high school dropouts to move 
through various jobs, at increasing skill levels. In general the training 
and development time for any job is a function of the immediately 
preceding job. The following table indicates the training and devel- 
opment time (in weeks) associated with moving from one job to an- 


other 
From To Job 
Job Dropout А B С D 
Dropout x 6 5 3 1 
А 0 — 4 3 1 
B 0 4 - 2 2 
C 0 2 lL. = 1 
р 0 4 2 5 - 


The professor would like to determine the job sequence that minimizes 
the training and development time for all four stages of jobs. (Hint: 
Solve by branch-and-bound.) 

16. Solve Problem 5-31 using the branch-and-bound method. 

17. Solve Problem 5-32 using the branch-and bound method. 

18. Solve Problem 9-1 using the branch-and-bound method. 

19. Solve Problem 9-2 using the branch-and-bound method. 

20. The personnel manager at a small plant has six applicants for pro- 
duction jobs involving two types of machines. From a series of tests, 
the ability of the applicants to operate these two types of machines has 
been determined to be the following. 
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Index of Ability 
Applicant Machine Type 1 Machine Type 2 
1 (Male) 30 60 
2 (Female) 60 50 
3 (Female) 50 50 
4 (Male) 55 45 
5 (Male) 40 35 
6 (Female) 25 70 


— aaaaaaaaaaaaaaiIiIiIIasssiÃħįii 


Each applicant can be assigned to only one machine type. Additionally, 
no more than three applicants can be assigned to any one machine 
type. Finally, at least one female applicant must be assigned to each 
machine type. The personnel manager wishes the selection of appli- 
cants to maximize the overall ability of the applicants so chosen. For- 
mulate and solve as a 0-1 integer programming problem. 


A large motel chain is considering opening motel complexes in some 
or all of eight southwestern U.S. locations. It feels that it must construct 
at least five of these motels. These eight locations, with their respective 
discounted construction and operating costs and discounted cash flow 
rates of return are summarized in the following table. 


“МЛ ie eee 

Motel Discounted Construction Discounted Cash Flow 
Location and Operating Cost ($) Rate of Return (%) 

L ғ”; Rate of Return (¢) © 


Phoenix 500,000 25 
Flagstaff 250,000 13 
Tucson 450,000 21 
Albuquerque 500,000 18 
Gallup 280,000 16 
Santa Fe 225,000 12 
El Paso 350,000 22 
Las Cruces 400,000 17 


The company has a (discounted) construction and operating budget 
of $2 million. Additionally, if the motel in Phoenix is constructed, the 
motel in Tucson must also be constructed. Similarly, if the motel in 
Albuquerque is constructed, then the motel in El Paso must also be 
کک‎ Formulate and solve as a 0-1 integer programming prob- 
em. 


A food manufacturer is considering building five new plants over the 
next four years on already purchased land, Conceivably, the manu- 
facturer could start and finish construction of any of the plants in any 
of the years, but the construction costs to do so will vary according to 
the following table. 
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Construction Year 


Plant 1 2 3 4 
A $100,000 $125,000 $110,000 $130,000 
B 150,000 125,000 175,000 140,000 
С 125,000 110,000 100,000 170,000 
р 175,000 200,000 220,000 250,000 
Е 140,000 105,000 155,000 135,000 


The company is further constrained іп its construction planning by 
the following conditions. 


Plants A and B cannot be started and finished after year 3. 
The company cannot spend more than $500,000 in total. 
Plants D and E must be built in the same year. 


Formulate and solve as a 0-1 integer programming problem. 


The Silent Meow Catfood Corp. must determine how many units of 
four types of dry catfood mixes to manufacture to satisfy their fore- 
casted demand for the next 2 weeks and to minimize production cost. 
Four varieties of catfood mix can be produced: tuna, mackerel, chicken, 
and beef. The tuna and mackerel mixes have a high degree of sub- 
stitutability; the minimum (combined) forecasted demand for these 
seafood mixes is 300,000 boxes. The beef and chicken mixes are also 
considered to be substitutes; minimum (combined) forecasted demand 
for these mixes is 200,000 boxes. The set-up cost for a production run 
for each type mix and the variable cost per unit are given in the 
following table. 


Tuna Mackerel Chicken Beef 


Set-up cost $300. 450. 500. 450. 
Variable cost per box ‚003 002 .002 .003 


Formulate as an integer programming problem. 

Тһе Gingerbread Man Bakery specialized in three types of Christmas 
cakes: the Fudge Walnut Delight, which has a contribution margin of 
$5.25; the Angel Food Fantasy, which has a contribution margin of 
$5.89; and the Cherry Berry Frosted Surprise, which has a contribution 
margin of $5.75. The major ingredients are flour, sugar, and butter. 
Тһе supply of each of these ingredients is listed here along with the 
number of cups of each ingredient that goes into each of the three 
Christmas cakes. 


Fudge Walnut Angel Food | Cherry Berry Supply 


GOTT UE SU eM eoa sd с s ләм اا‎ d a А 
Flour 8 33 24 500 
$идаг 1 ц [Н 495 


Butter 1 1 Н 300 
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The head baker has found that he can substitute honey for sugar and 
margarine for butter in the recipes. The requirements and supply 
availabilities are: 


Fudge Walnut Angel Food Cherry Berry Supply 


Honey 1 [р 18 494 
Margarine i 1 1 299 
нн нет тм АМРЕ РЬ. METER N 


However, he must decide to use either sugar or honey; to use both 
would be confusing to his apprentice bakers because of the measure- 
ment differences. The same goes for butter/margarine. Formulate as 
an integer programming problem that will determine how many of 
each type of Christmas cake to bake to maximize profit. 


25. The production unit of Siba-Gegy Pharmaceuticals manufactures three 
different types of antibiotic topical ointments. The contribution margin 
of each of these products is as follows. 


Polymycrin ointment $1.75 

Neomycrox ointment 2.19 

Bacimyxin ointment 1.99 

To meet FDA standards for quality control, Siba-Gegy must adopt at 
least two of four possible inspection systems in the coming month. The 
number of workhours required per unit of each product for each of 
the systems is given in the following table. 


— 
Inspection System — Polymycrin Neomycrox | Bacimyxin 


1 0.50 0.60 0.75 
2 0.81 0.50 0.45 
3 0.38 0.68 0.77 
4 0.59 0,82 0.53 


The quality control laboratory director has promised to make 3500 
work-hours available for each of the possible inspection systems. How- 
ever, if inspection system 4 is adopted, he will grant an additional 100 
work-hours of laboratory labor since he developed the system and has 
a definite preference for it. Formulate as a profit-maximizing integer 
programming problem that will indicate the number of units of each 
product that can be manufactured in the next month and satisfy FDA 
regulations. | 


26. The Morecash Corporation is faced with the selection of a number of 
potential investments. The controller for Morecash has assigned a value 
(from 1 to 10) to each potential investment based on the discounted 
cash flow rate of return that is expected for each investment. The 
Morecash Corporation desires to select a set of investments that max- 
imizes the total discounted cash flow rate of return for the company, 
subject to its capital expenditure budget of $1,150,000. Each invest- 
ment must be selected on a go no-go basis. In addition, investment 3 
(new product development) is contingent upon the selection of in- 
vestment 5 (construction of a new plant). Also, since the last four 
investments are associated with the petroleum industry, only two of 
these investments can be accepted since the Morecash Corporation 
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follows a diversification investment policy. The rating and capital ex- 
penditure requirement for each of the 10 potential investments is: 


Capital 
Potential Expenditure 
Investment Requirement Rating 


1 $125,000 4.0 
2 235,000 8.1 
3 320,000 9.3 
4 155,000 47 
5 500,000 5.0 
6 450,000 7.0 
7 100,000 755 
8 85,000 3.0 
9 175,000 5.5 
10 425,000 6.3 


Formulate as an integer programming problem to maximize the total 
discounted cash flow rate of return for the company. 


A hiker is going backpacking in the Great Smoky Mountains. He must 
select the items to include in his gear. The following list of items are 
available for selection, with the “utility” value (scale of 1 to 10) and 
weight of each provided. 


. Items Utility Weight (lb) 
1. Sleeping bag 10 1 
2. Ground cloth 9 13 
3. Canteen (water) 10 1 
4. Canteen (whiskey) 3 4 
5. Matches 10 1 
6. Flashlight 9 1 
7. Coffee packet 8 H 
8. Frying pan 4 2 
9. Sauce pan 6 1 
10. Mosquito repellent 5 1 
11. Mosquito netting 2 4 
12. Millet packet 6 4 
13. Lentil packet 6 4 
14. Knife 10 1 
15. Shotgun and ammunition 8 5 
16. One clothes change 10 2} 
17. Long underwear 8 1 
18. Two clothes change 5 5 
19. Raingear 10 1} 
20. Fishing gear 21 
21. Sugar packet 7 i 
22. Vegetable oil 4 1 
93. Salt 10 1 


i 
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Note that it would be useless to carry coffee, millet, or lentils unless 
the hiker is also bringing a saucepan. Note also it would be useless to 
carry sugar unless the hiker is also bringing coffee. Finally, it is useless 
to carry vegetable oil unless the hiker is also bringing a frying pan. 
The hiker can only carry 18 lb comfortably. Formulate as an integer 
programming problem to maximize utility. 

The Sharpshooter Corporation manufactures rifle scopes for the sport- 
ing goods departments of five major department stores. Johnny Target, 
the shipping manager for Sharpshooter, must decide which of five 
available warehouses to lease in order to meet the demand require- 
ments of its customers. The following cost matrix provides the leasing 
cost for each warehouse (l), the per carton operating cost at each 
warehouse (o), and the per carton transportation cost for shipping 
from warehouse i to customer j (t;;). 


Warehouse 1; 0; t; t; ti t; tis 
1 $500 $0.50 $0.75 $0.71 $0.80 $0.50 $0.76 
2 515 0.55 0.82 0.89 0.75 0.65 0.75 
3 530 0.45 0.77 0.65 0.85 0.45 0.65 
4 498 0.57 0.71 0.65 0.95 0.80 0.59 
5 505 0.48 0.68 0.55 0.99 0.82 0.89 
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The demand requirements (d;) of the five customers аге given (in 
cartons): 


Customer d; 
1 100 
2 200 
3 300 
4 400 
5 175 


Formulate as a mixed-integer programming problem, with a mini- 
mum-cost objective function. 


The Deep Freeze Corporation produces ice cube trays for refrigerator 
manufacturers. Its production unit has seven machines that mold plas- 
tic inputs into ice cube trays. The newer molding machines are more 
cost efficient than the older molding machines. The set-up cost for 
each machine, variable cost per tray, and production capacity (trays 
per week) are: 


Molding Variable Cost i 
Machine Set-up Cost per Unit Кее 

1 $50 $0.03 4000 

9 55 0.04 4500 

3 60 0.01 5000 

4 58 0.05 5500 

5 54 0.02 4800 

6 60 0.05 4400 

7 52 0.01 4500 


س س 
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The forecasted minimum demand for the coming week is 20,000 ice 
cube trays. Formulate as a mixed-integer programming problem to 
minimize production costs. 


30. The population of Winnsboro is concentrated in five districts within 
the city. District 1 contains 5000 people (p,), district 2 contains 2000 
people, district 3 contains 2500 people, district 4 contains 4500 people, 
and district 5 contains 3000 people. Preliminary land surveys have 
limited the potential location of five stations to eight sites. The distance 


(in miles) from the center of district i to site / is given by the following 


table. 
Sites 

Districts 1 2 3 4 5 6 7 8 
1 2 3 4 5 7 7 8 11 
2 7 2 1 2 4 7 7 8 
3 6 4 7 7 1 1 3 5 
4 10 6 9 5 3 7 2 2 
5 11 9 11 10 6 5 2 4 


The cost of building a fire station at any location is a function of the 
number of people it will serve (m;) plus a fixed cost. 


Cost Function for Site j (C) 


C\(m,) = 50,000 + 40 m, 
С.(тә) = 55,000 + 50 mo 
Cs(ms) = 60,000 + 35 ms 
C4(m4) = 45,000 + 45 т, 
C;(m;) = 58,000 + 38 m; 
Celme) = 48,000 + 35 me 
С-(т;) = 50,000 + 45 m; 
Cs(ms) = 52,000 + 40 т; 


No more than 40,000 people can be assigned to any site, and every 
district should be assigned to exactly one fire station. A total budget 
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(B) of $1 million has been allocated for firehouse construction. Deter- 
mine the optimal site selection and assignment of districts to fire sta- 
tions. The objective is to minimize the total distance traveled from the 
districts to the fire station sites to which they have been assigned. Let 
your decision variables include: 
ven if site / is selected 
Ji 0, otherwise 
and 
x, = ]b if district û is assigned to site j 
Ы 0, otherwise 
Formulate as an integer programming problem. 
Starting from his home office in Columbia, a salesman wishes to visit 
Spartanburg, Charleston, and Orangeburg, and return home at min- 
imal cost. The salesman must visit each city exactly once, and it costs 
с) to travel from city i to city j. What is the optimal route? Formulate 
as an integer programming problem using the following cost matrix. 
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Columbia Spartanburg Charleston Orangeburg 


Columbia M 10 15 5 
Spartanburg 10 M 20 12 
Charleston 15 20 M 14 
Orangeburg 9 12 14 М 


32. Тһе Sportsworld Corporation is forming a five-man basketball team 
for participation in local competitions. The company wishes to select 
a starting line-up from seven available candidates to maximize the 
average height of the starting lineup. The candidates are the following 


employees. 
Height Above 

Employee No. 5ft 10 in. (in inches) Position 
Johnny Jumpup 1 7 Center 
Les Basket 2 5 Center 
Joe Score 3 7 Forward 
Too-Short Jones 4 1 Forward 
Ed Leap 5 3 Guard 
Mike Speed 6 5 Guard 
Nick Toss 7 4 Guard 
—— MÀ 


The starting line-up must satisfy the following requirements. 
1. At least one forward must start. 

2. At least one center must start. 

3. No more than two centers can start. 

4. At least one guard must start. 

5. Either Joe Score or Nick Toss must be held in reserve. 


Formulate as an integer programming problem. 
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10.1 INTRODUCTION 


The importance and usefulness of linear pro- 
gramming has been discussed and illustrated in 
earlier chapters. In Chapter 2, Section 2.5, we 
discussed the linearity assumption of linear pro- 
gramming, observing that all the functions (ob- 
jective function and constraints) of a linear pro- 
gramming problem were linear. However, in 
many practical problems, it is necessary to deal 
with a nonlinear objective function and/or non- 
linear constraints. For example, the objective 
function may need to be constructed in a manner 
that describes the nonlinear relationship of sales 
quantities or sales prices to volume. Similarly, the 
constraint relationships may need to be derived 
in a manner to represent nonlinear returns to 
scale as production volumes are increased. Finally, 
nonlinearities can arise when any of the coeffi- 
cients in a mathematical programming model are 
considered as random variables. For example, the 
cost coefficients in a transportation model might 
be random variables that are functionally related 
to the quantities shipped from the origins to the 
destinations. 
In this chapter we will consider some of the 
rudimentary aspects of nonlinear programming 
problems. Initially, the reader should be cau- 
tioned that nonlinear programming problems are 
considerably more difficult to solve than linear 
programming problems, primarily because of the 
complexity involved with general, nonlinear func- 
tions. Consequently, we will concentrate our dis- 
cussions on a few of the nonlinear programming 
problems that can be solved. As we proceed with 
our study of nonlinear programming the reader 
is urged to review the material in the earlier 
chapters that dealt with linear programming. As 
we shall observe, many nonlinear programming 
problems are direct extensions of their linear 
analogs. Also, certain nonlinear programming 
solution methods are based directly upon linear 
programming procedures. Additionally, we shall 
find it necessary to introduce and/or review sev- 
eral mathematical concepts. These mathematical 
tools will be required in developing solution pro- 
cedures for nonlinear problems. Finally, we will 
make use of differential calculus in several of the 
solution procedures presented. The reader who 
wishes to briefly review differential calculus may 
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do so by referring to the material presented in 
Appendix B at the end of the book. 


10.2 EXAMPLES OF NONLINEAR 
PROGRAMMING PROBLEMS 


The following two examples illustrate how non- 
linear programming problems can arise in prac- 
tical managerial decision-making situations. 


EXAMPLE 1 Portfolio Selection 


Тһе manager of a trust fund for a wealthy investor is 
contemplating the reinvestment of $10,000 from the 
trust fund. Based on past historical data he has isolated 
two investments, which have an expected annual return 
of 18 and 13 percent, respectively. Additionally, the 
trust fund manager has determined that the variance 
of the total return resulting from investing in the two 
projects will be given by 3x? + 2x3 + (x, + x), where 
x, is the amount allocated to the first investment (in 
thousands of dollars) and x; is the amount allocated to 
the second investment (in thousands of dollars). This 
variance measure thus expresses the risk associated 
with a portfolio composed of these two investments, 
and the expression for the variance of the portfolio 
suggests that the risk increases nonlinearly with the 
total investment and with the amount of each individual 
investment. Now, the trust fund manager would like 
to select his portfolio of investments in a manner that 
both maximizes the expected return and minimizes the 
risk. Unfortunately, these two objectives cannot gen- 
erally be satisfied simultaneously. 

One approach to this portfolio problem would be 
to select a dimensionless "risk coefficient," K, and 
formulate a model having the following form. 


Maximize Z = 18x, + 13x, 


- K[3x? + 2x} + (x, + x] (10-1) 


subject to: Xx, + x, S 10 (10-2) 


with x, = 0, х, > 0 (10-3) 


The objective function for this model is nonlinear, 
while the constraint set (a single constraint) is linear. 
This portfolio selection model is thus a nonlinear 
programming model. The risk coefficient K can be 
employed to weight the trade-off between risk and 
expected return, If K = 0, risk is ignored and the 
model reverts to a very simple linear programming 
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problem in which the trust fund manager will invest 
entirely in the investment having the greatest expected 
return. If K becomes very large, the objective function 
contribution due to the expected return will become 
negligible, and the trust fund manager would then be 
essentially minimizing the nonlinear risk term. 


EXAMPLE 2 Sales Effort Determination 


The Lindsay Distributing Company sells two types of 
automotive took kits. The first tool kit sells for $10 per 
unit, regardless of the number of units sold. However, 
sales revenue for the second tool kit declines as the 
number of units sold increases, according to the expres- 
sion: 


Sales revenue = $15x, — $0.15x3 (10-4) 


where x = number of type 2 tool kits sold. This sales 
revenue expression was derived in terms of the total 
sales revenue from any number of units being sold as 
equaling the number of units sold, x», times the unit 
contribution ($15 — $0.15x;). 

The company has two restrictions upon its distri- 
bution efforts. First, its sales force is limited and has 
available 1000 sales hours total to devote to these two 
products in the next year. The company estimates that 
its sales time function is nonlinear and can be approx- 
imated by the function 1x, + 0.1х? + 2x, + 0.25x3. 
Second, it has limited availability of the two tool kits 
and can secure 5000 tool kits total for the next year. 

This sales effort determination problem can be 
formulated as the following problem. 
Maximize Z = $10x, + $15x, — $0.15x? (10-5) 
Іх, + 0.1хў + 2x + 0.25х; = 1000 

(sales hours) (10-6) 


x, + x» <= 5000 
(units available) 


subject to: 


with x, 20,x,20 (10-7) 


The objective function for this problem is nonlinear, 
while the constraint set has one nonlinear and one 
linear constraint. Thus, we again have a nonlinear 
programming formulation. ^ 
With the improvement in high-speed computing 
capabilities, and the development of more efficient and 
powerful approaches for certain nonlinear program- 
ming problems, there has been an associated increasing 
interest in analyzing various problems as nonlinear 
models. In the remainder of this chapter we will attempt 
to provide other examples of nonlinear models. Тһе 
reader who is particularly interested іп applications of 
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nonlinear programming should consult the books writ- 
ten by Bracken and McCormick (1968), Lavi and Vogel 
(1968), and McMillan (1975). 


10.3 THE GENERAL NONLINEAR 
PROGRAMMING PROBLEM 


The general form of a nonlinear programming 
problem can be stated as follows. Select n decision 
variables ху, x», ..., x, from a given feasible 
region in a manner that optimizes (maximizes or 
minimizes) a given objective function: 


Z = f(x, ..., Ж) (10-8) 
subject t: g(x, xs, ..., Xn) (S, =,>}Ь, 
Es (Xis Xs, ۰... Xn) [s, 7,2) (10-9) 
ga (Xi, Xs, ..- X,) {s,=,2} b, 
with X = (xi, X, 2. лух) 20 (10-10) 


where at least one of the functions f(xi, xs, ..., 
Xn) ог gí(xi, X2, ... , Xn) is nonlinear. 

This general form of a nonlinear programming 
problem allows for a number of possible problem 
formulations. Thus, we have problems involving: 


1. A linear objective function with some or all of 
the constraints nonlinear. 


2. A nonlinear objective function with a linear 
constraint set. 


3. A nonlinear objective function with some or 
all of the constraints nonlinear. 


Тһе complications afforded by these forms of 
nonlinear programming problems are numerous 
and difficult, particularly when a problem has a 
number of constraints and decision variables. 
Earlier, in Chapter 3, we noted that the linear 
constraint set and the nonnegativity restrictions 
in any linear programming problem form a con- 
vex set. We then noted that we could identify the 
extreme (corner) points of this convex set as being 
basic feasible solutions to the linear programming 
problem. Finally, we observed that one of these 
extreme points was the optimal basic feasible 
solution to the linear programming problem. 
Тһе optimal basic feasible solution in a linear 
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programming problem is the absolute or global 
maximum value of the objective function. Now, 
a function, у = f(x), is said to have an absolute 
or global maximum at a point x = x’ if f(x’) is 
greater than f (x) for any other allowable value of 
x. To illustrate, consider Fig. 10.1. The global 
maximum in Fig. 10.1 occurs at point x = x’, 
where f (x^) is larger than f (x) for any other value 
of x within the region 0 = x = xt. Similarly, а 
function is said to have an absolute or global 
minimum at a point x = x* if f(x*) is less than 
f(x) for any other allowable value of x. In Fig. 
10.1, the global minimum occurs at point x — x*, 
where f (x*) is less than f(x) for any other value 
of x within the region 0 = x =x". 

A function can also be said to have a relative 
or local maximum at a point x — x" if f(x") is 
greater than the value of f(x) for any adjacent 
value of x. Similarly, a function is said to have a 
relative or local minimum at a point x — x** if 
f(x**) is less than the value of f(x) for any 
adjacent value of x. In Fig. 10.1, a local maximum 
occurs at point x — x", and a local minimum 
occurs at point x = x**, From the definitions 
given and illustrated, it should be apparent that 
a local maximum or minimum of a function can 
also be a global maximum or minimum of that 
function. 

Unfortunately, when we begin to consider non- 
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linear programming problems the fact that the 
constraint set can have some or all nonlinear 
functions means that we may no longer be dealing 
with a convex solution space. To illustrate, con- 
sider Fig. 10.2, which presents a nonconvex so- 
lution space. In Fig. 10.2 the nonconvex solution 
space is formed by one linear constraint, one 
nonlinear constraint, and the nonnegativity re- 
striction xı = 0, хә = 0. Assuming that we аге 
solving a maximization problem with an objective 
function having the slope indicated, we observe 
that as we move the objective function upward 
and to the right through the nonconvex solution 
space, we first encounter a local maximum, Z’ at 
point A, and then the global maximum, 7” at 
point B. In linear programming the convex fea- 
sible solution space always resulted in the optimal 
basic feasible solution being selected at one of its 
extreme points. However, in nonlinear program- 
ming problems, as seen in Fig. 10.2, the optimal 
solution may occur at a corner point, at another 
boundary point of the nonconvex solution space, 
or at interior points within the nonconvex solution 
space. Additionally, as shown in Fig. 10.2, one 
may identify a local optimum rather than a global 
optimum as being the best solution (i.e., Z' < Z"). 
While it is easy to distinguish between a local 
optimum and the global optimum in this small 
graphical problem, it may be very difficult to do 
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FIGURE 10.2 NONCONVEX SOLUTION SPACE—LOCAL AND 
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so in larger, more complicated, nonlinear pro- 
gramming problems. 

No specific algorithm exists for solving the 
general nonlinear programming problem as de- 
fined by Equations 10-8, 10-9, and 10-10. How- 
ever, by making various assumptions about the 
function Z = f(x) and the g,(x) functions, solution 
algorithms for important special cases of the 
general nonlinear programming problem have 
been developed. Work in this area of management 
science is actively evolving, but remains a large, 
uncharted area. Consequently, we shall not at- 
tempt to survey nonlinear programming com- 
pletely; rather, we will concentrate on some of 
the more useful results that have been obtained 
to date. 


10.4 CONCAVE AND 
CONVEX FUNCTIONS 


In the field of mathematical programming, linear 
functions are most often assumed. For this reason 
a great deal of the earlier portion of this textbook 
was devoted to the study of linear programming. 
As we now begin to study nonlinear programming 
we will observe the importance of functions that 
are defined as being concave or convex. Because 
of the importance of such functions in nonlinear 


programming we will now proceed to discuss their 
basic properties. 

The properties of a concave function are given 
by the following definition. 


Definition A function of a single variable, say, f(x), 
is a concave function if, for each pair of values of x, 
say, x' and x": 
ШАЯН Ад 
z f(x") + (1 — NI) 
for all values of X such that 0 = \ = 1. It is a strictly 
concave function if the sign = is replaced by the 


sign >. 


(10-11) 


An example of a concave function is a profit 
function in which the marginal returns decrease 
as the number of units sold increase. Thus, if 
sales doubled, profits would not double, if the 
profit function were concave. 

Conversely, the properties of a convex func- 
tion are given by the following definition. 


Definition A function of a single variable, say, f(x), 
is a convex function if, for each pair of values of x, 
say, x' and х": 
ЛА (ПЕ) 
SAf(x") + (1 — X) f(x) 
for all values of X such that 0 = \ = 1. It is a strictly 
convex function if the sign = is replaced by the sign <. 


(10-12) 
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An example of a convex function would be а 
cost function in which the marginal costs increase 
as the number of units produced increase. Thus, 
if the number of units produced doubled, the 
production costs would more than double if the 
cost function were convex. 

Geometric interpretations of concavity and 
convexity are shown in Fig. 10.3. 

From Fig. 10.3 it can be seen that f (x) is concave 
if, for each pair of points on the graph of f(x), 
the line segment joining these two points lies 
entirely below the graph of the function. A con- 
cave function is like an umbrella and will shed 
water. Conversely, f (x) is convex if, for each pair 
of points on the graph of f(x), the line segment 
joining these two points lies entirely above the 
graph of the function. A convex function is thus 
like a bathtub and will hold water. A straight line, 
which we have for the objective function and 
constraints in a linear programming problem is 
both concave and convex, according to the defi- 
nition. In part (d) of Fig. 10.3, we have a nonlinear 
function that is both nonconvex and nonconcave. 

For a single-variable function, in calculus terms, 
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if f(x) is continuous and possesses a second de- 
rivative over the region of interest, then: 


f (x) is concave if, and only if, df (x)/dx? = 0. 

J (x) is strictly concave if, and only if, df (x)/dx? < 0. 
f (x) is convex if, and only if, d?f (x)/dx? = 0. 

f(x) is strictly convex if, and only if, d'f (x)/dx* > 0. 


To illustrate strict convexity consider the func- 
tion of f(x) = Зх°, which is plotted in Fig. 10.4. 
Taking derivatives, we obtain: 


af (x) = 6x 
dx 


(10-13) 


2 
AE 
dx? 


(10-14) 
f(x) = 3x* is strictly convex 


То illustrate strict concavity consider the func- 
tion f(x) = — 3х°, which is plotted in Fig. 10.5. 


dfe. 6, (10-15) 
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FIGURE 10.3 EXAMPLES OF CONCAVITY AND CONVEXITY. (a) A CONCAVE 
FUNCTION; (b) A CONVEX FUNCTION; (c) BOTH CONCAVE AND CONVEX; (d) 


NEITHER CONCAVE NOR CONVEX 


I Concave and Convex Functions 
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FIGURE 10.4 GRAPH OF f(x) = Зх 


y = f(x) 


FIGURE 10.5 GRAPH OF Дх) = -3x 
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(10-16) 


rl a -6<0 
ах? 


Тк) = —3x* is strictly concave 


To illustrate a function that is both convex апа 
concave, consider the function f(x) = 2x? — 3x?, 
which is plotted in Fig. 10.6. 


f G0. و‎ б (10-17) 
dx 

2, 

Liiu - 12x - 6 (10-18) 


Thus, for x = 3, f (x) is convex and for x — 4, f(x) 
is concave. 

Other examples of convex functions of a single 
variable are x*, e*, or — log x. Conversely, other 
examples of concave functions are —x*, —e*, or 
+ log x. Our definition of convexity implies that 
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the sum of convex functions will also be a convex 
function, and that the nonnegative multiple of a 
convex function will be a convex function. Con- 
versely, the sum of concave functions will also be 
a concave function, and the nonnegative multiple 
of a concave function will be a concave function. 

Тһе concept of concave and convex functions 
naturally generalizes to functions of more than 
one variable. Thus, if f(x) is replaced by /(x;, 
Xo, . . . , Xn), the definitions stated above still apply 
as long as x is replaced everywhere by (хі, xs, . . . 
x,). Second partial derivatives can be used to check 
functions of several variables for concavity and 
convexity properties, although the computational 
process involved is very time consuming and 
tedious. 

Тһе concept of concave and convex functions 
is related to the concept of a convex set, wich 
is formally defined in Appendix C. 


Y = f(x) 


FIGURE 10.6 GRAPH OF f(x) = 26 - 3x 
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In our discussion of nonlinear programming 
methods that follows, local rather than global 
optima may be obtained unless certain convexity- 
concavity conditions are met. Therefore, assessing 
convexity-concavity properties is important. In 
summary, it can be shown that the following 
relationships for local and global maxima will 
hold. 


minimum convex К 
1. А local 5 function 
maximum concave 
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on a convex set is also a global Н 
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of that function. 
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maximum concave 
function on a convex set is also the unique 
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maximum 


10.5 OPTIMIZATION INVOLVING 
A SINGLE VARIABLE 


The simplest type of a nonlinear programming 
model is encountered in problem situations in 
which an optimum is sought with respect to a 
nonlinear objective function involving a single 
variable. Such models arise frequently in mana- 
gerial decision-making situations. As we shall see 
in later chapters, inventory control and waiting- 
line models both involve the determination of the 
optimal value of a single variable with respect to 
minimizing a total cost function. 

Many of the techniques that are used in solving 
complex nonlinear programming problems are 
based upon, and are extensions of, methods used 
to optimize functions composed of a single vari- 
able. Such single-variable problems are much 
easier to visualize, and we will thus begin our 
discussion with such univariate problems. We will 
first discuss the unconstrained case in which there 
are no constraints on the maximization (or min- 
imization) problem. Then, we will analyze the 
constrained case in which constraints are present. 


10.5.1 UNCONSTRAINED 
UNIVARIATE OPTIMIZATION 


The unconstrained univariate optimization 
problem represents the most elementary form of 
the nonlinear programming problem given by 
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Equations 10-8, 10-9, and 10-10. Essentially, it 
involves only an objective function; there are no 
constraints on the problem. 

Тһе unconstrained univariate optimization 
problem is solved using differential calculus. To 
illustrate the solution procedure, consider a total 
cost function for a production problem that can 
be denoted as: 


f(x) = 2x* — 800x + 100,000 (10-19) 


This function is shown graphically in Fig. 10.7. 
Using differential calculus to find the value of x* 
that minimizes this function, we take the first 
derivative of f (x) with respect to x, set this deriv- 
ative equal to zero, and then solve for x. We thus 
obtain 


uM — 4x — 800 (10-20) 


Letting df (x)/dx = 0 yields the optimal value, x*. 
0 — 4x* — 800 
x* — 200 


Thus, this production cost function will be mini- 
mized when 200 units are produced. The total 
(minimum) production cost for this production 
quantity is found by substituting 200 for x in the 
cost function, obtaining: 


/(200) = 2(200)° - 800(200) + 100,000 
= 80,000 — 160,000 + 100,000 


- $20,000 


Our graphical representation of this problem in 
Fig. 10.7 clearly indicates that we have obtained 
the value of x that produces the minimum value 
of f (x). However, in many other problems it may 
not be so apparent whether values of x* obtained 
in this manner, called stationary points, produce 
maximum or minimum values of the function 
being analyzed. To determine whether a maxi- 
mum or minimum has been found, the second 
derivative should be evaluated at the point x*, 
using the following rule. 


(10-21) 


(10-22) 


Rule [f d*f(x)/dx? is negative, then point х? is 
a maximum. 


If d?f(x)/dx? is positive, then point x* is а 


minimum. 
If d£(x)/dx? is zero, the test is indetermi- 
nate. 
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100,000 


S(x*) = 000|-------С 


0 х* = 200 
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f(x) = 2x? — 800x + 100,000 


FIGURE 10.7 GRAPH OF f(x) = 2х2 — 800x + 100,000 


Thus, to verify thatx* = 200 in our production 

cost problem is truly a minimum, we determine: 

40) _ 4 

dx* 

Since df (x)/dx is positive for all values of x we 

are assured that x* = 200 is the minimum value 

of the function f(x). This value is a global mini- 
mum for this function, 


(10-23) 


10.5.2 CONSTRAINED 
UNIVARIATE OPTIMIZATION 


The constrained univariate optimization prob- 
lem involves an objective function and one or 
more constraints. Quite often these constraints 
may be in the form of nonnegativity restrictions 
on the variable x in terms of a range for the 
variable x. To illustrate such a problem, first 
consider an unconstrained profit function that 
can be specified as: 


f(x) = —2x* + 3x2 + 12x + 15 (10-94) 


This function is shown graphically in Fig. 10.8. 

This univariate optimization problem is again 
solved using differential calculus. However, taking 
the first derivative of f (x) and solving for x yields 
two different stationary points. 


2e. - 6x" + бх + 12 
x 


Ix - 2) (10-25) 


= -6(x? - 


= -біх - 2)x + |) 


Thus, 


x* = 2 (first stationary point) 
—1 (second stationary point) 


(10-26) 


x* 
Taking the second derivative of this profit func- 
tion we obtain: 

470) --—]2x + 6 (10-27) 
ах? 


Substituting x* = 2 into this second derivative 
yields: 


df (x) 
ах? 


Thus, x* = 2 is а maximum value, Substituting 
x* = —] into this second derivative yields: 


7, 
ze -12(-1) + 6 = +18 


Thus, x* = — 1 is а minimum value. 

Referring to Fig. 10.8, it can be seen that the 
stationary point x* = 2 is a local maximum for 
this profit function, The stationary point х* = 
= 1 is a local minimum for this profit function. 

Now, let us add a constraint to this problem 
that specifies that —3 5 x = 2. In the constrained 
case, the global maximum of this profit function 
is at the boundary point x* = — 3, and the global 
minimum is at the Stationary point x* = — 1. 

Suppose instead that we had constrained the 
problem by specifying that x = 0, the typical form 
of a nonnegativity restriction. Now, the stationary 
point x* 3 is a global maximum. 


= —12(2) + 6 = -18 (10-28) 


(10-29) 
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f(x) 
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FIGURE 10.8 GRAPH OF f(x) 


In summary, іп а constrained univariate optim- 
ization problem, a global optimum (if one exists) 
will always occur either at one of the stationary 
points or at one of the boundary points deter- 
mined by the constraints. Differential calculus is 
again employed to determine the stationary 
points. 


10.6 OPTIMIZATION INVOLVING 
MULTIPLE VARIABLES 


A more difficult type of nonlinear programming 
problem involves a nonlinear objective function 
having n variables (n = 2). This multivariate 
optimization problem again requires the identi- 
fication of the stationary points of the function 
and then the identification of which of these 
points represent local or global optima. Unfor- 
tunately, the identification of local or global op- 
tima is not necessarily easily done for some mul- 
tivariate functions. 

We will again separate our discussion of optim- 
ization involving multiple variables into two sec- 
tions. First, we will consider the unconstrained 
case, and then we will consider the constrained 
case. 


2X6 + 3° + 12x + 15 


10.6.1 UNCONSTRAINED 
MULTIVARIATE OPTIMIZATION 


The unconstrained multivariate optimization 
problem represents a nonlinear programming 
problem composed of only an objective function, 
but this objective function has multiple variables. 
To illustrate a solution procedure for this type of 
problem, consider the following nonlinear profit 
function. 

Z = f(x x) = —(%, = 4! — x} (10-30) 
This function is shown graphically in Fig. 10.9. 
This three-dimensional graph indicates that the 
maximum of the function Z = 0 lies at the point 
x = (4,0). 

Just as we did for the univariate optimization 
problem, the stationary points are found by set- 
ting the first derivatives equal to zero and solving 
the resulting equations. For the multivariate prob- 
lem having n variables, there will be n first deriv- 
atives. Each of these n first derivatives will be a 
partial derivative taken with respect to that vari- 
able. This set of n partial derivatives is expressed 
in vector form as the gradient of the function 
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FIGURE 10.9 THREE-DIMENSIONAL GRAPH OF Z = 
(а - 4j - ж 


fe = f(x. xs... 


‚ Xn) and is denoted as: 


ARENE o 
Ox, 
REDS 
OX» 


Vf(x) = y (10-31) 
Ө (Жу, E OO 
дх, 


The gradient of the multivariate profit function 
we are considering is found by taking partial 
derivatives with respect to x, and x», namely: 


д) (xi, хә) 


v М Ox, Р —2(x, = 4) 
f(x) = Af (x), x) ag (10-32) 
OX» 


Setting V/(x) = 0 then gives the coordinates of 
the stationary point for this function. 


—2(x, = 4) = 0 ог х = 4 


—2x, = 0 or xX, = 0 (10-33) 


This stationary point can also be observed from 
Fig. 10.9 and can be seen to be a local maximum. 

Given that we have found the stationary point(s) 
for the multivariate function, we still must deter- 
mine whether these stationary points are either 
local or global maxima or minima or neither a 
maximum nor a minimum. 
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From our discussion of univariate optimization 
recall that the second derivative was used to 
evaluate whether stationary points were maxima 
or minima. An analogous concept is used for 
multivariate optimization and is based on the 
matrix of all possible second partial derivatives. 
A second derivative of the multivariate function 
f (xis хә,....х,) can be taken with respect to each 
of then first derivatives, for each of then variables. 
This results in an X n matrix of the second 
derivatives. This matrix of second derivatives is 
called a Hessian matrix and is denoted as: 


af? (x) а/ (х) of 2 (x) 


Ox, Ax,’ Ox,0x, ``” дх(дх, 
af *(x) af *(x) af *(x) 
Н(х) = |9x:9x, ӛхадху  " дх,дх, (10-34) 


af*(x) 


Ox, Ox, 


Әр (х) af*(x) 


Ox,0X; OX,0X%_ ``" 


The Hessian matrix for the multivariate function 
we are considering, f(x) = —(x, — 4)? — x3, is 


computed as: 
БЕН 


The Hessian matrix can be used to identify 
local maxima or minima. This is done by exam- 
ining the minors of the Hessian matrix. Now, 
any n X n matrix has п minors. The first minor 
of the Hessian matrix is the element in the upper 
left corner of H(x). The second minor is com- 
posed of the elements in the first two rows and 
the first two columns of H(x). The total Hessian 
matrix is the nth minor. 

Associated with each of the minors in H(x) is 
a number, called a determinant. The signs of the 
determinants of the minors of the Hessian matrix 
indicate the presence of maxima or minima for 
multivariate functions. A stationary point for a 
multivariate function will be a local maximum or 
a local minimum only if one of the two following 
conditions are met, 


(10-35) 


l. The signs of the determinants are all strictly 
positive, in which case the Hessian matrix is 
termed positive-definite. In this case the sta- 
tionary point is a local minimum. 

2. The sign of the first determinant is negative; 
the sign of the second determinant is positive; 
the sign of the third determinant is negative, 
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and so on; in alternating fashion. In this case 
the Hessian matrix is termed negative-defi- 
nite. In this case the stationary point is a local 
maximum. 


If the signs of the determinants do not meet these 
two conditions, then the stationary points may be 
either a maximum or a minimum, or neither. In 
this instance the Hessian matrix is termed semi- 
definite, or indefinite. 

To illustrate these results, consider the Hessian 
matrix we have just computed, namely: 


=? 0 

H(x) = | 0 w 
The determinant for the first minor is the same 
as the first minor. The first minor is composed 
of the single element —2 and thus the value of 
the determinant for this first minor is also — 2. 
Thus, the sign of the first determinant is negative. 
The determinant for the second minor is obtained 
by performing the following multiplications and 
subtractions. 


1 


(10-36) 


Multiply the number in row 1, column 1 (— 2), 

times the number in row 2, column 2 (— 2). 

9: Multiply the number іп row 2, column 1 (0), 
times the number in row 2, column (0). 

3. Subtract the second product from the first 

product. 


Thus, the second determinant in our example is 
computed ав:! 


(-23(-2)- (0/0) = +4 (10-37) 


Іп some unconstrained nonlinear optimization 
problems it may be difficult actually to solve for 
the values of the variables at the stationary point. 

Thus, a procedure must be used that will allow 
us to start at some point and then move in a 
certain direction that will improve the value of 
the objective function, f (x). The gradient V f(x) 
is employed in this procedure. 

First, it is necessary to transpose the gradient. 
For example, using our earlier example, the trans- 
pose of the gradient of this function is given by: 


Vf(x)-[-2(x, - 4), -2x, (10-38) 


'We have shown only the computation of a simple deter- 
minant. Calculation of determinants when п > 2 is much 
more difficult, and the reader should consult one of the 
references on matrix algebra given in Appendix C. 
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Assume next that we seek to maximize f(x). It 
can then be shown that f(x) will increase if a 
direction d is selected such that the product of 
the transpose of the gradient and d is positive. 
Thus: 


Vf(x)d > 0 (10-39) 


will increase f (x). Now, іп a typical unconstrained 
multivariate optimization problem there may be 
an infinite number of directions satisfying the 
condition given by Equation 10-37. Thus, we need 
to find the direction d* that produces the largest 
immediate increase in /(х) as we move away from 
the point x. Again, it can be shown using the 
Cauchy-Schwarz inequality that the gradient itself 
points in the optimal direction to move to achieve 
the largest immediate increase in f(x) (Hadley, 
1964, p. 4). Since the gradient points in the 
direction that we should move from x to cause 
the greatest immediate increase in f(x), the gra- 
dient is said to point in the direction of the steepest 
ascent for the function. 

It is important to recognize that the gradient 
points only in the direction giving the largest 
immediate increase in f (x). The gradient does not 
provide for the shortest route to the optimum. 
Thus, the gradient must be employed in a series 
of steps, involving movements of short distances 
from the current point. 

Assume now that we have determined some 
arbitrary starting point х! = (х!, хі, ..., х1). As 
we search for a local optimum we will want to 
move to a second point that has the property 
Го) > f(x'), for a maximization problem. We 
know that the direction to move is specified by 
the gradient, but we do not know how far to 
travel. Suppose that we now let the letter s rep- 
resent the distance (unknown at this juncture) to 
be traveled in the direction f(x). Thus, we will 
generate a new point: 


x'-—-x'-t-sVf(x') (10-40) 


or in general: 
хеі-х +5 V f(x") (10-41) 


The distance s, in the relationship given by 
Equation 10-41 is called the step size. Unfortu- 
nately, there is no precise way to determine this 
step size. However, one method that has shown 
good computational results has been devised. 
Known as the optimal gradient method, it in- 
volves determining the step size in such a manner 
that we always move as far as possible from x* in 
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the direction V f (x^). This is then accomplished 
by determining the (positive) value of s, which 
maximizes f(x") + s V f(x). Solving this max- 
imization problem generally requires a search 
over discrete values of з. Numerous examples of 
search procedures can be found in books by Wilde 
(1964) and Himmelblau (1972). 

Let us now consider the previous example in 
which we seek to maximize 


Z =f (x) = -x = 4)? ¬ кі (10-42) 


=x? + 8x, — 16 — хі 


Previously, we computed the gradient of this 
function to be: 


_ | -2@, - 4] _ | 2%. + 8 
V(x) = 52 | - | | (10-43) 


То begin, let us start our search from the origin; 
that is, x! = (х! = 0,xJ = 0). At this initial point 
the value of the gradient is: 


V/f(x') = Vf(0,0) = фе, s £ ЕН 
(10-44) 
То determine how far to move in the direction 
[*8], we must solve the problem: 
Maximize f [x' +s У/(х!)], (10-45) 
мһеге 


x' = (0,0) and У/(х!) = gE 


Thus, we must substitute x? = [0 + s(+8)] and 
xj = [0 + s(0)] into Equation 10-42. Then we 
must solve: 


Maximize — (+85)? + 8(+8s) — 16 — (05)? 
so 
= maximize - 645° + 645 — 16 (10-46) 


(20 


Setting the first derivative (with respect to s) of 
this function equal to zero results in the following 
equation. 


-]98s + 64 = 0 (10-47) 
s= їй = 1 


Тһе optimal distance 5 is thus 1, and our second 
point is: 


x? = х! + و‎ ۷ /)×'( 


HIT "а 
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At this second point, xî = +4, x3 = 0, the value 
of the gradient is: 


Vf) = kl - H (10-49) 


Thus, the local optimum has been obtained at 
хў = *4,xf = 0. 

The process of minimizing a function using 
gradient techniques requires following the direc- 
tion specified by the negative of the gradient. 
Thus, we seek to search for new coordinates 
defined by: 


xt} = xt — s V f(x!) (10-50) 


The remainder of the computational process pro- 
ceeds in the manner previously illustrated. 


10.6.2 CONSTRAINED 
MULTIVARIATE OPTIMIZATION 


Constrained multivariate optimization is the most 
difficult type of nonlinear programming. In this 
situation we may have a nonlinear objective func- 
tion and/or nonlinear constraints, plus some type 
of nonnegativity restrictions. Depending on the 
nature and number of nonlinear functions, such 
problems may become very difficult, if not im- 
possible, to solve. 

In general, we can again employ the methods 
discussed earlier for unconstrained multivariate 
optimization. However, for many constrained op- 
timization problems it may be difficult to solve 
for the stationary points. In addition, іп the 
constrained multivariate optimization problem, 
the constraints may restrict the set of directions 
that are feasible as we search for new values of x 
that will increase f (x). Thus, while we know that 
moving in a direction d, such that V /(х)' d > 0, 
will increase f(x), such a movement may also 
cause one of the m constraints of the nonlinear 
programming problem to be violated. The prob- 
lem thus becomes one of determining what di- 
rections satisfying f (x)' d > 0 are feasible. 

Solving this problem involves taking the gra- 
dient to a constraint. Since a constraint is itself а 
function, it is certainly possible to determine the 
gradient of a constraint in the same manner that 
we determined the gradient of the objective func- 
tion f(x). For example, consider a constraint 
gi(xi,xy) = by. The left-hand side of this inequality 
а function, whose gradient is Vg,(x,,x,). This 
gradient then points in the optimal direction we 
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should move to increase the value of g,(x;,x;). 
However, we still do not know whether or not it 
is feasible to move in the direction indicated by 
the gradient of the constraint, Vg(xix»). It can 
be shown that the set of feasible directions with 
respect to this constraint must satisfy: 


Vgi(x1,x2)'d < 0 (10-51) 


Thus, to explore optimality conditions in con- 
strained multivariate optimization problems, we 
must be able to specify the necessary and sufficient 
conditions for these optimality conditions. We will 
now consider the Kuhn-Tucker conditions, which 
provide a set of necessary conditions for the 
extreme points in constrained optimization prob- 
lems. Furthermore, we shall see that the Kuhn- 
Tucker conditions may be sufficient conditions 
for certain types of problems. As such, they may 
actually be used to solve certain types of nonlinear 
programming problems. 


10.6.3 THE KUHN-TUCKER CONDITIONS 


For the general nonlinear programming problem 
involving a nonlinear objective function and m 
constraints, a subset k of these constraints (k = 
m) may be satisfied as equalities at a given feasible 
solution. However, if such a feasible point is a 
local optimum, then there must be no feasible 
direction (i.e., no values satisfying Vg,(x)'d < 0 
for the k constraints that are satisfied as equalities) 
that increases f (x) (i.e., no values where /(х)4 > 
0). To make such a determination, we rely on the 
Kuhn-Tucker conditions that represent necessary 
conditions under which a given point, x*, is a 
local optimum for the general nonlinear program- 
ming problem. 


Kuhn-Tucker Conditions 


Of (x) _ У А де (х) ET 
4% дх imi F 0x, 

af(x) с, Î _ ( 
27 | % 2 Мм › 
3. g(x*) = 5, 80 
4. X (g(x*) — 5) = 0 
5x20 
6. 4,20 


*H. W. Kuhn and A. W. Tucker, "Nonlinear Programming," 
in Proceedings of the Second Berkeley Symposium оп Mathematical 
Statistics and Probability, Jerzy Neyman, ed. (Berkeley: Univer- 
sity of California Press, 1951), pp. 481-492. 
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То begin our discussion, consider the case іп 
which the general nonlinear programming prob- 
lem is reduced to: 


Maximize Z = f (x) (10-52) 


where f (x) is a differentiable function. In this case 
we have no constraints and no nonnegativity 
restrictions. Additionally, if this objective function 
contains only one variable we can state, using 
classical calculus, that x, = хў can maximize f (xi) 
only if df/dx, = 0 at x, = xf. This is known as a 
necessary condition. Furthermore, if f(x,) is а 
concave function the preceding statement is also 
a sufficient condition. 

Now, if the objective function in the nonlinear 
programming problem contains several variables, 
using classical calculus, we can state that x* = 
(xf, x3, ..., xf) can maximize f(x) only if df/ 
ox; = Oatx; = xj forj = 1,2,...,n. This again 
is a necessary condition that becomes a sufficient 
condition if f(x) is a concave function. 

If we next add the nonnegativity restrictions x 
2 0 to the problem in which the objective function 
contains several variables the only revision that 
must be made is that if x* = 0, then the conditions 
flax; = 0 atx; = хў are replaced by the conditions 
Ә//дх; = Oat x, = x. 

Now, consider the general nonlinear program- 
ming problem given by Equations 10-8, 10-9, and 
10-10 and assume that f (x), gi(x), g»(x), ..., g(x) 
are differentiable functions that satisfy certain 
regularity conditions. Then, according to a theo- 
rem derived by Kuhn and Tucker, x* = (хў, ха, 

- Xf) сап be an optimal solution to the nonlin- 
ear programming problem only if there exists m 
numbers, А у, А, ... , Àm, such that all the follow- 
ing conditions are satisfied. 


atx, = x* forj = 1,2,...,n (10-53) 
(10-54) 

a (10-55) 
fori = 1,2,...,m (10-56) 
forsee 12,2, (10-57) 
fori = 1, 2, .т (10-58) 


‘In this theorem, “regularity conditions” refer to the be- 
havior, or geometry of function, in a small region around the 
optimal point. See Olvi L. Mangasarian (1969, рр. 92-112) 
for a more detailed discussion. 
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These six conditions аге the Kuhn-Tucker соп- 
ditions. They are necessary conditions but not 
sufficient conditions for optimality. The А; are 
commonly called generalized Lagrange multi- 
pliers and are analogous to the values associated 
with the dual variables in a linear programming 
problem. We will make further use of these 
Lagrange multipliers in a later section of this 
chapter. The conditions given by Equations 10- 
55 and 10-57 are essentially required only to help 
ensure the feasibility of the solution. The condi- 
tion given by Equation 10-56 is used to assure 
that only constraints that are binding, or satisfied 
as equalities, are used in the determination of the 
optimal solution. This is the complementary slack- 
ness property we discussed earlier in Chapter 4. 
Thus, this condition states that А; = 0 for each 
nonbinding constraint and that g(x) — b; = 0 or 
gi(x) = 6, for each binding constraint. The other 
conditions then serve to eliminate most of the 
other feasible solutions as possible candidates for 
the optimal solution. 

Satisfying the Kuhn-Tucker conditions is only 
necessary for having an optimal solution. The 
sufficiency requirements for optimality are based 
upon certain properties being satisfied. Thus, the 
Kuhn-Tucker sufficient conditions are given by the 
following corollary (Mangasarian, 1969, рр. 92- 
112). 


Corollary Assume that f(x) is a concave function and 
that gi(X), g(x), ..., р„(х) are convex functions 
satisfying the regularity conditions. Then x* = (xf, 
x}, ..., XE) is an optimal solution if, and only if, all 
of the conditions of the Kuhn-Tucker theorem are 
satisfied. 


Now that we have formally presented the Kuhn- 
Tucker conditions, we will demonstrate how these 
conditions can be used to solve various problems. 
First, we will use the Kuhn-Tucker conditions in 
the solution of a linear programming problem. 
Next, we will use the Kuhn-Tucker conditions on 
a more difficult nonlinear programming problem. 


ay 


og (x) а, 
Vg,(x) = سلف‎ = | "| 
X, 


а 


Vg,(x) = 
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EXAMPLE 1 Linear Programming Problem 


To illustrate how the Kuhn-Tucker conditions can be 
used to solve a particular problem, let us consider first 
a simple linear programming problem. Remember that 
the general nonlinear programming problem does not 
restrict the structure of the objective function or the 
constraints. Consequently, a linear programming prob- 
lem can be thought of as a special case of the general 
nonlinear programming problem. 

A typical linear programming problem (for example, 
a maximization problem) originally having m inequality 
constraints, n variables, and n nonnegativity restrictions 
can be reformulated in the following form. 


Maximize Z = f(x) = У) cx, (10-59) 
үзі 


subject to: 


i=1,2,...,m (10-60) 


with ғау» 0, 52112 5..,mn (10-61) 


Observe that we now have m + n constraints since each 
one of the nonnegativity restrictions in the original 
linear programming problem has been expressed as a 
constraint in the formulation just given. 

In determining the Kuhn-Tucker conditions for this 
reformulated problem, we must first determine the 
gradient of the objective function. Since the objective 
function f(x) has only first-degree terms, its gradient 
is composed of only constraints, and is computed as: 


9f (x) 
Ox, 
9f (x) 


У у(х) = oy tes 
f(x) ax, 2 (10-69) 


= |с 


af (x) 


Ox, x 


We also need to determine the gradient of the m 
inequality constraints. These inequality constraints are 
also composed entirely of first-degree terms. Thus, the 
gradients of the constraints are given by: 


а 4.) 


da 
., Wald "| (10-63) 
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The Kuhn-Tucker necessary conditions for a local 
optimum, x*, for this linear programming problem 
can then be written as follows. 


E Aa, =0 


“%- У Ady = 0 


isl 


(10-64) 


Ха,50 


2. мело i 5 AV 00| жо? ЕС - > МУ aie) | = 
i=l ізі 


з.Уал-5<0 
үзі 
4.۸; b ax; = a] =0 
j=) 
5. oF = 0 
6. 4,20 


forj = 1,2,...,m 
fori = 1,2,...,m 


Consider now the production scheduling linear 
programming problem that we originally pre- 
sented in Chapter 2. This linear programming 
problem was formulated as: 


Maximize (profit) Z = 6x, + 8x; (10-70) 


subject to: 5x, + 10x, = 60 (metal lathe time) 
4x, + 4x, = 40 (milling machine time) 
(10-71) 
with x, (number of gears) = 0, 


x» (number of bearing plates) = 0 (10-72) 


Now, the gradient of the objective function 
and the two constraints are: 


ШЫНЫН 
V g(x) = Н V gíx) = Н (10-74) 


The Kuhn-Tucker conditions for this problem 
can be written as: 


(10-73) 


la. 6 — 5d, – 44,50 (10-75) 
Ib. 8 – 10A, — 44,5 0 (10-76) 
2a. x(6 — 5А, — 4A.) = (10-77) 
2b. x.(8 — 104, - 44) = 0 (10-78) 
За. 5x, + 10x, - 6050 (10-79) 
ЗЬ. 4x, + 4x, - 40 = 0 (10-80) 
4a. А (5х, + 10x, — 60) = (10-81) 


ite | aes 


431 


4b. Х.(4х, + 4x. - 40) = 0 (10-82) 
Be Soe, Жү 0 (10-83) 
6. 4,2 0, №. > 0 (10-84) 


To solve these Kuhn-Tucker conditions we сап 
proceed by graphing the problem, as shown in 
Fig. 10.10 (same as Fig. 3.1). From Fig. 10.10 it 
can be seen that the maximum occurs at xf = 8, 

= 2, maximum Z = 64. Furthermore, at the 
optimum solution, both constraints are active, 
that is are exactly satisfied. Thus, we must solve 
(1а) and (10), simultaneously to determine the 
values of à; and А». Proceeding, we determine 


(10-65) 


(10-66) 
‚т 


(10-67) 


(10-68) 
(10-69) 


that A, = $, А» = 1, solves both (la) and (10) 
simultaneously. Thus, the solution to the Kuhn- 
Tucker conditions is: x = 8, x = 2, А = 3, 
Af = 1. These values satisfy the Kuhn-Tucker 
conditions, as follows. 


la. 6-54 — 4А# = 0 
6-5) — 4(1) = 0 (10-85) 
6-9- 4-0 и 

Ib. 8 — 10 — 4$ = 0 
8-10) - 4(1) = 0 (10-86) 
8- 4 - 4 =0 и 

2a. хї(6 - БАЎ — 4۸$) = 0 
E 7 
ге O (10-87) 
8[ 0 ]=0 м 

2b. x#(8 — 10At — 443 = 0 
918 — 106) — 4(1)] = 0 
48- 4 - 41-0 (10-88) 
9[ 0 1-0 ^ 

За. 5xf + 10x — 60 = 0 
5(8) + 10(9) - 60 = 0 (10-89) 
40 + 20 —60-0 и 

ЗЬ. Ах? + 4х? — 4050 
4(8) + 4(2) – 40 = 0 (10-90) 
32 + 8 -40-0 ¥ 

4a. М(5хў+ 10x — 60) =0 
Қ5(8) + 10(2) - 60] = 0 г 
440 + 20 -601-0 (19-91) 
if 0 1-0 м 
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7 = 6x, + 8x; 
= 6 (0) + 8 (6) = 48 


4x, + 4х;<40 


Z = 6x, + 8x; 
= 6(0)+8(0)=0 


FIGURE 10.10 GRAPHICAL REPRESENTATION—PRODUCTION SCHEDULING PROBLEM 


4b. At (4x۴ + Ах? — 40) = 0 

1 [4(8) + 4(2) – 40] = 0 

1[32 + 8 -401- 0 

1 0 1-0 и 
5.x = 8, xf =2 и (10-93) 
өле, =? и мау 


Note that іп the statement of the Kuhn-Tucker 
conditions for this problem, conditions (la) and 
(1b) are equivalent to the constraints of the dual 
of the original linear programming problem. Thus, 
the Lagrange multipliers, ^, and А; are the same 
as the variables in the dual of the linear program. 
The values of А, = $, А = 1 are exactly the same 
as we obtained for the solution of the dual prob- 
lem (see Chapter 4, Table 4.2). Observe also that 
conditions (4а) and (45) satisfy the complementary 
slackness relationships for this problem. There- 
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Optimal Solution 
7 = 6x, + 8x; 
= 6 (8) + 8 (2) = 64 


Z = 6x, + 8x; 
= 6(10) + 8 (0) = 60 


fore, the Kuhn-Tucker conditions for this linear 
programming problem are exactly the same con- 
ditions under which both the primal and dual 
problems are optimized. It should also be appar- 
ent that the simplex method is a much more 
efficient way of solving a linear programming 
problem than is the application of the Kuhn- 
Tucker conditions. 


EXAMPLE 2 Two-Variable Nonlinear 
Programming Problem with Linear Constraints 


Asa second example of the formulation and application 
of the Kuhn-Tucker conditions, consider the following 
problem situation: The Amesbury Health Food Com- 
pany produces a health food involving two types of 
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wheat germ in 100-Ib lot sizes. Its health food produc- 
tion process is constrained by available machine time, 
available work forces, and a requirement on the protein 
content of the wheat germ blend. Data concerning 
these constraints are as follows. 
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5.x,20,x,—0 
6. 4, 70,4, = 0, А, = 0 


(10-109) 
(10-110) 


To solve these Kuhn-Tucker conditions we proceed by 
first graphing the problem, as shown in Fig. 10.11. 


Requirement/Unit of 


Blended Health Food 


Wheat Germ, 
Constraint Type 1 
Work force 4 
Machine time 3 
Protein 1 


In addition, it estimates that the total revenue pro- 
duced by the blend of the two wheat germs is given by 
the nonlinear function f(x) = 36 — 1.5)? + 6(x, — 
1.5), where x, = 100-Ib units of wheat germ 1 and 
x; = 100-lb units of wheat germ 2. 

This problem situation can be structured as the 
following two-variable nonlinear programming prob- 
lem, with three linear constraints. 


Maximize Z — f(x) 


= 3: = 1.5)? 6б, Log (095 
subject to: к + 1х,< 4 
3x, + 1x, 5 15 (10-96) 
Ix, + ix, = 3 
ха 210 (10-97) 
In this problem m = 3,n = 2, and: 
gx) = Ж, + Ixy 
g(x) = 3x, + 1х, (10-98) 
g(x) = Ix, + Ixy 


Since these constraints are straight lines, they are clearly 
convex functions, and since the objective function traces 
out curves of constant Z that are ellipses with centers 
atx, = 1.5 andx = 1.5, itis clearly a concave function. 
Thus, we know that an optimal solution can be obtained 
by solving the Kuhn-Tucker conditions. For this prob- 
lem, these conditions are: 


la. бх, – 9 – 4d; – ЗА, = 1A, 50 (10-99) 
lb. 12x, - 18 — 13, — 1 — 1550 (10-100) 
2a. хі (6x, — 9 — 14, 34 — As) = 0 (10-101) 
2b. х, (12x, — 18 — M — A, — №) = 0 (10-102) 
За. к, + Ix, - 450 (10-103) 
ЗЬ. 3x, + 1х, - 1550 (10-104) 
Зс. Ix, + 1 - 320 (10-105) 
4a. Ак) + Ix, — 4) = 0 (10-106) 
4b. A,(3x, + 1x, — 15) = 0 (10-107) 
4c. (Ix, + Ix, — 3) = 0 (10-108) 


Resource 
Wheat Germ, Availability 
Type 2 (requirement) 
1 4 Workers 
1 15 Machine hours 
1 3 (protein units) 


From Fig. 10.11 it can be seen that the maximum 
occurs at xf = 5,х# = 0, Z* = 50.25. Furthermore, 
only the second constraint is active at the point хў = 
5,xf = 0, and therefore Аў = 0 and Af = 0. We can 
then proceed to solve (1a), which must hold as a strict 
equality since хў > 0. 
la. 6x, — 9 — à — ЗА, – 13 
6(5) - 9 — Қ0) — ЗА, — 1(0) 
— 3% 
Hx 
Thus, the solution to this problem is хў = 5, xf = 
0, Af = 0, Af = 7, Af = 0. These values satisfy the 
Kuhn-Tucker conditions as follows. 


la бхў — 9 — {А — ЗАЎ – 1\#<0 
6(5) = 9 — 200) — 3(7) – 10) <0 


(10-111) 


How ow o 
woo 
nN 
E 


30 - 9 — 4(0) - 21 50 и 
(10-119) 
Ib. 12x - 18 = Xf- AF -— AF SO 
120) -18 - 0- 7- 0 <0 
-2550 4 
(10-113) 
2a. x#(6x# - 9 — iaf — ЗАЎ – M) = 0 
56-5—9—1-0-3-7-1:0 20 
50) =0 к 
(10-114) 
2b. x#(12xf — 18 - AF - AF - M) = 0 
(12:0-18- 0-7-0) =0 
0(—25)=0 кю 
(10-115) 
За. kt - lx — 4x0 
05) - 10) 4-0 : 
- 0 2450 (10-116) 
-фс0 м 
ЗЬ. 3xf + lx — 1550 
3(5) - (0) = 15 < 0 (10-117) 
050 ¥ 
Зс. lx + lx -320 
Ц5)- 100) 2320 (10-118) 
220 м 


434 Nonlinear Programming 
2 
Variables Objective Function 
ГА х5 Z -3(х-1.5):%6(х;- 1.5)? 
0 3 14.25 
37 20 14.25 
6 0 4 44.25 
44 18 25.77 
52220 50.25 (Optimal) 
177 
Zmax = 50.25 
0 ] SUMA 275 4 5 6 x) 
FIGURE 10.11 GRAPHICAL SOLUTION TO NONLINEAR PROGRAMMING PROBLEM 
4a. ААА + Ix# — 4) = 0 (10-119) the Kuhn-Tucker conditions to check the opti- 
04% 0-4-0 м ^ mality of the proposed solution. Thus, the Kuhn- 
4b. AF(3xF + Ixf — 15) = 0 (10-120) — Tucker conditions are probably most useful in 
nts T М 4 ү а Ж! checking the optimality of various proposed so- 
E ч н е > a Li p (10-121) lutions. Additionally, they are very useful in de- 
y 5. xf-0» (10-199) vng a ee Heime ка as аге 
& ROM =, RU (10-123) €ncountered in the solution of quadratic pro- 


In many problems it may be difficult to derive 
the optimal solution by direct application of the 
Kuhn-Tucker conditions. Indeed, in the examples 
shown we utilized a graphical approach to deter- 
mine the values for xf and xf and then utilized 


gramming problems. We will further illustrate the 
use of the Kuhn-Tucker conditions in discussing 
quadratic programming. Finally, it should be ap- 
parent that the usefulness of the Kuhn-Tucker 
conditions is highly dependent on the difficulty 
involved in determining У/(х) and the Vg,(x). In 
our previous two examples, these gradients were 
obtained rather easily, and the Kuhn-Tucker con- 
ditions were also not difficult to solve. 
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10.6.4 LAGRANGE MULTIPLIER METHOD 


The Kuhn-Tucker conditions are actually a gen- 
eralization of the Lagrange multiplier method, 
which can be used to solve constrained nonlinear 
problems involving the optimization of a function 
subject to a constraint set composed entirely of 
equalities. The Lagrange multiplier method thus 
focuses on the following constrained nonlinear 
programming problems. 


Maximize | , _ 
E Z = f(x) (10-124) 
subject to: g(x) =b i = 1,2,...,m 
(10-125) 


The Lagrange multiplier method involves com- 
bining the objective function and the constraints 
into a single function that, when optimized, yields 
a solution that is equivalent to the formulation 
given by Equations 10-124 and 10-125. This single 
function is called the Lagrangean function F(x,), 
where: 


F(x,d) = f(x) — У) Alg(x) — b] (10-126) 
j=l 


EXAMPLE 


To illustrate the Lagrange multiplier method, let us 
consider the following problem situation. The Chitman 
Candy Company is experimenting with making a new 
chocolate candy by blending two types of raw cocoa. 
The blending function, b, for the new chocolate candy 
is estimated to be: 


b = /(ху,х;) = 4.0x, 


10-197 
- 0.2х{  2.5x, - 0154 ( ) 


where 0 is the quantity (pounds) of chocolate candy 
produced and x, and x; indicate the input amount of 
the two types of raw cocoa. The company has $100 
available to spend for the experiment involving these 
two types of cocoa, and the per pound price of the first 


xf = 15.8 
xf = 18.4 Maximum 27 = 
А = —0.59 = 


25.41 


type of cocoa is $4, while the per pound price of the 
second type of cocoa is $2. The budgetary constraint 


4(15.8) — 0.2(15.8)* + 2.5(18.4) — 0.1(18.4) 
63.20 — 49.93 + 46.00 — 33.86 
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may be expressed as: 


$4x, + $2x, = $100 
оғ (10-198) 
Фу Ба 50 


Тһе complete nonlinear programming problem may 
now be written as: 


Maximize Z = f(xixs) = 4.0x, 


= 0.2x1 + 2.5x, — 0.1хі (10-129) 


subject to: 2x, + 1x, = 50 (10-130) 


This nonlinear programming problem has a single 
constraint (equality) and thus will involve a single 
Lagrange multiplier. The Lagrangean function is: 


F(x,N) = 4.0x, — 0.2x] + 2.5x, 
-014- A(2x, + 1х, = 50) (10-131) 
To maximize this Lagrangean function we must take 
its first partial derivative with respect to xı, x», and Aj; 
set each of these three partial derivatives to zero; and 
then solve the resulting three equations simultaneously. 
Now, these three partial derivatives are computed 
as: 


OF (x,A,) 


-4- 0.4x, — 24, = 0 
Ox; 


(10-132) 
OF (x,A,) e 


2.5 - 02x,— 1A, = 0 
Ox» 


(10-133) 


F(x) _ 


mox —2x, — lx + 50 = 0 (10-134) 


Note that these three partial derivatives are equivalent 
to stating: 


Vix) = Y Ag) (10-135) 
i1 


Also, the last partial derivative (10-134) is the same as 
the original constraint for the problem. Solving the 
three equations (10-132, 10-133, and 10-134) simulta- 
neously, we obtain the optimal solution: 


(10-136) 


From this example it can be seen that the 
conditions we obtain by differentiating the La- 
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grangean function are very similar to the Kuhn- 
Tucker conditions. The major difference is that 
in using the Lagrange multiplier method, the Аі 
= 1,2,..., m) are unrestricted in sign. This is 
necessary because in a problem that we solve by 
the Lagrange multiplier method all the con- 
straints are assumed to be equalities, while in the 
general nonlinear programming problem the con- 
straints may be inequalities. Thus, when such 
constraints are all equalities the marginal change 
in f(x) that would result from an increase in b; 
could either be plus or minus, since the variables 
themselves could increase in value and the re- 
sulting change in the objective function value 
would depend on the sign associated with a 
particular variable. However, when the con- 
straints are inequalities, an increase in b, essentially 
“loosens” the constraint, and f(x), can never de- 
crease. Іп such a problem, the А, cannot be 


negative. 1 


10.7 QUADRATIC PROGRAMMING 


A quadratic programming problem is a special 
type of constrained nonlinear programming prob- 
lem having a set of linear constraints and an 
objective function that is composed of linear and 
quadratic (second-order) terms. Fortunately, from 
a solution standpoint, quadratic programming 
problems are more easily solved than are most 
nonlinear programming problems. Additionally, 
a number of important problems, particularly in 
the field of portfolio selection, can be solved using 
quadratic programming models. The quadratic 
programming problem can be stated as follows. 
Find x = {x,,x2,...,x,} so as to 


Maximize /(x) 
= {> Gx; = + 
jel 


subject to: 


т 
А 
У a,x, = b, 


jel 


y ола) (10-137) 


ізі із 


fori = 1, 2,...,т (10-198) 


and х, 2 0 (10-139) 


where the c, are given constants such that с, = 
сы. 

In the quadratic programming problem for- 
mulation just stated, the set of feasible solutions 
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to the linear constraints forms a convex set. Thus, 
if we can show that the objective function is a 
concave function, then any solution (relative max- 
imum) to this problem is also a global maximum 
solution to the problem, according to the suffi- 
ciency corollary to the Kuhn-Tucker theorem. 
The objective function is the sum of a linear form 
(which is concave) and a quadratic form. As noted 
earlier (Section 10.4), the sum of two concave 
functions is also concave, so the objective function 
will be concave if X, X7., CjXjX, ls а concave 
function. A way to verify that it is a concave 
function is to verify the equivalent condition that: 


п п 


2 > Сахухь = 0 


ізі ded 


(10-140) 


for x = {x,, X,...,x,}. In mathematical terms, 
the equivalent condition is that the term given by 
Equation 10-140 is a positive semidefinite or 
positive definite form. 

Assuming that the term given by Equation 10- 
140 is concave, we can then proceed to develop 
the Kuhn-Tucker conditions as follows. 


1. ue ud о) =0 


= > (ах — М % а, = 0 
mn 


ізі 


ТТЕ 9, vm 
(10-141) 


y (S09 S 9) 
2 > (E XM $ 0 


“6 = Уо = Ves as) = 0 
ӛзі ізі 
forg m 1:94 (10-142) 


3. g(x*) — b <0 


Dd ax, - 6 <0 fori = 1,2,...,m 
jel 


(10-143) 


4. Y Alg(x*) - b] = 0 


(X а,х, — i) =0 fori = 1,2,...,m 
jel 
(10-144) 


(10-145) 


5. х# =0 for j m1; 9а n 
E (10-146) 


,20 forts 12, — m 
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Since the objective function is assumed to be 
concave and the constraint functions are linear 
and therefore convex, the corollary to the Kuhn- 
Tucker condition holds and x = (x, x», ... , X,) 
is optimal if and only if all of the Kuhn-Tucker 
conditions hold. The quadratic programming 
problem thereby reduces to finding a feasible 
solution to these conditions. 

We now proceed to rewrite the Kuhn-Tucker 
conditions as follows. In Equation 10-141, replace 
A; by y,4; fori = 1, 2, ... , m and let y; denote 
the slack in the inequality. The condition given 
by (10-141) becomes: 


= У б — Жина +у = 0 (10-147) 
ES Б y,=0 (10-148) 
ог 
ха formes 152; m 
5 " (10-149) 
y20 (10-150) 
Тһе condition given by Equation 10-142 is: 


«(o > nas) Sy (10-151) 


forj = 1,2,...,п 


N Cj Xy m > ауы э, > ai € 
ӛзі із! 
Ў, Gyr; xen = 0, 
jel 
ху = 0 
х2 0 
yz0 


Note that with the exception of Equation 
10-160, these reformulated Kuhn-Tucker condi- 
tions are linear programming constraints involv- 
ing 2(n + m) variables. The хуу; = 0 restriction 
given by Equation 10-161 simply states that it is 
not permissible for both х; and у; to be basic 
variables when considering (nondegenerate) basic 
feasible solutions. Thus, the quadratic program- 
ming problem reduces to finding an optimal basic 
feasible solution toa linear programming problem 
having these constraints, subject to this additional 
restriction on the identity of basic variables. 

Тһе initial basic variables (10-160) would be 
the x, ,, (assuming that the 6, are positive). How- 


"жі 
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ог хуу, = 0, based on the rewritten statement of 
condition 1. The condition given by Equation 10- 
143 is: 


Damy- bso. fori = 1, 9,...,т (10-152) 
ізі 


or 


Сауу + mb ford = 1,995... m. (10-153) 
х,.; 2 0 (10-154) 


The condition given by Equation 10-144 is: 


soul 3 ах -4) = 0 fori = 1,2,...,m (10-155) 
or 
Уккан = 0 (10-156) 
The condition given by Equation 10-145 is: 
x;z0 for 3e, 2, vn (10-157) 
Тһе condition given by Equation 10-146 is: 
Invi = 0 fori = 1,2,...,m (10-158) 


Combining these conditions yields: 


хөг) — 1,250. mn (10-159) 
fori = 1,2,...,m (10-160) 
forj = 1,2,...,m +m (10-161) 
forj = 1, 2,...,п +m (10-162) 
forj = 1,2,...,n +m (10-163) 


ever, in Equation 10-159, most or all the с, аге 
positive so it is not obvious what the other initial 
basic variables should be. We must, therefore, 
introduce artificial variables that are eventually 
driven to zero. Letting 21, zs, ... , 2, be these 
artificial variables, the initial restriction on them 


is: 
12 0) богде 0200.50 (10-164) 


үш 


The equations given by Equation 10-159 are then: 


5; СХ x > ауы — Y; + iy (10-165) 
kel ізі 
forj = 1,2,...,n 
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(except when the coefficient of z; is — 1 and c; € 
0.) Also this procedure will generate an artificial 
initial basic feasible solution. 


 т-с forj = 1,2,...,n (10-166) 
хат b; fori = 1,2,...,m (10-167) 
x = 0 forj = 1,2,...,n + т (10-168) 
y =0 forj = 1,2,...,n +m (10-169) 


However, since a feasible solution to the artificial 
problem is feasible for the real problem if and 
only if z; = 0 forj = 1, 2, ... , n, we must 
decrease Ху 2; to zero to obtain the desired 
feasible solution. To achieve this result, we begin 
with the artificial basic feasible solution given and 
apply a modification of the simplex method to 
the problem. 


Minimize f(x) = Y z, (10-170) 
үзі 
subject to: 
2 сұх + 2 aj) — X tz; = 6 (10-171) 
forj = 1,2,...,m 
У аху + х, = fori = 1, 9,...,т (10-179) 
j=l 
and x, 20 forj = 1,2,...,n + т (10-173) 
y*0  forj = 1,2,...,n + т (10-174) 
50 forj =1,2,...,n (10-175) 
Minimize Z' = 
subject to: 2x, * 
2x, + 
3x, + 2x, + Ix, 
with all x, 20,520,220 


The modification required for this problem is that 
we do not permit y, to become a basic variable 
whenever х; is already a basic variable, and vice 
versa, forj = 1,2,...,n + m. This ensures that 
x,y) = 0 for each value of j. When the optimal 
solution (xf, x2, -o> s x8. Iie Ibe «+s Items 2 
0,2, - 
modified problem, then (xf, xf, ... , x£) is the 
desired optimal solution to the original quadratic 
programming problem. 

Го illustrate the formulation and solution of a 
quadratic programming problem, consider the 


Зу, 


2», 
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following portfolio selection situation. A mutual 
fund manager is trying to create a portfolio of 
two stocks that promise annual returns of 8 and 
6 percent, respectively. Additionally, she estimates 
that the risk of each investment will vary directly 
with the square of the size of the investment. 
Each lot (100 shares) of the first stock costs $3000, 
and each lot (100 shares) of the second stock costs 
$2000. The total amount of cash available for 
investment is $6000. 

This portfolio selection situation can then be 
structured as the following quadratic program- 
ming problem. 


Return — Risk 


m RM 
Maximize Z = 8x, + 10x, — Ix? — 1х5 (10-176) 


3x, + 2x, = 6 (10-177) 


(Capital constraint) 


subject to: 


with Xi, X; 0 (10-178) 


Rewriting the objective function we obtain: 


Maximize Z = 8x, + 10x, — 4(2x? + 2x3) (10-179) 


9 


and therefore cı, = 2,с„ = 0, = 0,04 = 


(10-180) 


Thus, the problem to be solved by the modifica- 
tion of the simplex method is: 


T ғ. (10-181) 
ыы Р Ж zi. 
= у +2, = 10 (10-182) 
= 6 
(10-183) 


The resulting solution to this problem is: 


Maximum Z = 21.30 (10-184) 


"Www www 


шосош>» 


The reader should verify that x, = 4, x, = Й, 
A, = #4 satisfy the Kuhn-Tucker conditions given 
by Equations 10-53 through 10-58. 
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10.8 SOLVING NONLINEAR than are their linear programming counterparts. 
PROGRAMMING PROBLEMS TEE аат 
USING A MICROCOMPUTER Аан 4 ا‎ 


The most widely used nonlinear programming 
Microcomputer packages for solving nonlinear package is GINO. It can be used to solve both 
programming problems are far less numerous nonlinear optimization problems and sets of si- 


Input—Quadratic Programming Problem 


OPERATIONS RESEARCH SOFTWARE (Vol I) 


No Хаг id No Cons: 1 Obj: Min Off Diag: 1.0 Prob Type: Quadratic 

Drive: C: Directory Path: C:\ors Filename:Markland 
Cons V Var Var 1 Var g Sense Rhs 

Name ------- > X1 Xe Markland 

lstD ------- > -8.000 -10.000 

Qmat 

1 X1 1.000 0.000 

о Xe 0.000 1.000 

S,T, 

1 Const 1 3.000 2.000 6.000 

г 

3 

4 

5 

b 

? 

à 

q 

10 

2} 


Esc, (E)xecute, (M)odel Parameters, (P)rint, (C)lear, (р)іѕк, (Q)uit.. 
LINEAR PROGRAMMING / QUADRATIC PROGRAMMING OPTIMIZER 


Le: 12 | ға: 0 | 053: MIN 


Р1е: C:markl | Type: QP | Var: 2 | Ge: 0 | 
| Rows: 1 =< | Iter: 4 


Canonical Form Info:----> Obj: MIN | Cols: 4 
DISPLAY OPTIONS 
0. SPREADSHEET 
VARIABLE ANALYSIS 


1. DECISION VARIABLES 
2. SLACK VARIABLES 


SENSITIVITY ANALYSIS 


3. LAGRANGEAN MULTIPLIERS (Shadow Prices) 
4 ALL ANALYSIS 


ENTER SELECTION..... 
FIGURE 10.12 


‘Judith Liebman et al., Modeling and Optimization with GINO 
(Palo Alto, Calif.: The Scientific Press, 1986) 
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Output—Quadratic Programming Problem 
LINEAR PROGRAMMING / QUADRATIC PROGRAMMING OPTIMIZER у 
Fle: C:markl | Type: ОР | Var: е | Ge: 0 | Le: 1 | Eq: 0 | Obj: MIN 
Canonical Form Info:----> Obj: MIN | Cols: 4 | Rows: 1 => | Iter: 4 
OPTIMAL SOLUTION 
Solution Time OBJECTIVE FUNCTION VALUE IS: -81.308 
Оһ Оп 15 
VARIABLE VALUE 
X1 0.308 
xe 2.538 
Select: Enter, Fl -Help, Fe -Print... 
LINEAR PROGRAMMING / QUADRATIC PROGRAMMING OPTIMIZER 
Fle: C:markl | туре: OP таг: е [бөз "Uu | be: '"1-| Bags 0. | Obj: MIN 
Canonical Form Info:----> Obj: MIN | Cols: 4 | Rows: 1 <= | Iter: 3 


LAGRANGEAN MULTIPLIERS -- SHADOW PRICES 


Constraint Type Value Complement of Cons 
Const 1 <= 2.462 * 
Select: Enter, Fl -Help, Fe -Print... 


FIGURE 10.13 


multaneous nonlinear equations. GINO is basi- 
cally a companion piece of software to LINDO, 
which we discussed in Chapter 3. 

Several of the general-purpose microcomputer 
software packages contain modules that can be 
used to solve certain types of nonlinear program- 
ming problems. One example is the quadratic 
programming module that is available in Opera- 
tions Research Software.’ We will now illustrate the 
use of this program to solve the quadratic pro- 
gramming problem discussed in the previous 
section. 

The input for this program is done in spread- 
sheet fashion. The program solves all problems 
as minimization problems. The input for this 
problem is shown in Fig. 10.12. 

Тһе output produced by the program is shown 


in Fig. 10.13. The answer is the same as the 
answer we obtained manually, except that the 
objective function value is negative since we are 
solving a minimization problem. 


10.9 CONCLUSION 


In this chapter we have considered a few types 
of nonlinear programming problems. We have 
observed that nonlinear programming problems 
are invariably more difficult to solve than are 
linear programming problems. We noted that 
computational procedures have been developed 
for only a very small fraction of the possible types 
of nonlinear programming problems. We further 
observed that the solution procedures for various 
nonlinear programming problems are based upon 
the procedures which we studied earlier in linear 


‘Gordon H. Dash, Jr., and Nina M. Kajiji, Operations 1 
Research Software (Homewood, Ill.: Richard D. Irwin, Inc., programming. 
1988) It should be mentioned that a great variety of 
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practical problems exist that can be formulated the nonlinearities were either ignored or approx- 
as nonlinear programming problems. Indeed, imated. Thus, it is very important for the man- 
many of the practical problems that have been | agement science student and practitioner to have 
formulated in a linear programming mode are some understanding of the rudiments involved 
really nonlinear programming problems for which in nonlinear programming. à 


Case Study: Farm Planning in Greece Using 
Quadratic Programming 


Farmers face the problem of allocating and using the resources of land, 
labor, and capital. These resources must be allocated to various crops and 
livestock operations by means of production plans, each of which can be 
expected to produce different economic results. Farm production plans that 
are designed to allocate these resources efficiently are often based on math- 
ematical programming models. 

In this farm production planning effort, the area considered was a region 
in Central Macedonia (Greece) that was formerly the Lake of Giannitsa. 
Тһе region consisted of a cultivated area of 161,672 irrigated stremmas (1 
stremma equals 1000 square meters). In this area, 3519 person-years are 
available for farm labor, along with 1928 tractors and 33 machines for 
harvesting grain, 22 machines for harvesting sugar beets, and 27 machines 
for harvesting cotton. Casual labor is also used (111,724 person-days during 
the year), and 17 sugar beet and 2 cotton harvesting machines are hired 
from other regions during the peak periods. 

Тһе study of this region was made by the Department of Agricultural 
Economics Research at the University of Thessaloniki in conjunction with 
the local services of the Ministry of Agriculture. The objective of the study 
was to prepare the most efficient production plans with the highest and 
most stable economic return for the local area. 

Тһе research team developed a quadratic programming model, having 
a mean-variance criterion in the objective function, to solve this farm pro- 
duction planning problem. This type of model was selected because it al- 
lowed consideration of the problem of risk and uncertainty that is present 
in planning agricultural production. RA 

The quadratic programming model used in agricultural planning in this 
region includes 46 activities and 76 constraints. The activities are divided 
into farm enterprises and farm resources, as shown in Table 10.1. 

The constraints of the model considered land, labor, machinery, and 
variable capital. One additional constraint sets the level of gross margin for 
the production plan at the desired level. The various constraints, especially 
those for labor and machinery, are included in the model in such a way 
that each farm enterprise can be entered into the production plan at the 
desired level. 

The farm plans and corresponding economic results suggested by the 
quadratic programming model are shown in Table 10.2. As the gross margin 
increases from 1.55 to 1.98 billion drachmas, the farm plans change to yield 
the smallest possible variance for each level of gross margin. The changes 
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TABLE 10.1 ACTIVITIES OF THE MEAN-VARIANCE QUADRATIC PROGRAMMING MODEL 


Farm Enterprises 


A. Annual Crops 


ос ы OO N = 


. Wheat 

. Barley 

. Corn 

. Tobacco (Burley) 

. Cotton (hand picked) 
. Cotton (machine 


picked) 


‚ Sugar beet 

. Tomatoes 

. Beans 

. Various irrigated 


crops 


Resources 


B. Perennial Crops C. Labor Combine 1 
11. Alfalfa (1) 21. Family 34. Owned 
12. Peaches (table) (1) Casual 35. Hired 


13. Peaches (processing) (1) 22. April Combine 2 

14. Apples (1) 23. May 36. Owned 

15. Pears (1) 24. June 37. Hired 

16. Alfalfa (2) 25. July Tractors 

17. Peaches (table) (2) 26. August 38. Owned 

18. Peaches (processing) (2) 27. September Hired tractors 

19. Apples (2) 28. October 39. April 

20. Pears (2) 29. November 40. May 
D. Machinery 41. June 
Cotton harvesters 42. July 
30. Owned 43. August 
31. Hired 44. September 
Sugar beet harvesters 45. October 
32. Owned E. Variable capital 
33. Hired 46. Borrowed 


in farm plans seen in Table 10.2 mainly involve a decrease in land devoted 
to barley, tomatoes, beans, and wheat and an increase for tobacco, with the 
land area devoted to the other crops remaining unchanged. 

Тһе actual choice of the most efficient plan from those shown in Table 
10.2 is based on the degree of certainty with which each level of gross 
margin can be achieved in relation to fixed costs. As can be seen, plan 6 is 
the most profitable and achieves a higher return on labor and capital in- 
vested and a higher farm income than do the other five plans, even though 
it is based on the same fixed costs. 

Use of the quadratic programming model was very successful in this 
region of Greece. As noted by Elias Meletiadis, director of the Agricultural 
Service of provincial Giannitsa, “This department, using technical and ec- 
onomic data of this region, prepares optimum farm plans which we try to 
apply in practice in collaboration with local agriculturists and interested 
farmers." 


Source: Basil D. Manos and George 1. Kitsopanidis, "A Quadratic Programming Model for Farm Planning in Central Масс- 
donia," Interfaces, 16, no. 4 (July-August 1986): 2-12. 


Glossary of Terms 


Absolute or Global Maximum (Minimum). A function у = f(x) is said 


to have an absolute or global maximum (minimum) at a point x = x’ if 
f(x") is greater (less) than f(x) for any other allowable value of x. 


Glossary of Terms 


TABLE 10.2 OPTIMUM FARM PLANS 


Farm Enterprises and 


Optimum Farm Plans in Stremmas and Economic 
Results in 1000 Drachmas 
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Economic Results 1 2 3 4 5 6 
A. Farm Enterprises 

1. Wheat 35,342 21,677 35,342 35,342 30,921 29,667 

2. Barley 2,640 -- 2,640 1,929 — — 
3. Corn 38,068 38,068 38,068 38,068 38,068 38,068 
4. Alfalfa 1 1,458 1,458 1,458 1,458 1,458 1,458 
5. Alfalfa 2 2,391 2,391 2.391 2,391 2,391 2,391 
6. Tobacco 2,415 4,655 12,847 13,539 18,040 18,983 
7. Cotton (hand) 28,249 12,967 24,015 12,631 25,122 26,256 
8. Cotton (machine) 2,833 36,499 9,319 7,604 13,161 5,258 
9. Sugar beet 25,777 21,024 14,809 25,777 16,976 25,213 
10. Tomatoes 11,185 11,185 10,848 11,185 8,421 6,620 

11. Beans 2,164 2,164 2,164 2,164 — -- 
12. Various irrigated crops 504 504 504 504 504 504 
13. Peaches (table) 1 2,437 2,437 2,437 2,437 2,437 2,437 
14. Peaches (table) 2 1,219 1,219 — 1,219 -- 89 
15. Peaches (processing) | 2,501 2,501 2,501 2,501 2,501 2,501 
16. Peaches (processing) 2 817 1,251 1,048 1,251 — 555 
17. Apples I 781 781 781 781 781 781 
18. Apples 2 391 391 — 391 391 391 
19. Pears 1 333 333 333 333 333 333 
20. Pears 2 167 167 167 167 167 167 
"Total 161,672 161,672 161,672 161,672 161,672 161,672 

B. Gross Margin (E) 

E 1,555,001 1,642,050 1,701,061 1,829,007 1,902,012 1,978,546 
2. Standard deviation (о) 114,873 132,987 144,898 184,730 219,492 257,211 
3. Variance coefficient 74 8.1 8.5 10.1 11.5 13.0 
4. Pr (E+2o0,) = 95.45% 1,325,255 1,376,076 1,411,265 1,459,547 1,463,028 1,464,124 
1,784,747 1,908,024 1,990,856 2,198,467 2,340,996 2,492,968 
C. Fixed Costs 1,643,469 1,643,469 1,643,469 1,643,469 1,643,469 1,643,469 
D. Net Profits — 88,468 - 1,419 57,592 185,538 258,543 335,077 
Е. Return оп Labor 746,218 833,267 392,278 1,020,224 1,093,298 1,169,725 
Е. Return on Capital (percent) 42 4.9 5.4 6.2 6.8 74 
С. Farm Income 1,443,059 1,531,199 1,590,165 1,698,903 1,742,387 1,769,440 


Concave Function. А function for which, for each pair of points on the 
graph of that function, the line segment joining those two points lies 
entirely below the graph of that function. 

Constrained Multivariate Optimization Problem. A nonlinear pro- 
gramming problem that may have a nonlinear objective function and/ 
or nonlinear constraints, plus some type of nonnegativity restrictions. 
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Constrained Univariate Optimization Problem. Involves a nonlinear 
objective function in one variable that has to be optimized, where there 
are one or more constraints on the problem. 

Convex Function. A function for which, for each pair of points on the 
graph of that function, the line segment joining those two points lies 
entirely above the graph of that function. 

Convex Set. A collection of points such that, for each pair of points in 
the collection of points, the entire line segment joining the two points 
will also be in the collection of points. 

Determinant. A specific number that can be assigned to a square matrix. 

Gradient. The gradient of a function is the vector of partial derivatives 
associated with that function. 

Hessian Matrix. A matrix of partial derivatives used in multivariate op- 
timization problems to identify local maxima or minima. 

Kuhn-Tucker Conditions. The necessary conditions under which a given 
point, x*, is a local optimum for the general nonlinear programming 
problem. 

Lagrangean Function. A function combining the objective function and 
the constraints into a single function. 

Lagrange Multiplier Method. A method that can be used to solve con- 
strained nonlinear problems involving the optimization of a function 
subject to a constraint set composed entirely of equalities. 

Lagrange Multipliers. Variables utilized in deriving the Kuhn-Tucker 
necessary conditions that are analogous to the values associated with the 
dual variables in a linear programming problem. 

Minors. Submatrices of the Hessian specified in a specific way. 

Necessary Conditions. The conditions that must be satisfied for an op- 
timal solution but that do not guarantee that a particular solution is 
optimal. 

Negative-Definite. A Hessian matrix is classified as negative-definite if 
the determinants of its minors alternate in sign, with the determinant of 
the first minor being negative. 

Nonlinear Programming Problem. A mathematical programming 
problem in which the objective function and/or one or more constraints 
are not linear. 

Optimal Gradient Method. A procedure for determining the optimum 
distance to move when utilizing the gradient in solving an unconstrained 
multivariate optimization problem. 

Positive-Definite. A Hessian matrix is classified as positive-definite if the 
determinants of all of its minors are positive. 

Quadratic Programming Problem. A special type of constrained 
nonlinear programming problem having a set of linear constraints 
and an objective function composed of linear and quadratic (se 
order) terms. 

Relative or Local Maximum (Minimum). A function y = f(x) is said 
to have a relative or local maximum (minimum) at x = x" if f(x") is greater 
(less) than /(х) for any adjacent value of x. 

Semidefinite. A Hessian matrix is classified as semidefinite if the deter- 
minants of its minors fail to meet the conditions specified for either a 
positive-definite or negative-definite Hessian matrix. 


cond- 
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Stationary Point x* of a Function f(x). The point x* that we find by 
setting the first derivative of f(x) with respect to x equal to zero and 
solving for x. 

Sufficient Conditions. The additional conditions that must be satisfied 
by a particular solution (i.e., in addition to satisfying the necessary con- 
ditions) to guarantee that the particular solution is also an optimal so- 
lution. 

Unconstrained Multivariate Optimization Problem. A nonlinear 
programming problem composed of only an objective function, with this 
objective function having multiple variables. 

Unconstrained Univariate Optimization Problem. The most ele- 
mentary form of a nonlinear programming problem involving an ob- 
jective function in a single variable. 
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Discussion Questions 


1. What portion of the solution space is not a convex set in Fig. 10.2? 

2. Give a real-world example of a convex and a concave cost function. 

3. When is a global maximum of a function on a convex set “unique”? 

4, What is the graphical representation of the first derivative of a single variable 
function, evaluated at some point x? How does this graphically appear if at 
point x the first derivative equals zero? 

5. Do you always have а “global” optimum in aconstrained univariate optimization 
problem? Why or why not? 

6. Why would you want to use the "negative" of the gradient in the process of 
minimizing a function using gradient techniques (consider an unconstrained 
multivariate minimization problem)? What does the "step size" indicate? 

7. What is the difference between a "necessary" and a "sufficient" condition? 

8. When do you know you have obtained an optimal solution with respect to the 
Kuhn-Tucker conditions? In this case, are you assured you have a "global" 
optimum? 

9. Describe in detail the particular type of situation in which the use of the Kuhn- 
Tucker conditions is appropriate. 

10. What similarity exists between the Lagrange multipliers of the Kuhn-Tucker 
conditions and duality theory in linear programming, and when does this 
similarity exist? 

11. How are the Kuhn-Tucker conditions usually applied? 

12. Describe the situation in which the use of the Lagrange multiplier method is 
appropriate? 

13. Could you also solve a maximization problem in quadratic programming whereby 
the objective function is convex? Why or why not? 

14. Suppose you want to maximize a quadratic programming problem for which 
the objective function is concave. Why is it sufficient to find a feasible solution 
to the Kuhn-Tucker conditions in order to also obtain the optimal solution? 
In this situation, can the maximum be a “local” maximum? Why or why not? 

15. In linear programming, the optimal solution occurs at a corner point of the 
feasible region. Discuss where the optimal solution to a nonlinear program 
may occur. 

Problem Set 
1. Determine the stationary points of the following functions and indicate 
whether the stationary points are local maxima or local minima. 
f(x) = —3x? + 2x - 1 
Го) = 6x? - 2x +7 
fle) 27-573 P$ 
f(x) = —4x° + b? – 2x 
2. Determine the global maximum or global minimum for the following 


functions over the constrained range shown. 


fx) = Зх? + 2 -45<х5 +4 
fe) = —х +3 -25х5 +2 
ЛО = 2x? + Ie = -55<х5 +5 
f(x) = -3х- 2x? + 10 -35х< +3 
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3. For the following functions, determine which are convex functions, 
which are concave functions, and which are neither concave nor con- 
vex. 

1 
f(x) --.Югх>0 
x 


fx xs) = 9х1 + 2x3 
fxs) = хі: x3 


f(x) = ет" 
f(x) = log (x), for x > 0 
fe) = |x| 


4. Plot the function f(x) = x? — 6x over the region —4 =x = 4. Identify 
the local maxima and local minima of f(x) over the region. What is the 
global maxima and global minima over this region? 


5. Use the optimal gradient method to solve the following problem. 
Minimize Z = (x, — 3)? + (x — 4)? 
6. Use the optimal gradient method to solve the following problem. 
Maximize Z = —(x, — 2)? — 2x3 
7. Summarize the Kuhn-Tucker conditions for the following problem. 
Maximize Z = 2(x, — 3)? + 4(x, - 9) 
subject to: Ix, + 2x, 6 
Be, + dx; 15 
Іі +. Ixy Se 
with x= 0, х 2 0 
8. Summarize the Kuhn-Tucker conditions for the following problem. 
Maximize 7 = 4x, + Зх» 
subject to: (x; = 2? + (x = 17? = 8 
with х2 0, хә = 0 
9. Consider the following problem. 
Maximize 2 = xs 
subject to: (1 = х) — x, < 0 
with xı = 0, хо = 0 
Show that the Kuhn-Tucker conditions do not hold for this problem. 
10. A firm produces and sells two glass products. The profit functions for 
these two products are given by: 
Olei + l.1x, + 25 
0.2x3 + 1.5x + 20 


сі 


C2 


where 
x, = number of units of glass product 1 sold 


x, = number of units of glass product 2 sold 


The firm also has limited resources that restrict its production process 
in the following manner. 

5x, + 7x, = 400 (production hours) 

Ix, + 3x, = 120 (production work force) 
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Determine the optimal product mix using the Kuhn-Tucker condi- 
tions. 


Consider the following nonlinear programming problem. 
Maximize Z = —3x? — бхіху — 5x3 + "x, + Bx» 

subject to: xi + хә = 5 

Solve this problem using the Lagrange multiplier method. 


Consider the following nonlinear programming problem. 
Minimize Z = —2x] + 5хух› — 4x3 + 18x, 
subject to: xı + xX = 7 


Solve this problem using the Lagrange multiplier method. 


Knock-Em-Out Bug Spray Company produces a termite spray con- 
sisting of two chemicals c, and c». The production function for the 
termite spray is estimated to be: 


Q = f(x) = 4.3x, — 0.3хї + 2.5x, - 0.1х$ 


where 
Q = quantity (1000 gal) of termite spray produced 
x, = input (1000 gal) of chemical c, used 
x, = input (1000 gal) of chemical с; used 


The company currently has $1000 to spend on purchasing the two 
chemicals, which have unit prices (per 1000 gal) of $300 and $200, 
respectively. Determine the chemical inputs to maximize the total quantity 
of termite spray produced using the Lagrange multiplier method. 


Solve the following quadratic programming problem. 
Maximize Z = 2x, + 3x, — x1 — хі 
subject to: 2x, + 2x. 5 4 


with x, > 0,xs > 0 


Solve the following quadratic programming problem. 
Maximize 7 = 3x, + 4x, — 2x3 
subject to: x, + 2х5 4 

xy +% 52 


with x, =0,x,20 


The Mellow Perfume Company produces two types of blended per- 
fumes. The total profit function for the sale of these two types of 
blended perfumes is given by: 


f = 8x, + 5xy — тікі — vox} 
where 
x, = gallons of “Mellow Yellow” perfume produced 
x, = gallons of "Mellow Gold” perfume produced 
The constraints on the resources used in the production process are 
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as follows. 
Per Gallon Requirement Resource 
Availability per 
Resource “Mellow Yellow" “Mellow Gold” Requirement 
Blend 1 2 units l unit = 50 units 
Blend 2 3 units 3 units = 75 units 
Distillation hours 3 units 8 units = 120 units 


How many gallons of each type of perfume should be produced if we 
are interested in maximizing the total profit? Formulate and solve this 
problem using quadratic programming. 
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An Illustration of Dynamic Programming 


11.1 INTRODUCTION 


Dynamic programming is a management science 
technique applicable to certain types of problems 
involving a sequence of decisions that are inter- 
related. Unlike linear programming, for which 
the simplex algorithm is used as a computational 
mechanism, there is no standard formulation of 
the dynamic programming problem. Thus, dy- 
namic programming is really a general type of 
problem-solving procedure that can be applied to 
sequential decision-making situations. The dy- 
namic programming model, or set of equations, 
that is formulated must be developed uniquely 
for each problem-solving situation. Therefore, 
the student of business should learn to analyze 
the general structure of sequential decision prob- 
lems to determine whether or not the problem 
can be solved by dynamic programming, and how 
it would be done. 

Dynamic programming developed initially as 
a result of studying the sequential decision sto- 
chastic programming problems that arose in 
inventory control theory. The term "dynamic 
programming" became associated with the com- 
putational technique that referred to the types of 
problems to which it was applied originally. The 
basic ideas of dynamic programming were devel- 
oped by Richard Bellman in the 1950s. 

In this chapter we will concentrate on present- 
ing and discussing several applications of dynamic 
programming. This is necessary because, as noted 
previously, there is no standard problem formu- 
lation for dynamic programming, and it can per- 
haps be best understood by studying a number 
of situations to which it can be applied. The 
student should be aware that the study of dynamic 
programming requires the mastery of a set of 
structural characteristics and notation that is 
unique to dynamic programming. We will attempt 
to present, explain, and use these characteristics 
and notation throughout the expository examples 
that are. presented in this chapter. The student 
should also be cautioned that advanced work in 
dynamic programming can be difficult, requiring 
the use of probability distributions and calculus 
in the solution of various problems. The latter 
part of this chapter will provide examples of these 
more difficult types of dynamic programming 
problems. 

Numerous examples of practical applications 
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of dynamic programming to business and mana- 
gerial problems are in existence. For example, 
dynamic programming has been used in a variety 
of production scheduling and inventory control 
decision-making situations. Similarly, dynamic 
programming has been used to solve problems 
involving spare parts level determination given 
space and weight constraints. Capital budgeting, 
allocation of research and development funds, 
and long-run corporate planning are other areas 
that have been analyzed by means of dynamic 
programming. 

We will begin our discussion of dynamic pro- 
gramming by presenting and discussing a deci- 
sion-making situation that can be analyzed very 
effectively using dynamic programming. This il- 
lustration will also be used to demonstrate the 
general structure and format of dynamic pro- 
gramming. Following this, we will then consider 
various examples of dynamic programming under 
certainty, or deterministic dynamic programming. 
This discussion will be followed by the more 
difficult case of dynamic programming under 
uncertainty, or probabilistic or stochastic dynamic 
programming. Finally, an infinite-state dynamic 
programming problem will be discussed. 


11.2 AN ILLUSTRATION OF 
DYNAMIC PROGRAMMING 


To describe and explain the general approach 
used in dynamic programming, let us consider 
the following decision-making situation. The 
Roadrunner Transmission Company operates a 
transmission-rebuilding service in Gallup, New 
Mexico. If offers free tow-in service to its rebuild- 
ing shop, which is composed of three depart- 
ments: inspection and diagnosis, disassembly and 
repair, and reassembly and testing. All transmis- 
sion-rebuilding work must move through these 
three departments in this order, and each of the 
three departments has four identical work stations 
at which the particular work is done. However, 
since different workers, tools, and equipment are 
found at different work stations, there is a varia- 
tion in the cost associated with a particular work 
station within a department. The cost associated 
with a particular work station in a department is 
also dependent on the work station in the previous 
department at which the last operation was done. 


452 


A late-model Cadillac has just been towed іп, 
and it must now be scheduled, at a minimum 
total cost, at one work station in each of the three 
repair departments. The possible costs for the 
various departments are as follows. 


To Inspection and 
Diagnosis Station 


From Towing 1 2 3 4 
35 40 30 45 


From Inspection To Disassembly and 


and Repair Station 
Diagnosis Station 1 2 3 4 
1 105 100 85 90 
2 90 85 100 95 
3 100 90 95 105 
4 110. 105 190 110 


From Disassembly To Reassembly and 


and Testing Station 
Repair Station 1 2 3 4 
1 70 75 85 80 
2 852 7907180 95 
5 90 70 85 80 
4 80 85 90 75 


In analyzing this decision-making situation by 
means of dynamic programming, observe first 
that three basic characteristics are present in the 
structure of the problem itself. They are: 


l. The dynamic programming problem can be 
divided into stages, with each stage requiring 


Scheduling Scheduling 
Decision for Decision for 
Inspection Disassembly 
and Diagnosis and Repair 


Dynamic Programming 


a standardized policy decision. Thus, dynamic 
programming problems require making a se- 
quence of interrelated decisions, with each 
decision having a standardized format. 


In analyzing and solving this problem it will 
be subdivided, or decomposed, into a sequence 
of smaller subproblems representing the three 
stages of the problem. The idea of subdividing 
the problem into a sequence of stages, or 
subproblems, is illustrated in Fig. 11.1. 


In this problem there are three stages, with 
each stage representing one of the three de- 
partments in the transmission-rebuilding shop. 
At each stage in the transmission-rebuilding 
process a policy decision with respect to the 
assignment of a particular work station must 
be made. 


It should be mentioned that often the stages 
represent different time periods associated 
with the planning horizon of the problem, 
although this does not have to be the case. 
Thus, dynamic programming has often been 
used as a technique for analysis of problems 
requiring repetitive decisions at specific points 
in time. However, in the problem currently 
being analyzed the stages do not have time 
implications, since we are interested in making 


scheduling decisions that are independent of 


time. 

Each stage in a dynamic programming prob- 
lem has a number of states associated with it. 
Generally, these states are the various possible 
conditions in which the problem system may 
be at a point in time. The states provide the 
information required for analyzing the results 
that the current decision has upon future 
courses of action. The number of states may 
be finite, or infinite, for any stage of the 
decision process. 


Scheduling 
Decision for 
Reassembly 
and Testing 


FIGURE 11.1 SUBDIVISION OF ROADRUNNER TRANSMIS- 
SION COMPANY PROBLEM INTO STAGES 
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Each department (stage) in the transmission- 
rebuilding process has four work stations, or 
states, associated with it. This is an example 
of a finite number of states at each stage in 
the decision process. 

As a policy decision is made at each stage in 
the solution process, the current state is trans- 
formed into a state that is interrelated to a 
state associated with the next stage of the 
process. This relationship may be described in 
deterministic terms, or it may be defined ac- 
cording to a probability distribution. 


The multistage decision process is shown in 
Fig. 11.2. At stage n of the problem, there are 
two inputs. These are the state (variable), s,,, 
and the decision (variable), x,. The state vari- 
able is the state input to the present stage of 
the problem, and relates the present stage 
back to the previous stage. Given the current 
state, s,, Which provides complete information 
about the system when there are n stages to 
go, we seek to make the decision х, that will 
optimize the total performance of the system 
over the remaining stages. The decision, х,, 
which is selected from among the set of pos- 
sible decisions, produces two outputs from this 
stage of the problem. These are the return 
function at stage n, which is denoted as 
f. 5, Xn), and the new state 5,1. 


The return function at any stage is the increase 
in profit (or decrease in cost) that occurs at 
that stage as a function of the state variable, 
s,, and the decision variable, x,. The state 
variable at the beginning of the next stage is 
determined by the transition function, s, | = 
L,(x,, s,). The transition function defines, as a 
functional relationship, the value of the state 


Decision 
Xn 
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variable at each stage, and thus interconnects 
the stages of the dynamic programming prob- 
lem. This new state is then a complete descrip- 
tion of the system when there aren — 1 stages 
left in the decision process. 

At each stage (department) in the decision 
process, a state (work station) is chosen. This 
choice of a work station is then interrelated to 
the choice of a work station in the next stage 
of the transmission-rebuilding process. The 
relationship is described in deterministic mon- 
etary terms, as shown in the cost tables pre- 
viously summarized. 

Тһе solution of a dynamic programming prob- 
lem having these three structural characteris- 
tics is based upon Bellman's principle of op- 
timality: 


Principle of Optimality A» optimal policy must have 
the property that, regardless of the decision made to 
enter a particular state, the remaining decisions must 
constitute an optimal policy for leaving that state 
(Bellman, 1957). 


In our present problem this means that if we 
are at a particular state (work station) in a 
particular stage (department) of the transmis- 
sion-rebuilding process, then our choice of the 
next state (work station) to be chosen in the 
next stage (department) is not dependent upon 
how we arrived at the current state in the 
present stage of the decision process. Thus, a 
fourth characteristic of a dynamic program- 
ming problem is: 

4. At each stage in the decision process, given 
the current state, an optimal policy for the 
remaining stages of the process is independent 


Decision 
Xn-1 


Return Function 
fn Gn, xn) 


FIGURE 11.2 MULTISTAGE DECISION PROCESS 


Sn = 1 = (Xs Sn) 


Sn-2 = tn - 1(Xn-2:5n - 1) 


Return Function 
fn = 1Sn - 1,Хя- 1) 
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of the policy adopted in previous stages of the 
decision process. 


To solve a dynamic programming problem we 
begin by first solving a one-stage problem, 
and then we sequentially add a series of one- 
stage problems that are solved until the overall 
optimum is found. Usually, this solution pro- 
cedure is based on a backward induction 
process, where the first stage analyzed is the 
final stage of the problem and the solution of 
the problem proceeds by moving back one 
stage at a time until all stages in the problem 
are included. In our current example, we 
would initially focus on the selection of the 
minimum reassembly and testing cost, given 
that we have previously come from a particular 
disassembly and repair station. However, it 
should be mentioned that certain problems 
alternatively allow the use of a forward in- 
duction process, where the first stage analyzed 
is the initial stage of the problem and the 
solution of the problem proceeds by moving 
forward one stage at a time until all stages in 
the problem are included. In general, back- 
ward induction is probably more prevalent, 
and in dynamic programming problems іп- 
volving uncertainty, backward induction will 
be required. Thus, a fifth characteristic of 
dynamic programming is: 

5. The solution procedure for dynamic program- 
ming problems generally begins by finding the 
optimal policy for each state of the last stage 
of the process. 

A final characteristic of dynamic programming 
problems is the following. 

6. The solution proceeds in a fashion that iden- 
tifies the optimal policy for each state with n 
stages remaining, given the optimal policy for 
each state with n — 1 stages remaining, using 
a recursion relationship. 


It should be stressed that the exact form of 


the recursion relationship will vary according 
to the dynamic programming problem being 
analyzed. However, the recursion relationship 
will always be of the geneal form: 
/%6.) = max/min {falss х.)) (11-1) 


[he function /,(5,, x,) is the value associated 
with the best overall policy for the remaining 
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stages of the problem, given that the system 
is in state s, with » stages to go and the decision 
variable x, is selected. The function f,(s,, x,) is 
written in terms of s,, х,, and f ,(:). For our 
current problem, this recursion relationship 
can be written as: 


Г) = min (fs, x)] б 

= min (с, + ff) О? 
The first term in this recursion relationship, с... 
is the cost associated with the state variable, s,,, 
and the decision variable, х,, for the current stage 
of the problem. The second term in this recursion 
relationship, f. |(х„), is the optimal cost from the 
previous stage of the problem, as a function of 
the decision variable, x,, for the current stage of 
the problem. 


In summarizing the computations associated 
with dynamic programming problems, it is useful 
to construct a table such as the following for each 
stage in the decision process. 


Within this table s, represents the states for the 
current stage of the decision process and the x, 
are the decision variables for the current stage 
(stage = n) of the decision process. The function 


ERMA 


хе 


faln: Xn) is the value associated with the best overall 


policy for the remaining stages of the problem, 
given that the system is in state s, with n stages 
to go and the decision variable x, is selected. The 
value / *(s,) is the maximum (minimum) value of 
f, s. Xn) over all possible values of x, for a partic- 
ular s,. The value x? is the value of x, producing 
the optimal value, / *(s,). 

To illustrate the construction of this table con- 
sider the decisions that can be made with respect 
to the current (last) stage of the decision process. 
At this point there are п = 1 more stages to go. 
We can enter this stage (reassembly and testing) 
from stages s, - 1, 2, 3, 4 of the previous stage 
(disassembly and repair), and can make a decision 
to go to work stations x, = 1, 2, 3, 4. These 
decisions will then result in the following one- 
stage table (n = 1). 
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BT 


TAXES 


o. к а 


Each value of fi(s;, хі) in this table is simply 
the cost, €, „,, associated with entering this stage 
of the decision process from state s, and making 


a selection of state хі. The value of f(s) is then 


fis x3) = сы, + СЯ) 


105 + 70 100 4 80 


1 - 175 - 180 
90 + 70 85 + 80 

2 = 160 = 165 
100 + 70 90 + 80 

3 = 170 = 170 
110 + 70 105 + 80 
= 180 = 185 


Each value of fis», хә) in this table is the sum 
of the cost, ¢,,.,, associated with entering this stage 
of the decision process from state s and making 
a selection of state хо plus the optimal cost f (xs) 
already determined for the one-stage problem. 
Note that the decision variable x; that is selected 
in this two-stage problem is identical to the entry 
state s, in the one-stage problem. Thus, we have 
expressed the function /(5, хә) to be minimized 
as a recursion relationship having a term ff (xs) that 
is related to the one-stage problem. 

In this two-stage table, / (ха) is the minimum 
value of f;(s,, x») over all possible values of x; for 
a particular sy. The value x£ is the value of x; that 


produces the optimal (minimum) value, f7(s:). 


40 4 160 
200 


35 + 155 
- 190 - 


455 


the minimum value of f,(s;, хі) over all possible 
values of x, for a particular s,. The value of x7 is 
the value of x, that produces the optimal (mini- 
mum) value, f |). 

Тһе next step in the solution of the dynamic 
programming problem involves moving backward 
one more stage, that is, considering the decision 
that must be made when there are n - 2 more 
stages to go. We can enter this stage (disassembly 
and repair) from states sy = 1, 2, 3, 4 of the 
previous stage (inspection and diagnosis), and can 
make a decision to go to work stations x. = 1, 2, 
3, 4. These decisions will then result in the 
following two-stage table (n — 2). 


fiG) cx 


85 + 70 90 + 75 

= 155 = 165 155 3 
100 + 70 95 + 75 

- 170 - 170 160 1 
95 + 70 105 75 

= 165 = 180 165 3 
120 + 70 110 + 75 

= 190 = 185 


The final step in using dynamic programming 
to solve this problem involves moving backward 
one more stage, that is, considering the decision 
that must be made when there are n = 3 more 
stages to go. Since there are only three stages in 
the entire transmission-rebuilding process, when 
we have obtained the optimal solution for the 
situation in which there are n = 3 more stages to 
go, we will have moved backward to the beginning 
of the decision process. We can enter this stage 
(inspection and diagnosis) only from the towing 
operation. However, we can still make a decision 
to go to work stations x = 1, 2, 3, 4 within this 


stage. These decisions will then result in the 
following three-stages table. 


30 4 165 
- 195 = 225 


190 1 
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Each value of fs(ss, хз) in this three-stage table 
is the sum of the cost ¢,,,, associated with entering 
this stage of the decision process from state 5; and 
making a selection of work station x, plus the 
optimal cost / (хз) already determined for the 
two-stage problem. Thus, we have expressed the 
function f3(s3, хз) to be minimized as a recursion 
relationship having a term, / (хз), that is related 
to the two-stage problem. In this three-stage table, 
f(s) is the minimum value of /з(53, xs) over all 
possible values of x for a particular ss. The value 
of x is the value of x; that produces the optimal 
(minimum) value, f 53). 

We have now proceeded backward from the 
one-stage problem to the three-stage problem or 
to the beginning of the decision process. Our 
dynamic programming solution is now complete. 
Тһе three-stage table indicates that the optimal 
sequence of work stations for rebuilding the Cad- 
illac’s transmission will result in a minimum total 
cost of $190. The three-stage table also indicates 
work station 1 should be used for inspection and 
diagnosis (хў = 1, from towing). Setting xf = 
1 = s for the two-stage table, we observe that 
work station 3 should be used for disassembly 
and repair (хў = 3, fors, = 1). Setting x? = 3 = 
sı for the one-stage table, we see that work station 
2 should be used for reassembly and repair (xf = 
2, for s, - 3). The optimal sequence of work 
stations, and the associated cost, is: 


Inspection and Disassembly 
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Assume that we are at stage л in the decision 
process and are in state s,. Assume further that 
our policy decision has resulted in the choice of 
the decision variable x,. This choice of the decision 
variable will then be reflected in some state s, + , 
at stage п + 1. The objective function for the 
optimal policy for this next stage will be given by 
Табын) = Лб se) + (5), where /¥(s,) 
has been determined for the present stage. 

We will now consider three examples of dy- 
namic programming under certainty. 


11.3.1. DYNAMIC PROGRAMMING 
APPLIED TO THE SHORTEST- 
ROUTE PROBLEM 


An excellent illustration of dynamic programming 
under certainty can be obtained by considering 
the shortest-route problem that we studied pre- 
viously in Chapter 7. We will now illustrate the 
methodology of dynamic programming by apply- 
ing it to a shortest-route problem. Consider the 
network shown in Fig. 11.3, where the numbers 
along each branch represent the distances (in 
hundreds of miles) between the respective nodes. 
This shortest-route problem requires the deter- 
mination of the minimum-distance route from 
node 1, St. Louis, to node 10, San Francisco. 
One possible approach to solving this problem 


Reassembly and 


Diagnosis and Repair Inspection 
Sequence | Towing > 1 е), 3 72 ММ 
Cost { Towing > $35 + 85 + 70 = $190 


11.3 DYNAMIC PROGRAMMING 
UNDER CERTAINTY 


Dynamic programming under certainty, or deter- 
ministic dynamic programming, involves prob- 
lem situations in which the state in the next stage 
of the decision process is completely determined 
by the interaction of the state and the policy 
decision, with respect to the decision variable, 
that occurs at the current stage. In deterministic 
dynamic programming there is no uncertainty 
and no probability distribution associated with 
what the next state in the decision process will 


be. 


would be to resort to exhaustive enumeration, 
that is, determine the total distance along each 
route. To do this we would have to determine 
the total distance associated with 3 x 3 x 2 x 
1 = 18 possible routes. A complete enumeration 
such as this would be a very time-consuming and 
tedious task. Fortunately, the shortest-route prob- 
lem possesses the attributes necessary for the 
application of а dynamic programming proce- 
dure, which is much more efficient than exhaus- 
tive enumeration. Thus, let the decision variables 
хп = 1, 2, 3, 4) be defined as the immediate 
destinations when there are п more stages to go. 
The route selected by the dynamic programming 
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San 
Francisco 
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FIGURE 11.3 SHORTEST-ROUTE NETWORK (ST. LOUIS — SAN FRANCISCO) 


procedure would be xj—x4—x,4—x;x,, where 
x; = 1 (start) and x, = 10 (finish), and x,, xs, and 
хә are unknown. Let f,(s,, x,) be the minimum 
total distance for the last n stages, given that we 
are in state s, and select x, as our immediate 
destination. Given state s, and stage л, let x; 
denote the value of x,, which minimizes /,(5,, x). 
Therefore, /?(s) = f,(s,, x). When we are able to 
compute /*(s,) and its corresponding policy, we 
have solved the problem. We do this by beginning 
at our destination and working backward to find 
the optimum path by successively finding / (5), 
SE (о), 33), (4). The recursion relationship for 
this problem can be written as follows: 


SES) = min (f... х„)} 


= min {d + /#-1(%„)} 


Xn 


(11-3) 


In this recursion relationship the first term, d, x,» 
is the distance associated with the state variable, 
%, and the decision variable, x,, for the current 
stage of the problem. The second term, / Ж ,(x,), 
is the optimal distance for the previous stage of 
the problem, expressed as a function of the 
decision variable, x,. | 
The dynamic programming approach to this 
problem involves working backward, in stages, 
from the destination (San Francisco) to the origin 
(St. Louis). We begin our computational process 
by determining the shortest route to the desti- 
nation node (node 10, San Francisco), from state 
sı = 8 (node 8) and state s, = 9 (node 9). At this 
point there are n = 1 more stages to go. We can 


enter this stage from states s, = 8 (node 8) and 


sı = 9 (node 9) and can make a decision only to 
go to node 10 (ie. x, = 10). These decisions 
result in the following one-stage table (n — 1). 


10 


6 
8 


fi) xL 
10 


Within this one-stage table x, - 10 (node 10) 
is the immediate destination for stage n — 1. We 
can travel to this destination from either state 
sı = 8 or state s, = 9. Each value of /1(51, хі) in 
this table is simply the distance, d, ,,, associated 
with entering this stage of the decision process 
from state s, and moving to the final destination, 
x, = 10. The value of f (s) is the minimum value 
of fi(s;, xi) over all possible values of x, for a 
particular s,. The value xf is the value of x, that 
produces the optimal (minimum) value, f f (si). 

The next step in the solution of this dynamic 
programming problem involves moving backward 
one more stage, that is, considering the decision 
that must be made when there are п - 2 more 
stages to go. The computational process for the 
two-stage problem becomes slightly more com- 
plicated. To illustrate, assume for the moment 
that we are at state s, = 5 (node 5). We can next 
go to either x; = 8 (node 8) or x, = 9 (node 9). 
The distances associated with these movements 
are d4, = 3 or ds, = 7. If we choose to go from 
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state s = 5 to xy = 8, the minimum additional 
distance after reaching x, = 8 will be given in the 
table for the one-stage problem as /#(8) = 6. 
Thus, the total distance for the decision is d; + 
/}(8) = 3 + 6 = 9. Similarly, the total distance 
if we choose to go from state s, = 5 to xy = 9 is 
dy, + ff(9) = 7 + 8 = 15. Asa result, we would 
decide to move from state s, = 5 to x» = 8, since 
this move yields the minimum total distance 
f¥(5) = dss + ff(8) = 3 + 6 = 9. We have thus 
determined a recursion relationship for the two- 
stage problem, and this recursion relationship 
utilizes the optimal solution already obtained for 
the one-stage problem. This recursion relation- 
ship is again deterministic in that we are mini- 
mizing using a set of known (constant) distances. 
The two-stage table (n = 2) can now be con- 
structed as: 


Мө» х) = Чы, + Ра) 
52 


O pen [wd 
5 9 15 9 8 
6 8 13 8 8 
7 


Within this two-stage table, the entries for the 
values of f(s», хә) are obtained using the recursion 
relationship, as follows. 


/Ұ5, 8) = а tff) =3+6= 9 
Л, 9) = ds, + f(9) = 7 + 8 = 15 
J(6, 8) = dos + ff(8) =2+6= 8 (11-4) 
f6, 9) = dy + f(9) =5+8=13 
(7, 8) = а» tff) - 75-18 
A(T, 9) = dw + ff) = 3 + 8 = 11 


The entries for the respective values of f (s) аге 
then obtained as the minimum values of the /($›, 
хә) for the respective states. The entries for the 
respective values of x? are obtained by observing 
which destinations produced the values of / ;). 
Continuing this solution process we move back- 
ward one more stage, to the situation where there 
агеп - 3 more stages to go. The solution for the 
three stage problem is obtained in a similar fash- 
ion to the previous stages, except that we now 
employ a recursion relationship of the form f(s;, 
xy) = d., + оз). For example, assume that we 
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are at state 5; — 2. The recursion relationship 
gives the following results. 


f(2,5) = ds *ff(5 = 6 + 9 = 15 
f(2, 6) = d» *ff(60 = 9 + 8 = 17 (11-5) 
fA2, 7) = dn %/%()-4%11-і15 


Thus, the minimum total distance from state 5; = 
2 onward is f¥(2) = 15, and the immediate 
destination is either xf = 5 or xf = 7. For the 
three-stage problem, the following is the complete 
three-stage table (n — 3). 


The solution to the four-stage problem is ob- 
tained in similar fashion, except that our recursion 
relationship becomes fi(s,, ха) = с, + (ха). In 
the four-stage problem we have moved backward 
to the origin (node 1). Thus, in the four-stage 
problem we need to consider moving only from 
state s, = 1 to states x, = 2, 3, 4. These deci- 
sions will result in the following four-stage table 
(n - 4). 


We have now proceeded backward from the 
one-stage problem to the four-stage problem, or 
from state s, — 10 (node 10, San Francisco) to 
state s, — 1 (node |, St. Louis). Our dynamic 
programming solution is now completed. The 
four-stage table indicates that the minimum-dis- 
tance route will be of length — 16 (hundreds of 
miles). The four-stage table also indicates that if 
we start at node 1 (St. Louis) we should then go 
to either node 3 or node 4. Setting xf = 3 = s, 
for the three-stage table, we observe that we 
should then go from node 3 to node 5. Setting 
xf = 4 = s, for the three-stage table, we observe 
that we should also go from node 4 to node 5. 
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Setting x? = 5 = 5; for the two-stage table, we 
see that we should go from node 5 to node 8. 
Finally, setting x} = 8 = s; for the one-stage table 
we see that we should go from node 8 to node 
10. The optimal sequences of nodes, and their 
associated distances are: 


Nodes 


Б. 
Sequences || 42257126410 


5+2+3 +6 = 16 


2%5%3%6 = 16 (126) 


Distances { 
Thus, we have two (alternative) shortest routes 
for this problem, both having a minimum distance 
of 16 hundreds of miles). 

Microcomputer codes for solving dynamic pro- 
gramming problems are not very numerous. This 
is understandable, because as noted earlier, a 
specific dynamic programming model must be 
developed uniquely for each problem-solving sit- 
uation. Nevertheless, the Chang and Sullivan’ 
microcomputer software package does contain a 
module that can be used to solve certain types of 
dynamic programming problems. 

We will now illustrate the use of this module 
by solving the shortest-route problem. This type 
of dynamic programming problem is often called 
a “stagecoach” problem, referring to the idea of 
determining the shortest route for a hypothetical 
stagecoach ride in the old West. 

The input for this problem is done in a stage- 
by-stage fashion. A forward recursion process is 
employed. The input for this problem is shown 
in Fig. 11.4. 

The output produced by the program is shown 
in Fig. 11.5. Note again that a forward recursion 
process is used to obtain the solution. The results 
are, of course, exactly the same as those we 
obtained manually. 


11.3.2 A MULTIPERIOD PRODUCTION 
SCHEDULING PROBLEM 


One of the practical areas to which dynamic 
programming has been applied is that of multi- 
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period production scheduling. In such applica- 
Поп, dynamic programming has proven to be 
very useful in relating various production and 
inventory decisions over time. The example that 
we will now consider is simplified in terms of the 
length of its time horizon and in terms of the 
variables and parameters that are employed. 
However, similar production scheduling models 
have been implemented with the aid of high- 
speed digital computers and have been of consid- 
erable economic benefit to many companies. 

The Incredible Manufacturing Company is 
trying to establish a production schedule for one 
of its products for the next N months. This 
manufacturer is basically a job shop and usually 
receives firm orders on a monthly basis 6 to 9 
months before a particular month’s order must 
be shipped. We will assume that the company has 
an accurate forecast of the amount of production 
needed to meet demand for each of the N future 
periods, on the basis of firm orders it has received. 

Incredible Manufacturing Company can man- 
ufacture the order to be shipped at the end of a 
given month in the month it is to be shipped. 
However, since order quantities vary considerably 
from month to month, considerable overtime 
would be required in some months to produce 
the order, while the quantity to be produced in 
other months might not justify the cost of a setup. 
At other times it might be desirable to produce 
enough to satisfy the demand for several months 
on a single production run and then inventory 
the excess output until it is needed. This would 
obviously increase the cost associated with the 
resultant inventory. This expense would be at- 
tributable to such factors as interest on capital 
borrowed for financing the inventory buildup, 
storage, rental fees, insurance, and maintenance. 

Тһе production scheduling objective of the 
Incredible Manufacturing Company is to devise 
a schedule that meets all its demand requirements 
on time. For simplicity, we will assume that a 
production run can be made in each month, but 
that no more than one production run will be 
scheduled in a month. 

We begin the dynamic programming formu- 
lation of this problem by developing a mathe- 
matical model of the situation just posed. Let S, 
be the number of units that must be shipped at 
the end of the month n, x, be the number of units 
produced in month л, and i, be the inventory at 
the end of the month n (including any units 
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Input—Shortest-Route Problem 


Input Data of The Problem SHORTEST-ROUTE — Stagecoach Problem 


Stage 1 : 
From input node 1 to output node 2 : Distance/Cost- 3 
. From input node 1 %о output node 3: Distance/Cost- 5 
From input node 1 %о output node 4 : Distance/Cost- 2 
Stage С 
From input node 2 to output node 5 Distance/Cost- Ь 
From input node о to output node Б: Distance/Cost- 4 
From input node 2 to output node ? : Distance/Cost- 4 
From input node 3 to output node 5 : Distance/Cost- р 
From input node 3 to output node Ь Distance/Cost- 7 
From input node 3 %о output node ? Distance/Cost- 3 
From input node 4 to output node 5 : Distance/Cost- 5 
From input node 4 to output node b : Distance/Cost- 4 
From input node 4 to output node ? : Distance/Cost- 4 
Stage 3 : 
From input node 5 to output node 8 : Distance/Cost= 3 
From input node 5 to output node 9 : Distance/Cost= 7? 
From input node & to output node 8 : Distance/Cost- œ 
From input node & to output node 8 : Distance/Cost= 5 
From input node ? %о output node 8 : Distance/Cost- ? 
From input node ? to output node Я : Distance/Cost= 3 
Stage 4 : 
From input node 8 to output node 10 Distance/Cost- Ь 
From input node 4 %о output node 10 Distance/Cost- à 
FIGURE 11.4 


produced in month z). Further, let D, be the 
demand requirement for month », and assume 
that each D, is a nonnegative integer known at 
the beginning of the planning horizon. Once 
again, this deterministic demand assumption is 
based on the fact that the Incredible Manufac- 
turing Company is a job shop that operates on 
the basis of firm customer orders. 

The cost of making x, units in a single pro- 
duction run іп month л will be written A, + 
C.(x,), where А, is the set-up cost (fixed) for a 


production run and C, is the variable cost per 
unit of production, С,(0) = 0. The inventory 
holding cost in month n will be a function of 
һ-1 + x, — D, and will be written as g,(i,., + 
x, — D,), where the precise form of the g, is not 
specified. We can then write the total cost function 
as: 


f(x, i.) = a [A,6, + С.(х.) 
+ galis- +x Ы, (11-7) 
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Output—Shortest-Route Problem 


Detailed Steps for the Stagecoach Problem: 


461 


Output Node Distance to Destination 
10 b 
10 8 

Output Node Distance to Destination 
8 4 
à 8 
4 11 

Output Node Distance to Destination 
5 15 
5 11 
5 14 


Output Node Distance to Destination 


3 16 


The Final Shortest Routes for SHORTEST-ROUTE 


Stage 4 
Input Node Arc Decision 
8 6 - 10 
4 4-10 
Stage 3 
Input Node Arc Decision 
5 5-84 
5 ь- аё 
7 7-9 
Stage 2 
Input Node Arc Decision 
2 e-s 
3 3-5 
4 4-5 
Stage 1 
Input Node Arc Decision 
1 1-3 
Stage Arc Decision 
1 1-3 
2 3-25 
3 5-8 
4 8 - 10 
FIGURE 11.5 
where 
o, — a discount factor used to discount costs over 
time 
6, = Oifx, = 0 
6, = 1ifx, >0 


Using these definitions and assumptions, the 
total cost (discounted) over the planning horizon 
for a given set of x, can be written as: 


Z = Xf. i) (11-8) 
nel 


We now place several constraints on the policy 


Distance to Destination 


16 
11 
q 
6 


variables x, and i,. We first restrict production to 
be integer valued in all time periods. 


x, жу; л. for alln EN (11-9) 


We further stipulate that each period’s demand 
must be entirely satisfied; that is, demand in each 
month must be met entirely in the month sched- 
uled. This condition is satisfied by two constraints. 
The first is “material balance” equation that states 
that: 


Ending inventory for = beginning inventory for 
period n period n 
+ production in period n 
— demand in period n 


462 


or, notationally: 


Жыл cubus 0 о А forn = 1,2,..., N (11-10) 


Expressing this relationship іп terms of satisfying 
demand we obtain: 


АР = Г, forn = 1,2,...,N (11-11) 


where we assume that i, is a specified (fixed) level 
of initial inventory at the beginning of the plan- 
ning horizon and iy = 0; that is, management 
desires a policy in which the inventory level is 
zero at the end of period N. The second constraint 
we must impose to ensure that Incredible meets 
its demand requirements on time is that each 
period’s beginning inventory and production must 
always be large enough to make ending inventory 
a nonnegative quantity. Thus, we require that: 


Ы ЖОС. forn = 1,2,...,N (11-19) 


Note that we have also restricted all inventory 
levels to integer values, since demands and pro- 
duction levels were specified as being integer 
valued earlier. 

Observe that the material balance equation (11- 
10) is linear. If the total cost function, Equation 
11-7, were linear, we could easily solve this prob- 
lem using a network flow approach. But, as can 
be seen from an examination of Equation 11-7, 
the total cost function is nonlinear because of the 
“fixed charge” associated with the set-up cost. To 
account for such nonlinearities in the /,(х,,1,) we 
utilize dynamic programming. 

We again initiate our computational procedure 
at the end of the time horizon, when there is only 
one period left in the planning horizon, and we 
work backward until there are N periods to go. 
We will find it useful to utilize an indexing system 
in which the subscript n = 1 denotes the end of 
the planning horizon and the subscript п = N 

denotes the beginning of the planning horizon. 

We thus redefine: 


D, = the demand requirement in the period 
when there are » more periods to go 


f. (x, i.) = the cost of producing x, items and having 
i, items in ending inventory in the period 
when there are n more periods to go 


Го illustrate our subscripting convention consider 
а planning horizon consisting of the months 
January through June; that is, N = 6. With 
January as the beginning of the time horizon, D, 
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is January's demand, the demand when there are 
6 more months to go until the end of the horizon. 
Similarly, D, refers to May's demand, or the 
demand when there are 2 months to go until the 
end of the horizon. 

We next define: 


[*G) = minimum total cost when entering inventory is 


at level i with п more periods to go 
x*() = a production level yielding / Жі) 


We previously noted that management desires to 
have a zero inventory level at the end of the time 
horizon. We can thus write: 


*ü)-0 forn = 0 (11-13) 


We next consider п = 1. The entering inventory 
i for this period can be any integer amount 
between the limits of 0 and D,. Regardless of its 
level, the production amount must be D, — i so 
that the final period's demand is exactly met. It 
thus follows that: 


fit) = fixi d + x, — D) + f(0) 
= (хь, + x, р) + 0 


fort = 0, 1,...,D, (11-14) 


Consider next n = 2, with entering inventory 
denoted by i and the production level by x,. Then, 
the associated cost is: 


Іі) = faxa i + x, — Dy) + ffi + x — Dy) (11-15) 


assuming that we have acted optimally for period 
n = 1. Note that the quantity i + xs — D, is the 
inventory existing at the end of period n = 2. 
Now, the value of i can be any integer amount 
between 0 and D, + Dy, Given i, the integer value 
of x, must be at least as large as Ds — i in order 
to meet the period's demand requirement, but 
no larger than D, + D, — i because ending 
inventory must be 0. An optimal value of x, is 
one that minimizes the sum. We can thus deter- 
mine a minimum cost policy for period п 2 by: 


/?@) = minimum [fi(xs, i + x, = Dj) 
"n (11-16) 
+/+ x, = р) 

where i = 0, 1, ..., D, + Dg, and the minimi- 
zation is made over nonnegative integer values of 

x, in the range D; — iS x, S D, + D; = i. 
Given the general process just outlined, once 
fali) is computed, it can be used to find /,(/), and 
so on, until /у(іу) is computed, where iy is the 


Dynamic Programming Under Certainty 


initial inventory. The general recursion relation- 
ship can be written as: 


Га) = minimum [f(x i + x, = D,) 


Eee DY 
forn = 1,2,...,N 


where i = 0, 1, ..., Di + --- + D, and the 
minimization is made over the nonnegative inte- 
ger values of x, in the range D, — i € x, € D, + 
Р, АН 

Note that the entering inventory i is the state 
variable and that the only independent decision 
variable in the recursion given by Equation 11- 
17 is x,, since the ending inventory is always given 
by (i + x, — D,). Further, observe that foli) and 
Л@) were easily computed using Equations 11-13 
and 11-17, respectively. It is then a straightfor- 
ward process to calculate, in turn, fo(0), fo(1), . . . , 
А)) and then /3(0), fs(1), ..., f(D, + Dy), con- 
tinuing for successively increasing values of » to 
find /,- (0), fu (1), «+s fw-1Dy + De + ie 
Dy); and finally to fy(iy). 

Тһе optimal schedule is then determined by 
observing the production levelxy (ip), which yielded 
the value for fy(iy). This is an optimal decision at 
the start of the horizon. For the next period, the 
entering inventory level will be ij + xy(!) = D,, 
and we simply find the production level that yields 
a value for (ij + xy(iy) = D,). This process con- 
tinues over the time horizon. 

We will now consider a numerical example to 
help explain the dynamic programming process 
we have discussed. To keep our example reason- 
ably simple, we will assume stationarity over time 
in the demand requirements and cost functions 
and will specify the length of the time horizon at 
М = 6. Specifically, we will let: 


(11-17) 


D, — 5(constant demand) 


forn = 1,2,...,N (11-18) 


Next we will assume that in the total cost function 
given by Equation 11-7: 
A,(set-up cost) = $11 per set-up (11-19) 


C,(variable production cost) = $2 per unit (11-20) 
6.0, | + x, = ),УуапаМе inventory holding cost) 
= д.00.) = $1 per unit, that is, the variable 


holding cost is $1 times the ending жүзе; N 


and that we will not discount the total cost func- 


463 


tion over time; that is, а, = 1.00. For future ease 
of computation we will split out the production 
cost and storage cost portions of this total cost 
function as follows. Let: 


PC = total cost of production of x, units 


SC = total cost of storage of i, units 


Then 

PC, = [A,8, + C,(x,)] = [$11 8, + $2(x,)] (11-22) 
SC, = gali) = galin- + x, — D) 

= Balin) = $10) (шер) 


We now tabulate the values of РС, and SC, for 
various values of x, and i,, as follows. 


ppp 
0 0 0 0 

1 13 1 1 

2 15 2 2 
3 17 3 3 
4 19 4 4 
СРИИ 
6 23 6 6 
7 25 


The problem will be further constrained by 
the limited production capacity and storage space 
of the Incredible Manufacturing Company. Spe- 
cifically: 


оО а; 7 forn = 1,2,...,N 
(production constraint) (11-94) 

t-€-013 1.70 forn = 1,2,...,N 
(storage constraint) (11-95) 


Observe that set-up costs are high in relation to 
production and inventory holding costs. Thus, an 
optimal schedule will attempt to avoid frequent 
production runs (which require frequent set-ups). 
However, since production x, cannot exceed 7 
and demand D, is always 5, no schedule can 
increase inventory i, by more than two each 
period. If initial inventory is zero, we must have 
at least two set-ups in the first two periods. 
However, the optimum schedule of set-ups and 
production over the entire time horizon cannot 
be ascertained readily, and this is the reason we 
must resort to dynamic programming. 

We can write the general recursion relationship 
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бог the problem ав: 


/#@) = minimum DEG SO. ЖаН БАБР 


minimum |4,8, + C,(x,) 


PIG — 5) * EO +x, 5)] 


forn = 1,2,...,N (11-26) 


where i = 0, 1, 2, ..., 6 and minimization is 
carried out over only nonnegative values of the 
decision variable, x,, in the range: 


5-tizx,-* minimum (7, 11 — i) (11-27) 


Note that in this recursion relationship i is the 
entering inventory level where there are п more 
periods to go. 

Given these numerical data, we can now pro- 
ceed with our analysis. For n — 1, the one-stage 


In the table, note that we cannot enter the final 
stage n = 1 with an entering inventory of i = 6 
because this would make it impossible to have a 
zero inventory at the end of the time horizon. 
Similarly, x, 5 5, to have a zero inventory at the 
end of the time horizon. Indeed, there is one, 
and only one production level x, possible for each 
entering inventory level i. The entries in the table, 
the /,(i) values, were computed as follows. 


f(0) = PC, „у + SC... + foli = 0) 
21 +0 +0 
(11-30) 
ка) РС, + SC... + fui = 1) 


19 + 0 + 0 


PC, + SC, + f(i + xı — D) 
0 1 2 3 4 5 6 7 
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problem, we obtain: 


х() = (D, — i) = (5—1) 


fori = 0,1,...,5 (11-28) 


since management wishes to have a zero inventory 
level at the end of the time horizon, and: 


AG) = fii d + x; — D) + ff) 


= f(D, — i, 0) + 0 
= /(5 ¬ i) 


Note that the production constraint given by 
Equation 11-24 keeps x, from exceeding 7 and 
the storage constraint given by Equation 11-25 
keeps x, from exceeding 11 — i. 

We now proceed to develop a table of the 
variables of interest for the one-stage problem 
(n - 1). 


(11-29) 


xf (i) 


fta) 


and so forth. Observe that the storage cost term 
is always zero, because i + x, — D, = 0; that is, 
the ending inventory for n = 1 must be zero in 
all instances. 

Proceeding similarly with the two-stage prob- 
lem, we obtain the following table (n = 2). 
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Observe the detailed construction of this table. 
There are seven rows, one for each feasible value 
of the entering inventory. Similarly, there are 
eight columns, one for each feasible value of 
production, x,. Note that several of the cells of 
the table are blanked out. For example, if = 0, 
x, = 5 for demand D, = 5 to be met. If i = 4, 
x, = 6 for the ending inventory to be zero at the 
end of the time horizon. 

The first entry in each of the occupied cells is 
the value of the production cost, PC, , obtained 
from Equation 11-22. The second entry in each 
of the occupied cells is the value of the inventory 
holding cost, computed as the per unit storage 
cost, $1, times the number of units in ending 
inventory, as indicated by Equation 11-23. Recall 
that from the general recursive relationship the 
ending inventory for each period is computed as 
MEE ЧОЕ а ЫЕ MOD шысы ы 


0 1 2 3 


In the table, the first entry in each occupied 
cell is again the value of the production cost 
РС, obtained from Equation 11-22. The second 
entry is again the inventory holding cost, com- 
puted in exactly the same fashion as for the 
previous table using Equation 11-23. The final 


4 5 6 7 


PC, + SC, + fii + xs — Ds) 
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(i + x, — 5). For example, if = 3 and x, = 2, 
then the ending inventory is 3 + 2- 5 = 0 
units, and the corresponding inventory holding 
cost is $1 per unit х 0 units = $0. Ifi = 4 and 
x, = 2, then the ending inventory is 4 + 2 — 
5 — 1 unit, and the corresponding inventory 
holding cost is $1 per unit x 1 unit = $1. The 
final term in each of the occupied cells is the 
value of f#(i + x, — 5), which was computed for 
the previous table. 

Given a level i, / (i) is the minimum sum in 
the body of the table for that row, апа x£(i) is the 
corresponding production level. Thus, if i = 3, 
with n = 2 periods to go, the best production 
level is хў = 7, which yields a minimum cost of 
$30 for these two periods. 

We now consider the three-stage problem for 
which we obtain the following table (n — 3). 


x} (i) 


21-0442 23-1440  À 254-2438 


19-042  À 21-1440 23-2438 2543-430 
1740-42 1941440 2142438 2343430 2544-28 6 
154 0-4 42 17-14-40 1942-38 2143430 2344428 2545-421 7 
13-0442 — 151-40 1742438 1943430 2144428 2345-421 2546-420 6 
0+0+42 1341440 15+2+38 17%3%30 19+4+98 2145421 2346420 0 
0 14 40 1342438 1543430 1744428. 1945421 2146420 


entry is f#(i + x, = 5) obtained directly from the 
previous table. 

Note that, on the left-hand side of this table, 
several cells are again blanked out. This is nec- 
essary for the same reasons as for the previous 
table. For example, ifi = 1, then x, = 4 to satisfy 


+С; + SC;, tft + x, — Dj 
4 5 6 xrG) fi) 
2140-421 9293-1-19 25-42-17 5 42 
19-021 2151419 2342417 2543415 4 40 
17-0421 19+1+19 2142-17 93-43-15 254-4413 3 38 
1540-215: 1714109 1942417 2143415 23-4418. 2545-40 7 30 
1340-421 15-1419 01742417 194-3415 214+4+13 234540 6 28 
0+0+91 13941419 1542417 1743415 19-64-13. 214540 0 21 
O+1+19 — 1942-417. 15+3+15 1744413 » 191540 0 20 


fs G) 


63 
58 
56 
51 
49 
42 
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D; = 5. Observe further, however, that three cells 
are now blanked out on the right-hand side of 
this table as opposed to one cell in the previous 
table. These cells must be blanked out because 
there аге no values of fi + хз — 5) applicable 
from the previous table for these cells. Thus, we 
cannot compute the total cost for cell i = 5, х; = 
7, because /(5 + 7 — 5) = (7) does not exist; 
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that is, it was not possible to have an entering 
inventory of i = 7 in stage n = 2. Indeed it is 
not possible to have i = 7 in any stage of the 
problem. 

We now present the tables for n = 4, 5, and 
6, respectively. Students should test their under- 
standing of the recursive calculations required in 
this dynamic programming problem by verifying 


the entries in these tables. 


Four-stage problem (n = 4) 


РС, + SC, + ff + x, — D,) 


i 2 3 4 5 xr) fi) 
0 21-40-63 2341458 2542456 6 82 
1 19+0+63 21-1458 2342456 2543-451 7 79 
2 1740-63 19-1458 2142456 2343451 92544449 6 77 
8 15+0+63 17+1+58 19+2+56 91+3+51 93+4+49 2545449 7 72 
4 13+0+63 15-158 17+2+56 19-3451 2144449 93+5+49 25-6441 6 70 
5 0+0+63 13-1458 1542-456 17-43-51 1944-49 2145442 2346-441 0 63 
6 0+1+58 1342456 1543451 17+4+49 19+5+42 2146-441 0 59 


Five-stage problem (n = 5) 


PG, + SC, + ff(i + x, - Ds) 


21%0%82 2341479 2542477 103 


5or 6 


1 19+0+82 2141479 2342477 25434792 4 100 
2 17+0+82 19%1%79 2142477 2343472 254+4+70 6 98 
3 15%0%82 1741479 19%9%77 2143479 92344470 25+5+63 7 93 
4 13-082. 15-1479. 1742477 1943472 2144470 2345463 2546459 7 90 
5 040-82 13-1479. 1542477. 17434792 1914-470 2145463 2346459 0 82 
) 0%1%79 13+2+77 15+3+72 17+4+70 19+5+63 2146459 0 80 


Six-stage problem (n = 6) 


РС, + SC, + f?(i + x, — De) 
0 1 2 3 4 5 6 4 
21%0-103 


23 p 100 


2542498 | 5or6 124 


1 19%0%103 21%1-100 23424 98 25+3+93 7 121 
9 17%0%103 19%1%100 21+2+98 93439493 25+4+90 |60r7 119 
3 15%0%103 1714100 19+2+98 2143493 2344490 25454892 7 112 
| 1340103. 15+1+100 17%2%98 19%3%99 2144490 234+54+82 25+6+80 6 110 
5 0%0%103 13+ 1+ 100 1542498 17 +3 +93 19+ 4 +90 2145482 2346-80 0 103 

0%1%100 1342498 15+3+93 17 +4 +90 1945-82 2] «6480 0 102 


Using the tables we have constructed for each 
of the stages we can now construct the following 


Let us now suppose that our planning horizon 
is from N = 1 to N = 6 months in length and 


summary table that the first month is January. We are interested 


Dynamic Programming Under Certainty 


467 


TABLE 11.1 SUMMARY TABLE—PRODUCTION SCHEDULING PROBLEM 


Entering 

Inventory n=1 n=2 n=3 n=4 n=5 n=6 
i xf) ffG) «ЖӘ Жа) FO ffG) xfG) ffU) xfG) /ға) xtG) /ға) 
0 5 21 5 42 5 63 6 82 5or6 103 5or6 124 
1 4 19 4 40 4. 58 7 79 7 100 7 121 
2 3 17 3 38 6 56 6 77 6 98 бог7 119 
3 2 15 7 30 7 51 7 72 7 93 7 112 
4 1 13 6 28 6 49 6 70 7 90 6 110 
5 0 0 0 21 0 42 0 63 0 82 0 103 
6 0 20 0 41 0 59 0 80 0 102 
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in determining the optimal production sequences, 
as we allow the planning horizon to increase. We 
shall compute results for N = 1, 2, 3, 4, 5, and 6 
under the assumption that the entering inventory 
level i; at the beginning of January is 0. The 
results derived from the data presented in Table 
11.1 are shown in Table 11.2. 

Assume for the moment that we are interested 
only in a one-month planning horizon; that is, 
М = 1. Remember that our entering inventory 
level for January is always zero. Thus, the optimal 
production quantity for January, at which time 
there is an entering inventory level i = 0 and 
п = 1 month to go in the planning horizon, is 
x#(0) = 5. This value is found in the first row 
(i = 0) of Table 11.1 under n = 1. The optimal 
(minimum) cost for this one-month production 
schedule is / (0) = $21, as seen in Table 11.1. 

Assume next that we are interested in a two- 
month planning horizon; that is, N — 2. For this 
situation, the optimal production quantity for 


January, at which time there is an entering in- 
ventory level i = 0 and n = 2 months to go in 
the planning horizon, is x#(0) = 5. This value is 
found in the first row (i = 0) of Table 11.1 under 
n — 2. The inventory entering February is then 
i + x$(0) - D; = 0 + 5 — 5 = 0. Consequently, 
the optimal production quantity for February, at 
which time there is an entering inventory level 
i = 0 and п = 1 month to go in the planning 
horizon, is x*(0) = 5. This value is found in the 
first row (i = 0) of Table 11.1 under n = 1. The 
optimal (minimum) cost for this two-month pro- 
duction schedule is f#(0) = $42, as seen in Table 
11.1. 

Now assume that we are interested in optimally 
scheduling production for the entire six-month 
planning horizon; that is, N = 6. For this situa- 
tion, the optimal production quantity for January, 
at which time there is an entering inventory level 
i = 0 and n = 6 months to go in the planning 
horizon, is х (0) = 5 or 6. This value is found in 


TABLE 11.2 OPTIMAL PRODUCTION SCHEDULES FOR VARIOUS PLANNING HORIZONS 


Planning Cost 
Horizon М Jan. Feb. Mar. April Мау June Cost рег Month 
1 5 21 21 
2 5 5 42 21 
3 5 5 5 63 21 
4 6 7 7 0 82 205 
5 6 7 7 0 103 201 
: 6 7 7 0 5 103 20% 
5 6 7 7 0 124 204 
6 5 6 7 7 0 5 124 204 
6 7 7 0 5 5 124 204 
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the first row (i = 0) of Table 11.1 under n = 6. 
The inventory entering February is then either 
i+ (АХҚО) 25] D; = 0+ 5 – 5 = Oori + 
[x&(0) = 6] — D; = 0 + 6 — 5 = I. Consequently, 
the optimal production quantities for February, 
at which time there is an entering inventory of 0 
or l and п = 5 months to go in the planning 
horizon, are x*(0) = 5 or 6 and x*(1) = 7. These 
values are found in the first row (? = 0) under 
= 5 and in the second row (i = 1) under n = 
5 of Table 11.1. The entering inventory for March 
is then i + [x£(0) = 5] – =0+5-5=0, 
i+ [x¥(0) = 6] – р, = 0+6 – 5 = 1, огі + 
[x¥(1) = 71- р, = 1+ 7- 5 = 3. Conse- 
quently, the optimal production quantities for 
March, at which time there is an entering inven- 
tory of 0, 1, or 3 and n = 4 months to go in the 
planning horizon, are х (0) = 6, x#(1) = 7, and 
x#(3) = 7. These values are found in the first row 
(i = 0) under n = 4, in the second row (i = 1), 
under n = 4, and in the fourth row (i = 3) under 
n = 4 of Table 11.1. The entering inventory for 
Apul is then i + [x¥(0) = 6] - Dy = 0+ 6- 
= l,i + [x¥Q) = 7] -D,=1+7-5= 3, 
or i + [xXR(3)2 7] -D,= 3+ 7— 5-5. 
Consequently, the optimal production quantities 
for April, at which time there is an entering 
inventory of 1, 3, or 5 andn = 3 months to go 
in the planning horizon, are xf (1) = 7, х#(3) = 
7, and x#(5) = 0. These values are found in the 
second row (i = 1) under n = 3, in the fourth 
row (i = 3) under n = 3, and in the sixth row 
(i = 5) under n = 3 of Table 11.1. The ome 
inventory for May is then? + [x¥(1) = 7] — 


1+7=5 = а о те де эг 
7-5 = 5, ori + [x#(5) = 0] =D; =5 + 0- 
5 = 0. Consequently, the optimal production 


quantities for May, at which time there is an 

entering inventory of 3, 5, or 0 and n = 2 ec 

to go in the planning horizon, are х#(3) = 
x#(5) = 0, or х (0) = 5. These values are E 
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sixth row under n = 2, and in the first row (i = 
0) under п = 2 of Table 11.1. The entering 
inventory for June is then i + [xz(3) = 7] — 
D-2347-5-25i*[x*(5 = 0] - D; = 
5+0-—5=0,ori + [x¥(0) 25] = D: = 0 + 
5 — 5 = 0. Consequently, the optimal production 
quantities for June, at which time there is an 
entering inventory of 5, 0, or 0 апал = 1 we 
to go in the решш horizon, аге хў(5) = 

xf(0) = 5, or x#(0) = 5. These values are id 
in the first row (i = 0) under n = 1, in the sixth 
row (i = 5) under n = 1, and in the first row 
(i = 0) under n = 1 of Table 11.1. Since we have 
reached the end of our planning horizon, our 
solution is complete. 

Our solution for the six-month planning ho- 
rizon indicates that there are three alternative 
optimal production schedules that can be utilized. 
Regardless of which plan is chosen we will pro- 
duce 30 units over the six-month planning hori- 
zon at a total cost of $124. This $124 is the value 
of f/£(0), the optimal value in the six-stage table 
for an entering inventory of i = 0. An inventory 
and cost summary for the six-month planning 
horizon is shown in Table 11.3. 


11.3.3 DYNAMIC PROGRAMMING 
WITH A MULTIPLICATIVE 
RECURSION RELATIONSHIP 


Тһе Aviresearch Company produces а naviga- 
tional guidance system for commercial airliners. 
The navigational guidance system consists of three 
major components, each of which must function 
properly for the entire system to operate properly. 
As in most commercial airliner systems, the reli- 
ability of the navigational guidance system can be 
improved by installing parallel units for each of 
the three system components. If this is done, the 
probability that the individual components will 
function if they have one, two, or three parallel 


in the fourth row (i = 3) under n = 2, in the units is as follows. 
Probability of 
Functioning Probability of 
Number of Properly Navigational System 
Parallel Units 1 2 3 Functioning Properly 
1 0.75 0.80 0.60 0.75 х 0.80 х 0,60 = 0.36 
9 0.85 0.88 0.75 0.85 x 0.88 x 0.75 = 0.561 
3 0.95 0.96 0.85 0.95 x 0.96 x 0.85 - 0.775 
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TABLE 11.3 
Entering Optimal Ending 
Month Inventory Production Inventory 

January 0 5 0 

0 6 1 
February 0 5 0 

0 6 1 

1 7 3 
March 0 6 1 

1 7 3 

3 7 5 
April 1 7 3 

2 7 5 

5 0 0 
Мау 3 vei 5 

5 0 0 

0 5 0 
June 5 0 0 

0 5 0 

0 5 0 


As seen in this table the probability that the 
navigational system will function properly is the 
product of the probabilities associated with the 
individual components functioning perfectly. 

Each of the individual components of the nav- 
igational guidance system is costly and the Avi- 
research Company would like to avoid installing 
any more parallel units than are necessary. The 
costs associated with installing one, two, or three 
parallel units, for each of the three components, 
is as follows: 


Cost of Installation 


Number of 
Parallel Units 1 2 3 
1 1000 2000 2500 
2 1500 3100 3500 
3 2000 3500 3750 


The Aviresearch Company would like its nav- 
igational guidance system to cost not more than 
$7500. It is trying to use dynamic programming 
to determine the number of parallel units of each 
of three components that should be installed to 
maximize the probability that the navigational 
guidance system will function properly. 
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INVENTORY AND COST SUMMARY—SIX-MONTH PLANNING HORIZON 


Production Storage Monthly Cumulative 
Cost Cost Cost Cost 
21 0 21 21 
23 1 24 24 
21 0 21 42 
23 1 24 45 
25 3 28 52 
23 1 24 66 
25 3 28 73 
25 5 30 82 
25 3 28 94 
25 5 30 103 

0 0 82 
25 5 30 124 

0 0 0 105 
21 0 21 103 
0 0 0 124 
21 0 21 124 
21 0 21 124 


In this dynamic programming problem the 
stages are the three components for which we 
must determine the number of parallel units to 
be installed. Thus, the decision variables х„( = 
1, 2, 3) are the number of parallel units that are 
to be installed at stage n. The cost of installing х, 
parallel units at stage n will be denoted as c,(x,), 
and the probability that the component will func- 
tion properly if it has x, parallel units will be 
denoted as p,(x,). Finally, we will denote as s the 
dollars remaining to be spent as a function of the 
decision stage and the number of units being 
installed in parallel. 

Now, let f,(s, x,) be the maximum total prob- 
ability that the navigational system will function 
properly for the last » components (stages), given 
that we are in state s and select x, as the number 
of parallel units to be installed. As usual, we begin 
our dynamic programming solution in a backward 
manner; that is, we begin by considering only 
component 3. For this one-stage problem we have 
the entire $7500 to spend and can install x, = 0, 
1, 2, or 3 parallel units of component 3. The 
values of s for this one-stage problem will be the 
ranges in dollars that s can assume, as x, = 0, 1, 
2, or 3 parallel units of component 3 are installed. 
Тһе possible interactions result in the following 
one-stage table (n — 1). 
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0 =s 2499 
2500 = 5 = 3499 
3500 = 5 = 3749 
3750 = 5 = 7500 


Each value of /,(s, хі) in this one-stage table is 
simply the probability, p,(x,), associated with in- 
stalling x, = 0, 1, 2, or 3 parallel units of com- 
ponent 3. Each value of f¥(s) is identical to the 
corresponding value of f,(s, хі) since there is only 
one value for each (5, хі) combination, The value 
of xf is the. single value of x, that produces the 
optimal (maximum) value of the objective func- 
tion, ft (s). 

Тһе next step in this dynamic programming 
problem involves moving backward one more 
stage, that is, considering the decision that must 
be made when there are п - 2 more stages to 
go, or when we must consider installing parallel 
units for both component 2 and component 3. 
The computational process for this two-stage 
problem becomes slightly more complicated. First, 
we must establish a recursion relationship for the 
two-stage problem that links to the optimal deci- 
sion made for the one-stage problem. Remember 
that we are seeking to maximize the probability 
that the navigational system will function prop- 
erly. This means that at any stage in the decision 
process, we must seek to maximize the joint 
probability of the respective components func- 
tioning over all the components in the system at 
that stage in the decision process. However, this 
must be accomplished with respect to a cost 
limitation, which in turn, affects the number of 
parallel units of a component that can be installed 
in attempting to increase the probability of that 
component functioning properly. Under these 
conditions the recursion relationship for the 
two-stage problem becomes fo(s, ха) = (хы): 

f T[s = c, (x,)]. Note that this recursion relationship 
is in a multiplicative form rather than in the 
additive form used in the previous examples. 
Although this recursion relationship may appear 
not to be deterministic because it involves prob- 
abilities, it is still а deterministic relationship 


fils, xi) = fix) 
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because the state at the next stage is completely 
determined by the state and policy decision at the 
current stage. 

For the two-stage problem we consider the 
possibility of installing x» - 0, 1, 2, or 3 parallel 
units of component 2. The values of s for this 
two-stage problem will be the ranges in dollars 
that s can assume, as x» = 0, 1, 2, or 3 parallel 
units of component 2 are installed. These ranges 
must be specified in terms of the dollars remaining 
to be spent as a function of this decision stage 
and the number of units being installed in parallel. 
Тһе possible interactions result in the following 
two-stage table (n — 2). 


f(s, X) ж 
P(x» ‘ffs — cxx] 


0 = 4499 


0 


4500 = s = 5499 0.48 1 
5500 = s = 5599 0.60 1 
5600 = s = 5749 0.60 1 
5750 = s = 5999 0.68 1 
6000 = s = 6599 0 0.576 | 0.68 1 
6600 = 5 = 6849 0 0.68 0.660 0.576 | 0.68 1 
6850 = s = 6999 0 0.68 0.748 0.576 | 0.748 2 
7000 = s = 7249 0 0.68 0.748 0.720 
0 


0.748 2 
7250 = s = 7500 3 


0.816 


0.816 


Each value of f(s, ху) in this two-stage table is 
the probability, p;(x;), associated with installing 
X» = 0, 1, 2, or 3 parallel units of component two 
times the corresponding optimal value of /[s = 
сї(х»)]. The optimal value of / |5 — c(x»)] is 
obtained from the one-stage problem, for the 
appropriate values. For example, consider the 
computation for x, = 2, for the range (6850 < 
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s = 6999). For this set of conditions: 


fals, ха) = pas) Г — cs(x»)] 
= px» = 2):/6999 = сх, = 2)] 
= 0.88 ·/*[6999 — 3100] 
= 0.88 - /*[3899] 


= 0.88. 0.85 
= 0.748 


(11-31) 


The other values of f;(s, хә) in this table are 
computed in a similar manner. The values / (5) 
are the optimal value of the fo(s, хо). The value 
of x is the single value of xa that produces the 
optimal (maximum) value of the objective func- 
tion, / (5). 

Proceeding to the next step, we consider the 
first component, or the three-stage problem. For 
the three-stage problem we consider the proba- 
bility of installing x, = 0, 1, 2, or 3 parallel units 
of component 1. The value of s for this three- 
stage problem is the entire $7500 that would be 
available for spending at this decision stage; that 
is, we are at the last decision stage and would 
seek to spend the entire $7500. The possible 
interactions results in the following three-stage 
table (n = 3). 


Sols, хз) = 
ps(xs) "ЎЎ = сз(хз)] 


7500 | 0 0.511 0.578 0.570 


Having obtained this three-stage table our dy- 
namic programming solution is complete. The 
three-stage table indicates that the optimal con- 
figuration of parallel units for the three compo- 
nents will result in an overall probability of 0.578 
of the navigational system functioning properly. 
The three-stage table also indicates that xf = 2 
parallel units for component 1 should be installed. 
This will result in a cost of $1500. Entering the 
two-stage table withs = $7500 — $1500 = $6000, 
we observe that xf = 1 unit for component 2 
should be installed. This will result in a cost of 
$2000. Next, entering the one-stage table with 
s = $7500 — $1500 - $2000 = $4000, we 
observe that xf = 3 parallel units for component 
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3 should be installed. This will result in a cost of 
$3750, with the overall cost for the entire system 
being $7250, which is less than the $7500 available 
for expenditure. 


11.4 DYNAMIC PROGRAMMING 
UNDER UNCERTAINTY 


Each of the previously discussed examples has 
involved deterministic dynamic programming sit- 
uations. In such situations the state at the next 
stage in the decision process is completely deter- 
mined by the state and policy decision that is 
present in the current stage. For example, in our 
solution of the shortest-route problem by means 
of dynamic programming, each state in the de- 
cision process involved movement along some 
branch to a specific node, from a node specified 
by the particular stage of the decision process. 
Movement from stage to stage in the decision 
process by means of various states was always 
done in terms of known (deterministic) distances. 

In probabilistic dynamic programming, or 
dynamic programming under uncertainty, the 
state at the next stage in the decision process is 
not completely determined by the state and policy 
decision at the current stage of the decision 
process. Rather, there is a probability distribution 
that describes what the next state will be, with 
this probability distribution being determined by 
the state and policy decision at the current stage 
of the decision process. 

We will now consider an example that illustrates 
the use of dynamic programming under uncer- 
tainty. 


11.4.1 PROBABILISTIC LOT SCHEDULING 
BY DYNAMIC PROGRAMMING 


The Armadillo Candle Shop has received an order 
for a lot of 100 of its “Rainbow Spectacular” 
candles. Its candle-making process involves a set- 
up cost of $200 and a variable production cost of 
$100 per lot of 100. Unfortunately, the customer 
is very particular and will not accept delivery of 
the lot of 100 candles if any of the candles do not 
meet the specified color, size, shape, and so on. 
The manager of the Armadillo Candle Shop 
estimates that there is only a 60 percent chance 
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of producing a perfect lot of candles іп апу 
production run. 

If a lot of candles is judged to be defective by 
the customer it is completely worthless and must 
be scrapped. In this instance, the entire produc- 
tion process must be set up again at an additional 
cost of $200. 

The manager of the Armadillo Candle Shop 
contemplates making no more than two produc- 
tion runs because of other orders. If she is not 
able to obtain one perfect lot of 100 candles after 
two production runs the cost associated with lost 
sales and penalties will be $1000. Her objective is 
to determine a policy that specifies the number 
of lot(s) to be produced in the production run(s) 
to minimize the total expected cost for the candle- 
making process. 

In this probabilistic dynamic programming 
problem the stages are the two production runs 
that are possible. The decision variables x,(n = 
1, 2) are the number of production lots of 100 
candles that are produced at stage n. The number 
of acceptable lots (of size 100) that need to be 
produced at one of the two stages of the produc- 


/„(1,х„) = К + $100x, + (0.40)« - /ж (1) + [1 — (0.40)у%]/* (0) 
ا ره لا اتا‎ 
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tion process will be the state of the system. Thus, 
as the candle-making process begins, the state of 
the system must be s = 1 (one acceptable lot of 
100 candles is required). If an acceptable lot is 
subsequently obtained, the state of the system 
becomes s = 0, and no further production costs 
are incurred. 

Now, let/,(s,x,) be the minimum total expected 
cost for the last п stages, given that we are in state 
s, and select x, as the number of lots of candles 
to be produced. We proceed, as usual, in a back- 
ward manner by considering first the second (last) 
stage of the decision process. For this one-stage 
problem the manufacturing cost will be (К + 
$100x,), where: 


Ы 0, 
i her 


This contribution to the manufacturing cost 
(К + $100x,) will remain the same at both stages 
in the production process. Thus, if one acceptable 
lot is required for this stage of the manufacturing 
process, the expression for the minimum total 
expected cost will be: 


Ех, = 0 


-32 
fx 0 езе) 


(11-33) 


Manufac- Expected pen- Expected penalty 
turing cost alty cost for un- cost for acceptable 
for current acceptable lot(s) — lot(s) from previous 
stage from previous manufacturing stage 
manufacturing 
stage 


Reducing this expression we obtain: 


fils, Xn) = K + $100x, 


+ (0.40) -f& (1) (11-34) 


since //(0) = 0. Note also that / Ж (1) = $1000, 
the cost that is incurred at the end of the pro- 
duction process if no acceptable lots (of size 100) 
have been obtained. Using this relationship we 
can now construct the following one-stage table 
(n = 1). 


fil, х) = K + 100x, + 
(0.40)" - (1000) 


560 564 


| 1000 700 


Тһе next step in the dynamic programming 
solution to this problem involves moving back- 
ward one more stage, that is, considering the 
decision when there are two more stages to go. 
Herein, we employ a recursion relationship of 
the form: 


fals, sı) = min {К + $100x, + (0.40)-/7 (1) 


x; 9 0,1,... (11-35) 


since ft (0) = 0. Using this recursion relationship 
the following two-stage table (n = 
constructed. 


2) can be 


fll, x) = K + $100x, + 
(0.40); f (s) 
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We have now proceeded backward to the begin- 
ning of the production scheduling process and 
have determined the optimal (minimum total 
expected cost) solution. The two-stage table in- 
dicates that the optimal solution will result in a 
minimum total expected cost of $490. This will 
be achieved by producing two lots of 100 candles 
on the first production run. Then, if none of 
these lots of candles is acceptable, two lots of 
candles should be produced on the second pro- 
duction run. 


11.5 INFINITE-STATE DYNAMIC 
PROGRAMMING 


One of the ways in which dynamic programming 
problems are characterized is in terms of the 
number of states associated with a particular stage 
of the decision process. The examples and illus- 
trations considered previously in this chapter have 
been concerned with situations in which there 
were a finite number of states associated with the 
stages in the decision process. However, there are 
a number of practical situations in which the state 
variable s can be a continuous variable and thus 
take on an infinite number of values over a certain 
interval. We will next consider an example of 
such an infinite-state dynamic programming 
problem. 


11.5.1 AN INFINITE-STATE WORK FORCE 
EMPLOYMENT PROBLEM 


Тһе work load for the Do-Right Job Shop is very 
erratic and subject to considerable seasonal vari- 
ability. The manager of the Do-Right Job Shop, 
Mr. Edwards, has made the following estimates 
for his work force requirements during the four 
quarters of the year, for the foreseeable future. 


Quarter Work Force Requirements 
Spring 275 
Summer 225 
Autumn 250 
Winter 200 


Mr. Edwards finds it very difficult to find 
machine operators to hire and also finds that they 
are costly to train. Thus, he is very reluctant to 
lay off workers during his slack seasons. Further- 
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more, һе is strongly opposed to overtime work 
on a regular basis. He has estimated that his 
hiring and training costs are such that the total 
cost of changing the level of employment from 
one season to the next is $250 times the square 
of the difference in employment levels. He will, 
under no circumstances, allow his seasonal em- 
ployment to fall below the respective levels shown 
above. 

However, Mr. Edwards does not want to main- 
tain his peak season payroll when it is not re- 
quired. Because he is running a job shop that 
manufactures to customer orders, however, he 
cannot build up inventories during slack seasons. 
He has thus estimated that his excess work force 
cost is $1500 per person per season. 

At the beginning of each season, a cost is 
incurred for any change in the employment level 
from the previous period and for any idleness 
from the previous period. We will assume that 
fractional levels of employment are possible, since 
a few employees are willing to work on a part- 
time basis. The cost data shown apply propor- 
tionately to these part-time employees. We will 
further assume that there are no operators em- 
ployed at the beginning of the first period and 
that no charges will be made for the fourth period. 
We seek to determine the levels of employment 
for each of the seasons to minimize total cost. 

On the basis of the work force requirement 
data provided, it is clear that employment should 
never go above the peak season (spring) require- 
ment of 275 operators. ‘Thus, spring employment 
will always be 275 operators, and our problem 
simplifies to the determination of the employment 
levels for the remaining three seasons. Each of 
these seasons becomes one stage in a dynamic 
programming problem formulation. This prob- 
lem actually has an indefinite number of stages, 
since we indicated earlier that our estimates of 
work force requirements are applicable to the 
foreseeable future. However, each year begins an 
identical work force requirement cycle. Since 
spring employment is always set at 275 operators, 
it is possible to consider only one cycle of four 
seasons ending with the spring season. 

The decision variables for this problem x,(n = 
1, 2, 3, 4) are the employment levels at the nth 
stage from the end of the cycle. The spring season 
is the last stage in the cycle since we already know 
the optimal value of the decision variable for the 
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last stage. For all other stages, the solution for 
the optimal employment level must consider its 
effect on costs in the following season. Thus, хі, 
x», Xs, and x, are the employment levels for spring, 
winter, autumn, and summer, respectively. 

The total cost for any stage depends only on 
the current decision x, and the employment level 
in the previous season. The objective function 
with n stages to go, f, (s, x,), must be the minimal 
total cost over the remaining stages, given that 
the stage is s and the initial decision is x,. Thus, 
/#(s) is the minimum value of f,(s, x,) over all 
permissible values of x,, and x? is the minimizing 
value of x,. 

Тһе problem presents an interesting contrast 
to the previous problems. In the present problem, 
the number of possible states and the number of 
possible values of the decision variables are now 
infinite rather than finite. However, we can deal 
with the infinite state structure of our problem 
by expressing the total cost at any stage as a 
function of employment in a previous stage. Thus, 
the preceding employment level is all the infor- 
mation that is required in the current stage to 
determine an optimal policy for the future. We 
can then employ calculus to determine the opti- 
mal value of the decision variable as a function 
of the state of the system. At each stage of the 
process we seek to minimize: 

(в, х,) = 250(x, - s + 1500(х, — 7) + fA (x,) 
(11-36) 


where r, is the minimum work force requirement 
at the nth stage from the end. 

For the one-stage problem, it is already known 
that xf = 275 = rj. We can therefore table the 
results for the following one-stage problem (n — 
1). Note that the cost of the optimal policy after 
the last stage of the current cycle, / хо), is a fixed 
constant, since spring employment is always 
known; therefore, it can be omitted from further 
consideration. Additionally, note that s = 275, 
and therefore, we need not consider the second 
term in the recursion, since we cannot "overem- 
ploy" in the last stage of the cycle. 


3 S¥(s) xf 


275 !)5 = 250(275 $275 
ل لے 


ә 
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The two-stage problem involves finding the 
minimizing value of хә in the relationship: 


min /2(s, xs) 


= min (250(x, = s)? + 1500(х - т») 


xoro 


ЕРМЕ?) 
= min (250(x, - s) + 1500(x, - 200) 


x92200 


+ 250(275 — хә?) 


(11-37) 


The value of x; that minimizes f(s, x») over all 
values of x» is found by solving the equation 
derived by setting the function’s partial derivative 
to zero, as follows. 


д 
کچ‎ 9 = 
= 500(x, - s) + 1500 — 500(275 — xs) 


(11-38) 


Observe that the second partial derivative of this 
function with respect to x» is: 
д? 
эх hl хә) = 1000 (11-39) 
? 


and is positive for all values of хә. We thus solve: 


a 
— fos, x2) = 0 = 1000x, - 500s — 136,000 
OX, 


M 


500(2x, — s — 272) 
and 
жы + 279 
ў 9 
is the minimizing value. 
We need to consider the minimization of f(s, 
хә) only over values of x, = 200. When s > 128, 


хә would be greater than 200, as can be seen in 
Equation 11-38. However, if s = 128, then: 


д 
ax 6 хә) = 500(2x, — s — 272) 


is positive for all values of x, = 200. Therefore, 
the optimal value of x, is: 


5 % 979 1 
ШЕ С ^ ifs > 128 
xf = (11-40) 


200, ifs = 128 


We determine /#(s) by setting x, = xf in the 
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fo(s, хә) function. If > 128: 


р 2 979 
ft = sso( 22 = ; + isoo( 272 i 200) 


- Z 275 Е (: esr 


62.5(272 — s! + 750(s — 198) 
+ 62.5(278 — s)? 


(11-41) 
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if 5 = 128: 


ff = 250(200 — 5):  1500(200 - 200) 
+ 250(275 — 200y 

250(200 — s)? + 0 + 250(5625) 
250(200 — s) + 0 + 1,406,250 


(11-42) 


iow 


We can now construct the following table for 
the two-stage problem: 


з FG) xf 
= 198 250(200 — s)* + 1,406,250 200 
128 - 275 62.5(272 — s + 750(s — 128) + 62.5(278 — sy? s + 272 


The three-stage problem involves finding the 
minimizing value of x, in the relationship: 


І%6) ^ min f(s, ха) 


eser 


min (250(x, — 5) + 1500(х; — rs) + /(х3)} 
SES 


min 1950(х — s)? + 1500(x, = 250) 


x4 2950) 


+ 62.5(272 = ху) 


+ 750(x, — 128) + 62.5(278 — хз)? (11-43) 


in the region 250 = х; = 275. 
This value of x, is found by setting: 


0 


500(x, — s) + 1500 — 125(272 — x) 
+ 750 — 125(278 — xs) 
500(x, — s) - 125(272 — xs) 
— 125(278 — xy) + 2250 


д 
TJS, X. 
ТЕДІ 3) 


(11-44) 


Solving for xs, we obtain: 
0 = 500x, — 500s — 34,000 + 125x, 


- 84,750 + 125x, + 2250 
0 = 750x, — 500s — 66,500 


0 = 250(3x, - 2s — 266) 
3x, = 25 + 266 
95 + 266 
tw ow (11-45) 


Note further that 


= fils, xs) = 750 > 0 (11-46) 
x 


Г) = 250) 


and is, therefore, positive for all values of xs. 
Thus, x = (2s + 266)/3 is the desired minimizing 
value of s = 242. 

If s = 242 then, 


2f, х) > 0 for х; = 250 (11-47) 
3 


so that х = 250 would be the minimizing value. 
To summarize, the optimal value of x; is: 


ў (11-48) 
250 if s = 242 

We proceed to determine / (5) by setting 
xs = хў in the f(s, хз) function. If s > 242: 


2s + 266 Y 
3 


+ )500ا‎ 268 x 250) 


+ 025| 272 5 (544) | 


+ {2+ 5% 3 128] 


9s + 286) | 


+ eas 278 = ( 3 


= 150 (266 — sy + 500(2s — 484) 


+ =з (500 — 2s)? 
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+250(25 = TIF 55 eos - 230 


- = (266 — s+ 555 зо - 25)? 


+ (568 — 25) 


+ 1500s — 271,500 (11-49) 


5 


5242 250(250 — sy + 170,750 
242 — 215 59) 266 sse 59 (550 = 2s)? + (568 - 23) 


+15005 - 271,500 


Тһе four-stage problem involves finding the 
minimizing value of x, in the relationship: 


Гб) = min fs, xi) 
көке 
= min (250(x, - s)! + 1500(x, - ғ) (11-51) 
x42225 
+ ftx) 
Since r4 = 225, we must consider the region 


225 = x, = 275. The expression for f(s) will 
differ in the two portions, 225 = x, = 242 and 
242 = x, = 275 of this region. 

If 225 = x, = 242: 


Sls, x) = 250(x, = s)! + 1500(x, = 225) 


(11-52) 
+ 250(250 — x) + 170,750 
If 242 = x, = 275: 
fis, x) = 250(x, — s)! + 1500(x, = 225) 
95 
+ 72 (266 - xy 
62.5 , Р 
+ 10550 — 2x) (11-53) 
9 
+ (568 — 2x] 
+ 1500x, - 271,500 
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If s = 242: 


250(250 — s)? + 1500(250 — 250) 

+ 62.5(272 — 250)? + 750(250 + 128) 
+ 62.5(278 — 250)? 

= 250(250 — s) + 0 + 30,250 + 91,500 
+ 49,000 


= 250(250 — s)? + 170,750 
(11-50) 
We can now construct the following table for 
the three-stage problem: 
ft) xt 
250 
2s + 266 
3 


Consider first the case where 225 = x, = 242: 


Ш 


д 
эх/'%, x9 500(x, — s) + 1500 
4 


= 500(250 - x,) 

500x, - 500s + 1500 

- 125,000 + 500х, 
1000x, - 500s - 123,500 
500(9x, = s — 247) 


(11-54) 


L] 


In this stage we know that s = 275, since spring 
employment is constant at a level of 275. Thus: 


д 

2d a(s, x4) = 500(2x, — 275 — 247) 
4 

= 500(2x, - 522) 


1000(х, - 261) 


(11-55) 


и 


Observe now that д/ах is, x) < 0 for all x, < 
242. Therefore, x, = 242 is the minimizing value 
in the region 225 = x, = 242. 

Considering next the case in which 242 < 
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x, = 275: 
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2 
2-74(5,х4) = 500(x, — 5) + 1500 — 500.26 - xy) 
Ox; 9 


250 


50 
(550) —-2x,) = 550 (568 — 2x,) + 1500 


EN 

= 500x, — 500: + 1500 — 223.000 + меш 
137,000 500х, _ 142,000 500x, 

s 9 + 9 9 + 9 + 1500 
_ 4500 _4500› 13,500 133.000, 500x, 
SEE 5 EE ra (11-56) 

_ 137,500 500х, 142,000 , 500, | 13,500 

9 9 9 9 9 
_ 6000 _ 45005 385.500 
БОТЕН ерт 
500 


= 79 (19% - 9s = 771) 


Observe that: 

o? 

axi 9*9 -19>0 гайх, (11-57) 
Thus, we can set: 


д 
axl x) = 0 


and solve: 


12x, = 9s - 771 = 0 


12x, = 9s + 777 (11-58) 

_ 9s + 777 

pre 
Sinces - 275: 

9(275) + 771 3946 

gm ELO ROSE 
1 12 12 (11-59) 

=270.5 


minimizes /,(s, хц) over the region 242 = x, = 


275. Since x, = 270.5 is in the region that includes 
x, = 242, which minimizes /;(s, x4) over the region 
where x, = 242, it is clear that x, = 270.5 also 
minimizes f(s, x) over the entire region of interest 
225 =x, = 275. 

We can now compute /{(х) with xf = 270.5 
as: 


/М975) = 250(270.5 - 275)? + 1500(270.5 - 225) 


+ (206 cvs) 


+ S25 550 =:21210:5)° 


+ S53 (568 22 2/0.5) 


* 1500(70.5) — 271,500 
= 250(20.25) + 1500(45.5) 
+ 270 (20.25) + Sn) 


Р 25 روون‎ + 1500(270.5) - 271,500 


$5,062.50 + 68,250.00 + 562.50 

+ 562.50 + 5062.50 

+ 405,750 - 971,500 

= $213,750 

(11-60) 


We can now construct the following table for 
the four-stage problem. 


s fts) хў 
975 $213,750 270.5 
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Тһе optimal policy is: 


xf = 270.5 
_ 9; + 266  2(970.5) + 266 807 _ 
x3 MESE ERAI memos TAI ROS - 269 
Wasted 
Work Force 
Cost 
т, = 275 x = 275 1500(0) 
т, = 225 хў = 270.5 1500(45.5) 
т, = 250 xf = 269 1500(19) 
r, = 200 xf = 270.5 1500(70.5) 
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574-972. 269 272 
= — 4+4 — = 
2 2 


275 
(11-61) 


This policy produces an estimated employment 
cost per cycle of $213,750. 


We can also perform a check on the cost of 


our optimal policy, as follows. 


к... 


Hiring апа Total 
Firing Employment 

Costs Cost 
250(4.5)* = 8 5,062.50 
250(4.5)2 = 73,312.50 
250(1.5)* - 29,062.50 
250(1.5)* - 106,312.50 
$213,750.00 


11.6 CONCLUSION 


Тһе dynamic programming problems considered 
in this chapter have varied considerably in their 
difficulty and complexity. From these examples, 
it should be apparent to the student that there is 
no general dynamic programming algorithm in 
the sense of the simplex method or the branch- 
and-bound technique. Rather, there exists a large 
number of sequential decision-making problems 
that сап be conceptualized within a dynamic 


programming framework. For each such problem 
situation, the initial problem-solving step is the 
structuring of the problem in a dynamic program- 
ming format. Then the problem must be sepa- 
rated into a series of subproblems that involve a 
limited number of variables that can be related 
in a recursive manner. Assuming that these two 
steps have been accomplished with a reasonable 
degree of skill, the analyst can then solve the 
problem using the general methodology of dy- 
namic programming. 


Case Study: Dynamic Programming for Improving 
Log-Cutting Operations at Weyerhauser Company 


Weyerhauser is one of the largest forest product companies in the world. 
In 1984, its revenues were over $5 billion. These revenues were achieved 
through domestic and foreign sales of logs and timber, lumber, plywood, 


and paper products. 


Forest products are essentially commodities. This means that there is 
little control over the prices that can be charged for forest products. This 
in turn requires that a forest product company, such as Weyerhauser, must 
efficiently utilize its raw material base (i.e., trees). This raw material base, 
along with costs, is the principal profit factor the company can control. 

Weyerhauser operations handle a raw material flow of just under 1 billion 
cubic feet each year. This large annual flow, divided about equally between 
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the company’s western and southern operations, results in a very large dollar 
impact from raw material decisions. However, unlike other forest product 
firms, this flow comes mostly from trees Weyerhauser owns. Consequently, 
any increase in value results directly in additional company profits. There- 
fore, raw material utilization decisions are very important to Weyerhauser’s 
profitability. 

As early as the mid-1970s a few senior company executives realized that 
better use could be made of the high-valued raw materials from western 
Douglas fir operations. Achieving improved use of raw materials meant 
seeking the best use of each individual tree. How a tree is crosscut into logs 
and what is done with the resulting logs largely determines the return that 
tree yields. To increase raw material values, individual trees have to be 
crosscut, and the resulting logs must be allocated in a way that produces 
the maximum net profit. 

To solve the problem of better utilization of raw materials, Weyerhauser 
developed a dynamic programming optimization procedure. Management 
science staff members at Weyerhauser determined that optimal cut and 
allocation decisions for a particular tree stem could be formulated as a 
dynamic program. However, in doing so, a number of analytic and practical 
difficulties had to be overcome. Three of the most significant of these were: 


1. The algorithm had to account for the complex geometry of the tree 
stems. 

2. The logs that could be cut from a stem were not simple multiple lengths 
of each other. 


3. Extensive data bases were necessary, both of tree stems and of log values 
as a function of all the important log parameters and possible allocations. 


These obstacles were overcome, and a large computer system was de- 
veloped. Known as VISION, it consisted of two elements: a dynamic pro- 
gramming optimization procedure that determines the best economic use 
for any tree and a video game-like computer module that allows woods 
and mill personnel, as well as company managers and top executives, to 
see easily what the best use is of any particular tree stem. VISION was 
designed to provide its users with the opportunity to cut and allocate stems 
and receive immediate feedback on the economic consequences of those 
decisions. 

VISION has been in use at Weyerhauser since 1977. Its successful use 
has proven that senior management intuition was correct in that raw ma- 
terials values could be increased in its western operations. VISION also 
showed that there were opportunities for increasing raw material values in 
the South. 

An example of the results from using VISION is shown in Fig. 11.6. At 
the top of this figure the cutting pattern according to the “old” instructions 
is shown. At the bottom of this figure the cutting pattern according to the 
“new” instructions, produced by using VISION, is presented. Observe that 
the old instructions emphasize cutting at changes in stem quality (grade 
breaks), while the new instructions emphasize cutting high-valued exports 
and domestic log lengths. 

Weyerhauser officials have estimated that use of the VISION system has 
resulted in total operational benefits of at least $100 million. As noted by 
Donald E. Rush, group vice president for Timberlands: “VISION changed 
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Old Instructions 


Too short to make Must be cut again to Must be cut again 
high-valued log make high-valued log 


New Instructions 


Grade Break Grade Break 


“-------------з- 
High-valued log length High-valued log length 
(export) (domestic) 


----- 
High-valued log length 
(domestic) 


FIGURE 11.6 CUTTING РАТТЕВМ5--"010” AND "NEW" INSTRUCTIONS 


our corporate behavior in ways that have made us more money, and these 
changes have persisted. The contributions to our bottom line have not only 
held up over the years, but have actually increased in importance over time 
and under adverse economic conditions.” 


Source: Mark К. Lembersky and Uli H. Chi, "Weyerhauser Decision Simulator Improves Timber Profits,” Interfaces, 16, 1 (|апчагу- 


February 1986): 6-15. 


Glossary of Terms 


Backward Induction. A process in which the first stage analyzed is the 
final stage of the problem and solution of the problem proceeds by 
moving back one stage at a time until all stages in the problem are 
considered. 

Deterministic Dynamic Programming. Or dynamic programming un- 
der certainty; involves problem situations in which the state in the next 
stage of the decision process is completely determined by the interaction 
of the state and the policy decision, with respect to the decision variable 
that occurs at the current stage. In deterministic dynamic programming 
there is no uncertainty nor probability distribution associated with what 
the next state in the decision process will be. 

Dynamic Programming. A management science technique applicable 
to certain types of problems involving a sequence of decisions that are 
interrelated. It is a general type of problem-solving procedure that can 
be applied to sequential decision-making situations. 

Forward Induction. A process where the first stage analyzed is the initial 
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stage of the problem and the solution proceeds by moving forward one 
stage at a time until all stages in the problem are considered. 

Infinite-State Dynamic Programming Problem. A dynamic program- 
ming problem in which the number of states associated with a particular 
stage of the decision process is infinite. In other words, it is a dynamic 
programming problem in which the state variable is a continuous variable 
and thus takes on an infinite number of values over a certain interval, 

“N-Stage” Problem. In dynamic programming, the problem of finding 
the optimal decision that must be made when there are n more stages 
to go. 

Principle of Optimality. An optimal policy must have the property that, 
regardless of the decision made to enter a particular state, the remaining 
decisions must constitute an optimal policy for leaving that state (Bell- 
man, 1957). 

Probabilistic Dynamic Programming. Or dynamic programming un- 
der uncertainty; involves problem situations in which the state at the 
next stage in the decision process is not completely determined by the 
state and policy decision at the current stage of the decision process; 
rather, there is a probability distribution being determined by the state 
and policy decision at the current stage of the decision process. 

Recursion Relationship. A relationship for the N-stage problem that 
links the optimal decision for the last stage considered (m = N) to the 
optimal decisions made for stages m = N — 1,...,m = 1. 

Return Function. The value associated with making decision 4, at stage 
n for a specific value of the input variable x,. 

Stage. One of the smaller optimization subproblems into which a dynamic 
programming problem is divided, which requires a standardized policy 
decision. 

States. The various possible conditions in which the problem system may 
be at a point in time. The number of states may be finite or infinite for 
any stage of the decision process. 

Transition Function. Defines, as a functional relationship, the value of 
the state variable at each stage and serves to interconnect the stages of 


the dynamic programming problem. 


Selected References 


Dynamic 
Programming 


BECKMAN, MARTIN J. 1968. Dynamic Programming of Economic Decisions. Berlin, 


York: Springer-Verlag, Inc. 
Eb uf duae a AND STUART E. DnEvrus. 1962. Applied Dynamic Program- 


ming. Princeton, N.J.: Princeton University Press. 
BELLMAN, RICHARD. 1957. Dynamic Programming. Princeton, N.J.: Princeton Uni- 


versity Press. | Я р 
а, Sruart E. 1965. Dynamic Programming and the Calculus of Variations. New 


fork: Academic Press, Inc. 
Gi RN 1972. An Elementary Introduction to Dynamic Programming. Boston: 
ILUSS, RT 2 е a 


on, Inc. r 
e бола Nonlinear and Dynamic Programming. Reading, Mass.: Addison- 


Jesley Publishing Company. 
— toten 1970. Foundations of Non-stationary Dynamic Programming with Dis- 
— Time Parameters. Berlin, New York: Springer-Verlag, Inc. 


482 Dynamic Programming 


HOWARD, RONALD A. 1960. Dynamic Programming and Markov Processes. Cambridge, 
Mass.: Massachusetts Institute of Technology Press. 

Jacosson, Н. Davitt, AND D. О. Mayne. 1970. Diferential Dynamic Programming, 
Vol. 24. New York: Elsevier-North Holland Publishing Company. 

KAUFMANN, A. 1967. Graphs, Dynamic Programming and Finite Games. New York: 
Academic Press, Inc. 

KAUFMANN, A., AND R. CRUON. 1967. Dynamic Programming: Sequential Scientific 
Management. New York: Academic Press, Inc. 

NEMHAUSER, G. L. 1966. Introduction to Dynamic Programming. New York: John Wiley 
& Sons, Inc. 

Tou, JuLius. 1963. Optimum Design of Digital Control Systems via Dynamic Programming. 
New York: Academic Press, Inc. 

Wuite, D. J. 1969. Dynamic Programming. San Francisco: Holden-Day, Inc. 


Discussion Questions 


- 
: 


When can the number of states be "infinite" for a particular stage of the decision 

process in dynamic programming? 

2. Describe briefly how you determine the complete optimal solution to a N-stage 
dynamic programming problem once you have found the optimal solution to 
the n-stage problem. Does this procedure also work for dynamic programming 
problems under uncertainty? Why or why not? 

3. How does a set-up cost make a cost function nonlinear? 

4. Whatis one of the main advantages of using a dynamic programming approach? 

5. Why doesn't Table 11.1 have an entry ati = 6 and n = 1? 

6. Why is the example presented in Section 11.3.3 a "deterministic" dynamic pro- 
gramming problem even though it involves probabilities? 

7. Explain the "infinite" stage character of the problem presented in Section 11.5.1. 


Problem Set 


1. Mr. Hi Life has been family vacationing in Philadelphia and now is 
faced with a decision concerning travel back to his home in Los Angeles. 
Because he has small children, he must make his trip in stages. Because 
he has spent most of his vacation money in Philadelphia, he must make 
the trip home using the shortest possible route. His potential travel 
network is shown on the following page. The distance associated with 
the branches of this network are as follows. 


diz = 350 а = 400 4, = 350 dg, = 500 
dj = 300 deg = 410 4,-575 dios = 595 
44-980 4, = 390 dn = 360 4 = 515 

ds = 380 дә = 400 

4, = 350 — deo = 390 

dy = 375 аши = 370 

ds = 360 4» = 365 

4, = 380 dry 375 

dy = 400 dz, = 400 

44-495 4, = 410 

4; = 390 4,0 = 400 

44-370 dıı = 390 


І 
Ш 
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Determine Mr. Life’s shortest route home, using dynamic program- 
ming. 


Los Angeles Philadelphia 


2. Find the shortest route for the following network, using dynamic pro- 
gramming. 


(Origin) 


3. Several enterprising young entrepreneurs at a large midwestern state 
university have secured 10 cases of a well-known beer brewed in a 
western state. They are contemplating selling 7 cases (keeping 3 for 
themselves) to one or more of three friends. The following table gives 
the expected profits associated with selling various numbers of cases 


to the three friends. 


UE 


e 
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TOTAL EXPECTED PROFIT 


Number of Friend 
Cases Bill Sam Sue 

0 0 0 0 
1 7 5 6 
2 10 11 19 
3 13 13 14 
4 17 18 14 
5 17 19 14 
6 18 19 14 

19 19 15 


Use dynamic programming to solve this problem, namely, the sale of 
the 7 cases to the three friends in a manner that maximizes the expected 
profit. 


The manager of a major league baseball team is faced with a decision 
concerning the assigning of players from his current major league 
roster to one or more of four minor league affiliated teams. He wishes 
to do this in a manner that will enhance the probability that all four 
teams will win the pennant in their respect leagues. The following table 
gives the estimated probability that the respective teams will win their 
league's pennant when 0, 1, 2, or 3 players are assigned to that team. 


Number of 
Players Team 
Assigned AAA АА A B 
0 0.40 0.50 0.60 0.75 
1 0.50 0.65 0.70 0.80 
2 0.55 0.70 0.75 0.85 
3 0.60 0.70 0.80 0.85 


Use dynamic programming to determine how the three additional 
players should be allocated to the four teams. 


A tornado has struck a small midwestern town. The mayor of the town 
is faced with a decision involving the assignment of six volunteer clean- 
up work crews to the four major sections of the town. She wishes to 
assign the six workers to the four areas in a way that maximizes their 
effectiveness. The following table gives the estimated effectiveness of 
the assignment of the various number of workers to the four districts 
(using a scale of 1 to 100). 


Number of Area 
Workers 1 2 3 4 
0 0 0 0 0 
1 10 20 30 5 
2 15 25 40 25 
3 30 30 50 30 
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Number of Area 
Workers 1 2 3 4 
4 35 30 50 40 
5 40 35 50 40 
6 50 45 60 55 


Use dynamic programming to determine how many of the six workers 
should be assigned to each of the four precincts to maximize the total 
effectiveness of the clean-up campaign. 


Bill Edwards is in the last semester (he hopes) of his undergraduate 
business program and must take final exams in five courses. He an- 
ticipates that he has 50 hours of study time available. He has made 
the following estimates of grade likelihoods for these courses as a 
function of the study time he devotes to a course. 


Expected Grade as a Function of Study Hours 


жылш leh ا‎ едін Бабыл ait er e rA 
Course 5 Hours 10 Hours 15 Hours 20 Hours 
Accounting D C B A 
Finance c B A A 
Management science D C B A 
Business policy B A A A 
Management C B A A 


А 


Edwards wishes to allocate his study time to maximize the total grade 
points he receives for the five course (A = 5 points, B = 4 points, 
C = 3 points, D = 1 point). Formulate and solve using dynamic 
programming. 


Ajax Manufacturing Company is faced with a forecasted demand for 
its product in each of the next four months, as shown: 


Units Demanded 


Month D, 
1 3 
2 4 
3 3 
4 5 


~~ 


It is trying to determine a production schedule to meet this forecasted 
demand. In any month the cost of production is $1.50 per unit, plus 
a set-up cost of $2.50, which is incurred only if one or more units are 
produced. No more than six units can be produced in any time period. 
In addition, there is an inventory holding cost of $0.75 per unit per 
period. The firm has zero inventory on hand at the beginning of month 
1 and wishes to have zero inventory on hand at the end of month 4. 
Use dynamic programming to determine a production schedule that 
will meet the demand requirements at a minimum cost (production 
plus inventory costs). 
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8. Rework Problem 11-7, assuming that the beginning inventory is one 


g 


10 


unit, the inventory holding cost is $0.50 per unit per period and it is 
desired to have a two-unit inventory on hand at the end of month 4. 
The Sentry Company manufactures a home fire protection device, 
which is composed of three major electronic components. The reli- 
ability of this home fire protection device can be improved by installing 
several parallel units of one or more of the three major components. 
The following table summarizes the probability that the respective 
components will function properly if they consist of one, two, or three 
parallel units. 


Probability of 
Functioning 
Number of Properly 
Parallel Units 1 2 3 
1 0.80 0.82 0.85 
2 0.88 0.90 0.95 
3 0.92 0.94 0.97 


The probability that the fire protection device will function properly 
is the product of the probabilities associated with the individual com- 
ponents functioning properly. The costs of installing one, two, or three 
parallel units for the respective components are given in the following 
table. 


— 


Cost of 
Number of Installation 
Parallel Units 1 2 3 
Р BO Wi9 du 
2 12 18 23 
3 15 20 25 


The manufacturer wants the fire protection device to cost not more 
than $50, regardless of the number of parallel units that are used. Use 
dynamic programming to determine how many parallel units should 
be installed for each of the three components to maximize the prob- 
ability that the fire protection device will function properly. 

The Medi-Quick Company has recently completed the design of a new 
diagnostic device that can be used for internal diagnosis of cancer in 
humans. This diagnostic device has three major components, each of 
which is driven by one or more power cells. The probability that any 
one component will not fail depends on the number of power cells 
assigned to it. The following table summarizes these probabilities. 


Namber of Probability of Component Reliability 
Power Cells | Component 1 Component 2 Component 3 
І 0.80 0.94 0.84 
2 0.86 0.95 0.88 
3 0.92 0.97 0.92 


4 0.97 0.99 0.96 


Problem Set 


11 


12. 


13. 


487 


The engineers for the company would like to determine how many 
power cells should be assigned to each component to maximize the 
overall reliability of the diagnostic device. The costs of installing from 
one to four power cells for the respective components are given in the 
following table. 


Number of Cost of Installation 
Power Cells 1 2 3 
1 $20,000 $40,000 $30,000 
2 22,000 47,000 33,000 
3 24,000 53,000 35,000 
4 26,000 58,000 36,000 


The Medi-Quick Company feels that the overall cost of its diagnostic 
device should not exceed $100,000. Formulate and solve by dynamic 
programming. 

Reconsider the Armadillo Candle Shop problem considered in Section 
11.4.1. Assume that further production data indicate that each lot 
produced will likely be acceptable with probability 0.5. Resolve this 
problem. 


As an investor you have $5000 to invest in either of two investments 
at the beginning of each of the next three years. The investments, 
their return, and associated probabilities are as follows. 


Investment Return Probability (return) 
A 500 (loss of $4500) 0.3 
7500 (gain of $2500) 0.7 
B 3000 (loss of $2000) 0.4 
8000 (gain of $3000) 0.6 


Only one investment can be made each year, and the entire $5000 
must be invested (any excess funds remain idle). Use dynamic pro- 
gramming to determine the investment policy that maximizes the ex- 
pected amount of money accumulated after three years. 


A soap manufacturer is trying to determine its advertising allocation 
for the forthcoming year. It has a $7 million advertising budget that 
it must spend in whole million-dollar increments on some or all of 
three advertising media. The following table indicates the expected 
market penetration for various expenditures for the three advertising 


media. 


Expected Market Penetration 
Millions of Dollars Spent Medial Media 2 Media 3 
ee ыы 


0 0 0 0 

1 0.10 0.25 0.40 
2 0.15 0.35 0.45 
9 0.20 0.45 0.50 
4 0.25 0.55 0.60 
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Expected Market Penetration 
Millions of Dollars Spent Medial Media 2 Media 3 


5 0.30 0.65 0.70 
6 0.35 0.75 0.80 
F 0.40 0.85 0.90 


Use dynamic programming to determine how to allocate the $7 million 
to maximize the expected market penetration for the entire campaign. 


A state education agency has $5 million available for allocation to three 
local school districts for improvement in early learning skills of chil- 
dren. In general, the greater the allocation to a school district, the 
higher will be the development of early learning skills, as measured 
by a standardized testing instrument. Past surveys have indicated the 
following test score measurements for various funds allocation. 


Funds Allocation 


School (millions of dollars) 

District 0 1 2 3 4 5 
1 30 50 60 70 80 90 
2 40 60 80 85 90 95 
3 45 60 75 85 95 97 


Use dynamic programming to determine the optimal allocation of 
funds for the three school districts. 

A trucking firm has a fleet of trucks, each of which has a capacity of 
15 tons. There are three types of commercial products that may be 
carried in the truck. The profit and the weight associated with a unit 
of each of the three products are shown in the following table. 


Product Profit per Weight per 

Type Unit ($) Unit (tons) 
Steel ingots 10 5 
Metal castings 12 3 
Scrap metal 7 2 


Use dynamic programming to determine the product loading com- 
bination that produces the maximum profit, subject to the truck’s over- 
all weight limitation. 
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12.1 INTRODUCTION 


Some decision-making situations involve a game 
or a contest among two or more decision makers 
who are trying to win the competition. In this 
game situation there are two or more intelligent 
opponents, each of whom tries to optimize his, 
or her, decision at the expense of his, or her, 
opponents. The game participants employ logic 
and mathematics to develop strategies for winning 
the game from their competitor(s). The process 
of determining optimal strategies in these com- 
petitive decision-making situations is the subject 
of game theory. Game theory contrasts somewhat 
with most of the other decision-making tech- 
niques we have studied in this book in that the 
latter are oriented toward an individual making 
a decision whereas the former involves two or 
more decision makers. 

Game theory was derived and developed by 
John уоп Neumann and Oskar Morgenstern and 
discussed in their classic book, Theory of Games and 
Economic Behavior (1944). Since that time, practical 
applications of game theory have been somewhat 
limited. Game theory has, however, been used in 
military planning, collective bargaining, and some 
applications involving life insurance planning. It 
has also had a major impact on the development 
of linear programming as well as influence on 
the field of decision theory. 


12.2 TYPES OF GAME 
THEORY PROBLEMS 


Game theory problems are classified according to 
the number of competitive decision makers, or 
players, involved in the game. A game involving 
two players is referred to as a two-person game; 
a game involving n players (n > 2) is called an n- 
person game. Game theory problems for games 
involving three or more players are difficult, both 
theoretically and computationally. As a result, we 
will consider only two-person games. 

Another useful way of classifying games is 
according to the total payoff from the game that 
is available to the players. A game in which the 
sum of the players’ gains and losses equals zero 
is referred to as zero-sum game. A game in which 
the gain of the first player exactly equals the loss 
of the second player is called a two-person, zero- 
sum game. This type of game is very useful for 
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demonstrating the use of game theory, and we 
will employ it in our subsequent discussions. 
There are also games in which the sum of the 
players’ gains and losses does not equal zero, and 
these games are denoted as non-zero-sum games. 
They are difficult to analyze, both theoretically 
and computationally, and will not be considered 
further. 

A final way of classifying games involves the 
strategies that are employed by the players in the 
game. In certain games the strategy each player 
follows will always be the same, regardless of the 
other player’s strategy. This type of result is 
referred to as a pure strategy. Pure strategies 
exist only when the solution to the game has an 
equilibrium state, or saddle point. In a game that 
does not have a saddle point, the players will play 
each strategy for a certain percentage of the time. 
This type of result is called a mixed strategy. We 
will illustrate both pure-strategy and mixed-strat- 
egy games in our subsequent discussions. 


12.3 TWO-PERSON, ZERO-SUM 
GAMES WITH PURE STRATEGIES 


To begin our discussion of game theory, we will 
consider a two-person, zero-sum game. Assume 
that we have a situation in which player A is a ski 
resort developer who is attempting to buy, or 
lease, an existing ski resort from its owner, player 
B. Assume further that player A has two invest- 
ment strategies, both of which are related to 
attempting to control all or part of the ski resort. 
For player A, strategy A, involves the investment 
of $3,000,000, whereas strategy Ay involves the 
investment of $1,500,000. We assume further that 
the owner of the ski resort, player B, also has two 
strategies. Using strategy B,, she can sell all or 
part of the ski resort to the developer; under 
strategy By, she can lease all or part of the ski 
resort to the developer. The payoffs from this 
game are assumed to be the net present values 
of the incomes that result from the combinations 
of the strategies selected by the two players. 

In this game situation it is also assumed that 
each player is aware of the exact payoffs that 
result from every combination of investment strat- 
egies for the two players. Each payoff is a constant 
dollar amount, and this constant dollar amount 
is assumed to have exactly the same utility to each 
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TABLE 12.1 PLAYER А5 PAYOFF MATRIX 


Player B’s 
Strategies 


Player A’s 

Strategies 
A, (invest $3,000,000) 
А» (invest $1,500,000) 


player. Additionally, if player A obtains a payoff, 
then player B must lose this same payoff. So, we 
have a zero-sum game in which the sum of A’s 
positive payoffs (gains) and B’s negative payoffs 
(losses) is equal to zero. 

Table 12.1 is a payoff matrix for player A. By 
convention, payoffs are shown for only one of the 
game players (player A, for this example). A 
positive number means that player A gains and 
player B loses. A negative number means that 
player B gains and player A loses. 

This payoff matrix involves а pure-strategy 
game. Consequently, the strategy that each player 
adopts will always be the same, regardless of the 
others player's strategy, and the game will have a 
saddle point. 

The strategies for players A and B and the 
game’s saddle-point solution can be determined 
as follows: 


1. Player A will always select strategy Aj, since 
the worst payoff for selecting strategy A, is 
$5,000,000 and the best payoff for selecting 
strategy A» is $2,500,000. 

Player B has perfect knowledge of the game's 
outcomes (payoffs). Therefore, player B will 
always select strategy Bı. Why? Because by 
selecting strategy B, she will lose $5,000,000, 
whereas, if she selects strategy B», she will lose 
$6,000,000. 


(Sell Ski 
$5,000,000 
2,500,000 


B B, 
(Lease Ski Resort) 
$6,000,000 


- 1,000,000 


1 
Resort) 


3. Both players will follow a pure strategy, and 
this game has a saddle point. The numerical 
value of the saddle point is the payoff, or 
outcome of the game, in this situation. This 
numerical value is $5,000,000, which is the 
value of the intersection of player A’s pure 
strategy (i.e., A,) and player B's pure strategy 
(i.e., B;). 


Тһе saddle-point solution to this problem is 
summarized in Table 12.2. The value of the game 
is the average, or expected, value of the outcome 
of the game if the game is played an infinite 
number of times. In this game, the value of the 
game is $5,000,000. 


12.3.1 THE MINIMAX AND 
MAXIMIN CRITERIA 


The minimax and maximin criteria can be applied 
to a two-person, zero-sum game with a pure 
strategy. Use of these criteria will result in a 
saddle-point solution. 

Applying the maximin criterion to the game 
presented earlier in Table 12.1, player A is con- 
sidered to be pessimistic and therefore selects a 
strategy that maximizes the gains from among 
the minimum possible payoffs. Conversely, player 
B is considered to be optimistic and therefore 


TABLE 12.2 SADDLE-POINT SOLUTION 


Player B’s 

Strategies 
Player A’s 
Strategies 
A, (invest $3,000,000) 
А, (invest $1,500,000) 


(A's pure strategy) 


Saddle point 


B, 
(Sell Ski Reso 
$5,000,000 
2,500,000 


В; 
(Lease Ski Resort) 


$6,000,000 
— 1,000,000 


) 


(B's pure strategy) 
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TABLE 12.3 MINIMAX AND MAXIMIN CRITERIA EXAMPLE 


Player B’s 
Strategies 


Player A’s 
Strategies 


В, 
(Sell Ski 
Resort) 
$5,000,000 
2,500,000 


Saddle point 


Minimum of 
Player A’s Row 


В, 
(Lease Ski 


Resort) Gains 
$6,000,000 $5,000,000 
— 1,000,000 — 1,000,000 


Maximum of Player 
B’s Column Losses 


selects a strategy that minimizes the gains from 
among the maximum possible losses or uses a 
minimax criterion. 

To illustrate, consider our previous example, 
which has been reproduced as Table 12.3, with 
an additional column showing the minimum value 
of player A’s row gains and additional row show- 
ing the maximum value of player B’s column 
losses. 

In Table 12.3 player A applies the maximin 
strategy by identifying the smallest gain for each 
of his two strategies (A, and Ay). Then, player А 
selects the maximum gain from among these 
minimum values. The maximum among the two 
minimum gains is $5,000,000, so strategy A, is 
selected. Conversely, player B applies the mini- 
max strategy by identifying the largest loss for 
each of her two strategies (B, and B,). Then, 
player B selects the minimum loss from among 
these maximum values. The minimum among the 
two maximum losses is $5,000,000, so strategy B, 
is selected. 

The analysis of the strategies selected by players 
Aand B indicates that we have obtained a solution 
that achieves the objectives for both players (i.e., 


$5,000,000 


$6,000,000 


maximin for player A and minimax for player B). 
Each player again has a pure strategy that results 
in a saddle-point solution. It must be stressed, 
however, that the maximin (minimax) criterion 
leads to the optimal solution for each players as 
long as each of the players adheres to these 
strategies. 


12.4 TWO-PERSON, ZERO-SUM 
GAMES WITH MIXED STRATEGIES 


When a game does not have a saddle point, each 
player must play each strategy a certain percent- 
age of the time. This type of game is referred to 
as a mixed-strategy game. 

To illustrate a two-person, zero-sum game with 
mixed strategies, consider the following situation. 
Two companies are competing in the same in- 
dustry and are contemplating making capital in- 
vestments to achieve a technological advantage. 
Both companies can make either “major” or “mi- 
nor” capital investments. Based on the levels of 
its various capital investments, company X will 
increase or decrease its share of the market for 


TABLE 12.4 COMPANY X'S PAYOFF MATRIX 


Company Y’s 


Strategies 
Company X’s Ү, ү, 
Strategies (Minor Investment) (Major Investment) 
X, (minor -3% 5% 
investment) 
X; (major 4 2 


investment) 
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the industry, depending on the levels of the 
various capital investments made by company Y. 

The payoff matrix for this situation is shown 
in Table 12.4. In this payoff matrix, the payoffs 
are in percentages and represent increases in 
market shares for company X. 

Observe that in this payoff matrix there is no 
numerical value that satisfies both conditions nec- 
essary for a saddle point. For example, while 4 
percent is the largest value in column 1, it is not 
the smallest value in row 2. Similarly, while 5 
percent is the largest value in column 2, it is not 
the smallest value in row 1. We cannot obtain a 
saddle-point solution, so we do not have a pure- 
strategy game. 

Several methods exist for solving mixed-strat- 
egy games. We now illustrate three such methods: 
(1) the expected gain and loss method, (2) the 
linear programming method, and (3) the graph- 
ical method. 


12.4.1 SOLVING MIXED-STRATEGY 
GAMES USING THE EXPECTED 
GAIN METHOD 


Solving a two-person, zero-sum game with a mixed 
strategy involves determining the fraction of time 
each strategy should be employed to maximize 
gains or minimize losses. Each player attempts to 
formulate a strategy that is indifferent to the 
opponent's selection of a strategy. This is accom- 
plished by selecting each strategy a certain per- 
centage of the time in a manner that the player's 
expected gains (or expected losses) are equal 
regardless of the strategy selected by the oppo- 
nent. This is equivalent to specifying a certain 
probability for the selection of a strategy. 

'To determine this probability we reason that 
company X will select strategies X, or X» such 
that its expected gains are equal regardless of 
company Y's selection of strategies Y, or Үҙ. For 
example, if company Y selects strategy Y,, the 
possible payoffs for company X are —3 percent 
and 4 percent. If company X selects strategy X, 
with a probability of p, and therefore selects 
strategy X, with a probability of (1 — p), its 
expected gains are: 

p (739) + (1 = p) (4%) 
= company X's gain-strategy Y, 


Alternatively, if company Y selects strategy Y», 


(12-1) 


company X's expected gains are: 


p (5%) + (1 — p) (2%) 
= company X's gain-strategy Y, 


For company X to be indifferent to the strategy 
selected by company Y, the expected gain of 
company X for each of the two possible strategy 
selections for company Y must be equal. We 
equate the two gains and solve for p, as follows: 


Company Y Selects 
Strategy Y, 


p (—3%) + (1 — p) (4%) = p (5%) + (1 = p) (296) 
—0.03p + 0.04 — 0.04p = 0.05p + 0.02 — 0.02p 
0.1р = 0.02 

р = 0.2 

1-р-08 


Company Ү Selects 
Strategy Y; 


(12-3) 


Consequently, company X would select strategy 
X, 20 percent of the time and strategy X, 80 
percent of the time. This will result in the same 
expected gain, regardless of the strategy selected 
by company Y. 

Company Y would determine the probabilities 
for its strategies, Y, апа Ys, by equating the 
expected losses for company X selecting strategy 
X, to company X selecting strategy Ху. This would 
be done as follows: 


Company X Selects 
Strategy X, 


q(-39) + (1 - 4) (5%) 
-0.034 + 0.05 — 0.054 


Company X Selects 
Strategy X; 


q (4%) + (1 — q) (2%) 
0.04q + 0.02 — 0.027 


0.14 — 0.03 
4- 0.3 
1 -q = 0.7 (12-4) 


Therefore, company Y would select strategy Y, 
30 percent of the time and strategy Y» 70 percent 
of the time. This would result in the same ex- 
pected loss, regardless of the strategy selected by 
company X. 

In this game there is a common value for each 
of the two companies that exists in terms of the 
expected value of the game. These expected 
values are computed as follows: 

Company X's expected gains: 


If company Y selected strategy Y;: 


(0.2) (—3%) + (0.8) (4%) = 2.6% (12-5) 
If company Y selects strategy Y»: 
(0.2) (5%) + (0.8) (2%) = 2.6% (12-6) 


494 


Company Y’s expected gains: 
If company X selects strategy X;: 


(0.3)(-3%) + (0.7) (5%) = 26% (12-7) 
If company X selects strategy Xo: 


(0.3) (4%) + (0.7) (2%) = 2.6% (12-8) 


The mixed-strategy solution results in an ex- 
pected game value of 2.6 percent, which is the 
expected long-term result. However, it should be 
stressed that in any one decision, each company 
would have to select one particular strategy. In 
this decision, the outcome, or payoff, from the 
game would favor one of the companies. 


12.4.2 USING LINEAR PROGRAMMING 
TO SOLVE MIXED-STRATEGY GAMES 


Linear programming is a very effective method 
for solving mixed-strategy games. To illustrate its 
use we will now apply it to the mixed-strategy 
game previously discussed. 

The payoff matrix shown in Table 12.4 can be 
used to derive two linear programming models, 
one for company X and one for company Y. Each 
linear programming model is then used for de- 
termining the appropriate mixed strategy for that 
game participant (company). 

Considering first the formulation of the linear 
programming model for company X, the decision 
variables can be defined as the probabilities as- 
sociated with the occurrences of strategies X, and 
X», namely: 


hi 

ГА 
In terms of the expected gain solution approach 
previously discussed, the current decision variable 
pı corresponds to p, and the current decision 
variable p, corresponds to (1 — р). Therefore, we 
formulate a set of two constraints for the two 
strategies that company X can follow, namely: 

Company X's expected gains: 


il 


the probability of occurrence of strategy X, 
the probability of occurrence of strategy X, 


D 


Company Y selects strategy Y;: 


—0.03p, + 0.045, = V (12-9) 
Company Y selects strategy Үз: 
0.05p, + 0.020, = V (12-10) 


Game Theory 


where V is the value of the game, the expected 
or average gain for company X. Note that we 
have used greater-than-or-equal-to inequalities 
for these two constraints because company X is 
trying to maximize its gains. 

To complete the constraint set for this linear 
programming model, we need a constraint that 
reflects the fact that the probabilities must sum 
to 1.0, namely: 


pi + ps = 1.0 (12-11) 


The player’s agent will seek to maximize the 
value of its gains, V, in this situation. Therefore, 
the objective function for the problem can be 


written as: 
Maximize (company X’s gains) = У (12-12) 


The complete linear programming formula- 
tion can now be written as: 


Maximize Z = V (12-13) 


subject to: —0.03p, + 0.04р = V 
0.05р, + 0.095, = V (12-14) 
ht Ра 1.0 
with pnpa V= 0 (12-15) 


The linear programming module in the Quan- 
titative Systems for Business' software can be used 
to solve this game theory problem. The input 
data for the problem are shown in Fig. 12.1. 

The output data for this problem are shown 
in Fig. 12.2. As can be seen in this output data, 
pi = 0.2, p; = 0.8, and V = 2.6%. These results 
are, of course, exactly the same as those obtained 
using the expected gain and loss method. 

A similar model can be derived and solved to 
determine the mixed strategy for company Y. For 
this linear programming model the decision vari- 
ables can be defined as the probabilities associated 
with the occurrences of strategies Y; and Yo, 
namely: 


qı = the probability of occurrence of strategy Y, 
qz = the probability of occurrence of strategy Y; 


In terms of the expected gain solution approach 


ccr t MEM em 
'Yih-Long Chang and Robert S. Sullivan, Quantitative 


Systems for Business (Englewood Cliffs, N.J.: Prentice Hall, 
1986). 
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Input Data—Game Theory Problem 


Input Data of The Problem GAME THEORY LP Page: 1 
Max +П PL +0 Pe +1.00000V 
Subject to 
(1) -.030000P1 +.040000Pe -1.00000V r +0 
(2) +.0S0000P1 -.020000Р2 -1.00000V r +0 
(3) +1.00000P1 +1.00000Pe +0 V = «1.00000 
FIGURE 12.1 
previously discussed, the current decision variable ав: 


qı corresponds to 4, and the current decision 

variable дә corresponds to (1 — q). Consequently, 

we can formulate a set of two constraints for the 

two strategies that company Y can follow, namely: 
Company Y's expected losses: 


Company X selects strategy Xı: 


—0.03q, + 0.054. = V (19-16) 
Company X selects strategy X»: 
0.049, + 0.029, = V (12-17) 


where V is the value of the game, the expected 
or average loss for company Y. Note that we have 
used less-than-or-equal-to inequalities for these 
two constraints because company Y is trying to 
minimize its losses. 

To complete the constraint set for this linear 
programming model, we need a constraint that 
reflects the fact that the probabilities must sum 
to 1.0, namely: 


qı + 42 = 1.0 (12-18) 


Management will seek to minimize the value 
of its losses, V, in this situation. Therefore, the 
objective function for the problem can be written 


Minimize (company Y's losses) = V (12-19) 


The complete linear programming formulation 
can now be written as: 


Minimize Z = V (12-20) 
subject to: —0.034, + 0.054. = V 
0.044, + 0.029, = V (12-21) 
Ф% q2= 10 
with 4.4. V20 (12-22) 


Solving this problem, using the simplex 
method, produces the following results: 


4-03 
4: = 0.7 (12-23) 
V = 2.6% 


These results are, of course, the same as those 
obtained using the expected gain and loss method. 

Observe further that these two linear program- 
ming formulations are duals of each other. Since 
they are duals of each other, they must have the 
same objective function value, provided, of course, 
that they do have feasible solutions. 

The linear programming method offers a num- 


Output Data—Game Theory Problem 


ZDDDDDDDDDDD 


Ei Summarized Results for GAME THEORY LP 
FMMM MM MM M MMM MM O MM MM MMM MMM MOMMMMA MMM MMM 


Jopportunity: 
: No. Names 


3 Variable 3 


3 No. Names 3 Solution 3 Cost 


DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD 2 


Page: 1 3 


KMMMMNMMMMMHMMMONMMMMMMMMMQNMMMMMMMMMMMMS 


3Opportunity 3 
Cost 2 


Variable 3 
3 Solution J 


FHMMMMMMMHHHHHXHHHHMHMMMXHHHHHHHHMHMNMMHHNHHHHMHMMXHMHMHHHMHH XHHHMMMMMMMHMS 


31 Pl 3-.800000003 1 
dum РӘ 3-.800000013 0 
2,43 ү 3+.02ь000003 0 


@рррррррррррррррррррррррррр 
FIGURE 12.2 


03-.30000001 3 
o3+.69999999 3 
03+.02ь00000 3 


51 2 
Se 2) 
АЗ 3 


FHMMMMMMMHHHHHOHMHHMHMMHHONHHHNHNHHHMJNMHHHMMNMHHHHHONMM MHH MH MOMHHHHMHM HH M H5 


3 Maximized OBJ. function 
DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDY 


= .Пгь Iters. = 3 3 
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ber of advantages іп comparison to the expected 
gain and loss method. Foremost among these 
advantages is the fact that it can be used for games 
of any size (i.e., games larger than 2 x 2), and 
this is а major advantage. Second, computer 
programs for solving linear programming prob- 
lems are readily available, so solving for the 
appropriate mixed strategy can be accomplished 
without resorting to tedious hand computations. 

One cautionary note concerning the use of the 
linear programming approach is in order. It will 
work only if the value of the game, V, is positive, 
since the nonnegativity restrictions require that 
V > 0. One way around this problem, if one sus- 
pects that the value of the game is negative, is to 
let V be an unrestricted variable, that is, set V — 
V' — V" where V' > 0, V" > 0 (refer back to 
Chapter 3, Section 3.6.2 for further discussion of 
this process). 


12.4.3 SOLVING MIXED-STRATEGY 
GAMES GRAPHICALLY 


A very simple graphical approach can be used to 
solve mixed-strategy games when one, or more, 
of the players has only two possible strategies 
from which to choose. To illustrate the graphical 
solution procedure we will again consider our 
example involving the two companies considering 
an investment in technology. We will address the 


Game Theory 


problem from the viewpoint of company X, letting 
the mixed strategies be (хі, хә) where x» = 1 — 
xj. We want to solve for the optimal value of хі, 
and this can be done by plotting the expected 
payoff for each of company Y's strategies as a 
function of ху. This graph can then be used to 
identify the point that maximizes the minimum 
expected payoff for company X. 

Referring back to Table 12.4, for each of the 
two strategies available for company Y, the ex- 
pected payoff for company X would be: 


Company Y's Expected Payoff 
Strategies to Company X 
Y, —0.03x, + 0.04(1 — xı) 
Ys —0.05x, + 0.02(1 — xi) 


Next, we plot these expected payoff equations 
(i.e., straight lines) as shown graphically in Fig. 
12.3. The expected payoff for company Y's strat- 
egy Y; is: 

—0.03x, + 0.04(1 = xj) 
= —0.03x, + 0.04 — 0.04x, 
= —0.07x, + 0.04 or -7x,*4 


(12-24) 


The expected payoff for company Y's strategy Y» 
is: 


0.05x, + 0.02(1 = xi) 
0.05x, + 0.02 — 0.2x, 
0.03x, + 0.02 or 3x, + 2 


(12-25) 


1 


3x, +2 


4% Optimal solution: x, = 0,2 


3% 
v= 2.6% 
ғ 2% 
& 
IBN AN 
© % 
= 
02 03 
а, 
P Sos 
ш 
-3% 
-4% 


04 0.5 


06. 07 08 09 10 x, 


-7х|%4 


FIGURE 12.3 GRAPHICAL SOLUTION—COMPANY Х 


Dominated Strategies 


As can be seen from Fig. 12.3, the optimal 
value of x, is found at the intersection of the two 
payoff equations, which are plotted as straight 
lines. This value is x, = 0.20, so (хі, хз) = (0.2, 
0.80) is the optimal mixed strategy for company 
X. The value of the game is: 


V = —7x, +4 or 3x, +2 
= —7(0.20 + 4 or 3(0.20) +2 (12-26) 
= 2.6% 


This value can also be read directly from Fig. 
12.3. 

То determine the optimal solution graphically 
for company Y, we begin by letting company Y's 
mixed strategies be (у, уз), where у, = 1 — у. 
For each of the two strategies available for com- 
pany X, the expected payoff for company Y would 
be: 


Company X’s Expected Payoff to 
Strategies Company Ү 
Xi —0.03y, + 0.05(1 — у) 
% 0.04y, + 0.02(1 — ») 


Next, we plot these expected payoff equation 
(i.e., straight lines) as shown graphically in Fig. 
19.4. Тһе expected payoff for company X's strat- 
egy X, is: 


—0.03y, + 0.05(1 = у) 
—0.03y, + 0.05 - 0.05), 
-0.08у, + 0.05 or -8у, + 5 


(12-27) 


3% 
м v = 2.6% 
2 2% 
8 
5 1% 
o 
1 
= 
S 
& -і% 
1 a 
ж 
ш 


Optimal solution: y, = 0.3 
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The expected payoff for company X's strategy 
X; is: 
0.04y, + 0.02(1 = у) 
= 0.04y, + 0.02 + 0.02y, 
= 0.02y, + 0.02 ог 2y, + 2 


(12-28) 


As can be seen from Fig. 12.4, the optimal 
value of y, is found at the intersection of the two 
payoff equations, which are plotted as two straight 
lines. This value is y, = 0.30, so (yı, уз) = (0.30, 
0.70) is the optimal mixed strategy for company 
Y. The value of the game is: 


V= -8y, + 5 or 
-8(0.30) + 5 
2.6% 


2y, + 2 


or 2(0.30) + 2 (12-29) 


This value can also be read directly from Fig. 
12.4. 

The solutions we have obtained graphically 
are, of course, the same as those we obtained 
earlier using the expected gain and loss method 
and the linear programming method. The graph- 
ical method is an instructive way of solving two- 
person, zero-sum games with mixed strategies. 
However, it only can be used to solve this type of 
game, and therefore, it has limited applicability. 


12.5 DOMINATED STRATEGIES 


If dominated strategies exist in a game theory 
problem they can be eliminated because they 
would never be played. Consequently, a (domi- 


2y, +2 


FIGURE 12.4 GRAPHICAL SOLUTION—COMPANY Y 
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TABLE 12.5 PAYOFF MATRIX: 
DOMINANCE EXAMPLE 


Player B’s 
Strategies 
Player A’s 
Strategies В, В, В, 
А, T2 4 5 
As Os 6 
А, >5 Lr Fa 


nated) strategy for a player can be eliminated if 


that player has another strategy that will always 
produce as good, or better, payoffs. A game whose 
size has been reduced by applying the principle 
of dominance can be solved by using either a 
mixed or pure strategy. 

To illustrate the principle of dominance, con- 
sider the payoff matrix shown in Table 12.5. 

For player A’s strategies we employ the domi- 
nance rule on a row-by-row basis. This means 
that we look for a row in which every value in 
the dominating row is equal to, or greater than, 
the corresponding value in the dominated row. 
Applying the dominance rule for rows to Table 
12.4, we see that row 3 (i.e., strategy Аз) is 
dominated (by strategy А |), so it can be eliminated. 
The reduced payoff matrix with strategy A, elim- 
inated is shown in Table 12.6. 

Using this new payoff matrix we can now apply 
the principle of dominance for player B’s strate- 
gies. Using the dominance rule on a column-by- 
column basis we look for a column in which every 
value in the dominating column is equal to, or 
less than, the corresponding value in the domi- 
nated column. Applying the dominance rule for 
columns to Table 12.6, we see that column 3 (i.e., 
strategy Вз) is dominated (by strategy В), so it 
can be eliminated. The (further) reduced payoff 
matrix with strategy B, eliminated is shown in 
Table 12.7. 


TABLE 12.6 PAYOFF MATRIX: 
STRATEGY A4 ELIMINATED 


Player B's 
Strategies 


Player A's 
Strategies 
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TABLE 12.7 PAYOFF MATRIX: 
STRATEGY А; AND В; 
ELIMINATED 

Player B's 
Strategies 


Player A's 
Strategies 


The payoff matrix shown in Table 12.7 is a 
mixed-strategy game. It can be solved using the 
linear programming method. The mixed strate- 
gies for the two players and the value of the game 
are: 


Player A Player B 

Play strategy A, 4 Play strategy B, $ 

Play strategy Ay $ Play strategy B; $ 
У--і V= -į 


12.6 CONCLUSION 


Game theory is useful in decision-making situa- 
tions involving two or more persons in a compet- 
itive environment. It provides a framework for 
improving our understanding of the logic that 
these competing players use as they determine 
either pure or mixed strategies applicable to a 
particular game. 

Game theory applications have not been prom- 
inent in the field of management science. This 
has been true for several reasons. First, the de- 
termination of the appropriate values for the 
payoff matrix is often very difficult. Second, games 
having more than two players are difficult to 
analyze and solve. Third, the zero-sum assump- 
tion is not a very good assumption for many 
games, and this further complicates the analysis. 
Finally, game theory is based on a rationality 
assumption for its players, and this is another 
major limitation. 

In spite of its limitation, game theory is an 
interesting area and is particularly helpful in 
enabling us to understand better the thought 
processes between competing individuals. It will 
continue to be the focus of applications work 
involving collective bargaining and planning de- 
cisions. 
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Case Study: The Avranches Gap Situation 


The Avranches Gap situation provides an example of the application of 
game theory to a military decision-making problem. It arose in World War 
IL, shortly after the Allied invasion of Normandy. In this situation, the 
opposing armies жеге arrayed across northwestern France as shown in Fig. 
12.5. 

General Omar Bradley was in charge of the Allied forces in this situation. 
His basic strategic problem was that of what to do with the reserve of four 
U.S. divisions just south of the gap in his line, which was at the small French 
town of Avranches. 

Bradley considered three courses of action: (1), to order his reserve back 
to defend the gap; (2) to send it eastward to harass or possibly cut off 
withdrawal of the German Ninth Army; or (3) to leave it in position and 
uncommitted for one day, moving it to the gap if necessary or eastward if 
the gap were to be held without reinforcement. 

The German commander, General von Kluge, had two logical choices 
of action: (1) to attack toward the west to penetrate to the sea to secure his 
west flank and cut off U.S. forces south of the gap or (2) to withdraw to 
the east to take up a more tenable defensive position near the Seine River. 

With two courses of action for von Kluge and three for Bradley, six 
different battles could result. Bradley could select the row, von Kluge the 
column. The two independent choices would determine how the forces 
would meet on the battlefield. 

Bradley and von Kluge now had to visualize the probable outcome of 
each of these six battles. The outcomes resulting from the interactions 
among the strategies of the two opponents are presented in Table 12.8. 

How does Bradley compare these possible outcomes? Before he could 
judge which was better and which was worse, he had to establish his order 
of preference for these outcomes. Such an order of preference, from best 
to worst from the Allied point of view, was (1) gap holds, possible German 
encirclement; (2) strong pressure on German withdrawal; (3) moderate 

ressure on German withdrawal; (4) weak pressure on German withdrawal, 
(5) gap holds; and (6) gap cut. In Table 12.9, the original payoff matrix is 
reconstructed using cardinal numbers. 
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TABLE 12.8 PAYOFFS: AVRANCHES САР PROBLEM 
German 
Strategies 


Allied 
Strategies 


Strategy 1: Strategy 2: 
Attack Gap Withdraw 


Weak pressure on 
German withdrawal 


Strategy 1: Reserve rein- 
force gap 

Strategy 2: Order reserve 
eastward 

Strategy 3: Hold reserve 

in place one day, to rein- 

force gap if necessary or 

strike eastward 


Gap holds 


Gap cut Strong pressure on 
German withdrawal 


Gap hold, possi- Moderate pressure оп 
ble German German withdrawal 
enrichment 


Having established an order of preference, Bradley could proceed to 
compare his alternative courses of action. Under the U.S. doctrine of de- 
cision making, he desired to select the one that offered the greatest promise 
of success in view of the Germans’ opposing capabilities. This was equivalent 
to using a maximin strategy. 

Holding his reserve in position for one day to defend the gap if needed 
or to strike eastward, Bradley assured an outcome at least as favorable as 
moderate pressure on German withdrawal. With his other strategies, Brad- 
ley recognized that he had to accept the possibility of a less favorable out- 
come. Bradley adopted the third strategy, as shown in Table 12.9. 

'The German general, von Kluge, on the other hand, assured a more 
preferable outcome by deciding to withdraw, which was his minimax po- 
sition. This is also shown in Table 12.9. 

As we observe, both sides should have employed a pure strategy, resulting 
in a saddle-point solution. Hitler, however, ordered von Kluge to attack 


TABLE 12.9 PAYOFFS—CARDINAL NUMBERS ASSIGNED TO ALLIED ORDER OF 


PREFERENCE 


Allied 
Strategies 


Strategy 1: 
Strategy 2: 


Strategy 3: 


German 
Strategies 


Have reserve reinforce gap 
Order reserve eastward 
Hold reserve in place one day, 


to reinforce gap if necessary 
or strike eastward 


Strategy 1: Strategy 2: 


Withdraw 


Minimum of 
Allied Gains 


(saddle 


ў (Allied pure strategy) 
point) 


Losses 


Maximum of German 


(German pure strategy) 
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and close the Avranches gap. The U.S. Third Army under General George 
Patton quickly encircled the German Ninth Army. After most of his forces 
were destroyed, von Kluge committed suicide. 


Source: О. С. Haywood, “Military Decisions and Game Theory,” Operations Research, 2, по. 3 (1954): 39-48. 


Glossary of Terms 


Dominated Strategies. In game theory dominated strategies can be elim- 
inated from consideration because they would never be played. 

Game. A competitive decision-making situation involving two or more 
players, each of whom wants to win the game. 

Game Theory. The study of how optimal strategies are formulated in 
competitive decision-making situations involving two or more players 
seeking to win the game. 

Maximin Criterion. A game theory decision criterion that maximizes a 
player's minimum gains. 

Minimax Criterion. A game theory decision criterion that minimizes a 

layer's maximum losses. 

Mixed-Strategy Game. A game in which the overall strategy for a player 
involves playing each possible strategy a certain percentage of the time. 

Non-Zero-Sum-Game. A game in which the sum of the player's gains 
and losses does not equal zero. 

n-Person Game. A game that has » persons, where n > 2. 

Outcome of the Game. The numerical value of the saddle point in a 
pure strategy game. 

Payoff. The result of a player selecting a particular strategy in the game. 

Player. A decision maker in a game theory situation. 

Pure-Strategy Game. A game in which both players will always play just 
one strategy. 

Saddle-Point Game. A game that has a pure strategy solution for both 
players. 

Two-Person Game. А game that has only two players. 

Value of the Game. The expected results of the game if the game is 
played a large number of times. А 

Zero-Sum Game. A-game іп which the sum of the players’ gains and 


losses equals zero. 
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Discussion Questions 


What is meant by a zero-sum, two-person game? 

What is a pure strategy in game theory? 

What is a mixed strategy in game theory? 

. How do we go about solving a mixed-strategy game? 

What is a saddle point in game theory? 

Explain how dominance is used in game theory. 

What are some of the difficulties associated with using game theory? 
What are some of the benefits associated with game theory? 
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Problem Set 


1. Determine the strategies for players X and Y in the following game. 
Also indicate the value of the game. 


Player Y’s 
Strategies 


Player X’s 
Strategies 


2. Determine the strategies for players A and B in the following game. 
Also indicate the value of the game. 


Player B’s 
Strategies 


Player A’s 
Strategies 


3. Given the following payoff matrix, determine each player's strategy 
and the value of the game. 


Player R’s 
Strategies 
Player Q's 
Strategies 


о, 


- $10,000 
30,000 


810,000 
15,000 


Problem Set 


4. 


Given the following payoff matrix, determine each player's strategy 
and the value of the game. 


Player F's 
Strategies 


Player E's 
Strategies 


Burger Giant and Taco Grande are competing for a larger share of 
the fast-food market in Irmo, South Carolina. Both are contemplating 
the use of promotional coupons. If Burger Giant does not spend any 
money on promotional coupons, it will not lose any share of the market 
if Taco Grande also does not spend any money on promotional cou- 
pons. Burger Giant will lose 4 percent of the market, however, if Taco 
Grande spends $2500 on coupons, and it will lose 6 percent of the 
market if Taco Grande spends $3000 on coupons. If Burger Giant 
spends $2500 on coupons, it will gain 3 percent of the market if Taco 
Grande spends $0, it will gain 2 percent of the market if Taco Grande 
spends $2500, and it will lose 1 percent of the market if Taco Grande 
spends $3000. If Burger Giant spends $3000, it will gain 5 percent of 
the market if Taco Grande spends $0, it will gain 3 percent of the 
market if Taco Grande spends $2500, and it will gain 2 percent of the 
market if Taco Grande spends $3000. 
(a) Develop a payoff table for this game. 
(b) Determine the strategies that Burger Giant and Taco Grande should 
use. 
(c) What is the value of the game? 


Given the payoff matrix shown in Table 12.7, formulate the linear 

programming model to determine the mixed strategies to be employed 

by player A. 

(a) Solve this model using the decision variable V, where V 2 0. Explain why 
this does not work. 

(b) Reformulate and solve this model allowing the decision variable V to be 
unrestricted in sign (i.e., use V = V' — V^, where V' = 0, V" = 0). 


Determine the saddle point and the value of the game having the 
following payoff matrix. The payoffs are expressed for player A. 


Player 
B's Strategies 


Consider the following payoff matrix. The payoffs are expressed for 


player A. 
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Game Theory 


Player 
B’s Strategies 


Player 
A’s Strategies 


(a) Apply the principle of dominance to this payoff matrix. 
(b) Determine player A's optimal mixed strategy. 

(c) Determine player B’s optimal mixed strategy. 

(d) What is the value of this game? 


Consider the following payoff matrix. The payoffs are expressed for 
player Y. 


Player 
78 Strategies 


(a) Apply the principle of dominance to this payoff matrix. 

(b) Determine player Y's optimal mixed strategy. 

(c) Determine player Z's optimal mixed strategy. 

(d) What is the value of this game? 

Determine the strategy to be used by management and the expected 
value of the game. 

Speedy Running Shoe Company is currently involved in wage nego- 
tiations with its union. Since the management of the company and its 
union cannot agree, they have called in a mediator. With advice from 
both parties, the mediator has constructed the following payoff matrix, 
in which plus figures are hourly wage increases and minus figures are 
hourly wage reductions. Both sides have agreed that the figures are 
accurate. You have been called in as a consultant by management to 
determine its strategy and the expected value of the game. 


Management 


Strategies 
М, + $0.40 +$0.35 + $0.22 +$0.02 
M; * 0.35 * 0.32 * 0.05 * 0.01 
м, + 0.25 + 0.16 + 0.03 - 0.01 


+ 0.17 + 0.18 0.00 - 0.05 


Banana Company and АВМ Company аге two large mic rocomputer 
manufacturers who basically control the personal computer market. 


Problem Set 


12 


As they consider their plans for the forthcoming model year they 
realize that they both have three major options. 


Make no changes to microcomputer. 
Make minor changes to microcomputer. 
Make major changes to:microcomputer. 


Тһе resultant market share changes from various combinations of 
these options for the two competing companies are summarized in the 
following table. Plus percentages are gains while minus percentages 
are losses for Banana Company. 


ABM 
Options 


No Minor Major 
Changes Changes Changes 
+1% -4% -8% 
%5% %1% -5% 
-1% 


Вапапа 
Options 


No changes 
Minor changes 


Major changes 


(a) Determine the mixed strategy that should be followed by Banana Com- 


any. 

(b) даса the mixed strategy that should be followed by ABM Company. 
South Carolina is playing Clemson football. South Carolina utilizes two 
basic offenses, the veer and the pro-set, while Clemson utilizes three 
defenses, a 5-4-2, 6-3-2, and 8-3. The number of points that South 
Carolina expects to score against Clemson has been estimated from 
past games, and is shown in the following table. 


Clemson 
Defenses 

South Carolina 

Offenses 


Veer 


5-4-2 6-3-2 8-3 


Pro-set 


Determine the mixed strategies for each team and the points South 
Carolina State expects to score. 
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13.1 INTRODUCTION 


Waiting lines, or queues, аге а common occur- 
rence both in everyday life and in a variety of 
business and industrial situations. The formation 
of waiting lines occurs whenever the demand for 
service from a facility exceeds the capacity of that 
facility. Examples of common waiting-line situa- 
tions are presented in Table 13.1. 

If the demands to be placed on a service facility 
were known in advance and could be accurately 
predicted, it would be a relatively simple chore to 
schedule the service facility in an efficient manner. 
However, it is often very difficult to predict ac- 
curately when units will arrive for service and/or 
how much time will be required to provide the 
needed service. Consequently, waiting-line, or 
queueing, theory can be categorized by the fol- 
lowing characteristics: 


1. Customers, or arrivals, that require service. 


2. Uncertainty concerning the demand and the 
timing of the demand of the customers. 


3. Service facilities, or servers, that perform the 
service operation. 


4. Uncertainty concerning the time duration of 
the service operation. 


5. Uncertainty concerning the behavior of the 
customers as they arrive for service and/or 
wait in the queue. 


Waiting Line Models 


Based on these five characteristics the objective 
of queueing theory becomes the provision of an 
adequate but not excessive service facility. Provid- 
ing too much service to the extent that the service 
facility is often idle or empty represents an in- 
currence of unnecessary costs, namely, the direct 
cost of idle employees or the loss associated with 
poor employee morale resulting from being idle. 
Conversely, excessive waiting has a cost in terms 
of customer frustration and loss of goodwill. Thus, 
the goal of waiting-line modeling is the achieve- 
ment of an economic balance between the cost of 
the service and the cost associated with the wait 
required for that service. The relationship be- 
tween the level of service provided, the cost of 
the service, the cost associated with the wait 
required for that service, and the total expected 
cost (1.е., the sum of the service cost and the 
waiting cost) is shown graphically in Fig. 13.1. 

Before we proceed to explore some of the 
more common types of queueing models, we 
should note that there is virtually an infinite 
number of such models that can be derived. This 
is true because of the uncertainty that exists, both 
for the arrivals and for the operation of the service 
facility. Since these two stochastic elements of 
queueing models can be described by myriad 
probability distributions, an extremely large num- 
ber of queueing models results. New types of 
queueing models are being derived constantly; 


TABLE 13.1 COMMON WAITING-LINE SITUATIONS 


Arrivals 


Patients 


Situation 


Doctor's office 


Movie theater box 
office 


"Traffic intersection 


Movie patrons 


Automobiles 


Port Ship 

Garage Automobiles 

Registrar's office Prospective 
students 

Pizza restaurant Hungry people 

Airport Airplanes 


Service 
Servers Mechanism 
Doctor and Medical care 
nurses et 


Ticket seller Ticket selling 


Traffic signal Movement through 
intersection 

Unloading and 
loading ships 


Dock workers 


Repairpersons Repair automobile 

Registration Registration of 

clerks students 

Pizza makers Make and serve 
pizzas 


Runways, gates, Airplane arrivals 


and terminal and departu res 
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Total cost 


Expected cost 


Service cost 


Level of service 


FIGURE 13.1 SERVICE LEVEL-COST RELATIONSHIPS— 
QUEUEING ANALYSIS 


consequently, we shall survey only some of the 
more important and useful results that have been 
obtained. Our focus will be on the applicability 
of the results of queueing theory rather than on 
its rigorous mathematical framework. We will now 
proceed to discuss the basic structure of waiting- 
line models, using an example to enhance our 
understanding. 


13.2 THE BASIC STRUCTURE OF 
QUEUEING MODELS 


The First Federated Bank is located in the small 
town of Knob Noster, Missouri. The bank’s main 
facilities are located in a 5500-square-foot, one- 
Story brick building, which was built in 1890, 
Because of crowded conditions in the main facil- 
Пу, the bank of Knob Noster has hired а man- 
agement science professor from a local university 


Customers 


Input 
Process 
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as a consultant to determine whether or not to 
build a drive-in banking facility next to its main 
bank. 

In preparing a consultant report for the First 
Federated Bank of Knob Noster the professor 
began by providing a basic overview of the alter- 
native queueing models that might be developed. 
His description of these alternative queueing 
models was subdivided into three major elements, 
according to the diagram shown in Fig. 13.2. 


13.2.1 THE INPUT PROCESS 


The input process for a queueing model is con- 
cerned with the manner in which items or cus- 
tomers enter into or arrive at the queueing system. 
This input process is usually described in terms 
of two characteristics. 


1. The source of arrivals, usually referred to as 
the calling population. The size of the input 
source is either infinite or finite and represents 
the total number of potential customers who 
will require service for a given period of time. 


2. A description of the pattern of arrivals into 
the system. This pattern by which customers 
are generated over time is given by the prob- 
ability distribution of time between successive 
arrivals, or the interarrival time. 


In addition to these two characteristics, any un- 
usual features of the input process must be noted. 
For example, a customer may balk and refuse to 
enter the queueing system if the queue is too 
long. 

Generally, the size of the input source is as- 
sumed to be infinite, because the calculations 
involving an infinite-sized input source are much 
easier than those involving a finite-sized input 
source. A finite-sized calling population assump- 


Queueing System 


Queue 
Serviced 
Customers 


FIGURE 13.2 ELEMENTS OF A QUEUEING MODEL 
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tion should be employed if the rate at which the 
input source generates new customers is signifi- 
cantly affected by the number of customers in the 
queueing system. For this case, the number of 
customers within the queueing system affects the 
number of potential customers outside the system. 


13.2.2 THE QUEUE DISCIPLINE 


The queue discipline specifies the order in which 
customers entering the queueing system are 
served. Common types of queue disciplines are: 


1. First-Come, First-Served. Customers are ser- 
viced in the order in which they enter the 
queue. Standing in line to purchase tickets at 
a movie theater is an example of a first-come, 
first-served queue discipline. 


2. Last-Come, First-Served. Customers are ser- 
viced in the reverse order in which they enter 
the queue. An elevator in which people move 
to the rear as they enter is an example of a 
last-come, first-served queue discipline. 


3. Random. In this queue discipline there is no 
order of service. Question-and-answer sessions 
in televised news conferences often appear to 
be a random queue discipline. 


4. Priority. In this queue discipline there is a 
predefined rule that determines the order of 
service. For example, people with chronic 
respiratory problems may be selected first in 
the general population of a city for a flu 
inoculation. 


As with the input source, any unusual circum- 
stance concerning the queue discipline should be 
specified as a part of its general characteristics. 
For example, the queue discipline may be such 
that customers tend to become impatient. If this 
happens, the customers will tend to leave the 
queueing system before they are selected to be 
served. Thus, such a queue discipline must allow 
for the process of reneging by the customers. A 
queue is also characterized by the maximum 
permissible number of customers that it can con- 
tain and can be either finite or infinite. 


13.2.3 THE SERVICE MECHANISM 


The service mechanism for the queueing system 
is concerned with the manner in which items or 
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customers are serviced and leave the queueing 
system. The service mechanism is usually de- 
scribed in terms of two characteristics. 


1. The number and configuration of service fa- 
cilities or service channels. 


2. A description of the pattern of services. This 
involves a description of the time to complete 
a service and of the number of individuals 
whose requirements are satisfied at each ser- 
vice event. 


The service mechanism may consist of a single- 
service facility or multiple-service facilities. A 
queueing system with multiple-service facilities 
arranged in parallel is called a multiple-channel 
queueing system. A queueing system with multi- 
ple-service facilities arranged in series is called a 
multiple-stage queueing system. Thus, the num- 
ber of channels in a queueing system refers to 
the number of parallel service facilities available 
for servicing arrivals. The number of stages in a 
queueing system refers to the number of sequen- 
tial service steps each individual arrival must pass 
through. 

Queueing systems can be categorized into four 
basic structures, according to the type of service 
facility present. Each of these four categories is 
shown graphically in Fig. 13.3. 

An example of a single-channel, single-stage 
queueing system would be a small grocery store 
with only one checkout station. An example of a 
multiple-channel, single-stage queueing system 
would be a large grocery store with several check- 
out stations. An example of a single-channel, 
multiple-stage queueing system would be a den- 
88178 office in which a patient was first treated by 
a dental hygienist and then treated by the dentist. 
If there were several dental hygienists and several 
dentists in the office, this would Бе ап example 
of a multiple-channel, multiple-stage queueing 
system. 

Variations of these basic queueing systems do 
exist, but will not be considered in this book 
because of their complexity. Indeed, we will re- 
strict our queueing analyses in this chapter to 
single-channel and multiple-channel, single-stage 
queueing systems. 

The time needed for completing the service is 
referred to as the service time or holding time. 
This service time is generally dependent upon 
the customer's service requirement, but it may 
also be partially dependent on the state of the 
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Single-Channel, Single-Stage 


Multiple-Channel, Single-Stage 


Single-Channel, Multiple-Stage 


Service Facilities 


Multiple-Channel, Multiple-Stage 


FIGURE 13.3 BASIC STRUCTURES OF QUEUEING SYSTEMS 


service mechanism. For example, the servers may 
tend to speed up their service if they perceive 
that many customers are waiting. А queueing 
model must also have a specification of the prob- 
ability distribution of the service times for each 
server. Commonly, the same service time proba- 
bility distribution is used for all servers. An ex- 
ponential service time distribution, or a constant 
service time distribution, is often appropriate. 


13.2.4 WAITING-LINE ANALYSIS 


In the previous sections of this chapter we have 
examined some of the basic features of waiting- 
line models. From this preliminary discussion it 
should be apparent that myriad waiting-line mod- 
els аге possible. Many of the possible waiting- 
line models that can be developed prove quite 
formidable in terms of the mathematical sophis- 
Ucation required for their solution. Consequently, 
most waiting-line analysis proceeds along the basis 
of using simple models as approximations to real 
Systems. 

Returning to our bank example, the consultant 
studied similar drive-in banking facilities and de- 
termined that the following conditions were most 


descriptive of the situation. A single waiting line 
of customers (which could be empty at various 
times) forms in front of a single-service facility 
(drive-in bank teller). This service facility could 
contain either one or two servers (tellers) to 
handle the customers who typically spend some 
time in the waiting line (queue). The consultant 
further concluded that the number of customer 
arrivals was Poisson distributed while the cus- 
tomer service times were exponentially distrib- 
uted. 


13.2.5 WAITING-LINE NOTATION 


The development of queueing models is greatly 
facilitated by the use of a standardized set of 
terminology and notation. Thus, in the remainder 
of this chapter we shall employ the following 
standard terminology and notation. 


A = mean arrival rate of customers into the 
queueing system (expected number or average 
number of arrivals into the queueing system) 
per unit of time 

p. = mean service rate for the queueing system 
(expected number or average number of cus- 
tomers completing service) per unit of time 
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1 к A : 
Re expected interarrival time 
1 $ : ў 
- = expected service completion time 
к 
s = number of servers (parallel service channels) 
in the queueing system 
P = utilization factor for the service facility = 
Миз 
L = expected number of customers in the queueing 
system 
L, = expected queue length 
W = expected waiting time in the queueing system 
(including service time) 
W, = expected waiting time in the queue (excluding 


service time) 
Traditionally in queueing theory, the arrival pro- 
cess, the service process, and the number of 
servers are represented using a shorthand nota- 
tion. This notation consists of three symbols, 
indicating: 
Arrival process/service process/number servers 
where 
M = arrivals or services having Poisson or exponen- 
tial probability distributions 
D = arrivals having a deterministic arrival rate 
G = services having a general probability distribution 


For example, a queueing system in which the 
number of arrivals is described by a Poisson 
probability distribution, the service time is de- 
scribed by an exponential distribution, and there 
is a single server would be characterized as 
MIMI1. 


13.3 THE M/M/1 
QUEUEING MODEL 


In making a recommendation to the bank, the 
consultant first attempted to analyze the situation 
as an М/М/1 queueing model.! There are four 
basic assumptions for the M/M/1 queueing model. 


l. The probability that a customer arrival will 
occur or that a customer service will be com- 


"In this section of the chapter we will present only the 
important results for the M/M/1 queueing model. The de- 
tailed set of derivations for the M/M/1 queueing model is 
beyond the scope of this text. The interested reader should 
consult Harvey M. Wagner, Principles of Operations Research 
(Englewood Cliffs, N.J.: Prentice Hall, 1975), pp. 867—880. 
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pleted during a time interval At is dependent 
only on the length of At. Thus, the events 
occurring prior to the beginning of the time 
interval or the starting. point of the time 
interval have no effect on the probability of 
occurrence. 


Po 


There is a positive probability that an arrival 
or service will occur in a nonzero time interval. 


ze 


If the time interval is made sufficiently small, 
no more than one arrival can occur and no 
more than one service can be completed. 


4. Only one waiting line is formed. 


Further, assume that we are given a particular 
time interval T that can be divided into А small 
time intervals At that are sufficiently small so that 
the first three assumptions given are satisfied. 
Letting p denote the probability (fixed, i.e., p = 
AT/k) of an arrival during the small time interval 
At, then the probability of n arrivals during the 4 
small time intervals will be given by the Poisson 
distribution: 


P(n|k, p) = 


чату "UR 
n: 


The major relationships for the M/M/1 queueing 
system can then be summarized as follows. 
Probability that the queueing system is empty: 


= probability that there are 0 units in the queueing 
system 

= Р„ = 1 — (№) (13-2) 

Probability that the queueing system is busy: 


= probability that there are n or more units in the 


queueing system 
= Р, = y» (13-3) 
ш 
Expected number іп the queueing system: 
-1-- x (13-4) 
Expected number in the queue: 
= x (13-5) 


щы А) 


Expected waiting time in the queueing system: 
1 


Үл сені (13-6) 
Expected waiting time іп the queue: 
„= е5 (13-7) 
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The probabilities associated with various times 
between services are given by: 


P[T or fewer time units between services 


(given p)] = P(T =) = 1 — ект (18-8) 


P[more than Т time units between services 


(given ш)) = P(T >t) = eT (13-9) 


The waiting-line probabilities for the single-server 
case are computed as: 
P(W' > t) = eam @ > 0) 


(= 0) 


(13-10) 


P(W, >t) = сое (13-11) 


13.31 APPLICATION OF THE М/М/1 
QUEUEING MODEL 


Let us now return to the situation involving the 
addition of a drive-in banking facility for the First 
Federated Bank. We will attempt to analyze this 
situation, using the various results previously 
obtained for the M/M/1 queueing model. 

From observations made at random times dur- 
ing one week of bank operations, the consultant 
has estimated that the mean arrival rate for the 
drive-in banking facility will likely be А = 30 
customers per hour and that the mean service 
rate for the facility will likely Бе м = 60 customers 
per hour. Both arrivals and services are assumed 
to be Poisson distributed. He decides to begin his 
analysis by computing the probabilities of various 
number of arrivals during 1-minute, 5-minute, 
and 10-minute intervals, using the general results 
obtained earlier, namely: 
eT)" 

n! 


P[n|k, p] = (13-12) 
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These computations are summarized in Table 
13.2. Next, the utilization factor for the queueing 
system is computed, using: 


(13-13) 


The probability that the queueing system is idle 
is given by: 


һ-4-(9-1-(9 


The probabilities associated with various numbers 
of customers being in the queueing system are 
given by: 


(13-14) 


Computational results for n = 1, 2,..., 5 are 
shown in Table 13.3. The expected number of 
customers in the queueing system is given by: 


30 (13-16) 


~ 60 — 30 


= 1 person 


The expected number of customers in the queue 
is given by: 


۸2 
RATES 
ТЫ қ (13-17) 
= 60060 — 30) ` 2 Person 


The expected waiting time in the queueing system 


ee 21. Да eS ee ا‎ 
TABLE 13.2 Сут qu OF n ARRIVALS FOR VARIOUS VALUES OF 7, 
GIV 30 ARRIVALS PER HOUR 


x = d: Т = ё: Т = 8%: 
Number of е 591/60030) 7. a)" е 595160030) % ё)" е 3900/60(30 k 48)" 
Arrivals, n п! п! п! 
0 0.606 0.082 0.007 
1 0.303 0.205 0.034 
2 0.076 0.256 0.084 
3 0.013 0.214 0.140 
4 0.002 0.133 0.174 
5 0.000 0.067 0.174 
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TABLE 13.3 PROBABILITY OF n 
CUSTOMERS IN QUEUEING 
ЕТЕ GIVEN А = 30, 
— nc gp or 
Number of Customers 
in System, n P, = ($0) (0.50) 


1 0.250 
2 0.125 
3 0.063 
4 0.031 
5 0.015 


is given by: 


TX 
PUR E ole 
~ 60 — 30 


(13-18) 
- 0.033 hour 


The expected waiting time in the queue is given 
by: 

да» 
Шы = A) 

р 30 

` 60)60 — 30) 


W= 


(13-19) 
= 0.0167 hour 


The probabilities associated with various times 
between services are given by: 


P(T st) = 1 -e 


P(T > 1) = ew (13-20) 


Computational results for T = 1 minute (gy hour), 
ё hour, % hour, ф hour, % hour, фу hour, and 
10 minutes (4 hour) are shown in Table 13.4. 
Assuming that n > 0 (i.e., customers are in the 
system), the probability that the waiting time 
(including service time) will be greater than 5 


TABLE 13.4 PROBABILITIES—TIME 
BETWEEN SERVICES 


T PTSt)=1-e" P(T >t) = e 


as 0.633 0.367 
A 0.865 0.135 
% 0.951 0.049 
% 0.982 0.018 
& 0.993 0.007 
б 0.998 0.002 
1 1.000 0.000 
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minutes (7 hour) is computed as: 
P w' >= = 5 = g d — et 
60 


= e 90 = (90/60))(5/60) 


(13-21) 


= e? = 0.082 


Finally, assuming that n > 0 (i.e., customers are 
in the system), the probability that the waiting 
time (excluding service time) will be greater than 
5 minutes (1% hour) is given by: 


; EY WM 3 
5 (w, >{ = 5) = (>) етв (Ал) 


= (2) е 6011 = (80/60))1/12) (13-22) 


Ш 
© 
© 
- 


While reasonably confident that the customer 
arrival rate will be А = 30 customers per hour, 
the consultant is also interested in measuring the 
sensitivity of the operating characteristics of the 
M/M/1 queueing system assuming that the cus- 
tomer arrival rate might vary. Thus, the consul- 
tant next decides to compute the major operating 
characteristics at values оҒА = 95, 30 (already 
done), 35, 40, 45, and 50 customers per hour, 
with the mean service rate for the facility being 
held constant at p. = 60 customers per hour. 

Using the relationships previously derived and 
discussed for the M/M/1 queueing system, the 
consultant computed the data shown in Table 
13.5. 

From the data shown in Table 13.5, the sen- 
sitivity of the M/M/1 queueing model to possible 
changes in the customer arrival rate can be mea- 
sured. For example, assume that the actual cus- 
tomer arrival rate is А = 45 customers per hour, 
or 50 percent higher than originally predicted. 
In this instance, the probability of the facility 
being idle drops from P, = 0.50 (for А = 30) to 
P, = 0.25 (for А = 45), or decreases by one-half. 
The expected number of customers in the queue- 
ing system increases from L = 1 to L = 3, or 
triples. The expected number of customers in the 
queue increases from L, = 0.50 to L, = 2.25, or 
some 4} times. 

The expected waiting time in the queueing 
system increases from W = 0.033 hour to W = 
0.066 hour, or doubles. Finally, the expected 


680% 00го QF 6 910 0< 
0400 99070 €66 6 G60 © 
65070 0<070 66 1 6 60 оғ 
$600 0700 580 F1 oro Gg 
91070 65070 0€0 I 0<0 06 
2100 62070 060 1L0 840 сё 
(sinoy) (sanoy) b] ‘anan 1 ‘wiayskg 94 “шәҙеА6 "ESO 
м ‘onan M “шәз46 aq ш Зшәпәпф) ш әр Jo peany 
ay) ur әш, Заләпәп() au 5ләшо}ў$пгу JO зләшо]ў$пгу jo Ayyiqeqoig wos 
Зишем ur aun зәдшпм pəpədxq | 1equmNw рәрәйхд 
papedxg Sunem pepedxg 
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waiting time in the queue increases from W, = 
0.016 hour to W, = 0.050 hour, or triples. Similar 
comparisons could be made for other values of 
A. From these comparisons it is evident that this 
modeling situation is very sensitive to the cus- 
tomer arrival rate. These results indicate the 
importance of trying to measure the queueing 
model parameters accurately, such as the cus- 
tomer arrival rate А, prior to making operating 
characteristic computations. 

As a final part of the analysis, the consultant 
is interested in investigating two alternative com- 
puterized ledger systems for the drive-in banking 
facility. Under the first alternative, arrivals and 
services will be as indicated in the previous anal- 
ysis. Under the second alternative the mean ser- 
vice rate for the facility will increase to м = 90 
customers per hour. The average hourly cost 
associated with the ill will caused by a customer 
waiting is thought to be $10. The operating cost 
for the first ledger system is $50 per hour while 
the operating cost for the second ledger system 
is $60 per hour. The consultant is considering 
the question of which computerized ledger system 
to recommend. 


For System 1: 


À = 30 arrivals per hour 
р = 60 services per hour 
W = 0.033 hour 


Average hourly cost of ill will = 
30(0.033 hr)($10 per hour) = $ 9.90 


Hourly operating cost = 50,00 (13-23) 
Total hourly cost = $59.90 

For System 2: 

À = 30 arrivals per hour 

ш = 90 services per hour 
n 0.0167 h 

p= трагу. ki 
Average hourly cost of ill will — 
30(0.0167 hour)($10 per hour) - $ 4.95 (13-94) 


Hourly operating cost = 60.00 
Total hourly cost = $64.95 


Thus, the first computerized ledger system is 
preferable to the second, in spite of the fact that 
the second computerized ledger system would 
provide a 50 percent faster mean service rate. 
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13.4 THE M/M/s 
QUEUEING MODEL 


A logical extension of the M/M/1 queueing model 
is the M/M/s queueing model or the multiple- 
channel waiting line with Poisson arrivals and 
exponential service time. It should be apparent 
that many queueing systems are comprised of 
more than one server, and thus the M/M/s queue- 
ing model is of practical importance. A typical 
M/M/s queueing system, with s = 4 service facil- 
ities, is shown in Fig. 13.4. For this queueing 
system it is assumed that customers arrive at a 
mean arrival rate, А, and then are serviced on a 
“first-in, first-out” basis at any of the s service 
facilities that are available. It is further assumed 
that only one queue forms, and each of the s ser- 
vice facilities has the same mean service rate, p. 

For this queueing model we will not go through 
the lengthy and complex derivations of its steady- 
state conditions.” Rather they will be stated with- 
out proof, and their use will then be demon- 
strated. The basic relationships for the M/M/s 
queueing model are as follows. 

Probability that the queueing system is empty: 


= probability that there are 0 units in 
the queueing system 


1 9 95 
- Еа, ме 31 ] лыу Я "Y ; | (13-25) 


5-5 ТШ s 1 = (Хи) 


Probability that the queueing system is busy: 


probability that there are n or more 
units in the queueing system 


n 


Vy Ps, if0snss 


= (у (13-96) 
H 


The reader interested in such derivations should consult 
Wagner, Principles of Operations Research, pp. 880—882. 
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FIGURE 13.4 A M/M/s = 4 QUEUEING SYSTEM 


Expected number in the queue 


13-27 
E. ( ) 
a(t = 2) 
ps 
Expected number in the queueing system 
ELLO À (13-28) 
ш 
Expected waiting time іп the queue 
RW - Li (13-29) 
À 
Expected waiting time in the queueing system 
1 (13-30) 


= W= W, +— 
ш 
The waiting-time probabilities for the multiple- 
Server case can be computed ав:” 
P(W' > t)=e™ 


X: 4 
(2) 
H 1- езиесі-о/) 


a(i- >) pape 
ps Т 


P(W, > t) = [1 — P(W, = 0)]e l= onov 


(13-31) 


(13-32) 


MEL cl 
‘When s — 1 — (A/p) = 0, (1 — es — 1 — Qi) 
[s — 1 — (A/p)] should be replaced by pt. 


Р, = 0) = DP, (13-33) 


n=0 


where 


13.4.1 APPLICATION OF THE М/М/5 
QUEUEING MODEL 


Returning to our example concerning the analysis 
of a drive-in bank facility, let us consider the 
situation in which a single line of cars arrives at 
the facility at a mean arrival rate of à = 30 
customers per hour. The service facility now is to 
be comprised of two tellers, each of whom can 
provide service at м = 40 customers рег hour. 
For this M/M/s = 2 queueing system, the 
following computations are appropriate. First, the 


—————— 
TABLE 13.6 ТМ ОЕ 
n 


USTOMERS IN 

QUEUEING SYSTEM, 
GIVEN A = ; 
= 40,5 = 2 
Number of Customers 

in System, n p 
1 0.338 
2 0.126 
3 0.046 
4 0.018 
5 0.007 


utilization factor for this queueing system is com- 
puted, using: 


p= x 
sp. 
(13-34) 
30 30 
= Gu. 8 0.375 


The probability that the queueing system is idle 
is given by:* 


1 


1, (30/40) (30/40) 1 
CHR 9! 1- (30/2 - 40) 

seco a 2 Та VERE iL a ада ect: 

ЕШ; , (80/40). (80/40) 1 

0! 1! 9! 1 — (30/80) 
ЖУБА 544 
9 8 

[ + 0.75 + 5:8] 

VETT C уаде Uno 


(13-35) 


Тһе probabilities associated with various numbers 
of customers being in the queueing system are 
calculated as: 


— Pac От 


n! 
Р, = 1 (13-36) 
0 
[n 
-з--Р, ifn=2 
sisi? 
Computational results for n = 1, 2, ... , 5 are 


presented in Table 13.6. The expected number 


‘Considerable computational effort is required to compute 
P,. A table of values of Р» for various combinations of A/ps 
(utilization factor) and s (number of servers) is provided in 
Appendix D. 


Waiting Line Models 


of customers in the queue is given by: 


(13-37) 


The expected number of customers in the queueing 
system is given by: 


5 30 (13-38) 
= 0134 7 


— 0.87 person 


Тһе expected waiting time in the queue is given 
by: 


.12 (13-39) 


- 0.0040 hour 


The expected waiting time in the queueing system 
is given by: 


и, + 1 


W=W te 


0.0040 + + gue 
40 


= 0.0290 hour 


Assuming that n > 0 (i.e., customers are in the 
system), the probability that the waiting time 
(including service time) will be greater than 5 
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minutes (f hour) can be computed as: 


РМ >= & = е |1 + 


= ес51(1.45] 


The probability that the waiting time (excluding 
service time) will be greater than 5 minutes (% 
hour) is given by: 


РІМ, >t = &] 
= [1 = P(W, = "айныды 


1 
= -- > = 2(40)[ 1 —(30/40-2))(01/12 
|. M P. g 200 40:21/12) 
n=0 


= [1 = (0.45 + 0:338)]e 7905/81/12) 
[1 — (0.788)]e*" 
(0.212)(0.0155) = 0.0032 


Again, in this situation, the consultant is inter- 
ested in measuring the sensitivity of the analysis 
to possible changes in the customer arrival rate 
and, thus, next decides to compute the major 
operating characteristics for this M/M/2 queueing 
system at values оҒА = 25, 30 (already done), 
35, 40, 45, and 50 customers per hour, with the 
mean service rate for the facility being held 
constant at р = 40 customers per hour for each 
of the two tellers. 

Using the relationships previously derived and 
discussed for the M/M/2 queueing system, the 
consultant computed the data shown in Table 
19,7. 

І From the data shown in Table 13.7, the sen- 
Sitivity of the M/M/2 queueing model to possible 
changes in the customer arrival rate can be mea- 
sured. For example, assume that the actual cus- 
tomer arrival rate is А = 45 customers per hour, 
or 50 percent higher than originally predicted. 


(13-42) 


Il 


0.03583[1.45] = 0.0520 


(13-41) 


In this instance the probability of the facility being 
idle drops from P, = 0.45 (for = 30) to Po = 
0.28 (for A = 45), a decrease of about 40 percent. 
Тһе expected number of customers in the queue- 
ing system increases from L — 0.87 to L — 1.65, 
an increase of 90 percent. The expected number 
of customers in the queue increases from L, — 
0.12 to L, — 0.52, an increase of 333 percent. 
The expected waiting time in the queueing sys- 
tem increases from W = 0.0290 hours to W = 
0.0423 hours, an increase of about 46 percent. 
Finally, the expected waiting time in the queue 
increases from W, = 0.0040 hour to W, = 0.0173 
hour, an increase of about 330 percent. Similar 
comparisons could be made for other values of 
^. Again, these results indicate the sensitivity of 
this modeling situation to the customer arrival 
rate, and reinforce the need for accurately mea- 
suring the customer arrival rate À prior to making 
operating characteristic computations. А compar- 
ison of the results shown in Table 13.7 for the 
M/M/2 queueing model for similar results pre- 
sented in Table 13.5 for the M/M/1 queueing 
model indicates that the M/M/2 queueing model 
is generally not quite as sensitive to changes in 
the customer arrival rate as is the M/M/1 queueing 
model. 


13.4.2 COMPARISON OF THE М/М/1 
AND M/M/2 QUEUEING MODELS 


A final step in the consultant's analysis is com- 
parison of the steady-state conditions for the 


ФФ 
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M/M/\ and the M/M/2 queueing models, using 
best estimates of the customer arrival rate (i.e., 
à = 30 arrivals per hour for both models) and 
the customer service rate (i.e., ш = 60 services 
per hour for the M/M/1 model and p = 80 
services per hour for the M/M/2 model). А sum- 
mary of the steady-state conditions is presented 
in Table 13.8. The consultant has previously 
concluded that the average hourly cost associated 
with the ill will caused by a customer waiting is 
$10, and now learns from bank officials that the 
hourly cost of each bank teller is $3. The consul- 
tant’s economic comparison of the two queueing 
systems is as follows. 


System 1 (M/M/1 Queueing System): 


À = 30 arrivals per hour 
p. = 60 services per hour 


On the basis of this comparison of the two 
alternative queueing systems, the consultant rec- 
ommended that the bank build a single-server, 
drive-in banking facility that could serve an av- 
erage of 60 customers per hour. 


13.5 THE M/M/s QUEUEING 
MODEL: FINITE QUEUE ALLOWED 


In our earlier discussion of the queue discipline 
(Section 13.2.2) we mentioned that queues are 
sometimes characterized as having a finite length. 
This means that the number of customers in the 


W = 0.033 hour 
Average hourly cost of ill will = 30(0.033 hour)($10 per hour) 
= $ 9.90 13-43 
Hourly operating cost (1 teller) - $ 3.00 ита 
Total hourly cost = $12.90 
System 2 (M/M/s = 2 Queueing System): 
А = 30 arrivals per hour 
ш = 80 services per hour 
W = 0.0277 hour 
Average hourly cost of ill will = 30(0.0290 hour)($10 per hour) 
= $ 8.70 
13-44 
Hourly operating cost (2 tellers) = $ 6.00 (13-4) 
Total hourly cost = $14.70 


—— L1 -——— 

TABLE 13.8 COMPARISON OF STEADY-STATE 
RESULTS FROM QUEUEING MODELS 
FOR BANK DRIVE-IN FACILITY 


Result 2-1 $22 
р 0.50 0.375 
Po 0.50 0.45 
Р, 0.25 0.338 
Р, 0.195 0.196 
P, 0.015 0.007 
E 1.0 person 0.87 person 
L, 0.5 person 0.12 person 
ы 0.033 hour 0.0290 hour 
w 0.0167 hour 0.0040 hour 
P(W' > yy hour) 0.082 0.052 
P(W; > 1% hour) 0.041 0.0032 


queueing system is not permitted to exceed some 
specified number (e.g., specified as N). Ап ex- 
ample of this type of queueing system would be 
a motel with a certain number of rooms, say, N. 
Assuming that this motel had a policy of sending 
customers to another motel when it became full, 
a finite queue would result, and any customer 
arriving after the queue were full would be re- 
fused entry into the system. This type of system 
is also an example of balking, in which arriving 
customers leave whenever they find too many 
customers (N) ahead of them in the system and 
are not willing to incur a long wait. 

For this type of queueing system we will again 
simply state the structural relationships without 
reviewing their lengthy and complicated deriva- 
tion. First, it should be noted that the mean arrival 
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rate for the system becomes zero at a certain time, 


that is: 
۸ forn 10, 12, Ке 
NES " forn = N (19-45) 
For the single-server сазе (5 = 1): 
1 
Py = 
XU 
5%) 
үр A (13-46) 
à u 
Nel 
дұ: (2 
һ 
125 3A 
pom AGG | forn = 0, 1, 2, iN 
ЕС 
pb 
(13-47) 
17 (Мы га у 
> 
pm eter 
шы Р, Юга = 1,2,... 
P, =( (Muy 


sist 


0 огл > № 


Р, forn = s,s +1,..., 
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e Ep G] om 


W and W, are computed from L and L, in the 
same manner is indicated earlier for the single- 
server case. 

The utilization factor for this queueing system 


N 
Lz SRE 
n=l 
N+1 
ONCE е 
p p 
«x N+1 
E 
p p. 
L, - L — (1 = Py) (13-49) 
L 
== 13-50 
ri ( ) 
1, ‹ 
W, = I (13-51) 
where 
ik = 3x5 
n=0 
N-1 
= ХР, (13-52) 
n=0 
= №1 — Py) 
For the multiple-server case (1 < s = №): 
i P (13-53) 
sp. 
‚5 
М (13-54) 
(13-56) 
is given by the usual relationship: 
ере (13-57) 
ш 


Тһе M/M/s Queueing Model: Finite Queue Allowed 525 


13.5.1 APPLICATION OF THE M/M/s 
QUEUEING MODEL: FINITE 
QUEUE ALLOWED’ 


Grady Coolidge Auditorium for the Performing 
Arts has two ticket sellers who answer phone calls 
and take incoming ticket reservations. In addition, 
two callers can be put on hold until one of the 
two ticket sellers is available to take the call. If all 
four phone lines are busy (both ticket sellers and 


Р, = : 


s! 


1 


" " N 


50571 


п=з+1 


both “hold” lines), it is assumed that the potential 
customer will become discouraged and thus busi- 
ness will be lost. The calling process is Poisson at 
a mean rate of two per minute. The ticket reser- 
vation service time process follows an exponential 
distribution with a mean of 4 minute. 

For this situation we have a M/M/s = 2 queueing 
system with the queue length limited to N = 4. 
Additionally, А = 2 and p = 3. 

The probability that the queueing system is 
idle (і.е., the customer will immediately get to talk 
to a ticket seller) is given by: 


"Р = -thoO ———+-—.————————=— 
Y (2/3) (2/3? (9/3) $t 2 j (13-58) 
| pot эЛ. ORS 


= 0.503 


The probabilities associated with the other pos- 
sible number of customers are computed as fol- 
lows. 
tm 1: ! 
Р, = ол) 0 
1 
2/3)! 
- oo (0.503) 


= (0.667)(0.503) = 0.336 


A/p)? 
2۰1 P 


(2/3) 
э-ү (0.503) 


(13-59) 


: m 
(13-60) 


(2/9)(0.503) = 0.112 
nx 9; (d/p)? 
Р, = МАМ 2 2 
› = epi! 
(2/3) 
- "9r (0.503) 
(2/97)(0.503) - 0.037 


(13-61) 


alo c cc - 

‘Hand c omputations for finite queue problems can become 
tedious Consequently, tables that simplify the computational 
burden have been published. See L. С. Peck and R. N. 
Hazelwood, Finite Queuring Tables (New York: John Wiley & 
Sons, Inc , 1958) 


1 1 


п = 4: (M ы)! 


Шаты 
_ (2/3)! 
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(0.503) — 0.012 


Тһе expected number of customers in the queue 
is given by: 


Цт-----; 
511 = р)? 
x [1 ру — (№ — 5)р^ (1 — р) 
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0.0838(0.7407) 


0.0610 customer 


The expected number of customers in the queue- 
ing system is computed as: 


3-1 4-1 
pes S nP, + 1, + (1 - X) 
п=0 л=0 


= (1)(0.336) + 0.061 
+ 2(1 — 0.503 - 0.336) 


= 0.336 + 0.061 
+ 0.322 = 0.719 customer 


(13-64) 


The expected waiting time in the system (includ- 
ing service time) is computed as: 


L 


ү/- X (13-65) 


where 
X= М1 - Py) 
= 2(1 — 0.012) 
= 1.976 customers/minute 
Thus, 
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А алы 0.3639 


"E 1.976 


(13-67) 
Тһе expected waiting time in the queue (exclud- 
ing service time) is given by: 


0.0610 _ 


1.976 .0309 minute 


1, 
W,= = (13-68) 
Finally, the utilization rate for this queueing 
system is simply: 

۸ 2 


0338 = کح = = = م 


ЯМ у (13-69) 


Let us now examine the sensitivity of this 
queueing system to possible changes in the service 
time process. To do this we will compute the 


TABLE 13.9 OPERATING CHARACTERISTICS OF 4573 (FINITE QUEUE LENGTH, М = 


FOR VARIOUS CUSTOMER SERVICE RATE 
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operating characteristics for this queueing situa- 
tion for values of p = 2, 3 (already done), and 4 
customers per minute, with the mean customer 
arrival rate for the facility being held constant at 
À = 2 customers per minute, and the queue 
length being limited to N — 4. 

Using the relationships previously presented 
and discussed for the M/M/s - 2 queueing model 
having a finite queue length of N — 4, we can 
compute the data shown in Table 13.9. 

The data shown in Table 13.9 indicate the 
sensitivity of this queueing model to changes in 
the customer service rate. For example, assume 
that the customer service rate increases from 
p. = 3 customers per minutes to p = 4 customers 
per minute, or an increase of 4. For this assumed 
change, the probability of the system being idle 
will increase from P, - 0.503 to P, - 0.601, а 
change of 19 percent. The expected number of 
customers in the queueing system will change 
from L — 0.719 to L — 0.5262, a decrease of 27 
percent. The expected number of customers in 
the queue will change from L, = 0.061 to L, = 
0.0282, a decrease of 54 percent. The expected 
waiting time in the queueing system will change 
from W - 0.3639 minutes to W — 0.2643 min- 
utes, a decrease of 27 percent. Finally, the ex- 
pected waiting time in the queue changes from 
0.0309 minutes to 0.0142 minutes, a decrease of 
54 percent. In summary then, this' sensitivity 
analysis indicates that the probability of the system 
being idle, the expected number of customers in 
the queueing system, and the expected waiting 
time in the queueing system are not particularly 
sensitive to the change in the mean customer 
service rate. These values decrease by 19 to 27 
percent for а 334 percent increase in the mean 
customer service rate. However, the expected 
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Expected 
Waitin Expected 
Expected Number Time in Waiting 
Customer Probability of Customers Expected Number the Queueing Time in the 
Service of Idle in Queueing of Customers System, W Queue, W, 
Rate, p System, P, System, L in Queue, L ато ' (minute) 
2 0.347 1.1330 0.1740 0.5922 0.0909 
3 0.503 0.719 0.061 0.639 0.0309 
1 0.601 0.5262 0.0282 0.2643 0.0142 
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number of customers in the queue and the ex- 
pected waiting time in the queue are rather 
sensitive to the change in the mean customer 
service rate. These values decrease by about 54 
percent for а 334 percent increase in the mean 
customer service rate. 


13.6 THE M/M/s QUEUEING 
MODEL: LIMITED INPUT SOURCE 


Another variation of the M/M/s queueing model 
that has a number of significant applications 
concerns the situation in which the input source 
is limited, or the size of calling population is finite. 
If we denote the size of the calling population as 
N, then when the number of customers in the 
queueing system is n(n = Оло N there 
can be only (N — n) possible customers remaining 
in the calling population. The most common 
application of the queueing model has been to 
the machine-servicing problem in which one or 
more repair operators are assigned the responsi- 
bility for maintaining a certain group of N ma- 
chines. In this situation, the N machines are the 
calling population. Each machine is considered 
to be a customer within the queueing system 
when it is idle and waiting to be repaired or when 
it is being repaired. Conversely, it is considered 
to be outside the queueing system when it is 
running. 

For this type of queueing model, the steady- 
state conditions can be stated as follows. For the 


single-server case (s = 1): 
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For the multiple-server case (5 > 1): 


_ ОУ = тх forn = 0,1,2,..., М 3-79 
х. = {0 forn = N (15-79) 
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W апа W, аге computed from 1. and 1, in the 
same manner as indicated earlier for the single- 
server case. 


13.6.1 APPLICATION OF THE 
M/M/s QUEUEING MODEL: LIMITED 
INPUT SOURCE 


The Tiehold Company currently performs its 
preventive maintenance by having each repair- 
man service three machines. The average number 
of machine breakdowns is three per day while 
the repairperson can repair four machines per 
day. The company feels that the value of lost time 
is approximately $150 per machine per day. 

For this situation we have an M/M/1 queueing 
system with a limited input source, namely, N = 
3 machines. Under steady-state conditions, the 
probability that this system is idle is given by: 


1 
Р, = ~ 


2, lo =: n)! (М 
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The expected number of machines in the queue 
is given by: 


A+ 
м Р Р) 
рае 0108) 
3 (13-89) 
Tw 1 (0.8908) 


3 — 2.0785 - 0.9215 machine 


Тһе expected number of machines in the queue- 
ing system (waiting or being serviced) is computed 
as: 


LeN-Eg - Р) 


-90 
=3 - за - 0.1092) Pee 
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3 - 1.1877 = 1.8123 machines 


EGT-EOT-EOT- 


1,2, 9 , 162 
4 16 64 


Тһе probabilities associated with the other num- 
ber of machines in the system are computed as 
follows. 


п = 1: М! Ay 
A pese. 
Slo С), (13-86) 
"з=н 2) (0.1099) 
= 0.9457 
п = 2: 3! (9 
Р, = =) (0.1092 
"8-3: 4/0109 ومون‎ 
- 0.3686 
п = 3: 3! (3) 
P, = —— [=] (0.1092 
ЫЧ у РЯ 
= 0.2764 
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The mean arrival rate is: 
X = XN - L) 

3(3 — 1.8123) 

3.5631 machines per day 


(13-91) 


The expected waiting time in the queueing system 
(including service time) is computed as: 


1.8123 


W= L - 
K 3.5631 


= 0.5086 дау (13-92) 


The expected waiting time in the queue is given 
by: 
3a7 = 0.2586 day (13-93) 


Based on a lost-time cost of $150 per machine 
per day, the waiting cost for this queueing system 
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would be: 


3 machines per day (average arrival rate) 
x 0.2586 day (average waiting time in 
the queue) х $150 per machine рег 
day = $116.37 


(13-94) 


Let us now examine the sensitivity of our 
previous solution to the number of machines that 
can be repaired by a repairperson each day. To 
do this, we will allow the service rate to be р = 
3, 4 (already done), and 5 machine repairs per 
day, with the number of machine breakdowns per 
day being held constant at А = 3 per day. 

Using the relationships previously presented 
and discussed for the M/M/1 limited input source 
(N = 3) queueing model, the results shown in 
Table 13.10 can be computed. 

Тһе data presented in Table 13.10 indicate 
that this model is only moderately sensitive to 
changes in the mean customer service rate. For 
example, assume that the machine repair rate 
decreases from А = 4 machines per day to А = 
3 machines per day, a decrease of 25 percent. If 
this change occurs, the expected number of cus- 
tomers in the queueing system increases from 
L - 1.8123 machines to L - 2.1250 machines, 
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an increase of 17 percent. The expected number 
of customers in the queue increases from 
„= 0.9215 machine to 1, = 1.1250 machines, 
an increase of 22 percent. The expected waiting 
time in the queueing system increases from W = 
0.5086 day to W = 0.8095 day, an increase of 59 
percent. Finally, the expected waiting time in the 
queue increases from W, = 0.2586 day to W, = 
0.4762 day, an increase of 84 percent. In sum- 
mary, this sensitivity analysis indicates that the 
probability of the system being idle, the expected 
number of customers in the queueing system, 
and the expected number of customers in the 
queue are not very sensitive to the change in the 
mean customer service rate. These values increase 
by 17 to 22 percent for a 25 percent decrease in 
the mean customer arrival rate. However, the 
expected waiting time in the queueing system and 
the expected waiting time in the queue are more 
sensitive to the decrease in the mean customer 
service rate. These values increase by 59 to 84 
percent for a 25 percent decrease in the mean 
customer service rate. 

Microcomputer software packages for solving 
waiting-line models are numerous. These pack- 
ages perform the tedious and time-consuming 
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M/M/1//3 


Distribution code: Poisson (exponential time) (1), constant (8); 


or general 


(3) with a specified standard deviation. 


(1 ) Number of servers 

(4 ) Service rate (f) per server per DAYS 

(1 ) Distribution of service rate 

(0 ) Standard deviation of service time in DAYS 

(0 ) Pressure coefficient 

(3 ) Arrival rate (lambda) per DAYS 

(1, ) Distribution of arrival rate 

(0 ) Standard deviation of interarrival time in DAYS 
(0 ) Discouraged coefficient 

(1 ) Bulk arrival size 

(0 ) Standard deviation of bulk arrival size 

( ) Maximum number of customers allowed in the system 
(3 ) Maximum number of customers in the population 


FIGURE 13.5 
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Queuing Performance for TIEHOLD COMPANY 
M/M/4//3 
With landa = 3 customers per DAYS and f= 4 customers per DAYS 
Overall system effective arrival rate = 3.563140 per DAYS 
Overall system effective service rate = 3.563140 per DAYS 
Overall system effective utilization factor = 0.840785 
Average number of customers іп the system (L) = 1.812287 
Average number of customers іп the queue (19) = 0.921502 
Average time a customer in the system (W) = 0.508521 DAYS 
Average time a customer in the queue (Wg) = 0.258625 DAYS 
The probability that all servers are idle (Po)- 0.103215 
The probability an arriving customer waits(Pw)= 0.890785 


Probability of п Customers іп the System 


P(e) = 0.36660 P(3) =0.27645 
Р(Ы) = 0.00000 Р(?) = 0.00000 
Р(20) = 0.00000 


Р(0) = 0.10882 P(1) = 0.26573 

Р(4) =0.00000 Р(5) - 0.00000 

P(8) = 0.00000 р(9) = 0.00000 
0 
а р(і) = 2.000000 
і=0 

FIGURE 13.6 


calculations that are necessary in waiting-line 
analysis. 

We will now illustrate the use of the Quantitative 
Systems for Business software package in solving 
the Tiehold Company problem. The input data 
for this problem are presented in Fig. 13.5. They 
consist of the specification of the parameters of 
this single-server limited input source (V = 3) 
waiting-line model. 

The output data for this problem are presented 
in Fig. 13.6. In the bottom part of Fig. 13.6, note 
that we have used the microcomputer program 
to compute the probability of n customers in the 
single-server, limited input source waiting-line 
system with А = 3 machines/day arriving, р = 
4 machines/day being serviced, and n = 1, 2, 
4, 10) 


*Yih-Long Chang and Robert S. Sullivan, Quantitative 
ion for Business (Englewood Cliffs, N.J.: Prentice Hall, 
6). 


13.7 CONCLUSION 


In this chapter we have presented some of the 
more basic and useful queueing models. As noted 
previously, there is an infinite number of such 
models that could be developed, and many of 
these models would require a great deal of math- 
ematical sophistication. We have offered those 
models that are fundamental to a basic under- 
standing of queueing theory. The reader who is 
more interested in this area of management sci- 
ence should consult one or more of the references 
given at the end of this chapter. Also, it should 
be noted that simulation often affords a practical 
means of investigating more complex queueing 
models. We shall consider simulation in detail in 
Chapter 16. 
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Case Study: A Queueing Analysis of Congestion at 
Automatic Teller Machines 


Automatic teller machines (ATMs) have become a part of life in the Amer- 
ican banking industry. ATM facilities and the computer/telecommunica- 
tions networks that link them have many of the characteristics found in 
classical queueing models: namely, customer demands occur randomly, 
customer service times are very unpredictable, and under most conditions 
customers form and maintain reasonably orderly queues. While ATM sys- 
tems do not always possess stationarity properties, the patterns of customer 
arrivals at ATMs are stable enough to be understood and modeled. 

A queueing model of ATMs has been developed and tested by the retail 
division of a large commercial bank that is heavily committed to expanding 
its ATM network. The key questions posed by bank management were how 
to set customer service standards at ATMs and how to determine which 
ATM locations were overloaded or congested. Management particularly 
wanted assistance in choosing ATM locations that would benefit most from 
additional terminals. 

Most of the banks’ nearly 500 ATMs were located in one large U.S. city. 
Each facility consisted of one or more ATMs in a bank vestibule that was 
open throughout the regular banking day when the ATMs were an alter- 
native to human tellers inside the bank. After hours, the banks were locked, 
but the vestibules could be entered by inserting into a slot in the locked 
door the same plastic card that accesses the ATM itself. At the time of the 
study most ATM locations had two machines in a vestibule of rather limited 
size, as shown in Fig. 13.7. 

Within this ATM configuration customers usually formed an orderly 
single queue on a first-come, first-served basis that fed both machines. This 
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FIGURE 13.7 TYPICAL AUTOMATIC TELLER FACILITY LAYOUT 


Case Study: A Queueing Analysis of Congestion at Automatic Teller Machines 533 


suggested the use of a limited queue length two-server queueing model 
(see Section 13.6). 

To perform the queueing analysis, data were collected for one-hour 
intervals at ATM facilities at several branches during days and hours when 
high traffic was anticipated. This enabled the management science team to 
collect a maximum amount of service time data and to observe the system 
at the congestion periods of most concern to management. In addition to 
collected data manually, the study team obtained computer-generated ATM 
transaction count information. All the manual and computer-generated 
information concerning the actual day-to-day operations of the ATM 
machines was then used to calibrate the two-server, limited queue length 
model. 

A simple BASIC program was used to determine the key performance 
measures of this queueing model. This program was run for parameter 
values ranging over the conditions encountered in the field—different ar- 
rival rates, average service times, number of ATMs, and vestibule sizes. The 
run provided a number of important insights concerning the interrelations 
that determine the quality of customer service. An example of the mana- 
gerial insights gained from use of the queueing model can be observed in 
Table 13.11. 


TABLE 19.11 QUEUEING ANALYSIS RESULTS 
Site Features: Number of automatic teller machines = 2 

Vestibule capacity = 10 

Average session time = 1.25 minutes = 75 seconds 

Average number of transactions/session = 1.8 


Customers Handled Average Average 
Arrival Served Transactions Percent Percent Wait of Queue ATM 
Rate Rate Rate Customers Customers Delayed Length Utilization 
(perhour) Load (рег hour) (per hour) Lost Delayed (minutes) (customer) (percent) 
10 0.2 10.0 18.0 0.0 2.0 0.01 0.00 10.4 
20 0.4 20.0 36.0 0.0 7.2 0.06 0.02 20.8 
30 0.6 30.0 54.0 0.0 14.9 0.14 0.07 31.3 
40 0.8 40.0 72.0 0.0 94.5 0.26 017 417 
50 1.0 50.0 90.0 0.0 35.6 0.46 0.38 59.1 
60 1.3 59.9 107.8 0.2 478 0.77 0.77 69.4 
70 1.5 69.5 125.1 0.7 60.5 1.93 142 724 
80 1.7 78.9 140.7 23 724 1.84 2.40 814 
90 1.9 85.2 153.3 5.4 82.3 9.56 3.63 88.7 
100 94 90.0 169.0 10.0 89.5 3.26 4.90 93.7 
110 2.3 92.9 167.2 15.6 94.1 3.87 6.00 96.7 
120 2.5 94.4 170.0 21.3 96.7 4.36 6.85 98.4 
130 2.7 95.2 1714 26.8 98.2 4.72 7.48 99.9 
140 2.9 95.6 172.1 31.7 99.0 4.98 7.94 99.6 
150 84 95.8 179.4 36.1 99.4 5.18 8.27 99.8 
160 3.3 95.9 172.6 40.1 99.7 5.33 8.52 99.9 
170 3.5 95.9 172.7 43.6 99.8 5.45 8.71 99.9 
180 3.8 96.0 172.7 46.7 99.9 5.54 8.86 100.0 
190 4.0 96.0 172.8 49.5 99.9 5.61 8.98 100.0 
200 4.2 96.0 172.8 52.0 100.0 5.67 9,08 100.0 
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From Table 13.11 bank management was able to observe that there was 
remarkably little waiting per delayed customer at any arrival rate. Even 
when the system was “supersaturated”—at 200 arrivals per hour—cus- 
tomers who were served only waited 5.67 minutes on average. Another 
observation made by studying the results shown in Table 13.11 was that 
substantial numbers of customers were probably being “Jost,” that is, were 
balking. For example, at an arrival rate of 100 customers/hour about 10 
percent of the customers were lost, while at an arrival rate of 150 customers/ 
hour about 27 percent of the customers were lost. However, it was also felt 
that “lost” in this particular situation may have meant that a customer's 
service was deferred to another time or another place. 

The overall results of the queueing analysis were used by bank man- 
agement to target some facilities for additional ATMs. It also contributed 
by alerting management to the potential severity of the lost customer sit- 
uation. Bank management observed that after increasing the number of 
ATMs in the system, substantial increases in completed transactions oc- 
curred at the upgraded facilities and modest increases occurred at the oth- 
ers. Management concluded that the lost customer hypothesis and the bank's 
actions to increase capacity had been somewhat validated. 


ж ЖАЫ E зз гш лосу шыт S r 
Source: Peter Kolesar, “Stalking the Endangered САТ: A Queueing Analysis of Congestion at Automatic Teller Machines,” 
Interfaces, 14, no. 6 (November-December 1984): 16-26. 
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Glossary of Terms 


Arrival Rate (А). The average number of customers arriving іп the queueing 
system per unit of time. 

Balking. The situation in which arriving customers leave whenever they 
find too many customers ahead of them in the system because they are 
not willing to incur a long wait. 

Calling Population. The input source for the queueing system. 

Channel. A single-service facility or a series of service facilities. 

Idle. Term that characterizes a queueing system when there are no items 
to be serviced or customers to be served. 

Input Process. The manner in which items or customers enter into or 
arrive at the queueing system. 

Interarrival Time. The time between two arrivals. 

M/IM/1. A queueing system in which the number of arrivals is desc ribed 
by a Poisson probability distribution, the service time is described by an 
exponential distribution, and there is a single server. i 

M/M/s. A queueing system in which the number of arrivals is desc ribed 
by a Poisson probability distribution, the service time is described by an 
exponential distribution, and there are multiple servers. { 

Multiple-Channel, Multiple-Stage Queueing System. А queueing 
system characterized by several parallel series of service facilities, each 
of which provides an identical sequence of servicing operations. 

Multiple-Channel Queueing System. A queueing system with multi- 
ple-service facilities arranged in parallel. 
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Multiple-Channel, Single-Stage Queueing System. A queueing sys- 
tem in which service facilities providing identical services are arranged 
in parallel. 

Multiple-Stage Queueing System. A queueing system with multiple- 
service facilities arranged in series. 

Queue or Waiting Line. One or more units (people, machines, computer 
programs, etc.) waiting for service. 

Queue Discipline. A rule specifying the order in which customers en- 
tering the queueing system are served. 
ueueing or Waiting-Line Theory. A body of knowledge concerned 
with the arrival of customers at one or more service facilities where the 
demand and timing of the demand of the customers, the time duration 
of the servicing operations, and the behavior of the customers as they 
arrive for service and/or wait in the queue are characterized by uncer- 
tainty. The objective of queueing theory is the provision of an adequate 
but not excessive service facility. 

Reneging. A situation in which a customer in the queue becomes impa- 
tient and leaves the queue before being selected for service. 

Service Mechanism. The manner in which items or customers are ser- 
viced and leave the queueing system. 

Service Rate (р). The average number of customers served in the queueing 
system per unit of time. 

Service Time or Holding Time. The time required for completion of 
a service. 

Single-Channel, Multiple-Stage Queueing System. A queueing sys- 
tem in which several service facilities, each providing a different service, 
are arranged in a single series. 

Single-Channel, Single-Stage Queueing System. A queueing system 
containing a single-service facility. 

Stages. The number of sequential service steps that each individual arrival 
must pass through in a queueing system. 

Steady-State Condition. The condition of a queueing system when the 
start-up conditions no longer affect the operating characteristics of the 
system. 

Utilization Factor. The fraction of time the queueing system is busy, 
computed as the ratio of the arrival rate to the service rate. 
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Discussion Questions 


1. What does an “infinite” input source mean in queueing theory? When is a 
finite-sized calling population assumption appropriate? 

2. Give a practical example of an infinite queue. 

3. What kinds of queue discipline would you encounter the most in real-world 
situations? 

4. How can you find the probability density function of customer arrivals and 
customer service times? 

5. What is the main characteristic of the exponential distribution? 

6. What do we mean by the “utilization factor” for the service facility? Is it true 
that when the utilization factor is larger than 100 percent, the queue length 
grows infinitely? Why or why not? 

7. What do we mean by “steady-state” results (expected number of customers in 
the system, etc.) in queueing theory? 

8. Does the result, “the expected number of customers in the queue = 4,” make 
any sense? Why or why not? 

9. Why is accurate measurement of customer arrival times and customer service 
times so important in queueing theory? 

10. Why would you expect the M/M/s queueing model generally not to be as 
sensitive to changes in the customer arrival rate as is the M/M/1 queueing 
model? 

11. In what type of queueing models could “balking” occur? 

12. What do we mean by a “limited input source” queueing model? 

13. What is meant by “reneging”? 


——— ee лл س ا‎ 


Problem Set 


1. Police Car 54 is assigned to an outlying area of the Ninth Precinct of 
St. Louis. The precinct captain complains that the car is always arriving 
late to the scene of its calls, claiming that the car's officers, Larksy and 
Futch, are taking too many coffee breaks. The officers, however, defend 
their position by arguing that they have too many calls to answer, and 
they suggest that an additional car be assigned to their patrol area of 
the Ninth Precinct. 


Based on your knowledge of the queueing theory, develop some quan- 
titative measures for this situation. You may assume that the number 
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of police calls is Poisson distributed and that the service time for police 

calls is exponentially distributed. Your preliminary analysis indicates 

that the rate of calls to the car has a mean of 10 per hour and that 

the mean service rate for the car is 15 calls per hour. In particular, 

you are interested in answering the following. 

(a) Whatare the probabilities associated with n = 0, 1, 2, 3,4,5 arrivals 
during 15-minute, 30-minute, and 60-minute time intervals? 

(b) What is the utilization factor for this queueing system? 

(c) What is the probability that the queueing system is idle? 

(d) What are the probabilities associated with n = 1, 2, 3, 4, 5 calls 
being in the queueing system? 

(e) What is the expected number of calls in the queueing system? 

(f) What is the expected number of calls in the queue? 

(g) How long are people waiting or being serviced on the average? 

(h) How long are people waiting on the average? 


A drive-in restaurant has a single order window. Customers arrive at 
the restaurant according to a Poisson input process at a mean arrival 
rate of 30 per hour. Customer orders can be prepared at an average 
rate of 40 orders per hour. Determine L, L, W, and W, for this queueing 
system. 


The jobs to be processed on a particular computer arrive according to 
a Poisson input process at a mean arrival rate of 12 per hour. Suppose 
that the computer loses its core storage and that 15 minutes is required 
to restore the core storage. What is the probability that the number of 
new jobs that arrive during this time period is 
Zero 
One 
Three 
Six or more 
A large midwestern railroad finds that it must steam clean its cars once 
a year. It is considering two alternatives for its steam-cleaning oper- 
ation. Under alternative 1, the railroad would install two steam-clean- 
ing booths, operating in parallel, at a total annual cost of $50,000. The 
service time distribution under this alternative is exponential with a 
mean of 5 hours. Under alternative 2, the railroad would install one 
large steam-cleaning booth ata total annual cost of $100,000. However, 
the service time distribution under this alternative would be exponen- 
tial with a mean of 3 hours. Under both alternatives, the railroad cars 
arrive according to a Poisson input process with an arrival rate of one 
car every 8 hours. The cost of an idle hour is thought to be $10 per 
hour. Assume that the steam-cleaning booths operate (8 hours per 
day) X (250 days per year) - 2000 hours per year. Which alternative 
should the railroad choose? 
Assume that you are being asked to analyze a М/М/2 queueing system. 
This system has ап exponential interarrival time distribution with a 
mean of 1 hour, and an exponential service-time distribution with a 
mean of } hour. You begin your analysis of the system at 8:00 A.M., at 
which time a customer has just arrived. 
(a) Determine the probability that the number of arrivals between 8:00 
and 9:00 A.M. will be zero; one; two: three; three or less. 
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(b) What is the probability that the next arrival will come before 8:30 
A.M.? Between 8:30 and 10:00 л.м.? After 10:30 А.м.? 

(c) Assume that both servers are busy at 9:00 A.M. What is the prob- 
ability that neither server will have completed service by 9:15 A.M.? 
Before 10:00 A.M.? Before 9:05 A.M.? 

A plumbing company receives 50 calls per day for plumbing repairs. 

On the average a single plumber can make five plumbing repairs per 

day. The plumbing company advertises that it will complete any plumb- 

ing repair within 24 hours of receiving the service call. How many 
plumbers should the plumbing company have? 


During the period from 7:00 to 8:00 A.M. the arrivals of cars at a single 
toll station on the Goose Neck Bridge average 40 cars per hour, ac- 
cording to a Poisson input process. The toll station has an exponential 
service time distribution, with a mean service time rate of 60 cars per 
hour. What is the probability of having five or fewer cars in the queue 
at the toll station? 


Тһе number of customers arriving at a single checkout stand in a small 
grocery store follows a Poisson process. The checkout stand services 
the customers according to an exponential distribution. 

(a) For this М/М/1 queueing system, assume that the expected service 
rate is 12 customers per minute. Compare L, L,, W, and W, for 
cases where the mean arrival rate is 5 customers per minute, 10 
customers per minute, and 11.5 customers per minute. 

(b) Now assume that there are two checkout stands and the expected 
service rate is 12 customers per minute. Make the same compar- 
isons as you did for part (a). 


Discount Tires is opening a small branch store in Tempe, Arizona, and 
is attempting to make a decision concerning how much space to provide 
for waiting customers (cars to be serviced). It estimates that customers 
will arrive according to a Poisson input process at a mean rate of one 
every 15 minutes. The length of time for servicing a customer has an 
exponential distribution with a mean of 10 minutes. If the waiting area 
is full, the customer will take his tire business elsewhere. Compute and 
compare the probabilities associated with the loss of potential cus- 
tomers if: (a) 0, (b) 1, (c) 5, and (d) 10 waiting spaces (not including 
the customer being serviced) were to be provided. 


Тһе Last Chance gasoline station in Ajo, Arizona, is located at the top 
of a mountain pass and has a single curved driveway that, because of 
limited space, allows only two cars to be in the station at once. Thus, 
one car can be obtaining gasoline and one car can be waiting to obtain 
gasoline. Elmira Chance, the owner of the gasoline station, has studied 
a number of alternative physical arrangements for her gasoline station 
and has concluded that she has two feasible alternatives. 


She can slightly enlarge her driveway, moving the pump to one end, 
to permit three cars total in the station (i.e., one being serviced and 
two waiting). The capital costs for this arrangement are estimated 
to be equivalent to an additional operating cost of $1.00 per hour. 


She can completely rearrange the station, allowing for two pumps to 
provide service. Under this arrangement it would be possible to have 
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four cars total in the station (i.e., two being serviced and two waiting). 
The capital costs for this arrangement are estimated to be equivalent 
to an additional operating cost of $0.50 per hour, and an additional 
attendant would also be required at a cost of $2.00 per hour. 


Ms. Chance estimates that cars arrive at a rate of 15 per hour (Poisson 
distributed) and that a pump can service cars at the rate of 10 per hour 
(exponentially distributed). Should Ms. Chance keep her station as it 
currently is or should she adopt one of the two alternatives, assuming 
that her profit per customer averages $1.50? 


Ace Typewriter Service Company has a typewriter service contract with 

a major midwestern university. Under this contract it must pay a pen- 

alty of $25 per day per machine for any typewriter that is inoperative. 

Past experience indicates that requests for typewriter repairs average 

four per day. The repair operator who services the university can repair 

an average of six typewriters per day. Each repair operator has re- 
sponsibility for servicing four typewriters. 

(a) What is the expected daily penalty cost under these conditions? 

(b) What would be the expected daily penalty cost if Ace decided to 
assign two repair operators to the university? 

(c) Suppose some new service equipment could be purchased that 
would allow the current repair operator to repair an average of 
eight typewriters per day. How much would this equipment be 
worth daily to Ace Typewriter Service Company? 

The Hot Job Shop is contemplating the installation of a new group of 
automatic milling machines and is uncertain as to how many to order 
It plans on using a single operator to maintain and service the group 
of milling machines. It anticipates that the service requirements will 
average three per hour, which the operator can service at a rate of 
five per hour. The company desires to maintain a 90 percent produc- 
tion rate, on an average basis. What number of milling machines (max- 
imum possible) should be ordered for the desired production rate to 
be achieved? 

Compute Po, L, L,, W; and W, for Problem 13-1, for customer arrival 

rates of A = 5and = 14. Compare these results to those previously 

obtained. What do they indicate? 

Compute Po, L, Г. W, and W, for Problem 13-2 for customer service 

rates of p = 35 and p = 45. Compare these results to those previously 

obtained. What do they indicate? 

The arrivals of customers (cars) at a large drive-in banking facility are 

Poisson distributed at a rate of à = 1.0 car per minute. The drive-in 

bank facility has three tellers, each of which can service customers at 

a rate of = 0.6 cars per minute. Determine the operating charac- 

teristics for this queueing system; that is, determine Po, L, 14, W, 

and W,. 

Compute Po, L, Ly, and W, for Problem 13-15 assuming that only two 

tellers are available. Repeat these computations for the situation in 

which four tellers are available. What do these results indicate? 

A small barber shop currently has two barbers, and it can service a 

total of five customers. Arrivals at this barber shop are Poisson dis- 
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tributed at a mean rate of four persons per hour. The barbers can cut 
hair at the rate of six persons per hour. Determine L, L,, W, and W, 
for this queueing system. 


Assume that a third barber could be added to the shop but that the 
number of seats for waiting customers cannot be changed. Assuming 
that the arrival and service rates do not change, recompute L, Lj, W 
and W,. What does this increase in the number of barbers do to the 
operating characteristics of this queueing system? 


The Dependable Brake Shop currently has four mechanics who per- 
form brake repairs. However, if customers come to the shop for repairs 
and find no mechanic available, they typically will take their business 
elsewhere. Thus, the manager of the brake shop is anticipating the 
addition of a fifth mechanic. At present, customer arrivals average 
three per hour and each mechanic can perform a brake repair job in 
an average of 1 hour. Each mechanic is paid $8 per hour, and each 
brake job produces $10 of revenue. Should the additional mechanic 
be hired? 


A typewriter repair company has a contract to perform preventive 
maintenance on the typewriters at a major university. On an average 
day, five typewriters will require repairs. Each service operator can 
repair eight typewriters each day if necessary, but each is responsible 
for performing preventive maintenance on only five typewriters. Un- 
der the terms of its contract, the typewriter repair company is required 
to forfeit (pay the university) $200 per day for each typewriter that is 
not operating because of needed repairs. Compute the waiting time 
cost for this queueing system. 
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14.1 INTRODUCTION 


Markov process models deal with the behavior 
of dynamic systems over time. Such behavior is 
referred to as a stochastic process. A stochastic 
process is defined to be an indexed collection 
(family) of random variables [X,], where the index 
t runs over a given set T. Thus, for each £ 
contained in the index set T, X, is a random 
variable. The index set T is often composed of 
nonnegative integers, and X, is taken to be some 
measurable characteristic of interest at time ¢. For 
example, the stochastic process X,, Xs, Xs, X, 
could represent bank deposits made in each of 
four successive weeks. The random variable X, 
represents the state of the stochastic process at 
time (. If T is a countable set, the stochastic process 
is said to be a discrete time process. If T is an 
open or closed interval of the real line, the 
stochastic process is said to be a continuous time 
process. The set of possible values that the ran- 
dom variable (X,, ¢ € Т) may assume is called the 
state space of the stochastic process. 

The evolution of the system over time fre- 
quently involves a series of repeated trials where 
the state or outcome of the system at any partic- 
ular trial cannot be determined with certainty. 
Herein, a set of transition probabilities is em- 
ployed to describe the manner in which the system 
makes a transition from one time period, or trial, 
to another. Thus, we will be interested in the 
probability associated with the system being in a 
particular state at a given time period. 

Markov process models have been used exten- 
sively in marketing to study "brand switching," 
the phenomenon of a consumer purchasing brand 
A in one period and then purchasing brand В in 
the following period. Markovian analysis has been 
employed in the study of equipment maintenance 
and failure problems. Markov chains have also 
been used in analyzing accounts receivables to 
estimate the amount of accounts receivable that 
will ultimately become bad debts and in studying 

stock market price movements. The study of 
Markov process models is somewhat similar to 
the study of inventory models and waiting-line 
models in that it can quickly become very complex 
and difficult because of the nature of the under- 
lying stochastic processes. Consequently, we shall 
focus our study of Markov processes on those 
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reasonably simple situations that have been shown 
to have practical business application. 


14.2 THE STRUCTURE OF 
MARKOV PROCESSES 


A Markov process, or Markov chain, is a sto- 
chastic process that is defined as follows. 


Definition A stochastic process {X,, п = 0, 1, 2, 
...}, with a finite or countable state space, is said to 
have a Markov chain structure if Р{Х„. = j| Xo = 
ip, X, Sl і, EIC] NS duis Xn = i} ш; 
P{Xa = j| X, = i}, for all i, j and for n = 
OES ivr 


A Markov process is a stochastic process for 
which the occurrence of a future state depends 
only on the immediately preceding state. Thus, 
for a Markov process, given that the present state 
is known, the conditional probability of the next 
state is independent of the states prior to the 
present state. 

A Markov process is described by its state space, 
which is the list of possible outcomes at a point 
in time, and its time structure. The state space is 
considered to be finite, with size equal to N. 
Additionally, we seek to relate the uncertainty 
about the state at one point in time to the uncer- 
tainty about the state at other points in time. The 
Markovian property just defined is equivalent to 
stating that the conditional probability of any 
future state (X,,, = j), given any past state (Ху = 
ip, ..., Хр = h-i) and the present state (X, = 
i), is independent of the past state and depends 
only on the present state of the process. 

The conditional probabilities P(X,,, = 
j | X, = i} are denoted as transition probabili- 
ties. If, for each i and j, 1 = i and j = N, P 
{Xn = j |X, = i} = P(X, = j | Xo = i} for all 
n= 0, 1, 2, then the (one-step) transition 
probabilities are defined as being stationary and 
are denoted simply as p,. Stationary transition 
probabilities thus do not change over time, and 
for each i, j, and n (n = 0, 1, 2,...), Р{Х,,, = j 
| X, = i} = P{X, = j| X, = i}, for all = 0, 1, 
.. «+ These conditional probabilities are denoted 
simply as û,” and are called n-step transition 
probabilities. These conditional probabilities state 
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that the random variable X, starting in state i, will 
be in state j after exactly » time units. The 
transition probabilities, P;,, must satisfy the prop- 
erties: 

IsijsN (14-1) 


OU (14-2) 
Note that we allow for the possibility of the same 
state being occupied after a transition; the prob- 
abilities pj, i = 1, 2, ..., М are not necessarily 
zero. 

The N? transition probabilities that describe a 
Markov process are conveniently represented by 
an N X N transition probability matrix P having 
elements /,;, in matrix form as: 


State 1 z tae N 
1 pu fes cot ds 
2 pa pe cot ue 
Ее... рер келеді 
N Ра dw cot bus (14-3) 
pu "Bul ct tu 
pa Pe coco Pon 
Р- ы) - . б : i 


pri fe) е Dus 
A complete formal definition of a finite-state 
Markov property (chain) can now be given. A 
stochastic process {X,},n = 0, 1, ..., is a finite- 
state Markov process if it has the following. 
1. A finite number of states N. 
2. The Markovian property. 
3. Stationary transition probabilities. 


4. A set of initial probabilities P{Xy = i} for 
all 1. 


EXAMPLE 


Let us now consider an example to illustrate the 
structure of a Markov process. A certain small mid- 
western college town has three pizzerias, and we are 
interested in analyzing the market share and customer 
loyalty associated with these three pizzerias. To make 
this analysis we focus on the collective Saturday night 
eating habits of a social fraternity at the college. We 
will assume that the membership of the fraternity will 
choose to eat at one of the three pizzerias each Saturday 
night. 

The particular pizzeria that is selected by the frater- 
nity group in any one week is the state of the system 
in that time period. There is a finite number of possible 
states for this Markov process, namely, three, which 
are the three pizzerias. 

The fraternity makes its weekly selection of the 
pizzerias on Saturday afternoon. Assume that we have 
observed the selection process for 6 months (26 weeks). 
According to the Markovian property, we need to 
express these weekly data in probabilistic form. The 
Markovian property will be equivalent to stating that 
the conditional probability of any future state, given 
any past state and the present state X, = i, will be 
independent of the past state and will depend only on 
the present state of the process. 

Suppose that in reviewing the data we discover that 
the conditional probabilities shown in Table 14.1 are 
appropriate for the pizzeria selection process. These 
conditional probabilities are associated with the tran- 
sition from a particular pizzeria (state) in a given time 
period to a particular pizzeria (state) in a following 
time period. They are thus the transition probabilities 
for the Markov process. Note that an important prop- 
erty of this table of transition probabilities is that the 
sum of the entries in each row is 1.0, For example, 
given that pizzeria A is selected in the current week, 
then pizzerias А, B, or C must be selected in the 
following week and the entries in the first row of Table 
14.1 provide the probabilities associated with each of 


TABLE 14.1 CONDITIONAL SELECTION 
PROBABILITIES—THREE PIZZERIAS 


Current 

Selection Pizzeria A 
Pizzeria A 0.5 
Pizzeria B 0.4 
Pizzeria C 0.3 


Selection Next Week 


Pizzeria B ^ Pizzeria C 
0.3 0.2 
0.2 0.4 
0.3 0.4 


Pizzeria G ————— 
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these future events. Note further that the transition 
probabilities do not change over time. They are sta- 
tionary and can be used to determine which pizzeria 
will be selected next Saturday, given that we know 
which pizzeria has been selected this Saturday. 

The set of transition probabilities given in Table 
14.1 has one row and one column for each state of the 
process, Using our previously introduced notation, the 
(one-step) transition matrix is given by: 


Pu Pie Раз 0.5 0.3 0.2 
Р = | pa pepa | = | 0.4 0.2 0.4 (14-4) 
Psi Pse Pss 0.3 0.3 0.4 


The diagonal elements in this (one-step) transition 
matrix can be interpreted as measures of “pizzeria 
loyalty” in that they represent the probability of a 
repeat selection of the same pizzeria. Conversely, the 
off-diagonal elements represent the “pizzeria switching” 
characteristics of the fraternity. Finally, it is obvious 
that we have defined a set of initial probabilities 
P(X, = i} for all i as the first column in Table 14.1. 
Thus, we have accounted for the four properties nec- 
essary for the definition of the finite-state Markov 
process. 


14.3 PROBABILITY ANALYSIS 
USING MARKOV CHAINS 


The transition matrix can next be used to deter- 
mine the probability of being in a certain state 
after n steps, given some specified initial state S;. 


Selection 
Next Time 
(n = 1) 


Pizzeria A 


Current 
Selection, 
Pizzeria B 
(n = 0) 


Pizzeria C 
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To illustrate this type of probability analysis, 
consider the transition matrix developed for our 
pizzeria example. Suppose that the fraternity has 
just eaten at pizzeria B (step n = 0), and we are 
interested in determining the probability that the 
fraternity will eat at pizzeria A 2 weeks in the 
future (step n = 2). 

The desired probability can be determined by 
means of classical probability theory. Enumerat- 
ing the various outcomes, we can construct a tree 
diagram as shown in Fig. 14.1. Tabulating and 
summing the probabilities illustrated in the tree 
diagram, we obtain the results shown in Table 
14.2. Thus, our analysis indicates that given that 
pizzeria B is selected at time n = 0, the probability 
that pizzeria A will be selected at time n = 2 is 
0.40. 

This same result can be obtained using Markov 
chains directly. Let us first define V? as the 
probability vector that describes the probabilities 
of possible outcomes in n future steps (time 
periods) if the present state (time п = 0) is S. 
Consider now the probability vector У! associated 
with time n = 1 and state S, = (selection of 
pizzeria B). For state S», Уз = (0.4 0.2 0.4). This 
probability vector indicates that, if the present 
state is $5, the probability that the next state is S, 
is po, = 0.4, is So is poy = 0.2, is Sy is poy = 0.4. 
Thus, the vector У) indicates the probabilities of 
outcomes for the next step, time п = 1, given а 
specified present state at the present time, » — 
0. Our problem can now be couched in terms of 


Selection Time After 
Next (n = 2) 


Pizzeria А (0.4) (0.5) - 0.20 
Pizzeria B 
Pizzeria C 
Pizzeria А (0.2) (0.4) = 0.08 
Pizzeria B 
Pizzeria C 
Pizzeria А (0.4) (0.3) - 0.12 
Pizzeria B 


Pizzeria C 


FIGURE 14.1 THREE DIAGRAM— PIZZERIA 
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TABLE 14.2 SUMMARY OF RESULTS—TREE DIAGRAM 


Selection at Time n = 1 Selection at Time n = 2 Probability 
Pizzeria A 
State Probability State Probability Selected 
Pizzeria A 0.4 Pizzeria A 0.5 (0.4)(0.5) = 0.20 
Pizzeria В 0.2 Pizzeria A 0.4 (0.2)(0.4) = 0.08 
Pizzeria C 0.4 Pizzeria A 0.3 (0.4)(0.3) = 0.12 
Total 040 


т 


determining V3, the probability vector that will 
contain the probabilities of all possible selections 
at time n = 2, given that the current selection is 
state Sy (pizzeria B). This computation is made 
by multiplying У! and the transition probability 
matrix P. We thus obtain: 


0.5 0.3 0.2 
0.4 0.2 0.4 
0.3 0.3 0.4 
= [(0.4)(0.5) + (0.2)(0.4) + (0.4)(0.3) 
(0.4)(0.3) + (0.2)(0.2) + (0.4)(0.3) 
(0.4)(0.2) + (0.2)(0.4) + (0.4)(0.4)] 
= [0.40 0.28 0.32] 


Vi = V! - P = (0.4 0.2 0.4) 


(14-5) 


The vector V3 indicates that, if the present state 
is Sy atn = 0, two time periods later (n = 2), the 
probability of being in state S, is 0.40, in state 5; 
is 0.28, and in state 5; = 0.32. The first term is 
exactly the same as we obtained earlier in our 
tree diagram analysis. 

This example indicates that the following re- 
lationships hold. 


Pi рь] 
and pi = 1.0, piu; = 0.0 (14-6) 


Уу? = [pipe 


At time п = 0, we know what the state із, апа 
thus there is a probability of 1 that state i exists. 


pol (14-7) 


At time n = 1, V} is given by the ith row in the 
transition matrix P. 


у} = VIP = Пара” 


V? = VIP (14-8) 


Attime n = 2, V? is given by the product of the 
probability vector V} and the transition matrix P. 
Thus, the following general results obtain. 


V? = VIP = (V}P)- P = VIP? (14-9) 
У; = V3P -(МІР)-Р- У}Р? (14-10) 
Vr = У!р = (VP-P = МІР"! (14-11) 


In summary, then, the probabilities associated 
with various states n time periods in the future 
can be determined from the probability vector 
У! and some power of the transition matrix P. 


14.4 THE CHAPMAN- 
KOLMOGOROV EQUATIONS 


We have already discussed the transition proba- 
bility, руу, and we are now concerned with the use 
of the transition probability when the process is 
in state i and the probability that the process will 
be in state j after п periods is desired. This can 
be accomplished by use of the Chapman-Kol- 
mogorov equations. First, let us define the n-step 
transition probability as p“. The Chapman-Kol- 
mogorov equations can then be written as: 


pi” = мыт" 


for all i, j, n, and 0 S r 5n 


(14-12) 


'The left-hand side of these equations represents 
the probability that the process goes from state i 
to state j in п steps. The right-hand side of these 
equations indicates the conditional probability 
that starting from state i, the process goes to state 
k from r steps and then on to state j in (п — r) 
steps. Since the right-hand side is summed over 
all possible k, this summation must yield pj”. 

If we now let P^ denote the matrix of n step 
transition probabilities pj", then Equation 14-12 
can be rewritten as: 


Р”! = p- Р") = Р: Р.Р") =... = Р" (14-13) 


where the dot represents matrix multiplication. 
Thus, P can be calculated simply by multiplying 
the matrix Р by itself n times. 


EXAMPLE 1 


To illustrate how the Chapman-Kolmogorov equations 
are used, consider the problem of determining the 
probability of selection of pizzeria A at a time n = 3, 
given that it has currently been selected. 


Vi = (0.5 0.3 0.2) (14-14) 


۱ 


Vi = VIP? 


(0.5 0.3 0.2) - P? pem 


Using the results of Equation 14-13, we can compute 
Р? as: 


0.5 0.3 0.2 0.5 0.3 0.2 


P? = | 0.4 0.2 0.4 0.4 0.2 0.4 
3010. 3 0.3 0. 
0.3 0.3 0.4 0.3 0.3 0.4 (14-16) 
0.43 0.27 0.30 
= | 0.40 0.28 0.32 
0.39 0.27 0.34 
Therefore, 
0.43 0.27 0.30 
Vi = (0.5 0.3 0.2) | 0.40 0.28 0.32 
0.39 0.27 0.34 (14-17) 


= (0.413 0.273 0.314) 


Within this vector the probability associated with the 
selection of pizzeria A is the probability associated with 
the first state, namely, 0.413. Observe also that the 
matrix P" gives the probabilities of being in any given 
state at time n given all possible starting states. Thus, 
in the matrix Р? that was computed earlier, the first 
row gives the probabilities at time n = 2 associated 
with starting state 5), the second row gives the proba- 
bilities at time n = 2 associated with a starting state S,, 
and the third row gives the probabilities at time n = 2 
associated with a starting state S,. 

For small values of л, the n-step transition matrix 
can be calculated using the simple matrix multiplication 
procedure described in Appendix C and shown here. 
For large values of п, this computation becomes very 
tedious, and round-off errors may be a problem. 


EXAMPLE 2 


In Example 1 we computed the two-step transition 
matrix. Using the results shown in Equation 14-13, the 
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four-step transition matrix could be obtained as: 
Р" = P. P9 = P. P. рэ = pe. pe 


0.43 0.27 0.30 
0.40 0.28 0.32 
0.39 0.27 0.34 


0.4099 0.2727 0.3174 
0.4088 0.2728 0.3184 
0.4083 0.2727 0.3190 


بات 


0.43 0.27 0.0 
0.40 0.28 0.32 
0.39 0.27 0.34 


(14-18) 


14.5 THE LONG-RUN BEHAVIOR OF 
MARKOV PROCESSES 


Given that the system or process being modeled 
as a Markov chain has certain properties, it is 
then possible to analyze its long-run behavior to 
determine the probabilities of outcomes after 
steady-state conditions have been reached. For 
example, after the Markov process has been in 
operation for a long time period (many steps), a 
given outcome will tend to occur a fixed percent- 
age of the time. However, for a Markov chain to 
reach steady-state conditions, the chain must be 
ergodic. An ergodic Markov chain has the prop- 
erty that it is possible to go from one state to any 
other state, in a finite number of steps, regardless 
of the present state. 

The transition matrix describing a Markov 
process can be checked to see whether or not it 
describes an ergodic chain simply by checking to 
see if it is possible to move from every starting 
State or present state to all other states. As an 
example, consider the following transition matrix. 


и 


ЕХАМРІЕ 1 
Future States 
L 2-3 „4 
А ЖАЗ. 
Present |90144 1 
States |3 4 0 3 } pet) 
$4 0-0* "1 % 


Note that, from state 1, it is possible to go directly to 
every other state except state 3. For state 3 it is possible 
to go from state 1 to state 2 and from state 9 to state 
3. Therefore, it is possible to go from state | to any 
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other state. Checking the other states we observe that 
it is always possible to get to state 1, as follows. 


State 2 Go to state 3 or state 4, then from state 3 to 
state 1, or from state 4 to state 3 to state 1. 


State 3 Go directly to state 1. 
State 4 Go to state 3, then from state 3 to state 1. 


Since we have shown that it is possible to go from state 
1 to all other states, and to go from all other states to 
state 1, we have shown that this is a transition matrix 
for an ergodic chain. 

A special type of ergodic chain that is of interest is 
the regular chain. A regular chain is defined as a chain 
having a transition matrix P that for some power of P 
has only positive probability values (i.e., no zeroes). 
Thus, all regular chains must be ergodic chains, but 
not all ergodic chains must be regular. The easiest way 
to check an ergodic chain to see if it is regular is to 
continue squaring the transition matrix until all zeroes 
are removed, or until a pattern is observed indicating 
that at least one zero will never be removed. To illustrate 
this property consider the transition matrix used pre- 
viously, in which we will now use an “X” to indicate 
the presence of a positive probability element. Thus, 
we have 


EXAMPLE 2 


Р = (14-20) 


т 
1 


(14-21) 


pò = (14-22) 


хе ххх хххо 
ххх хххх хххх 


XXX OX»xx 


Fhus the third power of the transition matrix becomes 
а matrix having only positive probability elements (i.e., 
all X's), and we have a regular chain. 

, It should be emphasized that not all ergodic chains 
Will be regular. To illustrate this fact consider the 
following transition matrix. 


547 


EXAMPLE 3 


охххо 
хооох 
P=|X000X 
X00 0X 
охххо0 


хооох 
OXXX0 


(14-23) 
(14-24) 


Р-|Х000Х (14-25) 


(14-26) 


Thus, Р raised to an even power will give the result 
shown as Р? or P', while P raised to an odd power will 
give the original matrix. All these matrices will have 
some nonpositive elements and are not regular. How- 
ever, if we examine Р! we see that we can move in the 
following manner. 


State 1 State 1 to states 2, 3, or 4. 
State 2 State 2 to state I or 5. 
State 3 State 3 to state 1 or 5. 
State 4 State 4 to state І or 5. 


State 5 State 5 to states 2, 3, or 4. From states 2, 3, or 
4 to state 1. 


Thus, the transition matrix is ergodic but not regular. 


— MÀ س‎ 


14.5.1 DETERMINATION OF STEADY- 
STATE CONDITIONS 


Earlier, in Section 14.4, we computed the four- 
step transition matrix for the pizzeria selection 
example using the Chapman-Kolmogorov equa- 
tions. Since the one-step transition matrix for this 
example had all positive probability values, it is 
clearly a transition matrix for a regular ergodic 
chain. Now, the determination of steady-state 


conditions іп a regular ergodic chain сап be 

accomplished most readily by computing Р” for 

larger values of n. To illustrate, consider the eight- 

step transition probabilities given by the matrix: 
0.4099 0.2727 0.3174 


0.4088 0.2728 0.3184 
0.4083 0.2727 0.3190 


Ps = р!. pt = 


0.4099 0.2727 0.3174 
х | 0.4088 0.2728 0.3184 
0.4083 0.2727 0.3190 


0.4090 0.2727 0.3183 

= | 0.4090 0.2727 0.3183 

0.4090 0.2727 0.3183 
(14-27) 


Note the interesting fact that as п becomes larger, 
the values of the р; move to a fixed limit and 
each probability vector V7 tends to become equal 
for all values of i. Thus, each of the four rows of 
P* has identical entries, implying that the prob- 
ability of being in state j eight weeks in the future 
is independent of the pizzeria initially selected. 
Therefore, these results indicate that there is a 
limiting probability that the system will be in state 
) after a large, but finite, number of transitions, 
and this probability is independent of the initial 
state of the system. 

The results just illustrated can be generalized 
in the following manner. For a regular ergodic 
Markov chain: 


lim pp! = т, (14-28) 
and this limit is independent of i. The т/8 аге 
referred to as the steady-state probabilities of 
the Markoy chain and are the probabilities asso- 
ciated with finding the process in state j after a 
large number of transitions. The value T, is in- 
dependent of the initial probability distribution 
that was defined over all the states. The туз satisfy 
the following steady-state equations: 


m, >0 (14-29) 
M 
лі (14-30) 
j*1 
м 
т- От), forj=1,..., М (14-31) 


These steady-state equations consist of (M + 1) 
equations in M unknowns. The steady-state equa- 
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tions can be solved for the M unknowns by 
discarding any one of the (M + 1) equations 
except the equation =“, т, = 1. The equation 
EX, т) = 1 cannot be discarded since, if it was, 
the remaining m equations would be satisfied by 


т, = 0 for all у. 


EXAMPLE 1 


Considering our pizzeria selection problem, the steady- 
state equations can be expressed as: 
l= m + т + Ts 
T, = 0.57, + 0.47. + 0.3т; 
(14-32) 
т. = 0.37, + 0.20, + 0.37, 
т; = 0.27, + 0.4т, + 0.4т, 


Discarding the last equation and making the appro- 
priate algebraic manipulations, we obtain: 

m + т + т, = 1.0 
-0.5т, + 0.4т, + 0.3т, = 0 (14-33) 


0.37, — 0.8т„ + 0.31, = 0 


Solving these three equations simultaneously, we ob- 
tain: 


m, = 0.4090 
т. = 0.2727 (14-34) 
_ 0.3183 
` 1.0000 


Observe that the values of the z/s are the same as the 
elements that were obtained earlier for the eight-step 
transition matrix (see Equation 14-27). Interpreting 
the results of our steady-state computations we can 
assert that, after many weeks, or in the long run, 
pizzeria A will be selected 40.9 percent of the time, 
pizzeria B will be selected 27.27 percent of the time; 
and pizzeria C will be selected 31.83 percent of the 
time, 


— ү уү..——— 


The computations involved іп solving Markov 
models can become very tedious and time con-. 
suming. Consequently, microcomputer packages 
for solving such problems are very useful. 


First Passage Times 


Input Data—Pizzeria Problem 


Input data of the Problem PIZZERIA PROBLEM (Initial State Probabilities) 


51: 0.4000 Se: 0.2000 53: 0.4000 
Input Data of the Problem PIZZERIA PROBLEM (Transition Probability Matrix 
om To 
51: 0.5000 Se: 0.3000 53: 0.2000 
51: 0.4000 Se: 0.2000 53: 0.4000 
51: 1.3000 Se: 1.3000 53: 0.4000 
FIGURE 14.2 


We will now illustrate how the Quantitative 
Systems for Business! software package can be used 
to solve Markov models by applying it to the 
pizzeria problem. The input data for this problem 
consists of the initial vector of state probabilities 
and the transition probability matrix. These data 
are shown in Fig. 14.2. 

The output data produced by this software 
package are the computed state probabilities at 
various times (iterations). The state probabilities 
at iteration 1 correspond to what we computed 
manually as V? (refer to Equation 14-5). They 
are shown in Fig. 14.3. The steady-state proba- 
bilities computed using this software package are 
obtained after eight iterations. These steady-state 
probabilities correspond (with slight rounding 
differences) to those we computed manually (refer 
to Equation 14-34). They are shown in Fig. 14.4. 


14.6 FIRST PASSAGE TIMES 


In addition to determining the n-step transition 
probabilities it is quite often important to be able 
to determine the transition times for the Markov 
chain. "Transition time information is usually de- 
fined in terms of the number of transitions made 
as the process goes from state i to state / for the 
first time, This length of time is defined to be the 
first passage time associated with going from 
state i to state j. We will denote the first passage 
ume in going from state i to state / as Ту. When 


————— ا‎ н Аб. 

'Yih-Long Chang and Robert S. Sullivan, Quantitative 

a for Business (Englewood Cliffs, N.J.: Prentice Hall, 
6). 


j = i, this first passage time is called the recur- 
rence time for state i and is simply the number 
of transitions until the process returns to the 
initial state i. 


—————7Á 


EXAMPLE 1 


As an example of first passage times consider a record 
store that maintains inventory records for a certain 
best-selling album. The ending inventories foran eight- 
week period are as follows. 


I = 
1, 
1, = 
L= 
1, = 
Is 
1; 
1 


(14-35) 


осал чо о о 


1 


1 
N 


For these ending inventories the first passage time in 
going from state 8 to state 5 is two weeks, from state 8 
to state 7 is three weeks, and the recurrence time of 
state 8 is five weeks, while the recurrence time of state 
5 is two weeks. 


EXAMPLE 2 


If the probability of the process going from state 7 to 
state j is eventually 1 (perhaps in a large number of 
steps), then the corresponding first passage time Т, is 
a random variable having an associated probability 
distribution. Otherwise, Т, is infinitely large. To illus- 
trate, consider first the following one-step transition 
matrix. 
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Output Data—Iteration 1: state Probabilities 
State Probabilities -- Iteration 1 


S1: 0.4000 52: 0.2800 
FIGURE 14.3 
States 1 2 3 
bins ў 0 
РО 20) 1 E (14-36) 
3| 1 4 0 
EXAMPLE 3 


For this process the first passage time between any two 
states is а random variable since the probability of 
eventually getting to a given state is always І. Consider 
next the following one-step transition matrix. 


States 1 2 3 
ІП? 3 0 

P' = 210 1 0 (14-37) 
3| 4 1 0 


For this process the first passage times Т), and Т), are 
not random variables since the process will eventually 
go to state 2 and then it will never return, Likewise, 
Т, Tos, T4, and Ty are not random variables. However, 
Т), and Т, are random variables since the system will 
eventually get to state 2. 

If the first passage time T, is a random variable, let 
£," denote the probability that the first passage time 
from state i to j is equal to n. It can be shown that the 
probabilities satisfy the following recursive relation- 
ships. 


Шы Арты 
&, = pi Ф і Pi 
(2) 


a (1) 
Ej = b; = Бу Ру 


(2) 


& “Ру By ру" - рие... grip, 
(14-38) 
The one-step transition probabilities can thus be used 


to compute recursively the probability of a first passage 
time from state i to state j in n steps. Using the one- 


53: 0.3200 


step transition probabilities from our pizzeria example, 
the probability distribution of the first passage time in 
going from state 1 to state 3 is determined as follows. 


gi =p = 02 (14-39) 
Ge Ps Es 
= 0.3 - 0.2(0.4) (14-40) 


= 0.22 


For fixed 7 and j, the £j are nonnegative numbers for 
which: 


ZE si (14-41) 
When this sum holds as a strict inequality, the process 
initially in state i may never reach state 7. When this 
sum holds as a strict equality, g?(u = 1, 2,...) is the 
probability distribution for the first passage time Т), 
which is a random variable. When і = j and 


Xe ET 


then state i is called a recurrent State since once the 
process is in state i, it must return to state i. 

An absorbing state is a special case of a recurrent 
state for which the one-step transition probability p; 
equals 1. The process can never leave an absorbing 
State once it enters it, 

A transient state occurs for the situation in which: 


(14-42) 


Dgo <] (14-43) 
n=] 


Output Data—Steady-State Probabilities 
Final Iteration—Total Iterations = 8 


51: 0.4091 
FIGURE 14.4 


Se: 


0.2727 


53: 0.3162 
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In this case, once the process is in state i, there is a 
strictly positive probability that it will never return to 
state 1. 


EXAMPLE 4 


Го illustrate the various types of states that can occur 
consider the following one-step transition matrix. 


States: | 1 2 737475 
1]1 0 0 
ӨЗ. ҮА. АЕ 

P= STO O. ETO TG (14-44) 
4/0 0 1 0 
5 707 "ОРЫН 


In this Markov process the states 1 and 2 are recurrent, 
although, strictly speaking, this assertion must be ver- 
ified by showing that: 


pened 


nel 


Yee = 1 


n=l 


(14-45) 


(14-46) 
TY 


It should be cautioned that this verification is 
often time consuming and tedious. Consequently, 
an alternative criterion is employed, namely, that 
of showing that there exists a value of n for which 
() > 0 for all i and j. For this matrix ff" is positive 
for i and j equal to 1 and 2, and thus states 1 and 
2 are recurrent, 

For the same Markov process, it is apparent 
that state 3 is an absorbing state (and also a 
recurrent state) because once the process enters 
state 3, it will never leave state 3, since ps, = 1. 
States 4 апа 5 are transient states. For state 4, 
the probability is 0.5 that the process will go to 
state 3 on the first step, and once the process is 
in state 3 it will stay in state 3. For state 5, it is 
apparent that once the process leaves state 5 it 
cannot return. 

_ Denoting the expected value of the first passage 
time from state i to state j as wj, this expected 
value is given by: 

(14-47) 


ti; = 


| 
{м1 


if Dap ml 
awl 


uj = c, if Y g^ <1 (14-48) 
"I 


551 


In general, if the first passage times are random 
variables; that is, whenever X;., g = 1, then 
the и, will uniquely satisfy the system of linear 
equations given by: 


u = 1+ ХО раш, (14-49) 


m 


For our pizzeria example, the formula given 
by Equation 14-49 can be employed to determine 
the expected first passage times from state = 1 
to state j = 3. Using Equation 14-49 we form the 
simultaneous linear equations: 


ug = 1 + putas + pitin 
из = l + рыш + рыш 

w 3 Partis + Рей (14-50) 
м = 1 + 0.5u + 0.3us 


1 + O0.4u + 0.2u5 


Ш 


Из 


The solution to this system of two simultaneous 
equations is: 


3.92 weeks 
3.21 weeks 


Uis 


(14-51) 


LES 


Thus, the expected first passage time from state 
1 to state 3 is 3.92 weeks, and as a result of solving 
these two equations simultaneously, we also obtain 
the expected first passage time from state 2 to 
state 3 as 3.21. weeks. 

When j - i, the expected first passage time is 
referred to as the expected recurrence time. The 
recurrent state is termed null recurrent if u; = 
> and is termed positive recurrent if u; < ^. In 
a finite-state Markov chain, such as we are con- 
sidering in our pizzeria example, there are no 
null recurrent states (i.e., there are only positive 
recurrent states). Thus, the steady-state probabil- 
ities we computed earlier (Equation 14-34) are 
equal to the reciprocal of the expected recurrence 
time; that is: 


т) 


2а forj = 1,2,...,М (14-52) 
и 


Using this result, ме сап easily compute the 
expected recurrence time for j = i = 3 (state 3) 


as: 


= = 3.14 weeks 


1 
а 14-53 
Us, 0.3185 en 


14.7 ANALYSIS OF ABSORBING 
MARKOV CHAINS 


In the previous section of the chapter we discussed 
the concept of an absorbing state in a Markov 
chain. Recall that an absorbing state is a state 
having a zero probability of being left once en- 
tered. Once the absorbing state is entered the 
process either stops completely or stops and is 
then reinitiated from some other state. A Markov 
chain can be shown to be an absorbing Markov 
chain if: 

1. It has at least one absorbing state. 


2. And it is possible to move from every nonab- 
sorbing state to at least one absorbing state in 
a finite number of steps. 


EXAMPLE 1 


To illustrate the properties of absorbing Markov chains 
consider the following problem situation. A Phoenix 
tennis pro, Sancho Margolies, is in the process of 
analyzing his tennis pupils as a Markov process (Mar- 
golies studied OR as a student at Arizona State Uni- 
versity). Considering the instruction of a single tennis 
student over a several-week period, each week of 
instruction can be considered as a trial of a Markov 
process with the student existing in one of four states. 


State 1 Championship tournament caliber. 

State 2 "Washout"—switch to another sport. 

State 3 Daily instruction and practice needed. 

State 4 Twice daily instruction and practice needed. 


Thus, the status of a tennis pupil can be evaluated by 
using a Markov analysis to identify the state of the 
system for a particular week or time period in the 
future. 

Margolies has kept historical records concerning the 
progress, or lack thereof, of his former pupils. From 
this historical information, the following transition 
matrix has been developed. 


0 І 0 0 
03 01 05 Ж 
02 0202 Ga 


Р- (14-54) 


In this transition matrix the transition probabilities are 
defined as follows. 
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p, = probability of a tennis student in state i in one 
week moving to state j in the following week 


For example, there is a 0.3 probability that a student 
in state 3 (daily instruction and practice needed) will 
move to state | (championship tournament caliber) in 
the following week. Note also that there are two ab- 
sorbing states for this Markov process. Once a tennis 
student makes a transition to state 1 (championship 
tournament caliber) the probability of moving to any 
other state is zero. Similarly, once a tennis student 
moves to state 2 ("washout"—switch to another sport), 
the probability of a move to any other state is zero. 
Thus, all the tennis students will eventually be absorbed 
into either states 1 or 2, the absorbing states. 

When we are confronted with a Markov process 
having absorbing states, we cannot compute the steady- 
state probabilities associated with the various states in 
the manner shown in Section 14.5.2 because the pro- 
cess must eventually end up in one of the absorbing 
states. However, several kinds of interesting informa- 
tion can be obtained from the analysis of absorbing 
Markov chains. Thus, we can determine: 


l. The probability of absorption by any given absorb- 
ing state. 


2. The expected number of steps before the process 
is absorbed. 


То perform the analysis of absorbing Markov chains 
we begin by rearranging the transition probability 
matrix into four submatrices. 


(14-55) 


Тһе submatrices all contain probability elements, but 
individually none of them are transition matrices. As- 
suming that there are r absorbing states, s nonabsorbing 
states, and r + s = ¢ total states, the four submatrices 
can be described as follows. 


I Anr-by-r identity matrix defining the probabili- 
ties of staying within an absorbing state once it is 
reached.* 

0  Anr-by-s null matrix indicating the probabilities 
of going from an absorbing state to a nonab- 
sorbing state. 

А An s-by-r matrix containing the probabilities of 
going from a nonabsorbing state to an absorbing 
state. 

М An s-by-s matrix showing the probabilities of 
going from a nonabsorbing state to another non- 
absorbing state. 


*For computational purposes, I must be of the same 
magnitude as М. 


Analysis of Absorbing Markov Chains 


EXAMPLE 2 


For the example just cited, the transition probability 
matrix can be structured into the four submatrices just 
defined, as follows. 


1 010 0 


0 1 0 0 
Р 9 uA LM Жары (14-56) 
0.3 0.110.5 0. 
110.5 1 IN 


02 02102 04 


Using the submatrix N from the subdivided transi- 
tion probability matrix, a fundamental matrix, F, can 
be calculated using the following formula. 


F-(I-N)' (14-57) 


For a given starting state, the fundamental matrix F 
indicates the expected number of times a process is in 
each nonabsorbing state before it is absorbed. The 
submatrix N indicates the probabilities of going from 
any nonabsorbing state to any other nonabsorbing state 
in exactly one step. The submatrix N" would provide 
the same information for n steps. Since the submatrix 
М is composed of decimal numbers, р, where 0 = 
b, = 1, as n becomes large, № will contain elements 
all approaching zero. To find the expected number of 
steps before the process is absorbed requires the sum- 
mation of the expected number of times the process is 
in each nonabsorbing state. The expected number of 
times the process will be in nonabsorbing state j is given 
by: 
Expected number of times in nonabsorbing state 1 
= (1 х probability of being in nonabsorbing state 
j at beginning) + (1 x probability of being in state 
j after 1 step) + (1 X probability of being in state 
j after 2 steps) + ۰۰° 


= IN + IN! + IN? + IN? + ‘° 


-N'RONGNUNG GGG gsm 


Now, it can be shown that this series behaves like an 
algebraic power series, as follows: 
N° + NI + N? + NS + = (I — N)" (14-59) 


which is the result shown as the equation for the 
fundamental matrix. 


EXAMPLE 3 


Using the data from our tennis example, the compu- 
tation of the fundamental equation is as follows. 


¢ d 2 p gi 
0 1 02 04| (460) 


_[ 05 -0.1 
0-02 0.6 


(I — № 


Next, this matrix is inverted to obtain: 


2.14 0.36 


oll е) ke 1.79 


| (14-61) 
То interpret the results given by the fundamental 
matrix, recall that the nonabsorbing states are states 3 
and 4. As indicated previously, the expected number 
of steps before absorption is simply the sum of the 
times the process is in each nonabsorbing state. These 
summations are shown in Table 14.3. 

To compute the probability of absorption by any 
of the absorbing states, we employ the following rela- 
tionship. 


Probability of absorption E 
-FA-(-N)':A deem 

Recall the submatrix А contains the probabilities of 
going from any nonabsorbing state to an absorbing 
state. Let i define some specified nonabsorbing state, 
let j signify some given absorbing state, and let Ё be 
any nonabsorbing state. As indicated previously: 


P(going from nonabsorbing state i to 
absorbing state j in one step) — А (14-63) 
Now, 


P(going from nonabsorbing state i to ab- 
sorbing state j in two steps) — probability 
of going from i to k in one step X prob- 
ability of going from A to j in one step 
summed over all values of k = N'A 


(14-64) 


Similarly, 


P(going from nonabsorbing state i to ab- 


sorbing state j in three steps) — N'A (14-65) 


P(going from nonabsorbing state to ab- 


sorbing state j in n steps) — N'"A (14-66) 


Thus, the probability of going from nonabsorbing state 
i to absorbing state j is given by the convergent power 
series: 


OE 
TABLE 14.3 COMPUTATION OF EXPECTED 
STEPS BEFORE ABSORPTION 


Expected Steps 
Beginning State Before Absorption 
5; 914 + 0.36 = 2.50 
$i 0.71 + 1.79 = 2.50 


554 


P(going from nonabsorbing state i to ab- 
sorbing state j) 


Ш 


А + NA + NA + NA +... 
1A + NA + NA + NA + · 
(1+ N- NN +N + ۰‘ JA 
= (I - N)'A 


(14-67) 


which is the result shown as Equation 14-62. 
Now let us return to our tennis example. 


EXAMPLE 4 
-N-A 


. [2.14 0.36 |[ 0.3 0.1 
~ 10.71 1.79 || 0.2 0.2 
_ [0.71 0.29 
~ [0.57 0.43 


The first row of the absorption probability matrix gives 
the probabilities that a tennis player beginning in state 
3 will end up in each of the absorbing states. We 
observe that there is a 0.71 probability that a player 
beginning in state 3 will end up in state 1 (championship 
tournament caliber) and a 0.29 probability that a player 
beginning in state 3 will end up in state 2 ("washout— 
switch to another sport). The second row of the ab- 
sorption matrix indicates the probabilities that a tennis 
player beginning in state 4 will end up in each of the 
absorbing states. Thus, there is a 0.57 probability that 
a player beginning in state 4 will end up in state 1 and 
а 0.43 probability that a player beginning in state 4 
will end up in state 2. 

Assume that Sancho currently has 100 tennis stu- 
dents, with 40 students being in state $y, and 60 students 
being in state 5,. We can employ the absorption matrix 
to determine how many of these students will eventually 
go to states 1 and 2 respectively. Denoting the present 
composition of the tennis students as the vector T: 


Ss $, 
T - (40 60) 


Probability of absorption 


(14-68) 


(14-69) 
The final composition of the tennis students, denoted 
as T’, will be: 

Т” = T : probability of absorption 


47% 5% Ñ 
= (40 60), | 0.71 0.29 
S, |0.57 0.43 


(14-70) 


SS 3 
= (62.6 37.4) 
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Thus, of the current 100 tennis students, 62.6 (say, 63) 
will eventually become of “championship tournament 
caliber” while 37.4 (say, 37) will eventually “wash out.” 


14.8 APPLICATIONS OF MARKOV 
PROCESS MODELS 


EXAMPLE 1 


Let us now consider some decision-making situations 
involving the application of Markov process models. 
Initially, let us consider a decision-making situation 
involving a high-speed printer, which is an essential 
part of a computerized management information sys- 
tem used to prepare daily financial statements for an 
automobile parts manufacturer. A management science 
analyst has been working with the computer system 
operations staff and has determined that the observed 
condition of the printer output after a particular day 
of operation can be categorized into one of three states. 


State Condition of Printer Output 
1 Excellent 
2 Acceptable, but of marginal quality 
3 Unacceptable, blurry and unreadable 


Furthermore, the management science analyst has de- 
termined a transition matrix that describes the behavior 
of the printer over time, under the assumption this 
behavior is a stochastic process described by a finite- 
state Markov chain. This transition matrix is given by: 


_— 


To State 
From State 1 жы. 
1 0 І 4 
2 025/30, 63 (14-71) 
3 0 0 1 


——————E 


By observation of this transition matrix, it is appar- 
ent that state 3 is an absorbing state. Thus, over time 
the printer will enter state 3 and will remain there. At 
this point in time, unacceptable reports will be pro- 
duced. Thus, а decision will have to be made with 
respect to replacing or repairing the printer. Further 
analysis has indicated that the following expected costs 
arc appropriate for the various states 
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State Expected Cost 
1 $0 
2 81000 (cost of illegible reports) 
3 $5000 (cost of illegible reports, 


plus cost of repairing printer) 


Now, assume that we are interested in trying to 
determine the cost associated with a maintenance policy 
decision that requires that the printer be repaired or 
replaced when it enters state 3. The stochastic process 
that results from this system having such a maintenance 
policy is also a finite-state Markov chain, but it now has 
a transition matrix given by: 


То State 
From State 1-345989 
1 0 i i 
2 0 И 1 (14-72) 
3 1 0 0 


Assume that we are interested in evaluating the cost 
associated with this maintenance policy. Using the 
transition matrix given by Equation 14-72, and the 
results shown earlier in Section 14.5.1, the steady-state 
equations can be expressed as: 


1 = т + т, + т; 


my ti Late (14-73) 
m = {т + іт, 
m = bm, + іт; 


Solving these equations simultaneously, we obtain: 


m, = f = 0.1818 
T, = й = 0.6364 
т, = й = 0.1818 

Н = 1.0000 


(14-74) 


1 hese results indicate that over the long run, the printer 
will be in state 1, 18.18 percent of the time; in state 2, 
63.64 percent of the time; and in state 3, 18.18 percent 
of the time. Hence, the long-run expected average cost 
for the particular maintenance policy will be given by: 


$07, + $10007. 


+ $50007, 
$0(0.1818) + $1000(0.6364) + $5000(0.1818) 


EXAMPLE 2 


Another area in which Markov process models have 
proven useful is that of credit or accounts receivable 
control. Thus, let us consider another decision-making 
situation in which a credit card company is attempting 
to determine a more effective set of credit control 
policies. This company has traditionally classified all its 
accounts receivable into one of the following four 
categories. 


Accounts 
Receivable Status of Accounts 
Category (states) Receivable 
1 Paid in full 
2 Bad debt 
3 0-50 days late 
4 31—120 days late 


Based on a historical analysis of the weekly transition 
pattern for its accounts receivable, the company has 
developed the following transition matrix. 


То A|R category (state) 
1 2/1431 0A 


From IL 0 310 
АШ ы CR EEG 
~ category 3| 04 0.2 0.2 0.2 

(state) 4| 0.3 0.3 0.3 01 


(14-76) 


From this transition matrix it can be seen, for example, 
that the probability of a customer accounts receivable 
moving from the “0-30 days late" state to the "paid in 
full" state in the next week is 0.4. Note also that this 
transition matrix has two absorbing states, namely, 
states 1 and 2. Thus, all the accounts receivable dollars 
will eventually be absorbed into either "paid in full" or 
"bad debt" category. 

Suppose further that the credit card company is 
interested in predicting the amount of money that 
eventually will be paid and the amount of money that 
will be lost as bad debts. Using the transition matrix 
given by Equation 14-76, and the results presented in 
Section 14.7, we can initially subdivide the transition 
probability matrix into four submatrices, as follows. 

Ie On json Ай | 
P = |--na -|----| (14-77) 
оз 03103 ол] LAIN 
Then, using the submatrices I and № from the subdi- 
vided transition matrix, the fundamental matrix F can 


5 636.40 + $909.00 (14-75) 


= $1545.40 


be calculated as: 
Е = (I – N)" 


„ИШЕ 


y (14-78) 
_( 08 -02 
71-08 09 
_ [1.365 0.303 
0.455 1.212 


Since we are interested in predicting the amount of 
money that eventually will be paid and that eventually 
will be lost as bad debts, we must next compute the 
probability of absorption for states 1 and 2. To do this 
we employ the relationship: 


Probability of absorption - FA (14-79) 
=(I-N)'-A 
_ | 1.365 0.303 0.4 0.2 
0.455 1.212 0.3 0.3 
_ | 0.637 0.363 
0.546 0.454 


The first row of the absorption probability matrix gives 
the probabilities that an accounts receivable dollar 
beginning in state 3 (“0-30 days late”) eventually will 
end up in absorbing states 1 and 2, respectively. The 
second row of the absorption probability matrix gives 
the probabilities that an accounts receivable dollar 
beginning in state 4 (“31-120 days late”) eventually 
will end up in absorbing states 1 and 2, respectively. 

Now, let us assume that the credit card company 
has $1 million of accounts receivables outstanding in 
state 3 (“0-30 days late”) and $500,000 of accounts 
receivables outstanding in state 4 (“31-120 days late”). 
We can employ the absorption probability matrix to 
determine how many of these dollars will eventually 
go to states 1 and 2, respectively. Denoting the present 
composition of the accounts receivable dollars as the 
vector T: 


Ss S, 


= ($1,000,000 $500,000) (14-80) 


The final composition of the accounts receivable dol- 
lars, denoted as Т”, will be: 
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T’ = Т. Probability of absorption 
Ss 5; Sı S. 


0.637 0.363 
= ($1,000,000 $500,000) S, 5 0546 0.454 | 
S, 5% 
= ($910,000 $590,000) (14-81) 


Thus, if the credit card company currently has $1.5 
million of outstanding accounts receivable divided as 
indicated by Equation 14-80, it can expect that even- 
tually $910,000 will be collected while $590,000 will 
become bad debts. 

Numerous other applications of Markov process 
models have been reported. Other Markov process 
applications include the scheduling of hospital admis- 
sions, analyses of stock market price movements, man- 
agement of recreational facilities, and the determina- 
tion of expected payout for life insurance policies. 


14.9 CONCLUSION 


In this chapter we have presented the fundamen- 
tal concepts involved in Markov process models 
and have presented a number of examples of 
their application. In these examples, and in the 
problem set at the end of this chapter, we have 
illustrated some of the numerous physical, eco- 
nomic, and business situations that can be math- 
ematically modeled by a Markov chain. We ob- 
served that Markov modeling was very helpful in 
providing decision-making information іп рго- 
cesses involving a sequence of repeated trials with 
a finite number of outcomes (states) possible at 
each trial. We were primarily concerned with the 
long-run behavior of Markov processes, and in 
determining the steady-state conditions that de- 
fine the probabilities of each of the states occur- 
ring after a number of steps, or time periods, 
have elapsed. We also indicated how to compute 
and utilize the first passage time, and concluded 
our work in this area with an analysis of absorbing 
Markov chains. 


Case Study: Improving the National Weather 
Service Forecast and Warning System 


The National Weather Service (NWS) is a major component of the National 
Oceanic and Atmospheric Administration (NOAA), U.S. Department of 
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Commerce. One of its principal missions is to save lives and reduce property 
damage resulting from violent storms and their associated floods. The so- 
cietal significance and economic efficiency of this mission have increased in 
the last decade because of several factors, namely: 


1. The number of feasible (from an engineering or environmental view- 
point) sites for new flood control reservoirs has shrunk. 

2. The costs of structural protection measures such as dams, levees, and 
diversion channels have been rapidly escalating. 


3. The potential for flood damage has increased because of the continued 
development of floodplains for urban, commercial, and industrial uses. 


Fortunately, at the same time an opportunity for marked improvement of 
flood forecasting capabilities has been created by rapid advances in hy- 
drology, data processing, and telecommunications. 

There are about 20,000 flood-prone areas in the United States. NWS 
prepares flood warnings directly for 3000 designated forecast points, 1000 
in headwater areas and 2000 along main stem rivers. Planning and invest- 
ment decisions about developing and improving this large-scale flood warn- 
ing service are preceded by systems analyses at the microeconomic level. 
This approach is necessary because of gross dissimilarities among the 3000 
flood-prone areas. 

The NWS Office of Hydrology has sponsored several economic studies 
of the flood forecast-response (ЕЕЕ) process. A typical study has two basic 
objectives: 

1. To formulate a methodology for evaluating the performance of flood 
forecasts as a means of reducing property damage. 

2. To carry out a number of case studies that will supply representative 
and generalizable information about the performance characteristics of 


КЕК systems. 
A flood forecast-response system has five major components: 


1. The data collection network, which records hydrometerologic data in the 
field and sends them to a river forecast center where they are trans- 
formed into an input to a hydrologic forecasting procedure. 

2. The forecasting procedure, which includes all hydrologic models and any 
subjective procedures employed by the forecaster in computing the flood 
forecast. 

3. The dissemination channels, namely, radio, ТУ, telephone, and the various 
public and private organizations that, after receiving a flood forecast 
from the river forecast center, disseminate flood warnings to potential 
users. 

4. The decision procedure, which includes all formal decision methods as 
well as unaided decision processes by which recipients of flood warnings 
plan their responses. 

5. The set of protective actions, which typically includes evacuating the con- 
tents of a structure, floodproofing a structure temporarily, or shutting 
down a facility. 

The methodology used to develop and evaluate the FFR system is shown 
in Fig. 14.5. As seen in the figure this methodology is built from two 


elements: 
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DESCRIPTION OF 
FFR SYSTEM 


EVALUATION MODEL 


EVALUATION OF 
FFR SYSTEM 


HYDROLOGY AND 
TOPOGRAPHY 


1. VALUES 
2. EFFICIENCIES 
3. EXPECTED 
OPPORTUNITY 
LOSSES 


SCENARIOS 
OF SYSTEM 
OPERATION 


SCENARIO 


MODEL OF FFR PROCESS 


FINITE, RANDOM DURATION, 
MARKOVIAN DECISION PROCESS 
FOR SINGLE DECISION MAKER 


HUM ESPONSE 
BEHAVIOR 


ECONOMIC 
L 5 


PERFORMANCE 
MEASURES 


EXPECTED 
ANNUAL 
LOSS 


BEHAVIORAL MODEL OF 


STOCHASTIC 


J MODEL OF ECONOMIC 
MODEL OF HUMAN LOSSES AND 
FLOOD RESPONSE TO PHYSICAL 
FORECAST FLOOD CONSTRAINTS 
PROCESS WARNINGS ON ACTION 


E 14.5 METHODOLOGY FOR THE DEVELOPMENT AND EVALUATION OF THE FFR 
M 


l. A comprehensive mathematical model of the FFR process. 
2. An evaluation model. 


The mathematical model of the FFR process is for a system in which the 
forecast component provides forecasts for a single point on a river and the 


response component is a single decision maker. The FFR model incorpo- 
rates three submodels: 


l. A stochastic model of the flood forecast process. 
2. A behavioral model of human response to flood warnings. 


4 


3. A model of economic losses апа physical constraints on preventive ac- 
tion. 


The stochastic model of the flood forecast process incorporates а Mar- 
kovian decision process. The sequence of forecasts of the flood crest and 
the actual river stages are described by means of a Markov chain. The 
decision maker's response to the sequence of forecasts is formulated as а 
finite, random duration, Markovian decision process. 

The development of the FFR system has proven to be very beneficial. 
In a letter from Robert A. Clark, director, Office of Hydrology, National 
Weather Service, he notes: “Тһе work reported on has been of great value 
in examining the response of the entire flood forecast system including 
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data collection, forecasting, dissemination, decisions by floodplain dwellers, 
and protective actions.” 


Source: Roman Krzysztofowicz and Donald R. Davis, “Toward Improving Flood Forecast-Response Systems," Interfaces, 14, по. 
3 (May—June 1984): 1-14. 


Glossary of Terms 


Absorbing Markov Chain. A Markov chain that has at least one ab- 
sorbing state, and it is possible to move from every nonabsorbing state 
to at least one absorbing state in a finite number of steps. 

Absorbing State. A state having a zero probability of being left once it 
is entered. 

Chapman-Kolmogoroy Equations. Equations used in a Markovian 
analysis to determine the probability that the process will be in state / 
after n periods, given the process is currently in state i. 

Continuous Time Process. A stochastic process [X,], where / runs over 
a given set T defined to be an open or closed interval of the real number 
line. 

Discrete Time Process. A stochastic process [X,], where / runs over a 
countable set T. 

Ergodic Markov Chain. A Markov chain possessing the property that 
it is possible to go from one state to any other state in a finite number 
of steps, regardless of the present state. 

Expected First Passage Time. The expected value of the first passage 
time. 

Expected Recurrence Time. The expected value of the first passage 
time when j = i. 

First Passage Time. The length of time (number of transitions) as the 
process goes from state i to state j for the first time. 

Fundamental Matrix. A matrix employed in analyzing absorbing Mar- 
kov chains to determine the expected number of times a process is in 
each nonabsorbing state before it is absorbed. 

Markov Chain or Markov Process. A stochastic process for which the 
occurrence of a future state depends only on the immediately preceding 
state; thus, for a Markov process, given that the present state is known, 
the conditional probability of the next state is independent of the states 
prior to the present state. 

Markovian Property. The property that states that the conditional prob- 
ability of any future state, given any past state and the present state, is 
independent of the past state and depends only on the present state of 
the process. 

Markov Process Models. A class of management science models that 
deals with the behavior of dynamic systems over time. 

Null Recurrent State. A recurrent state whose expected recurrence time 


is infinity. 
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Positive Recurrent State. A recurrent state whose expected recurrence 
time is less than infinity. 

Probability of Absorption. The probability of going from a nonabsorb- 
ing state i to an absorbing state /. 

Recurrence Time. The number of transitions until the process returns 
to the initial state 1. 

Recurrent State. A state possessing the property that once the process 
is in the state, it must return to that state. 

Regular Chain. A special type of ergodic chain that has a transition 
matrix P that for some power of P has only positive probability values 
(i.e., no zeroes). 

State. The condition of the stochastic process, represented by the random 
variable X,, at time f. 

State Space of a Stochastic Process. The set of possible values that the 
random variable {X,, t € T} may assume. 

Steady-State Conditions. Conditions characterizing a Markov process 
that has been in operation for a long time, where a given outcome will 
tend to occur a fixed percentage of the time. 

Steady-State Probabilities (тт). The probabilities associated with finding 
the Markov process in state j after a large number of transitions, where 
the value т; is independent of the initial probability distribution that was 
defined over all the states. 

Stochastic Process. An indexed collection of random variables [X,], where 
the index / runs over a given set T and X, is taken to be some measurable 
characteristic of interest at time ¢. 

Transient State. A state possessing the property that once the process is 
in the state, there is a strictly positive probability that it will never return 
to that state. 

Transition Probabilities. Conditional probabilities used in stochastic 
processes to describe the manner in which the system makes a transition 
from one time period to another. 

Transition Probability Matrix. A matrix of transition probabilities. 
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Discussion Questions 


1. 


b 


oo ч 9 m  ф mw 


10. 
11. 
12. 
13. 
14. 


15. 
16. 


Could we also consider an "infinite"-state stochastic process in a Markov chain 
structure? Why or why not? 

Do you think the assumption of "stationary" transition probabilities is realistic? 
Why or why not? 

Are the transition probability matrices always square matrices? Why or why 
not? 

What is the difference in objective when doing a probability analysis using 
Markov chains compared to using the Chapman-Kolmogorov equations? 
What problem could occur when using the Chapman-Kolmogorov equations 
for large n? 

Suppose you are given some transition matrix. How can you determine if it 
describes a regular chain? 

Could you determine steady-state conditions for a nonregular ergodic chain? 
Why or why not? 

When is the "first passage time" a random variable, and when is it not? 
What is the difference between a “recurrent” and an “absorbing” state? Describe 
briefly how you can tell in your transition matrix which states are recurrent 
and which are not. 

Why is the expected value of the first passage time from state k to state 1 
infinite, when the summation over all n of g(n);, is strictly less than one? 
Describe the mathematical condition for which a recurrent state is null recur- 
rent. 

Judge this statement: The steady-state probabilities are zero for null recurrent 
states. 

Suppose you have a transition matrix in which one or more absorbing states 
occur. How would you calculate the probabilities of going from any nonab- 
sorbing state to any other nonabsorbing state in, let us say, five steps? 

What does the fundamental matrix F calculate? 

Give some example of practical applications of Markovian analysis. 

What is a necessary condition for a Markov chain to reach steady-state con- 


ditions? 


E o n ا ا ا‎ 


Problem Set 


1: 


Bill and Betty һауе tied the first set of their tennis match at six games 
each and are going to play a nine-point “tie breaker” to break the tie 
(i.e., the first player winning five points wins the tie breaker and the 
set). Bill has a probability of 0.6 of winning any one point, and Betty 
has a probability of 0.4 of winning any one point. Represent this sit- 
uation as a Markov chain and form the transition matrix. 


A marketing research firm has just completed a survey of consumer 
buying habits with respect to three brands of coffee. It estimates that 
at the present time, 40 percent of the customers buy brand A, 20 
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percent of the customers buy brand B, and 40 percent of the customers 
buy brand С. Additionally, the marketing research firm has analyzed 
its survey data and has determined that the following brand-switching 
matrix is appropriate for the three brands of coffee. 


Brand next purchased 
А: В: С 
АГ0.5 0.4 0. 
В| 02 0.6 02 
С|/0,5-70:2: 05 


Brand just 
purchased 


What will be the expected distribution of customers two time periods 
later? 


. A machine-failure transition matrix has been determined as follows. 


OO 0:2 
P=/0.5 02 03 
0.1 0.4 0.5 


Compute the four-step transition matrix. 


. For each of the transition matrices given, compute Р? and P". Deter- 


mine if they are regular chains. 


(a) |0.4 0.2 0.4 


ТТТ РЕЗ! 
d 602 10 

{бу [о 0,0 
0.8 0 0.2 
ТО 

(с) [0.3 0 07 
0.6 04 0 
ҮТҮК, 


For each of the transition matrices given, determine if it is ergodic 
and/or regular. 


(а) [0 05 05 0 
ОООО 
(907 SON 08 
0 04 06 0 


(b) [0 10 
0.6 0 04 
HOR 


(с) 


(4) p 0 03 0 
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6. Formulate and solve the steady-state equations for the Markov process 
with the following one-step transition probabilities. 


0.2 0.6 0.2 
Р = |01 01 08 
05 03 02 


7. Formulate and solve the steady-state equations for the Markov process 
with the following one-step transition probabilities. 


0..05. 0% 02 
02 04 01 0.3 
0:8) UZ 0 О 
6-20 1 0 


Pix 


8. Given the following one-step transition matrix, determine the nature 
of its states. 
Ооо 
92420 
0! 30H 40 
ООО 


9. Given the following one-step transition matrix, determine the nature 
of its states. 


Calculate the expected first passage time from state 2 to state 3 if the 
one-step stationary transition probabilities are given by: 
масса O 59 
1[0.8 0.1 0.1 
Р! = 2/0.2 0.5 0.3 
310.4 0.2 0.4 


10 


Calculate the expected first passage time from state 1 to state 2 if the 
one-step stationary transition probabilities are given by: 


States 1 2 3 
1[03 0.3 0.4 
P!-2|02 02 0.6 
3|05 0.1 0.4 


11 


Calculate the expected recurrence times for all states using the one- 
step stationary transition matrix given by: 
States 1.2 
p-! 0.2 0.8 
2| 0.5 0.5 


Calculate the expected recurrence times for all states using the one- 


12 


H 


13 


14. 


15. 


16. 


17. 
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step stationary transition matrix given by: 


States ] 23 
1] 0.1 0.6 0.3 
Pp! = 2) 0:9 02 0:8 
3| 0.8 0.1 0.1 


A soccer team has a 0.7 probability of winning its game next week if 
it wins its game today and a 0.4 probability of losing its game next 
week if its loses its game today. 

(a) Determine the one-step transition matrix for this Markov process. 
(b) Determine the steady-state probabilities. 


A St. Louis meteorologist has determined that the following Markov 
process transition matrix describes the behavior of the daily weather 
in St. Louis. 


"Tomorrow's weather 

Sunny Cloudy Rainy 
Sunny| 0.6 0.3 0.1 
Cloudy| 0.4 0.3 0.3 
Rainy| 0.2 0.3 0.5 


Note that the meteorologist is assuming that the states of the weather 

are mutually exclusive. 

(a) If it is sunny today, what is the probability that the first rainy 
weather will occur n days (n >> 0) from now? 

(b) If it is cloudy today, what is the expected number of days until 
the next rainy weather? 


"Today's 
weather 


Joe College likes to spend his Friday evenings tipping a few beers with 


the boys at three local taverns. Joe has his first beer at tavern | and 
then uses a random walk to choose his next tavern. His behavior can 
be described by the following Markov process transition matrix. 


Next beer 
Tavern 1 2 3 
О 0T "09 
20° 04 05 
310.3 09 0.5 


(a) Assume that it takes Joe many beers to become convinced to go 
home for some sleep. What is the probability that he decides to 
go home while in tavern 1, 2, 3? 

(b) What is the expected number of beers before Joe gets to tavern 
3, assuming that he starts in tavern 1? | 


Given the following transition matrix with states 1 and 2 as absorbing 
states: 


Se) ОБР, 
Sift 00690 
pu б 1 9 0 
8,| 04 03 02 01 
5,| 09 04 01 0.3 


What is the probability that ап item beginning in states 3 and 4 ends 
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18. 


19. 


20. 


up in the absorbing states? That is, determine the structure of the 
absorption matrix. 


Friendly Finance Company categorizes its loans into five categories, as 

follows. 

Category 1: Loan paid in full. 

Category 2: Loan defaulted (bad debt). 

Category 3: Loan payment late (0-30 days). 

Category 4: Loan payment late (31-90 days). 

Category 5: Loan payment late (91+ days). 

From past historical data, the company has derived the following tran- 

sition matrix as being descriptive of the behavior of its loan categories 

on a weekly basis. . 

Si^ So Ss; S, S 
ГЕО рО 0 
ime genie Oe 0 

Р = 5,| 04 0.2 0.1 0.2 0.1 
51-08-04 01 01.04 
8| 02 0.4 01 01 0.2 


(a) Compute the expected number of steps before absorption for states 
Ss, 54, and 5;. 

(b) Compute the matrix that contains the probabilities of absorption 
associated with states $; and Sp. 

(c) If the company currently has $10,000 of outstanding loans in state 
5, $20,000 of outstanding loans in state S4, and $15,000 of out- 
standing loans in state $s, what is the expected amount to even- 
tually be collected, and what is the expected amount to eventually 
be written off as a bad debt? 

The Desert Cactus Firm grows and sells for transportation saguaro 
cacti. It currently has in stock some 2000 cacti in various stages of 
growth. Of this number, some 500 are too small for transplanting, 
while the remaining 1500 are available for sale. The operation of this 
cacti farm can be viewed as a year-time-period Markov chain, with the 
following four states. 

State 1: Sold and transplanted. 

State 2: Loss-disease, stolen, too big to transplant. 

State 3: Too small for sale. 

State 4: Satisfactory size but not sold. 

The Desert Cactus Farm has determined that the following transition 

matrix is appropriate for its yearly operations. 

Si 5: Ss S, 
лет” D 
P= О 10020 
S1 105. OI 91770,5 
5.106 010 0.3 


How many of the Desert Cactus Farm's currently available 2000 cacti 
will eventually be sold, and how many will be lost? 


As an investor you own 500 shares of a speculative stock whose daily 
price changes are described by the following one-step transition matrix. 


Markov Processes 


-10% No change + 10% 


— 10% 0.4 0.4 0.2 
P = No change 0.1 0.6 0.3 
+ 10% 0.1 0.4 0.5 


Today there was no change in the price of the stock. However, because 
of other financial commitments you must sell your stock within four 
days. Will it likely be to your advantage to sell after one day? two days? 
three days? four days? Why or why not? 


21. The New Machine Works has been experiencing considerable down 
time on its automatic milling machines. It currently has 10 automatic 
milling machines, Assume that the “running versus down time” process 
сап be described by а Markov chain and that the probability of the 
system being in a running state or a down-time state is dependent 
upon the state of the system in the previous period. Based on historical 
data, the following transition probability matrix has been derived. 


Previous Current Period—States 
Period—States Running Time Down Time 
Running time 0.8 0.2 
Down time 0.4 0.6 


(a) If the set of 10 milling machines is currently running, what is the 
probability that the set of machines will experience down time in 
the next period? 

(b) What are the steady-state probabilities of the set of milling ma- 
chines being in the running-time state and the down-time state? 

(c) If the New Machine Works has 8 milling machines running and 
2 milling machines being repaired, what is the expected number 
of machines that will be running in the long run? 
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15.1 INTRODUCTION 


Problems associated with the maintenance of in- 
ventories are present in virtually all business 
organizations. Small retailers, moderate-sized 
wholesalers, and large manufacturing firms—all 
must establish some type of inventory control 
procedures. These inventory control procedures 
can encompass three types of inventories. 


1. Raw materials. 


2. Work in process, including component assem- 
blies. 


3. Finished goods (items kept in stock). 


Consequently, there are numerous reasons un- 
derlying the need for the development of a com- 
prehensive inventory policy. Among the most 
important of these are: 


1. Raw materials inventory allows the producer 
to take advantage of raw material prices and 
to hedge against price changes. 


2. Work-in-process inventory permits flexibility 
in plant scheduling, allows for the handling 
of production variations, and helps in avoiding 
an increase in plant capacity. 

3. Finished goods inventory allows the producer 
to provide adequate customer service despite 
sales fluctuations, enables the production of 
the finished items in economic run sizes, and 
gives the customers assurance of availability. 


Although the reasons for maintaining the various 
kinds of inventories are not mutually exclusive, 
the primary focus in inventory control is on 
finished goods inventory. Herein, inventory serves 
as a decoupling mechanism between fluctuations 
in sales and the production process. In business, 
the maintenance of inventories never completely 
succeeds in decoupling sales and production. 
However, inventory control policies can be de- 
veloped that attempt to strike a balance between 
operating savings and customer goodwill, and the 
cost and capital requirements associated with the 
inventory itself. This balancing process becomes 
the basic problem of inventory control, and we 
can summarize the objectives of inventory control, 
as follows. 


1. Adequate customer service. 
2. Production efficiency. 
3. Minimum capital investment in inventory. 


Inventory Models 


To illustrate the basic considerations in the de- 
velopment of an inventory policy, consider the 
following examples. 


EXAMPLE 1 


A major midwestern firm buys large sheets of metal, 
which it then cuts into smaller-size pieces according to 
customer orders. As a result of this “cutting to order” 
process a “random inventory” of various-sized pieces 
is created. The company is interested in determining 
arule that will allow it to specify exactly what size piece 
should be put into this random inventory as opposed 
to being sold for scrap. The considerations for this 
inventory control situation are as follows. 


1. The yearly cost associated with the maintenance of 
the random inventory is estimated to be 13 percent 
of the original purchase cost of the metal. It is felt 
that this 13 percent can be prorated linearly over 
the time that a piece of material remains in the 
random inventory, 


2. The cost (loss) associated with scrapping a piece of 
metal is estimated to be $0.65 per pound (original 
purchase cost of $1.35 per pound, salvage price of 
$0.70 per pound). 


Herein, a balance is sought between inventory main- 
tenance costs and scrap losses. 


EXAMPLE 2 


A St. Louis retail distributor of stereo equipment is 
experiencing difficulty in shortages of its most popular 
compact stereo system. The retailer purchases the 
compact stereo system from a Chicago wholesaler. The 
retailer, after an analysis of the Situation, has deter- 
mined that the following considerations are important. 


1. Stereo customers are notoriously fickle. Conse- 
quently, the retailer feels that being out of stock of 
the compact stereo system, which sells for $300, will 


cause a goodwill loss of at least 15 percent ($45) of 
the selling price. 


2. The inventory holding cost is estimated by the 
retailer to be approximately $3 per unit remaining 
in inventory at the end of the month. This inventory 
holding Cost represents the cost of w 
insurance, 
the unit. 


archouse space, 
taxes, and the cost of capital tied up in 


3. The cost associated with placing an order with the 
wholesale distributor is estimated to be $250, con 
sisting of $200 for the unit and $ i 
ordering paperwork. 


50 for the associated 
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Herein, a balance is sought between out-of-stock costs, 
ordering costs, and inventory carrying costs. 


The preceding discussion and examples indi- 
cate some of the factors and trade-offs that must 
be considered in the development of inventory 
models. We will now attempt to consider in more 
detail the framework and components necessary 
for the derivation of various inventory models. 
In the subsequent discussion we will focus our 
attention on the control of finished goods inven- 
tory from the standpoint of overall importance 
in the typical manufacturing situation. However, 
the analytical procedures we will develop will also 
be relevant to distributors and retailers. 


15.2 THE FRAMEWORK AND 
COMPONENTS OF 
INVENTORY MODELS 


In developing the framework for inventory model 
construction, perhaps the first question is: "What 
inventory do we want to control?" Remembering 
that we are focusing our attention on finished 
goods inventories, one obvious answer would be: 
"We want to control all our finished goods inven- 
tory." However, long practical experience and 
many studies have shown that for the typical 
production process or group of items, a small 
number of items in the group will account for 
the bulk of the total inventory value. This concept, 
called the ABC classification, is one of the most 


TABLE 15.1 YEARLY SALES DATA 


Sales Annual Sales Unit 
Item (по. of units) Cost 


Е-1 40,000 0.06 
F-3 195,000 0.10 
F-7 30,000 0.09 
Н-1 100,000 0.05 
H-3 3,000 0.15 
H-4 50,000 0.06 
H-6 10,000 0.07 
J-1 30,000 0.12 
]3 150,000 0.05 


6,000 0.09 


widely known, yet least exploited ideas of inven- 
tory control. Іп basic terms, in using an ABC 
classification we attempt to consider the small 
number of items that will account for most of the 
sales dollars and that are therefore the most 
important ones to control for effective inventory 
management. To illustrate the ABC classification, 
consider Table 15.1, which provides yearly sales 
volume data for 10 items. In Table 15.1 we have 
multiplied the annual sales in number of units by 
the unit cost, for each item, to determine the 
annual sales dollars associated with each item. 
These annual sales dollars have then been ranked. 
Now, consider Table 15.2, which presents the 
items ranked in order according to their annual 
sales dollars. Table 15.2 also indicates the cumu- 
lative annual dollar sales and the cumulative 
percentage sales. Assume that we have decided 
to classify the first 20 percent of the 10 items in 
the “А” class, the next 30 percent of the 10 items 
in the "B" class, and the remaining 50 percent of 
the 10 items in the *C" class. As can be seen in 
Table 15.2, the “А” items would then account for 
approximately 60 percent of the annual sales, the 
“В” items would account for 25 percent of the 
annual sales, and the “С” items would account 
for the remaining 15 percent of the annual sales. 
Clearly, by concentrating our control efforts on 
the *A" items and achieving a 25 percent inven- 
tory reduction, we would then have a very sub- 
stantial inventory reduction, even if the "C" items 
increased by almost 50 percent. Thus, we should 
initiate our inventory control procedures where 
it will do the most good, namely, on those items 


Annual Sales Rank 
($) (annual sales, $) 
2,400 Ж 
19,500 1 
2,700 6 
5,000 5 
450 10 
3,000 5 
700 8 
3,600 4 
7.500 9 
540 9 
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TABLE 15.2 АВС CLASSIFICATION 


Inventory Models 


Cumulative Cumulative 
Sales Annual Sales Annual Sales Annual Sales 
Item ($) ($) (%) Class 
F-3 19,500 19,500 43.0 A 
J-3 7,500 27,000 59.4 A 
H-1 5,000 32,000 70.5 B 
J-1 3,600 35,600 78.4 B 
H-4 3,000 38,600 85.0 B 
F-7 2,700 41,300 90.9 С 
Е-1 2,400 43,700 96.3 с 
Н-6 700 44,400 97.8 С 
K-3 540 44,940 99.0 C 
H-3 450 45,390 100.0 с 


that are most important from a total dollar-usage 
standpoint. For example, some companies have 
concluded that it is much easier to carry a large 
stock of low-value items and not maintain any 
sort of control records for these items. The time, 
effort, and expense saved is then used to very 
closely control the high-value items. The ideas 
concerning the proper degree of control can be 
summarized as follows. 


“А” Items Very tight control, very complete 
and accurate records. Regular re- 
view by major decision makers. 
Less tightly controlled, good rec- 
ords and regular review. 

Simplest possible controls, little or 
no records, large inventories, peri- 
odic review, and reordering. 


“B” Items 


“C” Items 


Inventory models are designed to improve the 
profitability of the firm. Thus, a major consider- 
ation in the development of inventory models is 
the cost structure that is appropriate for a partic- 
ular situation. The major costs that affect profit- 
ability can be categorized as follows. 


1. The ordering or manufacturing cost. 
2. The holding or storage cost. 
3. Stockout or shortage cost. 
The ordering or manufacturing cost, in its 


simplest form, is directly proportional to the 
amount that is ordered or produced. In this case 


the cost function is simply с(х) = c * x where c is 
the cost of ordering or producing one unit and x 
is the number of units ordered or produced. 
Another slightly more complicated cost structure 
is based on the assumption that c(x) is composed 
of two parts: a term that is directly proportional 
to the amount ordered and a term K that is zero 
for x = 0 and constant for x > 0. In this case, if 
x is positive, the ordering or production cost is 
given by c(x) = K + c x. For example, assume 
that we have a production process for the man- 
ufacture of suitcases in which the set-up cost for 
à production run is $1000, with each suitcase 
then costing $10 to manufacture. The production 
cost function for this situation is given by: 


Production cost: 


с(х) = $1000 + $10x for x > 0 (15-1) 


The fixed portion of the production cost in this 
Instance would be independent of the amount 
produced and would include clerical and admin- 
istrative costs and the costs of labor and material 
used in setting up the production run. In another 
situation involving an item ordered from a sup- 
plier we might incur a $100 cost for placing the 
order and a cost of $5 for each unit being ordered. 
The ordering cost function for this situation 
would then be given by: 


Ordering cost: 


с(х) = $100 + $5x forx 0 (15-2) 


The fixed portion of the ordering cost in this 


Тһе Framework and Components of Inventory Models 571 


instance would be independent of the amount 
ordered and would be primarily clerical and ad- 
ministrative in nature. Typical components of the 
fixed portion of the ordering cost include the 
costs associated with processing and expediting 
the purchase order, transportation, inspection, 
handling, and paying for the order. It should be 
recognized that a particular inventory model will 
have either a cost of manufacturing, if the item 
is to be produced, or a cost of ordering, if the 
item is to be purchased. Although the structure 
of these two cost functions is similar, the cost 
functions apply to two markedly different types 
of business operations. 

The holding or storage cost is the cost asso- 
ciated with maintaining an inventory until it is 
used or sold. Holding or storage cost includes the 
cost of maintaining storage facilities, the cost of 
insuring the inventory, taxes attributed to storage, 
costs associated with obsolescence, and opportu- 
nity costs associated with the capital that is com- 
mitted to the inventory. The opportunity cost 
incurred by having capital tied up in inventory 
rather than having it invested elsewhere is fre- 
quently the most important component of the 
inventory holding cost. This opportunity cost is 
generally equated to the largest return that the 
company could obtain from alternative invest- 
ments. The holding or storage cost is usually 
related to the maximum quantity, average quan- 
tity, or excess of supply over demand for a 
particular time period. For example, in the pre- 
viously discussed stereo equipment inventory sit- 
uation, the holding cost of $3 per unit was related 
to the units remaining in inventory at the end of 
any month. In another inventory control model- 
ing effort in which the author has participated, a 
metal-processing firm estimated that its annual 
inventory holding cost was approximately 13 to 
15 percent of the original purchase price of the 
metal commodity. Thus, a common practice is to 
estimate the holding costs as a percentage of the 
unit cost of the item. 

A stockout or shortage cost occurs when the 
demand for an item exceeds its supply. When a 
stockout or shortage occurs, one of two possible 
actions may be taken. 


1. The shortage тау be met by some type of 
“rush,” “special handling,” or “priority ship- 
ment. 


2. The shortage may not be able to be responded 
to at all. 


The cost associated with a stockout or shortage is 
dependent on how the shortage is handled. Con- 
sider, first, the cost in which the demand that 
occurs when the inventory system is out of supply 
is back-ordered. In this case it is assumed that 
the demand is satisfied when the item next be- 
comes available. From a practical standpoint, it 
may be very difficult to determine accurately the 
nature and magnitude of the back-ordering cost. 
A small portion of the back-ordering cost, such 
as the cost of notifying the customer that the item 
has been back-ordered and when delivery can be 
expected, may be fairly easy to determine. An- 
other portion of the back-ordering cost may in- 
volve explicit costs for overtime, special clerical 
and administrative costs incurred for expediting, 
and extraordinary transportation charges. These 
types of costs are much more difficult to deter- 
mine. Finally, a major portion of the back-order- 
ing cost will be an implicit cost reflecting loss of 
customer goodwill. This is a very difficult cost to 
measure since it is intended to be a penalty cost 
that accounts for lost future sales. For example, 
in the previously discussed stereo equipment 
problem, the shortage cost, which is composed 
primarily of the loss of customer goodwill, can 
only be estimated to be 15 percent of the original 

urchase cost of the stereo system. In the second 
case in which back-ordering is not permitted, the 
shortage costs will be almost entirely composed 
of the costs of notifying the customer, the loss in 
profit from the sale, and the future loss of cus- 
tomer goodwill. 

The shortage cost may also be dependent on 
the size of the shortage and the length of time 
for which the shortage occurs. For example, cus- 
tomers may have specific penalty clauses, based 
on shortage amounts and times, written into 
purchase contracts. However, in other instances 
the shortage cost may be a fixed amount regard- 
less of the number of units that are not available 
or the period of time over which the shortage 
exists. 

In our subsequent discussion concerning the 
construction of inventory models we will focus on 
determining optimal inventory policies using the 
criterion of minimizing the total cost, composed 
of some combination of the costs just described. 
We will seek to find answers to two questions. 
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1. When should the inventory be replenished, or 
when should an order be placed or a new lot 
be manufactured? 


2. How much should we order or produce? 


We will divide our discussion of inventory models 
into classifications according to whether the de- 
mand for a certain time period is known (deter- 
ministic demand) or whether it is a random 
variable haying unknown demand described by 
some probability distribution (stochastic or non- 
deterministic or probabilistic demand). Our pre- 
vious example dealing with the cutting of metal 
sheets would be an example of stochastic demand, 
described by some probability distribution. Con- 
versely, the previous example concerning stereo 
equipment would be an example of deterministic 
demand, assuming that the stereo retailer ordered 
a fixed amount of the items on a regular basis 
(for example, purchased 100 units per month 
from the wholesaler). 

A final classification procedure that we shall 
employ in subsequent work relates to how the 
inventory is reviewed, continuously or periodi- 
cally. Under continuous review, an order is placed 
immediately when the stock level falls below the 
prescribed reorder point. This type of inventory 
system is also often referred to as an order-point 
system. Under periodic review, the inventory 
level is checked at discrete intervals, and orders 
are placed at this time, assuming that they are 
needed. Obviously, under periodic review, the 
inventory level may dip below the reorder point 
prior to the periodic review being made. For a 
deterministic problem situation, the continuous 
review (fixed-reorder quantity) inventory system 
and the periodic review (fixed-reorder time) sys- 
tem are equivalent. Herein, an order of a certain 
size is made during continuous review when the 
inventory level falls to zero, or equivalently, at 
the review time, when an order of a certain size 
is made if the inventory level is zero. However, 
when the demand on the inventory system can 
only be described in probabilistic terms, the two 
review systems produce quite different results. 


15.3 DETERMINISTIC MODELS 


То begin our study of inventory models we will 
consider a collection of models for which the rate 
of demand for items kept in stock in the system 
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is assumed to be known with certainty and is 
constant over time. Such deterministic models are 
often fairly severe abstractions of the real world, 
since demand can rarely be predicted with cer- 
tainty. However, the discussion of deterministic 
models is still of importance and interest because 
such deterministic models provide the foundation 
for developing an understanding of more com- 
plicated inventory systems. Finally, in many in- 
stances the results obtained from these determin- 
istic models are very useful to the inventory 
manager in spite of the simplifying assumptions 
that are made. 


15.3.1 SIMPLE LOT SIZE MODEL: 
CONSTANT DEMAND, NO STOCKOUTS 


Perhaps the most common and simplest inventory 
problem faced by a wide variety of manufacturers, 
wholesalers, and retailers is that of controlling the 
inventory of a given item at a single location, 
under the assumption that the demand for the 
item is a constant a units per time period. For 
this model, inventory items are assumed to be 
depleted continuously at the known constant rate 
and then replenished by the arrival, or produc- 
tion, of an "economic lot size" of new items. Thus, 
it is further assumed that items are produced, or 
ordered in equal numbers, Q at a time, and all Q 
items arrive simultaneously when they are or- 
dered. Inventory shortages are assumed not to 
occur in this situation, and the only costs to be 
considered are the set-up cost or ordering cost K, 
incurred at the time of production or ordering, a 
production or purchasing cost of с dollars per 
item, and an inventory holding cost of h dollars 
per item per unit of time. The question to be 
answered is “How much should be ordered?" Тһе 
correct number to be ordered balances the number 
of orders placed in a unit of time against the size 
of the orders placed. When these costs are bal- 
anced properly, the total cost is minimized and 
the resulting amount produced or ordered is 
called the economic lot size or economic order- 
ing quantity (ЕОО). 

This particular inventory situation can be de- 
scribed graphically as shown in Fig. 15.1. 


The Costs associated with this model are ob- 
tained as follows. 


l. The production (or ordering) cost per cycle 
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Q/a 20/a 


Cycle Time, 1 


FIGURE 15.1 SIMPLE LOT SIZE MODEL—CONSTANT DEMAND, NO 


STOCKOUTS 


(1.е., cycle = Q/a) is given by: 
Production (or ordering) cost per cycle 


ifQ = 0 
0>0 


E i (15-3) 
К + cQ, 
The holding cost per cycle is determined as a 
function of the average inventory level during 
a cycle. From Fig. 15.1 it can be seen that the 
inventory varies from Q to 0 during a cycle. 
Thus, the average inventory level is (Q + 
0)/2 — Q/2 items per unit of time, and 
the corresponding average holding cost is 
hQ/2 per unit of time. Each cycle is of length 
Q/a, so the holding cost per cycle is given by: 


bore AE void 
2a 


m 


Holding cost per cycl 


3. The total cost per cycle is now simply the sum 
of the ordering, or production cost, plus the 
holding cost, and is given by: 


hg? (15-5) 


Total cost per cycle = К + cQ + 9 
а 


4. The total cost per unit of time, TC, is given 
by: 
TC = total cost per unit of time 
A K t cQ + hQ*/2a 

Qla (15-6) 
K 
= + ac + hQ 
Q 2 
Now, from classical calculus it is evident that 


the value of Q, say, Q*, which minimizes TC, is 
found by solving: 


АТС -ак 


40 72 unt 


act 
2 
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3Q/a 
so that 
20e Ur (15-7) 


Furthermore, since d*TC/dQ" > 0, we know that 
Equation 15-7 is a minimum. The result given by 
Equation 15-7 is the economic lot size formula. 
Similarly, the time ¢* that is required for this 
economic lot size to be depleted is given by: 


ао Е 
а аһ 


Let us now consider these results applied to a 
typical problem situation. 


(15-8) 


EXAMPLE Application of the Е00 Formula. 


A Texas-based manufacturer of electronic calculators 
orders its semiconductor components from Japan. Its 
monthly usage of semiconductor components is 10,000, 
and its ordering cost is $1000. Inventory holding costs 
are estimated to be $0.05 per unit per month. The 
economic lot size for this situation is given by: 


„ _ „24K _ [2(10,000)(1,000) 
ONE 0.05 


= V400,000,000 = 20,000 units 


The time required for this economic lot size to be 
depleted is: 


(15-9) 


ve Q* 8 20,000 units t Jimonihs 
a 10,000/units/month 
(15-10) 


Thus, this company should place an order for 20,000 
semiconductor components every 2 months. 


і------------------------------------ 
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15.3.2 SIMPLE LOT SIZE MODEL: 
CONSTANT DEMAND, 
SHORTAGES ALLOWED 


The inventory problem discussed in the previous 
section becomes slightly more complicated when 
shortages are permitted to occur. However, there 
are many situations in which it is economically 
desirable to allow for shortages. Permitting short- 
ages allows the manufacturer or retailer to in- 
crease the cycle time, thereby spreading the set- 
up or ordering cost over a longer time period. 
Allowing shortages may also be desirable where 
the unit value of the inventory, and hence the 
inventory holding cost, is high. An example of 
this situation would be a recreational vehicle 
dealer who typically will not maintain an inventory 
of all the expensive (>$10,000) recreational ve- 
hicles that are sold. Rather, the dealer will order 
the particular recreational vehicle that the cus- 
tomer wants at the time of the sale. 

Assume now that we allow shortages and that 
they are costed at $4 for each unit of demand 
unfilled for one unit of time. Graphically, this 
situation can be summarized as in Fig. 15.2. 

The costs associated with this model are ob- 
tained as follows. 


1. The production (or ordering) cost per cycle is 
given by: 


Production (or ordering) cost per cycle 


ifQ =0 
if Q >0 


ЖОЙ (15-11) 
OAK * со, 
2. The holding cost per cycle is obtained in the 


following manner. From Fig. 15.2 it can be 
seen that the inventory level ranges from S to 


Inventory Level 


S/a s 
Q/a —— 


4. 


Inventory Models 


0 over the time period S/a. Thus, the average 
inventory level during this time period is (5 + 
0)/9 - 8/9, and the corresponding inventory 
holding cost is 45/2. Similarly, the holding 
cost for the period of time for which the 
inventory level is positive, or the holding cost 
per cycle, is given by: 
ASS 15% 


Holding cost per cycle = >— = 57 


= 15-12 
2a 2a ( ) 


. The shortage cost per cycle is obtained іп the 


following manner. From Fig. 15.2 it can be 
seen that the shortage level ranges from 0 to 
(Q — S) and, thus, the average shortage level 
is (Q — S)/2 per unit of time. Shortages occur 
for the time period (Q — S)/a. The corre- 
sponding shortage cost, where each shortage 
is priced at a cost of и dollars for each unit 
of demand unfilled for one unit of time, is 
u(Q — S)/2 per unit of time. Similarly, the 
total shortage cost for the period of time for 
which shortages exist, or the shortage cost per 
cycle, is given by: 


Shortage cost per cycle 


_ u(Q — 5)(0 – 5) u(Q-Sy 
2 а 2а 


(15-13) 


The total cost per cycle is now simply the sum 
of the ordering or production cost, plus the 
holding cost, plus the shortage cost, and is 
given by: 


Total cost per cycle 


к + со + 05 ЖО - Sy 
2а 2а 


(15-14) 


Тіте, / 
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5. The total cost per unit of time, TC, is given 
by: 


Total cost per unit of time = TC 


късо +i HOS 
а 


d 2a 
- Ои (15-15) 
2, ак hS? u(Q - Sp 

Q + ac + 20 € 20 


Note that, іп this function, we must solve for two 
unknowns (S and Q). The optimum values 5% 
and Q* are found by solving the two partial 
derivatives: 


"A oe 7 1-9 (15-16) 
aTC ak 85! 
ФО "Они (15-17) 
ong па 2 
m u( E S). E eu 


Solving Equations 15-16 and 15-17 simultane- 
ously we obtain: 


2aK u 
ge = Еч, 15-18 
У h \u+h ( ) 
2aK |u +h 
)* = | کس‎ 15-19 
Q h \ u | ) 


Furthermore, since it сап be shown that 9ЗТС/ 
90" > 0 and 9?ТС/08? > 0, Equations 15-18 апа 
15-19 аге minima. 

Тһе time /% that is required for the economic 
lot size to be depleted is given by: 


* oru 
tk = a = к uth (cycle time) (15-20) 
1 u 


The maximum shortage that can occur is given 
by: 


la. 
0% -5%- jak | —. (maximum shortage) 
\ и Yuth 


(15-21) 
Finally, the fraction of time that no shortage exists 
Is given by: 


ы РЕР Rs (15-22) 


О“а uth 


Let us now consider these results applied to a 
typical problem situation. 
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EXAMPLE 


The owner of a mobile home sales company experiences 
a constant demand of 40 units per month for mobile 
homes and incurs an ordering cost of $250 every time 
she places a new order with the factory. The inventory 
holding costs are estimated to be $25 per unit per 
month, and a shortage cost of $100 is incurred for 
each mobile home demand that cannot be met. The 
economic lot size for this situation is determined as 


follows. 
9aK juth 9(40)(950) |195 
құса Aa ы жылы. oot rab Nini da Santen ie EA | foie 2 
eat oe Vio S 
= 31.61 (use 32) 
9аК | и 9(40)(950) |100 
* = |o ل دال - ل‎ AT " 
SEMI Y eR es... Vies 0520 
— 95.16 (use 25) units 
72 
و ر‎ Lit : 
t га 20 0.800 months (15-25) 
(cycle time) 
Q* — S* = 82 — 25 = 7 units (15-26) 


(maximum shortage) 
Finally, the fraction of time that no shortage exists is: 
uw 22 171990 
u +h 100 + 25 
(i.e., no shortage exists for 0.80 of the 
cycle time, or for 0.80 x 0.800 month 


= 0.64 month) 
a 


= 0.80 


(15-27) 


15.3.3 UNIFORM REPLENISHMENT RATE: 
CONSTANT DEMAND, NO SHORTAGES 


Let us now consider an inventory situation in 
which units are supplied to inventory at a uniform 
rate over time, rather than in an economic lot 
size at various points in time. Specifically, this 
inventory system has a uniform replenishment 
rate p that must be larger than, or equal to, the 
constant demand rate a. Graphically, this situation 
can be portrayed as is shown in Fig. 15.3. Observe 
in Fig. 15.3 that the inventory cycle is composed 
of two parts: 
1. The length of time t required to produce a 
lot. During this time period there is a net 
inflow of p — a units into inventory. 
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Inventory Level 


p 


z 


Production Depletion 
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FIGURE 15.3 UNIFORM REPLENISHMENT RATE INVENTORY MODEL 


2. The length of time t; required to deplete the 
inventory that has been built up during t. 
During this time period there is a net outflow 
of a units from inventory. 


Тһе inventory level reaches its maximum value 
just as production is completed. This inventory 
level is then drawn down to a zero level, and the 
production cycle is again initiated. 

Тһе costs associated with this model are ob- 
tained as follows. 


1. The production (or ordering) cost per cycle is 
given by: 


Production (or ordering) cost per cycle 
xl 0, ifQ =0 
K * cQ, 


ifQ>0 

2. The holding cost per cycle is obtained in the 
following manner. From Fig. 15.3 the inven- 
tory level is increased by (p — a) units each 
unit of time. The length of time required to 
produce a lot t, = Q/p. Thus, the maximum 
inventory level at the end of t, will be: 


(15-28) 


ЕСЕ 

t(p = a) = a Ор 15-29 

(p — а) p а) = 0 n ( ) 

Now, the average inventory level will be: 
(еҙ 
2 р 


and the holding cost per cycle will be given 
by: 


(15-30) 


i de oly SS). 
Holding cost per cycle 9a 1 Р h 
(15-31) 
The total cost per cycle is now simply the sum 
of the production (or ordering) costs and the 


holding costs, and is given by: 
2( Т 3 1 к 
K %<0425- 1 " h (15-32) 


4. The total cost per unit of time TC is given by: 


TC - total cost per unit of time 


ceo E - °). 


- МЕЗЕТТЕГІ ШЕГІ (15-33) 


h 1-4) 
ЖЕЛТ 
go" 2 


Using classical calculus, the value of Q, say Q*, 
that minimizes TC is found by solving: 


атс -акК « 2) 
—~ = + إا‎ -5 15-34 
AQ nop А ру мш 009% 
so that 
gr = AER) (15-35) 


The length of time required to produce a lot is: 
m 
p 


The length of time required to deplete the max- 
imum on hand inventory is: 


4-“( -4) 


(15-36) 


я F (15-37) 
The length of a cycle is then given by: 
#={#+{# = „м (15-38) 
а 


Let us now consider these results applied to a 
typical problem situation. 
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EXAMPLE 


The Gearing Machine Works manufactures a complete 
line of pistons that are supplied directly to its customers 
from a factory warehouse. One particular piston has a 
known and constant demand rate of 2000 units per 
year. The fixed cost of the setup for each production 
run is $100, and the inventory holding cost is $2 per 
unit per year. The production rate is 8000 units per 
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centive for the purchase of larger quantities of 
products. Fortunately, the basic EOQ model can 
be modified for application to a situation in which 
quantity discounts are offered. 

The general procedure for determining the 
economic lot size when quantity discounts are 
offered will now be illustrated using the data 
shown in Table 15.3. For this situation assume 
that the annual demand is for 10,000 units, the 
annual holding costs are 20 percent of the unit 


TABLE 15.3 SAMPLE DATA, QUANTITY DISCOUNTS 


JALE 19 млығы- ММУ SS eee 


Discount per Unit Cost per 
Discount Catego: Order Size Order, % Item, c 
A 0 to 1499 0 $10.00 
B 1500 to 2499 2 9.80 
C 2500+ 5 9.50 


year. The economic lot size for this situation is deter- 
mined as follows. 


с 09) 


- а 


212000100 ( 


8000 ) (15-39) 
2 


8000 - 2000 
= 516 units 


The length of time required to produce a lot is: 


* 516 
i = © = 315. — 0.065 year 
P = p 8000 His 


The length of time required to deplete the maximum 
on hand inventory is: 


(15-40) 


e - £( -4) - is - 2008) 
/ а p) 2000 8000 (15-41) 
= 0.194 уеаг 
The length of the cycle is given by: 
2210 
(* = oe + 2t. 310 — 0959 ves 15-42 
Fa a 29000 yer. } 


ی 


15.3.4 QUANTITY DISCOUNTS: 
NO SHORTAGES 


The deterministic inventory control models рге- 
viously considered have been developed under 
the assumption that the unit cost of an item was 
independent of the quantity produced, ог ог- 
dered. However, іп many businesses and indus- 
tries, quantity discounts are provided as an in- 


costs, and the ordering costs are $100 per order. 
No shortages are to be allowed. 

To begin our evaluation of this inventory prob- 
lem we compute an optimum economic lot size 
for each discount category, using Equation 15-7. 


1 [9(10,000)(100) m : 
QE = - 0.2010) - 1000 units 

6: |2(10,000)(100) ii Ў 
Qt = “(0.20)(9.80) - 1010 units 

2 |%10,000Х100) 1 
Qt = ~(0.20)(9.50) 1025 units 


Note that the economic order quantities resulting 
from the three evaluations of Equation 15-7 are 
nearly the same, since the only difference is the 
slight change in the inventory holding cost (de- 
nominator) of the models. However, we observe 
that 0% апа Qf are not sufficiently large to qualify 
for the discount that is possible. For those Q* that 
are too small for the discount being offered, we 
adjust the order quantity upward to the nearest 
order quantity that will permit the quantity dis- 
count to be realized. In our current problem, 
these values become: 


(15-43) 
(15-44) 


(15-45) 


Оў = 1500 units (15-46) 


Q* = 2500 units (15-47) 


If the calculated value of Q* for a given unit cost 
is larger than the maximum order quantity re- 
quired to receive this unit cost, this Q* need not 
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TABLE 15.4 TOTAL ANNUAL COSTS, QUANTITY DISCOUNTS 


Annual 
Unit Economic Inventory Annual Annual Total 
Discount Cost per Order Holding Ordering Purchase Annual 
Category Item, c Quantity Cost Cost Cost Cost 
A $10.00 1000 $1000 $1000 $100,000 $102,000 
B 9.80 1500 1470 667 98,000 100,137 
C 9.50 2500 2375 400 95,000 97,775 


be considered any further, as it cannot lead to an 
optimal solution. 

Now, in the quantity discount model the total 
annual cost will vary according to the order 
quantity decision and the associated unit cost. 
The expression for the total annual cost in the 
quantity discount model is: 


Total annual cost = TC = 9 + ^9 + ac (15-48) 


2 
Observe that this is the same expression for the 
total annual cost that we obtained for the deri- 
vation of the simple economic lot size model 
(Equation 15-5). However, the order quantity 
situation is unlike the simple economic lot size 
model in which we ignored the annual purchase 
cost of the item because it was constant and never 
affected by the inventory order quantity. Thus, 
we must now apply the total annual cost expres- 
sion given by Equation 15-48 using the appro- 
priate unit costs shown in Table 15.3. These 
computations are summarized in Table 15.4. As 


can be seen in Table 15.4, a decision to order 
2500 units at the 5 percent discount rate will 
result in the minimum-cost solution. The higher 
discount rate possible for this order size more 
than offsets the higher inventory holding costs 
incurred. 

Microcomputer-based software packages can 
be used to solve various types of. inventory control 
models. To illustrate, we will use the Operations 
Research. Software! package to solve the quantity 
discount problem we just solved manually. 

Input to this software package is done in 
spreadsheet fashion. The input data for the quan- 
tity discount problem are summarized in Fig. 
154. The output data for this problem are sum- 
marized in Fig. 15.5. For the EOQ analysis at a 
given breakpoint the alternative decisions are 
"order" and “do not order.” Whenever the EOQ 
for the discount is within the range of the mini- 
mum and maximum quantity the ЕОО decision 
is to order, The cost analysis decision produced 
by this software package takes on one of three 


Input Data—Quantity Discount Inventory Problem 


OPERATIONS RESEARCH 


SOFTWARE (Vol I) 


No Var: М/А Discnts: 3 Obj:N/A Model: Z prob Type: EOQ 
Drive: C: Directory Path: C: ors Filename: Q Disc 
Col 1 Col 2 Col 3 Col 4 Col 5 Col b 
Name: eL > Total Dmd Order Cost Unit Cost Hldg Cst % Shrtge Cst 
Char ------- > 10000.000 100.000 10.000 20.000 
Data Discounts Min Qty Max Qty Disc € 
Discount A 0.000 2499.000 0.000 
Discount B 1500.000 2499.000 2.000 
Discount C 2500.000 999999.000 5.000 
FIGURE 15.4 


‘Gordon Н. Dash and Nina М. Кай 
4 ! М. Карп, Operations Research 
Software (Homewood, ШІ: Richard D. Irwin, Inc., 1986) 


Number Of Orders 


Detailed Analysis of EOQ Wit 


Optimal COST Decision-Discount C 


Unit Price 
Minimum Quantity 
Maximum Quantity 999,999.000 


9.500 
2,500 .000 


20 


Management Decisions 
Е00 Analysis 
Cost Analysis 


N/a 
Order At Break 


FIGURE 15.5 


possible alternatives: (1) do not order, (2) order 
at EOQ, or (3) order at break. Whenever the 
EOQ for the quantity discount is in range and a 
new minimum total cost is observed, the second 
condition is indicated. The third alternative is 
indicated when the EOQ at the discount is not in 
range but a new minimum total cost has been 
found by ordering at the break quantity. For this 
problem, this third condition is indicated for 


h Quantity Discounts 
Output Data 
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Output Data—Quantity Discount Inventory Problem 
Detailed Analysis of EOQ With Quantity Discounts 
EOQ Optimal Decision-Discount А Output Data 
Unit Price 10.000 Е00 1,000.000 
Minimum Quantity 1.000 Order Interval 0.100 
Maximum Quantity 1,499.000 Maximum Inventory 1,000.000 
Maximum BackOrders N/a 
Number Of Orders 10 Reorder Point N/a 
Components Of Total Cost 
Ordering Cost 1,000.000 
Management Decisions Holding Cost 1,000.000 
Е00 Analysis Order Shortage Cost N/a 
Cost Analysis N/a eee e Lopes 
Inventory Cost 2,000.00 
Material Cost 100,000.000 
Total Cost (0 EOQ $102,000.000 
Select: Enter, Fi-Help, Fe-Print, Esc-Quit... 


EOQ 1,025.976 
Order Interval 0.250 
Maximum Inventory 2,500.000 
Maximum BackOrders N/a 
Reorder Point N/a 
Components Of Total Cost 
Ordering Cost 400.000 
Holding Cost в,375.000 
Shortage Cost N/a 
Inventory Cost в,775.000 
Material Cost 95,000.000 
Total Cost @ Break $97,??S.000 


discount C as the optimum (minimum total cost) 


solution. 


15.3.5 ANTICIPATED PRICE CHANGE 

Consider next a simple inventory system of the 
type described earlier in Section 15.3.1 in which 
ме are informed that at some future time ¢, there 


will be a unit cost increase. Obviously, just prior 
to the date of the anticipated cost increase, the 
firm might want to place a special large order Q’. 
This inventory situation is shown graphically in 
Fig. 15.6. 

For this situation the following notation will be 
employed. 
су = cost per unit before cost increase 
єз = cost per unit after cost increase 

р = inventory holding cost percentage per unit of 
time 
К = reorder cost 
t, = time when special order is placed (just prior to 
Cost increase) 
t = time when inventory of special-order stock is 
depleted 
Q' = quantity ordered just prior to cost increase 
а = constant demand rate over time T 
Q, = optimal order quantity prior to cost increase 
0; - optimal order quantity after cost increase 
We further assume that all the variables noted, 
with the exception of Q', have known values. 
Observe that the inventory holding cost = h = 
ep. 

We begin our analysis of this i inventory model- 
ing situation by observing that the time interval 
в — t, = Q'/a. Now, if a special large order is 
placed: 

l. Reordering cost — 
К during the interval from 4, to t, 
(15-49) 


2. Inventory holding cost — іш (15-50) 


interval from 
t to ty 


_ apo! Q' dung the 
28 


(15-51) 


Inventory Level 


ti 
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3. Purchase cost = Q'c, during the interval from t, to 


ty 


Thus, the total cost of placing a special order Q’ 
during the time interval from t, to t is given by: 


Total cost of placing an order for Q’ 
ШЕГЕ 


Now, if no special order is placed during the 
time period 4 to ty, the firm will simply place 
orders of size: 


(15-52) 


2Ka 
сар 
The reordering cost will be given by: 


Qt = (15-53) 


Reordering cost = 


KO uc ^ 
2474 during the interval from t, to t; 


9; 
(15-54) 
The holding cost will be given by: 
Holding cost = 
(2) (¢) during the interval from ¢, to ty 
(15-55) 


The purchase cost will be given by: 


Purchase cost = Q'c, during the interval from 4101; 
(15-56) 


Thus, the total cost of placing orders of size Q, 
during t, to t; is given by: 


Total cost of placing orders of size Qs during 1, to t 


t акы о, (15-57) 


h 


Time 


FIGURE 15.6 ANTICIPATED PRICE CHANGE INVENTORY MODEL 
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Now, the savings possible from placing a large 
special order is equal to the difference in total 
costs given by Equation 15-57 minus Equation 
15-52. Thus, the possible savings is given by: 

Savings that are due ко” 
toa aye special order | Sis ic 


+ Cop QoQ" 5 = + Ос — К ap Q'cı 


2a 2a 1 


By differential calculus, the value of Q’ that will 
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However, to take advantage of the anticipated price 
change, the firm shold place a large special order of a 
size given by: 


Мен ІСІГІ 


M DA 4 ЕЕ - 250) (vaa | 


0 


0.50 0.20 
(15-61) 


17,121 Ib 


By placing the large special order, the savings realized 
will be given by: 


: Ко , cpQ.Q" 3 
Savings = "DP «SERE e — gr 


_ Q5(17,121) 


1414 


725 


_ (0.50)(0.20)(17,121)* 


.75)(0. ; } 
4 (0.750.200414017.12) | (i7 1910.75) 


2(6000) (15-62) 


9(6000) - 17,121(0.50) 


= 303 + 303 + 12,841 - 25 - 244 - 8561 = $4617 


maximize the savings that are due to a large 
special order is given by: 


TEE 
(15-59) 


To illustrate these results consider the following 
problem situation. 


Б 


EXAMPLE Anticipated Price Change 


A manufacturer of lawn fertilizer is currently buying 
potassium at $0.50 per pound but anticipates that next 
month the price of potassium will increase to $0.75 per 
pound. Potassium is used in the production of lawn 
fertilizer at the constant rate of 500 pounds per month. 
The inventory holding cost, on an annual basis, is 20 
percent of the cost of the potassium being carried in 
inventory. The ordering cost for an order is $25. 

If no special order were to be placed, the firm would 
order in lot sizes given by: 


5 
|2 - 25(12 · 500) 


Q7 Үс) 7 V (075020) (15-60) 


Il 


1414.20 = 1414 Ib 


15.4 PROBABILISTIC MODELS 


We will now consider a more difficult type of 
inventory control problem in which the exact 
demand for an item is not known for certain in 
advance and therefore can only be described in 
probabilistic terms. Inventory models having this 
characteristic are called “probabilistic” or “sto- 
chastic” models. Inventory control problems hav- 
ing probabilistic demands often require a great 
deal of advanced mathematical analysis for solu- 
tion. Consequently, we shall attempt to limit our 
discussion to probabilistic demand situations in 
which solutions can be derived using a reasonable 
level of mathematical rigor. It should also be 
emphasized that even when probabilistic demands 
exist, the inventory manager is still concerned 
with two basic decisions, namely, “order timing” 
and “order size.” Likewise, the relevant costs are 
still the ordering cost, the inventory holding cost, 
and the costs associated with shortages. 


15.4.1 REORDER POINT MODEL: 
NORMAL DEMAND DURING LEAD TIME 


Consider an inventory control situation that can 
be described graphically as shown in Fig. 15.7. In 
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Order 
Placed 


Order 
Received 


FIGURE 15.7 REORDER POINT MODEL 


Fig. 15.7, we can observe that there is a base 
safety stock, SS, and a cost associated with car- 
rying this amount of inventory. For this situation 
we are concerned with the determination of the 
order point, or the point in time at which an 
economic order quantity of size Q* = V2aK/h is 
placed. Note that this determination of the order 
point is assumed not to affect the optimum order 
quantity. This assumption ignores the effect that 
the selection of the order point may have with 
respect to carrying costs. Second, we assume that 
the demand rate a is constant over the “overlap” 
period, which is the period of time when new 
stock has been received but there is still old stock 
on hand. Third, we assume that the lead time, E: 
is also a constant but that M, the demand during 
the lead time, is normally distributed. 

Based on the situation shown in Fig. 15.7, and 
the assumptions and characteristics noted earlier, 
the inventory model for this situation can be 
derived as follows. We seek to determine R* the 
optimum reorder point, in terms of the number 
of units remaining in inventory at which time an 
order of size Q* is placed. Recall that the amount 
demanded during the lead time was assumed to 
be a random variable. Thus, there will be R — M 
units that are unsold at the point in time at which 
Q* units are received. The time of overlap can 
now be expressed as (R — M)/a. Now, the costs 
of possible overage, or underage, during the lead 
time must be determined as a function of the 

probability of M. This situation is shown in Fig, 
15.8. In Fig. 15.8, if M exceeds R, and there is a 
shortage cost, и, associated with each unit of lost 
sales, the cost of underage (shortage) - u(M — 
R). If R exceeds M, and the inventory carry- 


ing cost per unit is h, the cost of overage = 0: 
(К - M)/a] -h = (Qh/a(R - M). The total cost 
for this situation is given by: 


Total cost = expected cost of overage and 
expected cost of underage 


* f. а - му/(мҙам 

* чм - R)f(M)dM 
z Sar | Jonam 

= ЫЙ м/(мҙам 

T ў Mf(M)dM — uR [ronan 
- Ê анек P» ШЕШІ 

Yu [2 Ш - uR[G(R)] 


(15-63) 
where 


F(R) + G(R) = 1 
G(R) = 1 - F(R) 
R 
[£an] = 


ЕШ 
R 


(15-64) 


the partial expectation of M for 
values of M from =% to R 


_ the partial expectation of M for 
values of M from R to +% 
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Cost of Overage = 
Dh 
Oh R s 


a 


M R 
Demand During Lead Time 


FIGURE 15.8 COST DURING LEAD TIME, L 


Furthermore, since 
М = ЕШ 


* R 
E (M) = М – E(M) 
R -х 


(15-65) 


Rearranging Equation 15-63 we obtain: 
Total cost = (% + ШІ 
1 


- © + ) Е(М) + u(M - В) 
(15-66) 


To find the minimum of this total cost expression 
we take the derivative and set it equal to zero. 


Lol cost _ (% 7 «J[rao ri ко | 
ак а 


4 (ё. «)R/(R) = и (15-67) 
Solving, we obtain: 
F(R*) = (15-68) 


u 
o 
a 


The term F(R*) is interpreted as: set R* so that 
there is u/(u + Qh/a) probability of M being equal 
to or less than А*, To illustrate the preceding 
results, consider the following example. 


EXAMPLE Probabilistic (Normal) Demand 


A transmission rebuilder experiences a yearly demand 
of 200 units for a particular type of Chevrolet trans- 


Cost of Underage 
= u(M - RI 


fiM; = Probability 
Density Function 
of M 


М 


mission. Не has ап inventory holding cost of $25 per 
unit year and a shortage cost of $50 per unit. Based 
on his reordering cost of $20 per order he has deter- 
mined the economic order quantity to be: 


s ‚ак _ |9-200:90 
9 h 25 


№320 = 17.9 (use 18) 


He wishes to develop an order point system based on 

the assumption of a normal distribution of demand 

during the lead time, with M = 10 and oy = 2. 
Using Equation 15-68: 


(15-69) 


и 50 
F(R*) = Жа UVMTTSRWEREDT 
h (18)(20) 
4 +и 200 + 50 (15-70) 
= 0.97 


Now, we seek to find Z, the number of standard 
deviations we must go from the mean demand, M, 
before the probability is F(R*) that the demand, M, is 
equal to or less than R*. The situation we must consider 
is shown in Fig. 15.9. As can be seen in Fig. 15.9, the 
optimum order point, R*, is given by: 

use + Zo if F(R*) > a 
use - Zoy if F(R*) < 0.50 

(15-71) 
For F(R*) - 0.97, 2 - 1.88 (from a standardized 
normal table). Thus, the optimum reorder point is: 


R* = M + 20м ( 


R* = M + Zoy = 10 + 1.88(2) 


= 10 + 3.76 = 13.76 — (use 14) nei 
| Zom 
| 
| | 
Es 
M R* M 


FIGURE 15.9 NORMAL DISTRIBUTION OF M, DEMAND 
DURING LEAD TIME 


With an order point set at 14 units, we should not run 
out of units during the lead time 97 percent of the 
time. 

` The recommended inventory decision is to order 18 
units whenever the inventory level reaches the reorder 
point of 14 units. Since the mean demand expected 
during the lead time is M — 10 units, the safety stock 
= SS = R* — M = 14 - 10 = 4 units serves as a 
buffer, and these 4 units can be expected to prevent 
stockouts during the lead time, 97 percent of the time. 
Тһе anticipated annual costs for this reorder point 
system are as follows. 


200 
Reordering cost — (9 “К = ің (20) = $222.22 


(15-73) 
Inventory holding cost _ (Q 2 1805) - 8995.00 
(normal inventory) 2 2 d 
(15-74) 
Inventory holding cost — çe , ad - $100.00 
(safety stock) ӨЗУ = 4(25) = 
(15-75) 


If the transmission rebuilder could have assumed 
that demand were a constant 200 units, 0% = 18, 
R* = 200/18 = 12 units, and the total annual cost of. 
$222.22 + $225.00 = $447.22 would be expected, 
However, since the demand pattern is considered to be 
uncertain, the transmission rebuilder must pay for this 
uncertainty by maintaining a safety stock of four units, 
which costs an additional $100 yearly. 

As we evidenced in the previous example, the safety 
stock absorbs variations in demand and/or variations 
in supply lead time. Obviously, the larger the safety 
stock, the smaller is the risk of running out of inventory. 
Тһе inventory control problem thus becomes one of 
setting the safety stock at a level such that the risk of a 
stockout is acceptably low. Herein, a common mana- 
gerial practice involves the determination of a service 
level that guarantees that average stockouts will not 
exceed some predefined level. 

From our previous example involving normal de- 
mand during the replenishment lead time, the safety 

stock was computed as: 

Safety stock: 55 = R* — М = Ze, (15-76) 
Thus, for a specified distribution (ie, the normal 
distribution in this situation) and a known value of Ом, 
the safety stock сап be determined for various service 
levels using the data of the previous example, as shown 
in Table 15.5. Within Table 15.5 the probability of a 
stockout, or conversely, the service level determines the 
value of Z that is employed in the computation of the 
required safety stock using Equation 15-76. In general, 
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TABLE 15.5 REQUIRED SAFETY STOCK AT 


VARIOUS SERVICE LEVELS 
Probability | Service 
of aStockout Level (%) 


Required Safety 
Stock: SS = Za, 


0.25 75 SS = 0.674(2) = 1.348 
0.20 80 SS = 0.842(2) = 1.684 
0.15 85 SS = 1.036(2) = 2.072 
0.10 90 SS = 1.282(2) = 2.564 
0.05 95 SS = 1.645(2) = 3.290 
0.001 99.9 SS = 3.090(2) = 6.180 


the safety stock requirement can be computed as: 


Safety stock: SS = лом (15-77) 


where 


n = Safety factor based on the service level 
required and the probability distribution 
being used to describe demand during 
the lead time. 


lll eee 


15.4.2 PAYOFF TABLE ANALYSIS 


When the probability for demand is discrete and 
has a finite number of possible demand values, a 
payoff table analysis can be performed. To illus- 
trate a payoff table analysis, consider the following 
situation. The Agrico Fertilizer Company рго- 
duces a liquid fertilizer in 1000-gal batches. A 
typical customer orders from 1 to 5 batches every 
three months, and since the production process 
for the liquid fertilizer is continuous the produc- 
tion decision (number of batches in a production 
тип) must be made prior to the receipt of an 
order. Although Agrico can list the possible al- 
ternatives resulting from demands ranging from 
1000 to 5000 gal, the exact demand distribution 
is uncertain, 

The manufacturing costs for the production 
process are $100 per 1000 gal, and the fertilizer 
sells for $500 per 1000 gal. If shortages occur, 
Agrico must buy a similar liquid fertilizer from a 
competitor to satisfy customer demand. This sub- 
stitute liquid fertilizer will cost Agrico $750 per 
1000 gal. The liquid fertilizer is a highly volatile, 
unstable chemical and cannot be stored safely for 
any long period of time. Consequently, any pro- 
duction run that is not completely sold is chemi- 


Probabilistic Models 


cally neutralized with an attendant salvage value 
of $50 per 1000 gal. 

This problem situation can be treated as a 
single-period inventory model since customer or- 
ders are received once every three months and 
no inventory is maintained. Thus, production 
setup costs are fixed, regardless of the size of the 
production run, and can be ignored. Since no 
inventory is maintained, no inventory carrying 
costs are incurred. Consequently, this single-pe- 
riod inventory problem can be couched in terms 
of maximizing the profits, or payoffs, associated 
with a particular size of order rather than mini- 
mizing the ordering and inventory holding costs. 

We will now proceed to determine the profits 
associated with the various demand and order 
size possibilities. Let 

р = selling price рег 1000 gal = $500 

c = cost of manufacturing per 1000 gal = $100 
d = cost of outside purchase per 1000 gal = $750 
s = salvage value per 1000 gal = $50 

Q = production quantity 


D = demand quantity 
The profit (payoff) equations can be written as a 
function of three possible demand situations. 
1. 10 = D: 
Payoff (Р) = sales - production cost 
$500: D — $100: Q 


(15-78) 


2. If Q «€ D: 
Payoff (P) 
7 sales — production cost — shortage cost 
$500 - D ~ 8100: Q — $750(D - Q) 


= —$250-D + $650: Q (15-79) 
3. If Q > р: 


Payoff (Р) 


Ш 


= sales — production cost + salvage value 
$500 - D — $100 - Q + 550-(0- D) 
$450 - D ~ $ 50: Q (15-80) 


These three profit equations can now be used to 
compute Agrico's profits under all combinations 
of order quantities and demands. These profit 
computations are summarized in Table 15.6. Note 


1 


that the profits shown in Table 15.6 аге condi- 
tional, based on specific order size (0) - demand 
(D) possibilities. ? 

To make a decision concerning the order quan- - 
tity, we must make an assessment of the proba- 
bility distribution for demand. Assume that an 
analysis of orders for the last five years indicates 
a demand pattern as shown in Table 15.7. 

We can now compute the expected profit as- 
sociated with each order quantity by multiplying 
the conditional profits by their associated proba- 
bilities. These expected profits are as follows. 


Expected profit (Q = 1000) 


= 0.2(400) + 0.2(150) + 0.3(— 100) 
+ 0.2(—350) + 0.1(-600) 


= -$50 (15-81) 
Expected profit (Q = 2000) 
= 0.2(350) + 0.2(800) + 0.3(550) 
+ 0.2(300) + 0.1(50) 
= $460 (15-82) 
Expected profit (Q = 300) 
= 0.2(300) + 0.2(750) + 0.3(1200) 
+ 0.2(950) + 0.1(700) 
= $830 (15-83) 
Expected profit (Q = 4000) 
= 0.2(250) + 0.2(700) + 0.3(1150) 
+ 0.2(1600) + 0.1(1350) 
= $990 (15-84) 
Expected profit (Q = 5000) 
= 0.2(200) + 0.2(650) + 0.3(1100) 
+ 0.2(1550) + 0.1(2000) 
(15-85) 


= $1010 
Consequently, our payoff table analysis indicates 
that Agrico Fertilizer Company should produce 
in Q = 5000-gal batches to maximize profits for 
its single-period inventory situation. Note once 
again that a payoff table analysis is applicable to 
discrete demand situations having a finite number 
of possible demand values. 


15.4.3 MARGINAL ANALYSIS 


In the previous section of this chapter we consid- 
ered the use of a payoff table analysis for a single- 
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TABLE 15.6 CONDITIONAL PAYOFF TABLE—AGRICO FERTILIZER COMPANY 


үзе Potential Production Shortage Salvage Total 

Quantity Demand Sales Cost Cost Value Profit 
0(х1000)  D(x1000) ($500 - р) (5100-0) — $750(D — Q) %50(0 — D) (P) 

1 1 $ 500 $100 $ 0 0 $ 400 

2 1000 100 750 0 150 

3 1500 100 1500 0 - 100 

4 2000 100 2250 0 350 

5 2500 100 3000 0 -600 

2 1 500 200 0 50 350 

2 1000 200 0 0 800 

3 1500 200 750 0 550 

4 2000 200 1500 0 300 

5 2500 200 2250 0 50 

3 1 500 300 0 100 300 

2 1000 300 0 50 750 

3 1500 300 0 0 1200 

4 2000 300 750 0 950 

5 2500 300 1500 0 700 

4 1 500 400 0 150 250 

2 1000 400 0 100 700 

3 1500 400 0 50 1150 

4 2000 400 0 0 1600 

5 2500 400 750 0 1350 

5 1 500 500 0 200 200 

2 1000 500 0 150 650 

3 1500 500 0 100 1100 

4 2000 500 0 50 1550 

5 2500 500 0 0 2000 


period inventory problem in which demand could 
be described by a discrete distribution having a 
finite number of possible values. Unfortunately, 
there are many inventory situations in which 
demand must be described by a continuous prob- 


TABLE 15.7 DEMAND DISTRIBUTION— 


AGRICO FERTILIZER 
COMPANY 
Demand 
D(x 1000) Probability of Demand, D 

1 0.20 

9 0.20 

3 0.30 

4 0.20 

5 0.10 


ability distribution. Thus, a payoff table analysis 
is not possible. Instead, we must resort to a 
marginal or incremental analysis. Marginal anal- 
ysis will now be illustrated by means of an ex- 
ample. 


—  ——ÓÀ 


EXAMPLE 


Consider Tred-Mart Stores, Inc., which is contemplat- 
ing its fall order of 21-in. color television sets for its 95 
Arizona outlets. Based on historical experience, man- 
agement of Tred-Mart Stores, Inc., has concluded that 
yearly demand for the 21-in, color television set can be 
described by a normal distribution with mean и = 2000 
sets and standard deviation с = 200 sets. 


ы 
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Incremental analysis approaches the “order size” 
problem by considering the cost and/or loss associated 
with either stocking or not stocking additional units. 
Tred-Mart Stores, Inc., has determined that each tel- 
evision set will cost $350; can be sold for $400; and if 
not sold at the end of one year, will have a “markdown” 
value of $310. Based on these considerations, the “loss” 
associated with stocking one additional unit when it is 
not needed is the original cost minus the salvage value, 
or $350 — $310 = $40. Conversely, the “loss” associ- 
ated with not stocking one additional unit when it is 
needed is the selling price minus the original cost, or 
$400 — $350 = $50. These two types of losses can be 
written in general as: 


Ly Fess (15-86) 
L -p-c (15-87) 
where 
L, = loss associated with stocking one additional unit 
and finding it could not be sold 
L. — loss associated with not stocking one additional 


unit and finding it could be sold 
cost per unit 


€ 
5 = salvage value per unit 
р = selling price per unit 
To determine the expected value of the losses we 
must multiply the possible losses by the probabilities 


associated with these possible losses. The general 
expressions for the expected losses can be written as: 


EL, 2L, P(D = 09 (15-88) 
EL. = L.: P(D > 0% (15-89) 
where 
D - demand 
Q* — optimal order quantity 


Using a marginal analysis we would then want to equate 
the expected loss associated with having an additional 
unit to the expected loss associated with not having an 
incremental unit. Thus, the optimal order quantity will 
be found when: 


L.-P(DsQ*)-L.:P(D»Q*) (1590) 


Furthermore, we know that: 
P(D > Q*) = 1 - P(D 5 Q*) (15-91) 


Substituting Equation 15-91 into Equation 15-90 we 


587 
obtain: 
L, ‘P(D = Q*) = L_- [1 = Р( < 0%) 
L, P(D = Q*) = L_ – [L_- P(D = 0*)] (15-92) 
[L.-P(Ds Q9] + [L_ - P(D = Q*)) = L- 
Lz 
ж) = — 
mee Ly tL. 
We previously determined our losses to be: 
L, =c -s = $350 — $310 = $40 (15-93) 
L_ =p -c = $400 — $350 = $50 (15-94) 
Thus, Equation 15-92 can be evaluated as: 
L- 50 
= Q*) ------------- 0). 15-9. 
eT TT aad + ee 


Now, we can determine the optimal order quantity for 
Q* by considering the probability distribution for de- 
mand, which is predicted to be normal with mean u = 
2000 and с = 200. We seek to find a Q*, using a 
normal distribution having a mean и - 2000 and 
standard deviation с = 200, such that: 


P(D < Q*) = 0.56 (15-96) 


Referring to a standardized normal table, we observe 
that 0.56 of the area under the normal curve is obtained 
for a Z value of 0.15. Thus, we can compute Q* as: 


О* = и + Zo 
2000 + (0.15)(200) 
2030 units 


(15-97) 


1 


Thus, Tred-Mart Stores, Inc., should order 2030 units 
of 21-in. color television sets under this assumed set of 
demand conditions. 


15.5 MATERIAL REQUIREMENTS 
PLANNING 


A material requirements planning (MRP) system 
is a production/inventory control information 
system that utilizes data from various organiza- 
tional sources to determine the time-phased de- 
mand for end products and then uses this end 
product demand to calculate the time phasing of 
the demand for component parts and raw mate- 
rials. Inherent in the use of an MRP system is the 
fact that the end product is an assembly composed 
of components, whose demand is thus dependent. 
This is in contrast to an independent demand 
situation for which inventories should be con- 


trolled Бу the use of order point and economic 
order quantity equations. Thus, an MRP system 
is a logical means of examining a finished product, 
exploding it into its component parts, and speci- 
fying the lead times at which the component parts 
should be incorporated into the assembled prod- 
uct. An MRP system is typically used to determine 
how much of the components of a company’s 
finished product should be ordered, and when 
over time these components should be ordered. 
MRP systems are useful in managing dependent 
demand items, in production planning, schedul- 
ing, and inventory control. A graphic represen- 
tation of the MRP process is shown in Fig. 15.10. 

Referring to Fig. 15.10 and our previous dis- 
cussion, it should be emphasized that there are a 
number of factors that are required prior to 
attempting to develop and implement an MRP 
system. Key factors are: 


1. The production process must involve end 
products that are composed of assemblies, 
subassemblies, or component parts. 


2. An accurate bill-of-materials must exist for 
each end item and its associated components, 


Inventory 
Status 
File 


End 
Product 
Forecast 
Demand 


Master 
Production 
Schedule 


MRP 
System 
(Computerized) 
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and it must be in a form that will allow it to 
be structured in a computerized file. 


3. Accurate inventory status information must 
be available for each item and its associated 
components, and it must be in a form that will 
allow it to be structured in a computerized 
file. 


4. The overall production plan for all end items 
must be expressed in the form of a master 
production schedule, which is then adhered 
to throughout the production process. 


5. The company must have available a computer 
for use in making the computations required 
in MRP and for maintaining the MRP data 
files. Experience in developing and imple- 
menting other large-scale computer systems is 
also useful. 


When these requirements are present MRP can 
be very useful to a company for improving effi- 
ciency in: 

l. Inventory control. 
2. Priority planning and expediting. 


Production 
Capacity 
Planning 

Data 


Product 
Structure 
File 


Inventory order action 

. Order priorities 

. Capacity requirements planning data 
Performance control data 
Exception reports 
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FIGURE 15.10 MATERIAL REQUIREMENTS PLANNING PROCESS 
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3. Providing data for capacity requirements plan- 
ning. 


Material requirements planning has become very 
widely used during the last decade, primarily as 
a result of improvements in computer technol- 
ogy—and the dissemination of reports concerning 
its successful utilization. It has become a way of 
life for industries involved in fabrication and 
assembly, such as transportation equipment and 
consumer appliances. It has received particular 
emphasis from the membership of the American 


Production and Inventory Control Society 
(APICS). 
15.5.1 PRODUCT STRUCTURE FILE 


The product structure file, also called the bill-of- 
materials file, contains up-to-date, accurate in- 
formation on every assembly, subassembly, com- 
ponent, part, or raw material item required to 
produce an end product. This means that the 
bill-of-materials must be carefully structured, ac- 
cording to the actual manufacturing process, from 
the product-end-item level down to the assembly, 
component, and raw material level. The bill-of- 
materials is much more than just a parts list, and 
its structuring requires careful attention. Infor- 
mation on each part in the end product, such as 
part number, quantity required per end item, 
description, and use in next higher assembly, is 
required. The bill of materials is structured in 
levels, with each level representing a stage in the 
manufacturing process. 

To illustrate the bill-of-materials concept let us 
trace through the development of a product 
structure file for a simple product. Consider the 
Roll-Ease Company, which manufactures a metal 
office chair whose construction is as shown in Fig. 
15,11. 

The product structure for the Roll-Ease metal 
office chair is shown in the tree diagram of Fig. 
15.12. The bill-of-materials file for the metal office 
chair would appear as follows. 


Bill-of-Materials: Roll-Ease Metal Office Chair 

Metal office chair Part No. 0001 
Seat and back assembly Part Хо. 1001 (1) 
Legs assembly Part No. 1002 (1) 
Roller assembly Part No. 1003 (3) 


Seat and back assembly (1) 


Legs assembly (1) 


Roller assembly (3) 


FIGURE 15.11 ROLL-EASE METAL OFFICE CHAIR 


Part No. 1001 
Part No. 2001 (1) 
Part No. 2002 (1) 
Part No. 1002 
Part No. 1003 
Part No. 2003 (3) 
Part No. 2004 (4) 
Part No. 2002 
Part No. 3001 
Part No. 2003 
Part No. 3002 


Note the hierarchical nature of this bill-of-mate- 
rials. It begins at level 0, the end product level at 
which one metal office chair is produced. This 
end product is assigned Part No. 0001, with the 
first “0” in the four-digit number specifying that 
it is a finished product (end item) and the final 
“1” specifying its unique part number. Within the 
bill-of-materials we observe that this end product 
is composed of one seat and back assembly, one 
legs assembly, and three roller assemblies. Each 
of these assemblies now has a “1” as the first digit 
in its part number indicating that we have moved 
down one level in the manufacturing process. 
Moving down to level 2, we observe that the seat 
and back assembly has two lower-level compo- 
nents (i.e., padding kit and formed frame), the 
legs assembly has no lower-level component (i.e., 
it is a directly purchased component), and the 
roller assembly has two lower-level components 
(i.e., support brackets and rollers). Moving finally 
to level 3 we see that the formed frame is made 


Seat and back assembly 
Padding Kit 
Formed Frame 

Legs assembly 

Roller assembly 
Support brackets 
Rollers 

Formed frame 
Extruded aluminum 

Support brackets 
Sheet steel 


Level 0 


Seat and back 
assembly 


Extruded 
aluminum 


FIGURE 15.12 PRODUCT STRUCTURE TREE 
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of extruded aluminum while the support brackets 
are made of sheet steel. 

It is important to emphasize that the product 
structure file must be accurate. The MRP system 
utilizes the product structure file to develop lower- 
level schedules for all assemblies, subassemblies, 
components, and raw materials. Thus, the accu- 
racy of the product structure file is essential to 
production planning and scheduling. If a lower- 
level component is missing, a shortage will occur, 
while if the quantity specified for an item is too 
large, an unnecessary work-in-process inventory 
will be created. 


15.5.2 INVENTORY STATUS FILE 


The inventory status file contains up-to-date, 
accurate information on every assembly, subas- 
sembly, component, part, or raw material item 
required to produce an end product. As with the 
bill-of-materials file, all inventory items must be 
uniquely defined. This is done using the same 
part numbering system as is used for the bill-of- 
materials file. All end products carry the storage 
addresses (commonly called pointers) of the re- 
spective bill of materials in their inventory status 
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Part No. 0001 


No. 2004 


brackets 
(3) 


DIAGRAM FOR ROLL-EASE METAL OFFICE 


records. Thus, the inventory status file and the 
bill-of-materials file are linked for purposes of 
computation of requirements. 

The inventory status file contains information 
about every part number that is to be controlled 
by the MRP system. It contains the part number, 
the lead time for purchasing the item or produc- 
ing it from its components, the gross require- 
ments, scheduled receipts (open orders), quantity 
on hand, and planned order releases. This basic 
information is all that is required for MRP pro- 
cessing. However, in many MRP systems the 
inventory status files may contain additional data 
such as scrap rates and change orders. 

To illustrate the format of the inventory record 
output from an MRP system, let us return to our 
example concerning the manufacturing of the 
Roll-Ease metal office chair, The inventory record 
for this end product is shown in Table 15.8. 

Table 15.8 indicates that planning is to be done 
for 12 weeks into the future. The weeks indicated 
across the top of the report are the time periods 
or time buckets, of the planning horizon. 

The numbers in the "Gross requirements" row 
of Table 15.8 indicate the quantity of the item 
that will be disbursed, or issued, out of inventory 
to go into some higher-level assembly or to supply 
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TABLE 15.8 INVENTORY RECORD—METAL OFFICE CHAIR 
Item: Part No. 0001 

(manufactured) 

Lead Time: 1 week Week 

Metal Office Chair 1 2 3 4 6 7 8 9 10 11 12 
Gross requirements 100 100 75 75 150 50 
Scheduled receipts 75 75 100 100 100 50 
On hand (50) 50 25 25 0 0 25 25 50 50 0 0 0 
Planned order releases 75 75 100 100 100 50 


the demand for the item as an end product (i.e., 
in this instance we are considering the end prod- 
uct). In our example Roll-Ease plans to ship 100 
finished metal chairs in weeks 2 and 4, 75 finished 
metal chairs in weeks 6 and 8, 150 finished metal 
chairs in week 10, and 50 finished metal chairs 
in week 12. The numbers in the "Scheduled 
receipts" row indicate the quantity of metal chairs 
that are scheduled to be completed and to go into 
inventory in each week of the planning horizon. 
In our example Roll-Ease anticipates receipts of 
75 metal chairs in weeks 9 and 4, 100 metal chairs 
in weeks 6 and 8, and 50 metal chairs in week 
10. The numbers in the “Оп hand" row indicate 
the planned inventory level in each week of the 
planning horizon. In our example Roll-Ease has 
a beginning inventory of 50 metal chairs. In week 
l there are no requirements and no receipts of 
metal chairs. Thus, the balance, or “On hand,” at 
the end of week 1 is 50 + 0 — 0 = 50. Note that 
this is simply the well-known perpetual inventory 
approach: quantity available (next period) equals 
quantity on hand (current period) plus scheduled 
receipts (current period) minus anticipated de- 
mand (current period). In week 2, however, there 
are scheduled receipts of 75 metal chairs and 
gross requirements of 100 metal chairs. Thus, the 
"On hand” at the end of week 2 is 50 + 75 — 
100 — 25. The "On hand" quantities for the 
remaining weeks in the planning horizon are 
computed in similar fashion. The "Planned order 
release" row indicates the week (time bucket) an 
order must be released so that it will be received 
in the week (time bucket) indicated in the "Sched- 
uled receipts" row. Note that the metal chair has 
à I-week lead time, so that “Planned order re- 
leases" must be time-phased backward one week 
to be available in the week indicated in the 


"Scheduled receipts" row. This procedure is re- 
ferred to as lead time offsetting. 

The example just presented should make it 
clear that the inventory status file must be main- 
tained in an up-to-date and accurate manner. The 
"planned order releases" that are the output of 
the MRP system cannot be accurately computed, 
and time phased, unless all inventory transactions 
are posted in an accurate and timely manner. 


15.5.3 MASTER PRODUCTION SCHEDULE 


The aggregate demand for end products is ini- 
tially forecasted over a number of time periods. 
This end product demand is then scheduled over 
these time periods in the form of a master pro- 
duction schedule. The master production sched- 
ule expresses the overall production plan for all 
end product demand, taking into account actual 
customer orders and production capacity plan- 
ning information. It may also allow for an accu- 
mulation or a depletion of inventory, based upon 
expected marketing action. In determining the 
master production schedule a planning horizon 
that includes the cumulative procurement and 
production lead times for all the components of 
the finished product is used. In practice a plan- 
ning horizon composed of several 1-меек time 
increments is employed. It is important to note 
that this master production schedule is developed 
from both end item forecasts and actual customer 
orders. It also must be done in a realistic manner 
that takes into consideration available production 
capacity planning data. Master production sched- 
uling is only done at the end product level, and it 
then becomes the driving force for the MRP 


system. 


15.5.4 THE MATERIAL REQUIREMENTS 
PLANNING SYSTEM 


The MRP system is generally a set of computer 
programs (1.е., commercially available software 
packages) that accesses as input the master pro- 
duction schedule, product structure data, and 
inventory status data. It then performs all the 
calculations necessary to obtain or produce all the 
component items at the proper time so that the 
end product items in the master production 
schedule can be produced as required. Thus, the 
end product items in the master production 
schedule are exploded through all levels of their 
bills-of-materials to arrive at the gross require- 
ment of all components necessary for the end 
product. 

The processing logic of an MRP system is 
designed to produce an output report that is a 
detailed schedule for the release of each compo- 
nent for either production or purchase. It utilizes 
level-by-level processing, beginning at the zero level, 
or end product, and working downward to the 
raw materials requirements. To illustrate this pro- 
cess refer to Table 15.9, which shows the rela- 
tionship between the inventory records for the 
roller components of our metal office chair. The 
linkage between the three inventory records shown 
in Table 15.9 is between the end item planned 
order release and the component gross require- 
ments. This linkage must also be correctly time 
phased because the components must be available 
at the time the end item is released for production. 

The explosion of requirements from the master 
production schedule down through the various 
component levels is guided by the logical linkage 
of inventory records, and their associated time 
phasing. At each level the net requirements are 
computed using the relationship: 


Net requirements = gross requirements 


— available inventory (19-98) 


Obviously, if the available inventory is equal to, 
or exceeds, the gross requirements for an item, 
then the net requirements for the item is zero. 
Initially, the computed net requirements for 
the end item are covered by the planned order 
releases for the end item. The quantity and timing 
of planned order releases for the end items then 
are used to determine the component gross re- 
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quirements at the next lower level. This procedure 
is then repeated for successively lower levels, 
down to the raw materials requirement. 

Focusing on weeks 9 and 10 in Table 15.9, we 
observe that in week 10 we need scheduled re- 
ceipts of 100 to be added to the on-hand inventory 
of 50 to be able to satisfy the gross requirements 
(demand) of 150. Offsetting this scheduled receipt 
of 100 units by the 1-меек lead time for the end 
item results in a planned order release of 100 for 
week 9 for the end item. 

This planned order release of 100 metal chairs 
is then multiplied by 3 (i.e., there are three roller 
assemblies per metal chair) to arrive at a gross 
requirement of 300 roller assemblies in week 9. 
Assuming an on-hand balance of 150 items at the 
end of week 8, we need scheduled receipts of 150 
to be added to our on-hand inventory to be able 
to satisfy the gross requirements (demand) of 300. 
Offsetting this scheduled receipt of 150 units by 
the 2-week lead time for the roller assembly results 
in a planned-order release of 150 for week 7, for 
the roller assembly. 

This planned order release of 150 roller assem- 
blies then becomes the gross requirements for the 
support bracket in week 7. Assuming an on-hand 
balance of 25 support brackets at the end of week 
6, we need scheduled receipts of 195 to be added 
to the on-hand inventory to be able to satisfy the 
gross requirements (demand) of 150. Offsetting 
this scheduled receipt of 195 units by the 3-week 
lead time for the support bracket results in planned 
order release of 125 for week 4, for the support 
bracket. 

The process of moving from gross require- 
ments to net requirements to planned order re- 
leases down to the lowest level of the production 
process is the most important characteristic of an 
МЕР system. То generate а planned order cor- 
rectly, the MRP system must determine: 


1. The starting date of the planned order release. 
2. The due date of the planned order receipt. 
3. The planned order quantity. 


The timing of these planned orders is usually 
determined in a Straightforward manner, using 
the lead time associated with a particular compo- 
nent. However, the determination of the planned 
order release quantity may not be simply a matter 
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TABLE 15.9 RELATIONSHIP AMONG INVENTORY RECORDS FOR THREE LEVELS OF PRODUCTION OF 


THE METAL OFFICE CHAIR 
(Level 0) 
Item: Part No. 0001 
(manufactured) 
Lead Time: 1 week 
Metal Office Chair 1 2 3 4 


Gross requirements 
Scheduled receipts 
On hand (50) 


Planned order releases* 


roller assembly because there are 3 roller assemblies 


‘Note: The planned order releases of 100 metal office chairs must be multiplied by 3 to arrive at the gro% requirements of the 
I 8 1 


Lead time offset 


(1 week) 
(Level 1) 
Item: Part No. 1003 
Lead Time: 2 weeks = 
Roller Assembly 1 2 3 4 6 7 8 9 10 11 12 


Gross requirements 
Scheduled receipts 

On hand 

Planned order releases 


(Level 2) 
Item: Part No. 2003 
Lead Time: 3 weeks 

Support Brackets qu eese 


Gross requirements 
Scheduled receipts 
On hand 


Planned order releases 


of setting it equal to the net requirement. For 
example, a component may be used in more than 
one higher-level assembly or in more than one 
end item. A typical MRP system will sum all the 
net requirements at one level and set them equal 
to the planned order releases at that level and to 
the gross requirements at the next lower level. 
Then, at this point in the material requirements 
planning process, one of a number of possible 


Lead time offset 
(2 weeks) 


6 ri 8 9 10 11 12 
150 
125 

25 0 


125 —— — — — — Lead time offset (3 weeks) 


lot-sizing, or ordering, rules may be applied. 
These lot-sizing, or ordering, rules are designed 
to balance inventory holding costs against order- 
ing or production set-up costs, and are deter- 
mined independently of the MRP system. Thus, 
it is important to note that MRP is not exactly an 
inventory control system and that the crucial 
question of how much to order must be answered 
using cost data external to the MRP system. 


Orlicky has suggested that there are at least nine 

approaches to lot sizing that may be used in MRP 

systems, including:* 

. Fixed-order quantity. 

. Economic order quantity (EOQ). 

. Lot for lot. 

Fixed-period requirements. 

Period order quantity (РОО). 

. Least unit cost (LUC). 

. Least total cost (LTC). 

. Part-period balancing (PPB). 

. Wagner-Whitin dynamic programming algo- 
rithm. 


CONANT pN ы 


Two approaches have been employed to ac- 
tually implement MRP systems. These approaches 
are: 

1. Regenerative approach 
2. Net-change approach 


Under the regenerative approach, every end item 
in the master production schedule is exploded 
periodically, on the basis of the latest master 
production schedule requirements. Thus, every 
active bill-of-materials is retrieved, the status of 
every inventory item is recomputed, and a volu- 
minous amount of output is produced. Regen- 
erative MRP systems are designed for low-fre- 
quency replanning (i.e., a weekly or longer cycle) 
and employ batch processing techniques. In a net 
change approach to MRP, only part of the master 
production schedule is exploded at any one time. 
Thus, the entire requirements for all components 
are not recalculated periodically; instead, only 
additions and subtractions from the master sched- 
ule are entered. The effect of explosions down to 
lower levels is then limited to the end item trig- 
gering the explosion. A net-change MRP system 
is used for high-frequency replanning, and it is 
typically run once a day. 


15.5.5 OUTPUT OF THE MATERIAL 
REQUIREMENTS PLANNING SYSTEM 


A material requirements planning system pro- 
duces a voluminous amount of output, which may 


2]. Orlicky, Material Requirements Planning (New York: 
McGraw-Hill Book Company, 1975), pp. 120-138. 
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be in a variety of formats, at the discretion of the 
user. While the specific format of the output 
varies widely by user, there are six broad cate- 
gories of output information that are typically 
produced:* 


1. Outputs for inventory order action—based 
primarily on planned orders becoming mature 
for release in the current time period. 


2. Outputs for replanning order priorities—used 
for rescheduling when the open-order due 
date and the date of actual need have diverged. 


3. Outputs to help safeguard priority integrity— 
used to relate problems of item inventory 
status to the master production schedule. 


4. Outputs for capacity requirements planning— 
based on the use of quantities and due dates 
of both open- and planned shop order as 
input to the capacity requirements planning 
(loading) system. 


5. Outputs to aid in performance control—used 
to measure deviations that enable manage- 
ment to monitor the performance of inventory 
planners, buyers, vendors, and the shop, as 
well as financial or cost performance. 


e 


Outputs reporting errors, incongruities, or 
out-of-bound situations—exception reports 
indicate to the user that data are invalid or 
inconsistent. 


15.5.6 ADVANTAGES AND 
DISADVANTAGES OF MATERIAL 
REQUIREMENTS PLANNING 


Since its inception around 1960 material require- 
ments planning has become widely used through- 
out American industry. Many of its users have 
become strong advocates of the MRP approach. 
Among the advantages indicated for MRP are: 


1. Reduction in finished goods and work-in-pro- 
cess inventories. 

2. Better customer service, including greater re- 
liability of delivery promise dates, reduction 
in loss sales, expediting of due dates for orders. 

3. Better planning, including improvement in 
the planning and timing of design changes, 


‘Ibid., pp. 142-144. 
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reduction of lead times, and improvement in 
keeping priorities of work items up to date. 

4, Facilitates capacity requirements planning, in- 
cluding better equipment utilization, better 
scheduling of maintenance, and increased 
identification of bottlenecks in various work 
centers. 


5. Minimization of shortages of component parts. 


6. Provides for the exact explosion of end product 
needs into component parts needs. 


7. Provides a large amount of useful time-phased 
data, which facilitates future planning efforts. 

8. Reacts quickly to the dynamic change inherent 
in production systems. 

9. Fully utilizes the power of the digital computer 
in considering a large-scale and complex man- 
ufacturing problem. 


In spite of the number of advantages afforded 
by material requirements planning systems, such 
systems are not without some inherent disadvan- 
tages. Among the disadvantages indicated for 
material requirements planning are: 


1. A computer must be available to perform the 
necessary computations and to manipulate the 
data files. 

2. MRP applies only to products that are assem- 
bled from component parts. 

3. Bills-of-materials and inventory status files must 
be completely and accurately determined for 
all products in the MRP system. 


4. A valid master schedule must be determined. 


5. Accurate data must be available from the shop 
floor and various inventory locations. 

6. Users must be able to interpret and use the 
Output from the system. 

7. Тһе plan resulting from (һе MRP system must 
be adhered to. 


Note that most of the disadvantages attributed 
to MRP systems relate to the assumptions and 
requirements that must be met before a MRP 
system can be utilized. 


15.6 CONCLUSION 


In this chapter we have examined inventory de- 
cision models under both deterministic and prob- 
abilistic demand situations. In each instance we 
have examined several inventory models that can 
be developed for various situations. It should be 
stressed that a large number of potential inventory 
models are possible, and we have considered only 
a few of the more prominent inventory models 
in this chapter. Thus, the key consideration in 
inventory model development is the careful es- 
tablishment of the appropriate demand and cost 
considerations. 

Also, we have considered inventory control in 
a modeling context in this chapter. In many 
business situations inventory control is a part of 
a large computerized systems effort. Among the 
notable inventory control systems that have been 
successfully implemented in several companies 
are IMPACT and Material Requirements Plan- 
ning. IMPACT is an inventory control system that 
is commercially available from IBM in the form 
of a computer software package. It has been 
successfully used by several large grocery whole- 
salers. Material Requirements Planning is a system 
that considers both production planning and in- 
ventory control within a complex manufacturing 
environment. This system has also been success- 
fully utilized by a number of manufacturing con- 
cerns. In summary, much of the work in inventory 
control involves a systems effort which, in turn, 
incorporates models such as those discussed in 
this chapter. 


Case Study: Determining Target Inventories of 


Wood Chips 


Storage of wood in chip form has grown rapidly in recent years. Today, 
almost all paper mills employ large, outdoor wood chip storage facilities 
with sophisticated bulk handling equipment. 
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The reasons for maintaining large wood chip inventories are numerous 
and include the following: 


1. Wood chips serve as a buffer against differences between mill supply 
and demand. These reserves reduce the risk of “stockouts” that could 
be caused by weather, transportation problems, and labor disruptions. 


2. Wood chips act as a hedge against changes in wood prices and allow for 
timely procurement strategies. Consequently, wood chips can be bought 
and stored when prices are low. 


Unfortunately, aging of wood during storage can detrimentally affect its 
properties, causing color deterioration, loss of wood substance and extrac- 
tives, decreased pulp yield, higher processing costs, and lower final product 
quality. Additionally, large wood chip inventories tie up dollars that could 
otherwise be employed elsewhere in the corporation. 

A modern pulp mill may maintain wood chip inventories of 100,000 dry 
tons. At $50 per ton, this inventory is worth $5,000,000, and if the cost of 
capital is 15 percent per year, the inventory cost is $750,000, annually. If 
just 5 percent of the wood is lost because of deterioration, an additional 
penalty of a quarter million dollars is incurred annually. 

To address the problem of inventory levels of wood chips, Weyerhauser 
Company has developed the Springfield Inventory Target (SPRINT) model. 
Itis used at about a half-dozen Weyerhauser pulp mills to assist in managing 
chip inventories of close to 200,000 dry tons. 

SPRINT projects chip inflows, outflows, and resultant inventory levels 
by user-selected time increments (і.е., week, month, or quarter). The user 
is able to select any number of wood chip sources and uses. The model's 
most distinguishing feature is its ability to represent each chip source (sup- 
plier) in terms of a probability distribution related to volume. Expected 
chip deliveries, usages, and ending inventories at the end of each time 
period are stated in the form of probability distributing rather single prob- 
ability estimates. Consequently, the probability of a stockout (i.e., an ending 
inventory of zero or below) can be estimated for each period. This is shown 
graphically in Fig. 15.13. 

SPRINT can be used in an interactive mode by a remote user with a 
CRT or hard-copy terminal. It is very user friendly and prompts the user 


for all input data. It also provides for online tutoring, and data sets can be 
saved and edited at will. 


Probability of 
stockout 


0 20,000 40,000 


Chip Inventory Level (Terms) 


FIGURE 15.13 ENDING INVENTORY PRO- 
JECTION 
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The purpose of SPRINT is to assist the company’s wood procurement 
managers in making judgments on: 


How reliable are inventory projections? 

What is the stockout risk in each period? 

What are the total inventory costs in each period? 

Given the future projections, what is the optimum inventory level? 


Use of SPRINT to aid decision making in inventory management at 
Weyerhauser Company has produced a number of benefits. First, it has 
provided a standard, accepted, analytical framework for determining target 
inventories. Second, the model has quantified the risk and encouraged the 
sharing of risk between mill management and wood procurement man- 
agers. Third, the model has highlighted the degree of variability inherent 
in long-time inventory projections made in the face of uncertainty. Finally, 
use of the model has demonstrated that inventories can be reduced and 
stay within an acceptable risk level. 


Source: Gary Е Finke, "Determining Target Inventories of Wood Chips Using Risk Analysis," Interfaces, 14, no. 5 (September— 


October 1984): 53-58, 
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ABC Classification. A procedure used in inventory control in which an 
attempt is made to consider the small number of items that will account 
for most of the sales and that are therefore the most important ones to 
control for effective inventory management. 

Back-Order Demand. Demand for an item when the inventory system 
is out of supply. This demand is satisfied when the item next becomes 
available. 

Bill-of-Materials. A sequential list of all the assemblies, subassemblies, 
components, and raw materials that go into a finished product. The bill- 
of-materials will also identify the quantity of each needed to make the 
end item. 

Continuous Review Inventory System. An inventory system in which 
an order is placed immediately when the stock level falls below the pre- 


scribed reorder point. s 
Cycle. The period of time between the placement of two consecutive or- 


ders. 

Dependent Demand. Demand that is dependent upon requirements 
generated by higher-level subassemblies and assemblies. Such dependent 
demand can be calculated rather than forecasted. 

Deterministic Inventory Models. Inventory models for which the rate 
of demand for items kept in stock in the system is assumed to be known 
with certainty. 

Due Date. Calendar date at which an order is to be completed. 

Economic Ordering Quantity (EOQ). Or economic lot size; the amount 
of an item that is produced or ordered in the single lot size model so 
that total cost is minimized. 
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End Item. Finished product, that is, product sold in completed form. 

Explosion. Extension of the bill-of-materials into the total of each of the 
components required to manufacture an assembly or subassembly. 

Gross Requirements. The total requirements for a particular compo- 
nent, not taking into account any inventory of that component. — 

Holding (Storage) Cost. The cost associated with maintaining an inven- 
tory until it is used or sold. 

IMPACT. An inventory control system that is commercially available from 
IBM in the form of a computer software package. 

Independent Demand. Demand that is customer related and conse- 
quently must be forecasted. 

Inventory Models. Models associated with the maintenance and control 
of inventories in business organizations. 

Inventory Status File. A file that contains up-to-date, accurate infor- 
mation on every assembly, subassembly, component, part, or raw ma- 
terial item required to produce an end product. 

Lead Time. The elapsed time between placement of an order and receipt 
of the order. 

Lead Time Offsetting. The procedure whereby the planned order re- 
lease for a product is time phased backward according to the lead time 
specified for the product so that the product is available when needed. 

Level. Stucture associated with an assembled end product: Level 0, for 
example, is the final assembled product; level 1 is all the major assemblies 
that go into the end product; and so forth, on down to the lowest level, 
which is the raw materials. 

Lot-Sizing or Ordering Rules. Rules designed to balance inventory 
holding costs for a component against ordering or set-up costs, which 
operate independently of the MRP system to determine the lot size for 
a component. 

Marginal or Incremental Analysis. An inventory control method that 
can be used for inventory situations in which demand must be described 
by a continuous probability distribution. 

Master Production Schedule. A high-level schedule that indicates the 
end products and the time periods in which they are to be manufactured. 
It becomes the basis for the detailed, time-phased scheduling of com- 
ponents, 

Material Requirements Planning. A system that considers both pro- 
duction planning and inventory control within a complex manufacturing 
environment. 

Net-Change Approach. An approach to material requirements planning 
in which updating occurs as each requirement change occurs. 

Net Requirements. The actual manufacturing or purc hasing require- 
ments for a particular component. The net requirements for a compo- 
nent are generally computed by deducting the available inventory from 
the gross requirements. 

Ordering Cost. The cost associated with placing an order. 

Ordering (Manufacturing) Cost. The cost that is directly associated 
with the number of items ordered or manufactured. 

Order-Point System. An inventory system in which 


: n. i à perpetual inven- 
tory is maintained and reviewed continuously. Reple 


nishment orders are 
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then placed when the inventory level drops below the predefined reorder 
point. 

Payoff Table Analysis. A payoff table analysis may be used when the 
probability distribution for demand is discrete and has a finite number 
of possible demand values. In using the payoff table one seeks to max- 
imize the profit associated with a particular size of order rather than 
minimizing the ordering and inventory holding costs. 

Periodic Review Inventory System. An inventory system in which in- 
ventory levels are checked at discrete intervals; replenishment orders are 
placed at these times, if necessary. 

Perpetual Inventory. An inventory system in which each inventory 
transaction is recorded and a new balance is computed as each inventory 
transaction occurs. 

Pointers. Storage addresses of the bills-of-materials for the end products. 

Probabilistic Inventory Models or Stochastic Inventory Models. 
Models in which the exact demand for an item is not known for certain 
in advance and therefore can only be described in probabilistic terms. 

Quantity Discount. A discount on the total purchase price, provided as 
an incentive for the purchase of larger quantities of product. 

Regenerative Approach. An approach to material requirements plan- 
ning in which updating occurs on a periodic basis (usually 1 week or 
longer). 

Reorder Point. The inventory level at which a replenishment order is 
placed in an order-point inventory system. 

Safety Stock. In probabilistic models, it is the amount of items in stock 
used as a “buffer” to prevent stockouts during the lead time. 

Stockout (Shortage) Cost. The cost that occurs when the demand for 
an item exceeds its supply. 

Time Buckets. The weekly time periods that comprise the planning ho- 
rizon in a material requirements planning system. 
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Discussion Questions 


1. What is the "opportunity cost" of inventory? 
2. From a solely administrative standpoint, would you prefer shortages in inven- 
tory being solved by "special handling" or by "back ordering"? 
3. Why are the continuous review inventory system and periodic review system 
equivalent for a deterministic problem situation? 
4. Describe in detail what the EOQ means. 
5. Why does the cycle time equal Q/a time units within the single lot size model? 
How would you define the cycle time verbally? 
6. Name at least two situations for which you think it is feasible to allow “shortages” 
in an inventory system. 
7. What would be the effect of a smaller replenishment rate than demand rate 
in a uniform replenishment rate inventory system? 
8. What modification is made in the total cost function of the EOQ model when 
we consider quantity discounts to be valid? 
9. For what type of situation would you have a probabilistic inventory model, 
even though demand is known with certainty? i 
10. Do you think a normally distributed demand during the lead time in a prob- 
abilistic inventory model is a realistic assumption? Why or why not? 
11. Is F(R*) (Section 12.4.1) a cumulative probability? Why or why not? What 
relationship exists between F(R*) and the standardized Z-values? 
12. Does there exist some relationship between F(R*) and the 
respect to possible stockouts? If so, what relationship? 
13. Describe briefly how safety stocks are determined when various service levels 
are given a priori and have to be met. 
14. For what type of situation is a payoff table analysis appropriate? 
15. When is marginal analysis appropriate? Describe briefly what it does. 
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What is material requirements planning? 

To what type of production planning and scheduling situation is material 
requirements planning (MRP) applicable? 

What are the primary assumptions and requirements for an MRP system? 
What are the major inputs to an MRP system? 

What are some of the advantages of an MRP system? 

What are some of the disadvantages of an MRP system? 

What is the “inventory status file” and how is it used? 

What is the “product structure file” and how is it used? 

What is the “master production schedule” and how is it used? 

What is the “bill-of-materials” and how is it exploded? 

Why has the use of MRP accelerated in recent years? 


Problem Set 


— 
. 


e 


e 


Given the following cost and demand parameters: 


K - 10,000 
h = 0.50 
a — 7,500 


compute Q* and /%, 

In the Boom Fireworks Factory the demand for roman candles is 2000 
units per month, and the items are withdrawn continuously and uni- 
formly. The set-up cost each time a production run is made is $150, 
and the production cost is $1 per roman candle. The inventory holding 
cost is $0.10 per roman candle per month. No shortages are allowed. 
Determine Q* and ¢*. 

Тһе Van Dyke Brewery experiences a constant annual demand for its 
beer of 100,000 cases. The set-up cost each time a production run is 
made is 1000, and the holding cost is $25 per case per month. No 
shortages are allowed. Determine 0% and /%. 


Given the following cost and demand parameters: 


K - 10,000 
h = 0.50 
и = 0.10 
а = 7500 


compute 0%, 5*, (*, and the difference Q* — S*. 

The Dusty Spoke Bicycle Shop has a monthly demand for 60 bikes. 
Each time a bike order is placed to the factory, an ordering cost of $25 
is incurred. The inventory holding cost for the bicycle shop is $1 per 
month per bicycle, and the shortage cost is estimated to be $5 per unit. 
Computer Q*, 5%, and ¢*. | 
The Tred-Rite Shoe Store sells 250 pairs of shoes monthly. Its ordering 
costs from the shoe factory is $15 per order. Each pair of shoes incurs 
an inventory holding cost of $0.75 per month. Each time a customer 
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11. 
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cannot be fitted with a desired pair of shoes, a shortage cost of $2 is 
incurred. Compute Q*, 8%, and ¢*. 


Given the following cost and demand parameters: 


K = $500 


h = $50 per unit per year 
a = 15,000 units per year 
p = 25,000 units per year 


Compute Q*, tř, tf, and (*. 

The Slurpy Soup Company produces chicken noodle soup on a pro- 
duction line that has an annual capacity of 100,000 cans. The annual 
demand for the chicken soup is estimated to be 75,000 cans, and it is 
felt that this annual demand rate is constant throughout the year. 
When chicken soup is manufactured, the cleaning and setup of the 
production line costs approximately $500. The annual inventory hold- 
ing cost is estimated to be $0.25 per can per year. What is the appro- 
priate production lot size? 


The Auto-Bright Company produces car wax on a production line 
having a monthly capacity of 10,000 cans. Its annual demand for auto 
wax is 100,000 cans, on a uniform basis. The set-up cost associated 
with the production of car wax is $250 per production run. The monthly 
inventory holding cost is estimated to be $0.50 per can of car wax. 
What is the appropriate production lot size? 


Assume that the following quantity discount schedule is appropriate. 


10272. EU BUSH LO CERERI ER ER 
Order Size ^ Discount Unit Cost ($) 


0 to 99 0 50.00 
100 to 249 3% 48.50 
250+ 5% 47.50 
— 


If the annual demand for the item under consideration is 1000 units, 
the ordering cost is $50 per order, and the annual inventory holding 
cost is 25 percent of the unit cost of the item, compute the economic 
order quantity. 

Handy Man Hardware Wholesalers, Inc., orders power mowers from 
a major midwestern manufacturer. The following quantity discount 


schedule applies to 21-in. self-propelled, electric-start rotary power 
mowers. 


———————————— 
Order Size ^ Discount (%) Unit Cost ($) 
БЫ = oN A АСОВЕ) 


0 to 99 0 90.00 
100 to 199 1 89.10 
200 to 399 $ 87.30 
400+ 5 85.50 


Its annual demand is 1000 units: its holding cost per year is 10 percent 
of the unit cost; and its ordering cost is $10 per order. Determine the 
economic order quantity for this situation. 
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The Speedy Boat Rental Company operates a boat rental concession 
at the Lake of the Ozarks. The company uses gasoline at the rate of 
5000 gallons per month. The purchase cost associated with obtaining 
the gasoline is $25, and the inventory holding cost is 1 percent of the 
unit cost. The cost of the gasoline is 50 cents per gallon for a purchase 
of 1 to 5000 gallons, 45 cents per gallon for a purchase of 5001 to 
10,000 gallons, and 40 cents per gallon for a purchase of 10,001 gallons 
or more. Assuming that shortages are not allowed, how much gasoline 
should the company order? 


Given the following cost and demand parameters for an anticipated 
price change inventory modeling situation, compute the optimal lot 
size to be ordered in anticipation of the price change, and the savings 
to be expected from making this special large purchase. 


cı = $5.00 

€» = $10.00 

a = 500 per units per year 
p = 0.25 

K = $5.00 


The owner of a fast-food restaurant has been told that the price of 
hamburger buns is going to increase from $3.00 per case to $3.50 per 
case within a month’s time. The firm’s current usage of hamburger 
buns is 30 cases per month, and its annual inventory holding cost is 
20 percent of the purchase cost of the buns. Ordering costs are $5.00 
per order. What lot size should be ordered in anticipation of the price 
change? What savings will result from this order? 

The River City Daily News publishes a daily evening newspaper. Un- 
fortunately, it faces an increase in its cost of newsprint. Its current cost 
is $2.50 рег 1000 Ib, and its increased cost will be $3.50 per 1000 Ib. 
It uses newsprint at the rate of 300,000 Ib yearly, with an inventory 
holding cost of 15 percent of the cost of the newsprint. The ordering 
cost for ordering newsprint is $50 per order. What lot size (1000-Ib 
units) should be ordered in anticipation of the price change? What 
savings will result from this order? 


Given a normal demand during the lead time of M = 15 units with 
oy = 3, and the following cost and demand parameters: 


a — 100 units per year 
h — $15 per unit per year 


и = $25 per unit 
К - $10 per order 


compute Q*, F(R*), R*, and determine the reordering cost, inventory 
holding cost (normal inventory), and the inventory holding cost (safety 
stock). 

A large firm implement company experiences an annual demand for 
300 tractors. However, this demand exhibits some variability such that 
the lead time demand follows a normal distribution with M = 30 units 
and oy = 10. The holding cost is $50 per unit per year, the shortage 
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cost is $100 per unit, and the order cost is $25 per order. Compute 

Q*, F(R*), R*, and determine the reordering cost, the inventory hold- 

ing cost (normal inventory), and the inventory holding cost (safety 

stock). 

Ajax Distributors is a liquor wholesaler in the Los Angeles area. It is 

currently experiencing a yearly demand of 1000 cases for a particular 

brand of Scotch. The inventory holding cost is $10 per case per year, 
the shortage cost is $15 per case, and the order cost is $25 per order. 

It estimates that it has 2 weeks’ lead time on its orders for Scotch. 

(a) What is the economic order quantity for Ajax Distributors? What 
is the reorder point for Ajax Distributors if it assumes a constant 
demand of 20 cases per week? 

(b) Assume that Ajax Distributors feels that its demand over the lead 
time is normally distributed with mean M = 15 and oy = 3. What 
is the optimum reorder point for this situation? 

(c) What is the safety stock under the revised order point as specified 
in (b)? What is the annual safety stock holding cost? 

(d) Assume that Ajax Distributors feels that its demand over the lead 
time is normally distributed with mean M = 20 and standard 
deviation су = 5. If it feels that it can allow а 0.3 probability of 
a stockout during a given order cycle, what is the reorder point 
and safety stock? 

(e) What is the annual safety stock holding cost for the safety stock 
determined in (d)? 

Referring to the Agrico Fertilizer Company example, assume that a 

change in the manufacturing process makes the following cost profit 

parameters applicable. 


р = $500 per 1000 gallons 
c = $400 per 1000 gallons 
4 = $800 per 1000 gallons 
s = $50 per 1000 gallons 
The demand distribution for the liquid fertilizer remains the same as 


that shown in Table 15.6. What is the recommended order quantity 
and associated expected profit under this new set of conditions? 


Assume that we have computed the following conditional profit table. 
Demand, D 
Order Quantity, Q 500 1000 1500 
500 200 100 0 
1000 100 50 229 
1500 -50 100 100 


The probability of demand D is given by P(D = 500) = 0.4, P(D = 
1000) = 0.3, P(D = 1500) = 0.3. Determine the optimum-order 
quantity and expected profit for this situation. 


Dominic's Pizzeria orders its pizza sauce from a wholesaler on a monthly 
basis. Each 5-gal jar of pizza sauce costs $10 and ultimately results in 
$15 profit. Any pizza sauce unused at the end of a month is badly 
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22. 


deteriorated and has only a $3 per 5-gal jug salvage value. Dominic’s 
Pizzeria uses an average of 50 5-gal jugs of pizza sauce monthly, and 
this usage pattern is normally distributed with a standard deviation of 
с = 5. Use incremental analysis to determine the optimum order 
quantity of pizza sauce for Dominic's Pizzeria. 


The True-to-Life Poster Company makes political posters and is con- 
templating its cardboard order for the forthcoming election year. In 
previous election years it has used 20,000 cardboard sheets, with this 
demand being normally distributed with a standard deviation of a. = 
5000 sheets. It buys its cardboard sheets in various colors for $0.50 
per sheet, and if the sheets are sold as a finished poster, they bring 
$1.25 each. The salvage value of the cardboard sheets remaining after 
the election is $0.25 per sheet. What is the optimum order quantity 
of cardboard sheets for the True-to-Life Poster Company? 
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Introduction 


16.1 INTRODUCTION 


Simulation modeling is one of the most powerful 
management science techniques available for the 
analysis and study of today’s increasingly complex 
management systems. Thus, the verb “simulate,” 
which means “to take on the characteristics of 
reality,” has become an important term in man- 
agement science. Although most of the decision- 
making techniques that we have previously dis- 
cussed in this book are designed to lead to a single 
“optimal” solution, it should be apparent that 
there are many complex problems for which a 
single “optimal” solution cannot be determined. 
Management science techniques, such as linear 
programming, that result in the determination of 
a single “best” answer are referred to as analytical 
techniques. Simulation, conversely, is an experi- 
mental technique that usually results in a series 
of answers, any one of which may be acceptable 
to the manager. In general, simulation modeling 
is employed for problem situations whose com- 
plexity precludes the use of an analytical problem- 
solving technique. 

Lack of resources may also be present in the 
problem formulation phase of a management 
science study, and such a lack may necessitate the 
use of simulation modeling. For example, we may 
lack the facilities necessary for the physical testing 
of a particular system and may, thus, be forced 
to simulate the system’s physical characteristics. 
Additionally, the scope of the managerial problem 
may require the structuring of a model that is 
simply too big to be solved by a management 
science technique, such as linear programming, 
using available computer resources. 

An excellent operational definition of simula- 
tion has been provided by Naylor et al. (1966, 
p. 3): 


Simulation is a numerical technique for con- 
ducting experiments on a digital computer, 
which involves certain types of mathematical 
and logical models that describe the behavior 
of a business or economical system (or some 
component thereof) over extended periods of 
real time. 


Embodied in this definition is a summary of the 
basic approach used in building a simulation 
Model. First, simulation is a technique that in- 


volves setting up a model of a real situation and 
then performing repetitive experiments on the 
model. Second, the model will be conveniently 
represented using a logical or mathematical struc- 
ture. Third, the repetitive experiments will be 
made using a digital computer and, in general, 
will take place over extended periods of time 
during which the system will be subjected to 
dynamic and stochastic stimuli, Finally, the results 
of the application of the simulation technique 
may not be optimal in a purely analytical sense, 
but rather, the combined judgment of the man- 
ager and analyst may be required to choose 
between the alternative results that are produced 
by the various experiments. Indeed, evaluation 
of the simulation test results will often cause the 
analyst to restructure the original simulation and 
perform additional simulation experiments. A 
summary of the conceptual approach of simula- 
tion is presented in Fig. 16.1. 

As evidenced in Fig. 16.1, the practice of 
simulation is a classic application of the principles 
of the scientific method that were discussed earlier 
in Chapter 1. As such, the practice of simulation 
may be subdivided into five procedural steps, 
along the general guidelines of the scientific 


method. 


1. Problem formulation as a result of observation 
of the form and structure of the system. 


2. Simulation model design involving hypothesis 
specification and analysis of the interactions 
among the variables of the system. 

3. Computerization of the simulation model and 
preliminary hypothesis testing and analysis. 

4. Analysis and validation of the simulation model 
output data with subsequent model modifica- 
tion and refinement. 


5. Implementation of the results of the simula- 
tion solution. 


Simulation modeling has long been an impor- 
tant tool for the physical scientist. For example, 
chemical engineers have routinely simulated new 
or modified chemical processes through the op- 
eration of a pilot plant. Similarly, airplane flight 
has been simulated in a wind tunnel, and civil 
engineers have simulated the behavior of entire 
rivers through various physical means. The most 
dramatic use of simulation in modern times was 
that performed by National Aeronautics and Space 
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FIGURE 16.1 THE CONCEPTUAL APPROACH OF SIMULATION 


Administration scientists and engineers with re- 
spect to the simulation testing of the problems 
and hazards of space flight to the moon prior to 
actually undertaking it in the manned spacecraft. 

With the development of the high-speed digital 
computer, simulation has become one of the most 
important tools of the business analyst. Although 
simulation may be an imprecise technique, and 
may require a large amount of modeling and 
computer time, it is nevertheless of great value 
in many instances in which the problem to be 
considered is ill-structured and complex. Its flex- 
ibility and versatility make it one of the most 
important tools available to the management 
scientist. 


16.2 THE MONTE CARLO METHOD 


In performing simulation experiments we may 
often want to take a random sample or samples 
from some probability distribution describing a 
population to make inferences or generalizations 
about the population. The random sample is thus 
used as exogenous input to the aggregate simu- 
lation model. This random sampling process is 
commonly referred to as the Monte Carlo method, 
and it consists of first generating random numbers 
and then generating random observations from 
a given probability distribution using these ran- 
dom numbers. The Monte Carlo method traces 
its origin to the work of Von Neumann and Ulan 
in the late 1940s. 
The Monte Carlo method involves the artificial 
generation of experience or data by the use of a 
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random number generator and the cumulative 
probability distribution being considered. The 
random number generator may be a mechanical 
device, such as numbered slips of paper in a hat, 
a table of random digits, or a computer subrou- 
tine. The cumulative probability distribution being 
sampled may have been derived from past em- 
pirical data, or it may have resulted from a recent 
set of statistical experiments. Alternatively, it can 
be a known theoretical distribution. The random 
numbers that are generated are then used to 
reproduce artificially the expected experience that 
would be produced by the probability distribution 
in question, 


16.21 GENERATING RANDOM NUMBERS 


In discussing the generation of random numbers 
we will attempt to use terminology that is fairly 
consistent with that commonly used by practition- 
ers in the field. Thus, we will refer to a random 
variable uniformly distributed over the interval, 
а to b, as a random number. Such a random 
variable has a uniform probability density func- 
tion, which can be graphed as shown in Fig. 16.2. 
A random number is thus a number drawn as a 
random sample from the uniform probability 
distribution shown in Fig. 16.2. Each random 
number, corresponding to a value of x, will lie 
between a and b and will be uniformly distributed 
over the range between а and b. This means 
that any random number we select will have an 


equally likely probability of being chosen, 
namely, 1/(b — a). 


Тһе Monte Carlo Method 


fix) 


a b 
FIGURE 16.2 PROBABILITY DENSITY FUNCTION FOR THE UNIFORM DISTRIBUTION 


In practice, we usually desire to generate a 
sequence of random numbers. Four alternative 
methods have been used by practitioners to gen- 
erate sequences of random numbers. They are: 


1. Manual methods. 

2. Library tables. 

3. Analog computer methods. 
4. Digital computer methods. 


Manual methods are extremely simple to em- 
ploy but are of little practical value when anything 
other than a very short sequence of random 
numbers is needed. Such manual methods include 
coin flipping, dice rolling, card shuffling, roulette 
wheels, and the drawing of prenumbered slips of 
paper or balls out of a container. These methods 
may be useful for short demonstrations of how 
to obtain random numbers, but are of little value 
otherwise. They also have the disadvantage that 
it is impossible to reproduce a sequence of num- 
bers generated by such devices. 

; Several library tables of random numbers are 
in existence. The earliest was prepared by Tippett! 
in 1927, and many others have appeared since 
that time. The RAND Corporation library table 
is probably the table most frequently employed 
today.” Library tables offer the advantage that the 
random numbers they produce can be readily 
reproduced. However, their use is awkward and 
slow, and when they are used in conjunction with 


es pty fe 
'L. H. С. Tippett, “Random Sampling Numbers,” Tracts 
T Computers, no. 15 (Cambridge: Cambridge University Press, 
927) 
1 "RAND Corporation, A Million Random Digits with 100,000 
Normal Deviates (New York: The Free Press, 1955). 
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a digital computer they must be either stored 
internally in memory, or externally on tape, disk, 
or cards, and read when random numbers are 
required. 

Analog computers have also been used to 
generate random numbers, and indeed the RAND 
Corporation's library table was originally gener- 
ated by an analog computer. Analog generation 
methods are much faster than either manual 
methods or library tables, but they again have the 
handicap of not being reproducible. 

When digital computers are used to generate 
random numbers, several alternative procedures 
are possible. Tocher (1963) suggests three: exter- 
nal provision, internal generation by a random 
physical process, and internal generation of se- 
quences of digits by a recurrence relation. Exter- 
nal provision involves recording of the random 
number tables on magnetic tape and subsequently 
using them as direct input to the digital computer. 
Internal generation by a random physical process 
usually requires a special adjunct to the digital 
computer, such as an electronic valve circuit that 
produces "thermal noise" that can be tracked. 
Тһе major shortcoming of this method is that its 
results are not reproducible and thus cannot be 
checked. The third alternative involves generation 
of pseudorandom numbers by repeatedly trans- 
forming an arbitrary set of numbers. At the 
present time, most computer codes for generating 
random numbers do so by means of this third 
alternative. Thus, the sequence of numbers that 
is produced is reproducible in a manner such that 
a "reasonable" statistical test will show no signif- 
icant departure from randomness. Typical ways 
of generating pseudorandom numbers include 
the additive, multiplicative, and mixed con- 
gruential methods. 


610 


А congruential procedure is a recursive process 
involving a congruent relationship. Two integer 
numbers x and y are said to be congruent modulo 
m (m also being an integer), if and only if, there 
is an integer k such that (x — y) = km. Thus, the 
quantity (x — y) must be an integral multiple of 
m. For example, letting т = 10, we can state: 


2 = 2 (modulo 10) 7 = 7 (modulo 10) 
22 = 2 (modulo 10) 27 = 7 (modulo 10) 
192 = 2 (modulo 10) 197 = 7 (modulo 10) 


To find the value of, say, 253 (modulo 10), we 
would calculate the integer remainder of 253 di- 
vided by 10, which is 3. 

The multiplicative congruential method will 
now be explained to demonstrate this type of 
approach. The multiplicative congruential 
method derives the (n + 1)st random number, 
Xy, from the nth random number x, by using 
the recurrence relation: 


(16-2) 


х,.1 = Kx, (modulo m) (16-3) 


where K and m are positive integers (K < m). This 
recurrence relationship indicates that, to obtain 
the random number x,,,;, we take the last random 
number x,, multiply it by the constant K, and 
take the result modulo m (i.e., divide Kx, by m 
and treat the remainder as x, |). The first random 
number x, is obtained by selecting any large 
integer for хо and then applying the recurrence 
relation given by Equation 16-3. For example, 
suppose we set хо = 1, К = 7, and m = 10 
(modulo 10). We can now generate a set of 
integers, as follows. 


(7(9) _ (60 + 3) (16-4) 


= ——— а $ 


10 10 


х m 


_(7)(3) _ (20 + 1) 


10 10 


Thus, the sequence 1, 7, 9, 3, 1, 7, 9, 3, .. . is 
obtained. Obviously, this is not a valid sequence 
of random numbers, because only 4 of the 10 
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possible digits (0, 1, ... , 9) are ever generated, 
and the sequence is cyclic with periodicity of 
length 4. To generate a sequence of random 
numbers, we need a starting number or seed x,, 
a multiplier К, and a modulus (m). However, for 
any pseudorandom number generator only a 
finite number of integers will be generated before 
the sequence begins to repeat itself. The period, 
or length of the sequence, is dependent upon the 
modulus that is chosen and the particular com- 
puter that is employed. The statistical properties 
of the sequence of numbers that is generated are 
dependent upon the choice of the seed and the 
multiplier. In general, the choice of хо, K, and m 
are made to create the maximum period and 
minimum degree of correlation for the pseudo- 
random numbers that are needed. 

One combination of xy, К, and т that has 
produced good results and, consequently, has 
been used frequently is: 


К = 5" = 1,220,703,125 


(16-5) 
т = (92% — 1) = 2,147,483,647 
so that: 
х,.1 = 1,220,703,125x, modulo (2" — 1) (16-6) 


where ху, the seed, can be any integer in the 
range: 


| = x, = 2,147,483,647 (16-7) 


The resulting sequence of pseudorandom num- 
bers will have a period of length 2,147,483,646, 
with each number in this range appearing once 
and only once. 

Note once again that numbers generated by 
the multiplicative congruential method are pseu- 
dorandom, since they are predictable and re- 
producible, given a specific value of K, m, and хо. 
This is often advantageous, as we may need to 
experiment under different sets of conditions 


using exactly the same sequence of randomly 
generated events. 


16.2.2 GENERATING 
RANDOM OBSERVATIONS 


Once we have generated our sequence of random 
(really, pseudorandom) numbers we must con- 
sider the question of how to generate a corre- 
sponding sequence of random observations from 


| 
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a given probability distribution. To draw an arti- 
ficial sample randomly from some population 
described by a probability distribution, we proceed 
according to the following steps. 


1. Plot the data being considered as a cumulative 
probability distribution function. The values 
of the variable of interest are plotted on the x 
axis (abscissa), and the cumulative probabili- 
ties, from 0 to 1, are plotted on the y axis 
(ordinate). 


2. Using a random number generator determine 
a random decimal number between 0 and 1. 


3. Using this random decimal number, project 
horizontally from the corresponding point on 
the y axis to the intersection on the cumulative 
probability distribution curve. 


4. Project downward from this point of intgrsec- 
tion on the cumulative probability distribution 
curve to the x axis. 


5. The value of x so determined is then the 
sample value. These steps are then repeated 
until a specified sample size requirement has 
been met. 


For discrete distributions the procedure is very 
simple. Suppose we have been given the set of 
data (shown in Table 16.1) representing the prob- 
abilities associated with various sales quantities. 
The cumulative probability distribution for this 
set of data is shown in Fig. 16.3. Now, assume 
that we have generated five random decimal 
numbers: 0.92, 0.08, 0.37, 0.62, and 0.45. Using 
this cumulative probability distribution and the 
steps outlined previously, we would then obtain 
the results shown in Table 16.2. 

For continuous probability distributions, the 
procedure is more complicated, but essentially 
the same. The first step is to construct the cu- 
mulative distribution function F(x) = P(X 5 x), 


TABLE 16.1 SALES DATA 


Sales Cumulative 
Quantities Probability Probability 
0 0.10 0.10 
1 0.20 0.30 
9 0.30 0.60 
3 0.30 0.90 
4 0.10 1.00 
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FIGURE 16.3 DISCRETE CUMULATIVE DISTRI- 
BUTION FUNCTION 


where x is the random variable of interest. This 
can be done by writing the equation for this 
function by graphically plotting the cumulative 
distribution function, or by developing a table 
giving the value of x for uniformly spaced values 
of F(x) from 0 to 1. Next, a random decimal 
number between 0 and 1 must be generated. 
Finally, we set P(X = x) equal to the random 
decimal number and solve for x (Mize and Cox, 
1968, pp. 76-99; Naylor et al., 1966, pp. 68— 
120). 

To illustrate this process for а continuous dis- 
tribution consider Fig. 16.4. Figure 16.4 is a 
graphical plot of a continuous cumulative distri- 
bution function. Assume that we have generated 
the random decimal number 0.58. Using the 
procedure outlined previously, this results in the 
generation of a value of 3 for the random variable 
X, as shown by the arrows in Fig. 16.4. 

As noted, for certain distributions we can use 
the approach involving writing the equation for 
the distribution. To illustrate this approach con- 
sider the exponential distribution that has a cu- 


TABLE 16.2 MONTE CARLO GENERATED 
SALES DATA 
Sales Random Decimal ^ Generated Sales 


Order Number Quantity 
1 0.92 4 
9 0.08 0 
3 0.37 2 
4 0.69 3 
5 0.45 2 


إل 
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FIGURE 16.4 CONTINUOUS CUMULATIVE DISTRIBUTION FUNCTION 


mulative distribution function given by: 


РХ<х)-1-е forx=0 (16-8) 
where 
1/0 = the mean of the distribution. 


We proceed by setting this function equal toa 
random decimal number between 0 and 1, as 
follows. 

l-e"=RN. (16-9) 


Since the complement of such a random number 
is itself a random number, an equivalent relation- 
ship is: 
e'* = (I — R.N.) 
ог (16-10) 
е“ = (R.N.) 
Then, taking the natural logarithm of both sides 
of Equation 16-10, we obtain: 


In (e^) = In (R.N.) 


—60x = In (R.N.) 
x = In (KN.) Heu 
-8 


Thus, x is a random observation from the expo- 
nential distribution with a mean of 1/8. 

'The normal distribution is an important and 
widely used continuous distribution. Fortunately, 
there exists a simple technique for generating a 
random observation from the normal distribution. 
[his technique is based upon the central limit 
theorem, which states that, if we take n samples 
from a distribution with mean и, and variance o°, 


then the sum of the » samples is asymptotically 
normally distributed with mean nu and variance 
по? (when m is large). Now, a random decimal 
number has a uniform distribution from 0 to 1 
with a mean of 1/2 and a standard deviation of 
1/V12. "Therefore, the central limit theorem im- 
plies that the sum of n random decimal numbers 
has approximately a normal distribution with 
mean п/2 and standard deviation V/n/12. Thus, 
if (R.N.),, (В.М.),..., (R.N.), are a sample of n 
random decimal numbers, then: 


т 
п/12 


х= 


SRN. (16.12) 
із! 


2 Vn/12 

is а random observation from an approximately 
normal distribution with mean и and standard 
deviation c. In using this approximation, a sample 
size of n = 12 is often employed because it 
eliminates the square root terms from Equation 
16-12. This approximation has been found to be 
very good, even for small values of n. Various 
other techniques for generating random obser- 
vations from a normal distribution have also been 
developed (Shannon, 1975, pp. 360—362). 


16.3 A SIMULATION EXAMPLE: 
WAITING LINE 


Before we proceed to an in-depth examination of 
simulation modeling, we will find it useful and 
instructive to consider a very simple simulation 
example. This example illustrates the basic con- 


A Simulation Example: Waiting Line 


cepts of the simulation model, without becoming 
enmeshed in the complexity that may actually 
arise in a real-world simulation study. 

The owner of the Bright-Shine Car Wash is 
contemplating hiring a second attendant for the 
car wash. At present, the car wash facility consists 
of a single set of three gasoline pumps (premium, 
regular, unleaded) at which a customer can pur- 
chase gas and a small car wash at which the 
customer can have a car wash. The price of the 
car wash is dependent on the amount of gasoline 
purchased. The entire facility is currently oper- 
ated by a single attendant, but a recent increase 
in business has created the need for a study to 
determine if a second attendant is necessary. 

The owner of the Bright-Shine Car Wash has 
observed the operation of the car wash for a 5- 
day period and has determined that the time 
between arrivals of customers is uniformly dis- 
tributed from 1 through 20 minutes. He has also 
determined that the time required to service each 
customer is uniformly distributed from 1 through 
10 minutes. He would like to determine the 
average time a customer spends in the system 
(both waiting and being serviced) and the per- 
centage of time that the attendant is idle. 

From our earlier study of waiting-line models 
(see Chapter 13), it should be apparent that we 
could utilize an analytical approach and develop 
a single-channel queueing model to determine an 
answer to this problem. Instead, let us assume 
that the owner of the car wash has decided to 
adopt an experimental approach to this problem, 
using a simulation model. 

To simulate this car wash system we would 
need to be able to generate a series of customer 
arrival times and a series of associated customer 
service times. For simplicity, assume that we can 
treat both customer arrival times and customer 
service times in terms of whole minutes. Then, 
one means of generating a series of customer 
arrival times would be to number consecutively 
20 paper slips, place these slips in a hat, shake 
the hat vigorously, and then draw out slips of 
paper randomly (і.е., each slip of paper is replaced 
after each drawing). A similar process involving 
10 slips of paper could be employed to generate 
a series of customer service times. 

As a set of customer arrival times and customer 
service times is generated, the problem becomes 
one of keeping track of a set of relevant infor- 
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mation. Table 16.3 presents one set of informa- 
tion that could result from the simulation of a 
series of 25 customer arrivals and services. 

As seen in Table 16.3, a set of customer inter- 
arrival times and a set of customer service times 
are first generated, using the simple mechanical 
procedure described above. Next, a clock mech- 
anism is devised—and it is used to keep track of 
the customer arrival time, the time at which a 
service (car wash) begins, and the time at which 
a service ends. The time the customer is in the 
system (sum of the waiting time plus the service 
time) is then calculated by subtracting the cus- 
tomer arrival time from the time at which the 
service ends. The time that the attendant is idle 
is computed as the difference between the time 
when one service ends and the next service begins. 

For the 25-customer simulation shown in Table 
16.3, the average time a customer is in the system 
is 5.9 minutes. Additionally, the attendant is idle 
35 percent of the time. In this simple simulation 
example we have ignored the starting conditions 
for the problem and have assumed that the car 
wash is idle when the first customer arrives. Also, 
we have not attempted to use a large sample size, 
as would be required to achieve statistical signif- 
icance for this problem situation. Both these 
aspects of simulation modeling will be discussed 
in detail later in this chapter. In spite of the 
rudimentary nature of this example, it does pro- 
vide an indication of the manner in which simu- 
lation can be used to analyze a particular problem 
situation. 

To illustrate what might be expected to occur 
over a much longer time period, this waiting-line 
problem was simulated using the queueing sim- 
ulation module available in the Quantitative Systems 
for Business? software package. In performing this 
simulation a time period of 10 hours/day Х 6 
days/week x 600 minutes/day = 3600 minutes 
was employed. A summary of these simulation 
test results is shown in Table 16.4. 

Observe that these test results include virtually 
all the information obtained by a queueing anal- 
ysis. For comparative purposes, the average ume 
a customer is in the car wash system, W = 6.5998 


pU o ج‎ 

*Yih-Long Chang and Robert S. Sullivan, Quantitative 
Systems for Business (Englewood Cliffs, N.J- Prentice Hall, 
1986). 
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TABLE 16.3 BRIGHT-SHINE CAR WASH SIMULATION DATA—MANUAL SIMULATION 


TABLE 16.3 BRIGHT-SHINE CAR WASH SIMULATION ОАТА— MANUAL eMe --- — 


Customer Attendant 
Inter- Clock Waiting Idle 
arrival Service Arrival Service Time Time Time 
Customer Time (min) Time (min) Time Start End (min) (min) 4: 

1 -- 8 0:00 0:00 0:08 8 0 
2 3 7 0:03 0:08 0:15 12 0 
3 12 4 0:15 0:15 0:19 4 0 
4 2 1 0:17 0:19 0:20 3 0 
5 5 5 0:20 0:20 0:25 5 0 
6 12 9 0:32 0:32 0:41 9 7 
7 5 3 0:37 0:41 0:44 7 0 
8 8 5 0:45 0:45 0:50 5 1 
9 7 8 0:52 0:59 0:60 8 2 
10 4 1 0:56 0:60 1:01 5 0 
11 1 6 0:57 1:01 1:07 10 0 
12 8 1 1:05 1:07 1:08 3 0 
13 1 6 1:06 1:08 1:14 8 0 
14 14 3 1:20 1:20 1:23 3 6 
15 5 2 1:25 1:25 1:21 2 2 
16 18 3 1:43 1:43 1:46 3 16 
17 4 6 1:47 1:47 1:53 6 1 
18 2 4 1:49 1:53 1:57 8 0 
19 8 7 1:57 1:57 2:04 7 0 
20 6 5 2:03 2:04 2:09 6 0 
21 18 6 2:21 2:21 2:27 6 12 
22 1 2 2 2:27 2:29 7 0 
23 12 6 2:34 2:34 2:40 6 5 
24 6 1 2:40 2:40 2:41 1 0 
25 10 5 2:50 2:50 2:55 oot 9 
‘Totals: 147 61 


Note: Average time customer in system = 4# = 5.9 minutes. 
Percentage of time attendant is idle = fk = 35 percent. 


minutes. This is slightly longer than the W = 5.9 
minutes we obtained previously in our manual 
simulation (refer back to Table 16.3). Also, these 
summary results indicate that the car wash system 
is being utilized about 53.31 percent, or that the 
one attendant is idle about 46.61 percent of the 
time. This latter percentage is about 12 percent 
higher than the 35 percent attendant idle time 
we obtained previously in our manual simulation 
(refer back to Table 16.3). It should be empha- 
sized that in a “real-world” situation we would 
have much greater confidence in these test results 


produced by the computer for a much longer 
time period. 


16.4 A SIMULATION EXAMPLE: 
INVENTORY CONTROL 


Let us now consider another simulation exam- 
ple—this time involving an inventory control 
situation. Joan's Fashion Boutique experiences 
weekly demand for a certain type of dress ас- 
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TABLE 16.4 BRIGHT SHINE CAR WASH—COMPUTER SIMULATION TEST RESULTS 


ZDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD? 
3 Summary Results for Servers in BRIGHT SHINE CAR WAS Page : 1 
FMMMMMNMMMMOMMMMMMMMMOMMMMMMMMMQNMMMMMMMMMOMMMMMMMMMOMMMMMMMMMONMMMMMMMMMS 
3'Servers; 3 Util Wq. 3 Var.(Wq)3 W. 3 Var.(W)3 Obsvtn. 3 
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ventory position is achieved. This procedure is 
repeated, as necessary, during the time horizon. 
The lead time for filling a dress order is given by 


cording to the following probability distribution: 


Weekly Demand Probability of 


for Dresses Demand the following probability distribution: 
25 0.05 Lead Probability of 
30 0.10 Time (weeks) Demand 
40 0.20 
50 0.25 1 0.10 
60 0.25 2 0.30 
70 0.10 3 0.20 
80 0.05 4 0.30 
5 0.10 


Joan uses a simple inventory policy in which 


she places a reorder to replenish back to 100 
dresses whenever her dress inventory falls below 
а reorder point of 40 dresses. Also, whenever the 
weekly demand exceeds the weekly beginning 
inventory, a shortage occurs. Initially, this causes 
a backorder to be placed, with this backorder 
being set equal to the shortage amount plus 100 
dresses. If shortages continue, additional back- 
orders are placed, in amounts equal to these 
shortages, until a positive weekly beginning in- 


Joan estimates that her inventory holding costs 
are $0.10 for each dress that is in inventory at 
the beginning of a week. A shortage cost of $0.25 
is incurred for each dress that must be back 
ordered. The inventory ordering cost is $5.00, 
regardless of the number of dresses ordered and 
regardless of whether it is a backorder or a re- 
order placed as a result of reaching the reorder 


point. 
Joan would like to simulate 25 weeks of retail- 
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FIGURE 16.5 FLOWCHART FOR SIMULATING JOAN'S FASHION BOUTIQUE 
INVENTORY PROBLEM 
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ing operations to estimate the mean daily cost of 
her inventory policy. She has decided to begin 
her simulation under the assumption that her 
inventory level is at the desired level of 100 
dresses. 

To help her design the simulation model and 
conduct the simulation experience, Joan begins 
by constructing a flowchart of the simulation logic 
she will utilize. This flowchart is shown in Figure 
16.5. 

The simulation experiment for Joan’s inven- 
tory problem is summarized in Table 16.5. This 
table was constructed in a week-by-week manner, 
according to the steps shown in the preceding 
flowchart. It should be emphasized that the steps 
followed in this simulation follow the logic for 
this particular simulation model. Other ap- 
proaches to simulating Joan’s inventory problem 
could be used, and these would be left to the 
discretion of the modeler. 

Joan can determine the costs associated with 
this particular inventory policy by looking at the 
bottom of Table 16.5. The total inventory policy 
cost, for this 25-week time horizon, is composed 
of three parts: 


Ordering cost (backorders + reorders) $ 85.00 


Inventory holding cost 167.50 
Shortage cost 147.50 
$400.00 


Before she makes a decision Joan might want 
to simulate another inventory policy, for example, 
one in which the reorder point was set at 60 
dresses. Actually, she would probably want to 
simulate several inventory policies before making 
a decision as to which one to adopt. Additionally, 


Salt Lake City 


San Francisco 


Albuquerque 


so” Denver 4 pays 


7 СУ ps 
С) 


Simulation Modeling 


she would need to extend the horizon of the 
simulation experiment to a much longer time 
period, say, 100 weeks, or even 500 weeks. In 
doing so she would probably want to use a com- 
puter to perform the calculations shown in Table 
16.5. 


16.5 A SIMULATION EXAMPLE: 
TRAVEL NETWORK 


As a third simulation example, let us consider a 
travel network. In this travel network a salesper- 
son wishes to go from San Francisco to New York, 
by stagecoach, in the year 1870. The trip is to be 
made in three stages, where there are associated 
times of travel for the destination cities associated 
with the stages. This travel network is shown in 
Figure 16.6. The salesperson wishes to simulate 
25 trips from San Francisco to New York and, 
from the simulation results, estimate the time 
required for the trip. 

To perform this simulation the salesperson uses 
the simple assumption that there is an equally 
likely choice of a route at any stage in the network. 
For example, from San Francisco there is a 0.33 
probability of choosing Salt Lake City, Denver, 
or Albuquerque, and from Salt Lake City there 
is a 0.5 probability of choosing Chicago or St. 
Louis. Thus, this simulation can be done in three 
stages, as follows: 


Stage 1: Generate one R.N., to simulate a route, 
assuming choice of a route is equally likely. 
1-> 33 San Francisco to Salt Lake City 
34 — 66 San Francisco to Denver 
67 — 100 San Francisco to Albuquerque 


8 Days Chicago 


6 Days New York 


St. Louis 


Stage | Stage 2 Stage 3 


FIGURE 16.6 TRAVEL NETWORK 
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TABLE 16.6 A SIMULATION EXAMPLE—TRAVEL NETWORK 


LL Stage 1 Stage 2 Stage 3 nbn 
Trip R.N. Коше Time (days) R.N. Route Time (days) Route Time (days) Time (days) 
1 86 5Е-р 9 99 D>C 7 C 6 29 
9 99. БЕА 10 19 A— SL 10 SL 9 29 
3. 89. SF SL 7 29 51. $1. 9 51 9 95 
4 57 5Е-р 9 74 D>C 7 c 6 22 
5 60 SF—D 9 06 р = SL 6 SL 9 24 
6 15 SEG SB 7 Bisa SLG 8 С 6 21 
700948 SRD 9 21 р SL 6 SL 9 24 
8 60 SF>D 9 84 D>C 7 с 6 99 
9 12  SF—SL 7 44  SL—SL 9 SL 9 25 
10°99" SRS 8 10 11 А —› SL 10 51. 9 99 
11 81 SESSE 7 85 5,-С 8 С 6 91 
199: 90” SESE 7 90 SL>C 8 G 6 21 
18 27189 S «SF 7А 10 27 A> SL 10 SL 9 29 
14 26 SF SL 7 90 51. 81. 9 SL 9 25 
15: 12:85501: SRA 10 74 A—C 12 C 6 98 
16 55 5Е-р 9 63 р> 81. 6 SL 9 24 
17 18 | SF SL 7 44 51. 81. 9 SL 9 25 
18... 28. .SF— SL 7 01 51. 81. 9 C 6 99 
18 84. 5Е->А 10 17 A> SL 10 SL 9 29 
20:-261:-:5Е->і 9 19 D SL 6 C 6 91 
21 04  SF—SL 7 61 SL>C 8 C 6 91 
22 32  SF—SL 7 15  SL—SL 9 SL 9 95 
23 60  SF—A 10 64 A>C 12 G 6 98 
24 80 SF—A 10 01 А > SL 10 51. 9 99 
25 39  SF—D 9 86 D> Cc 7 C 6 99 
Total 613 days 


Average = = 24.5 days 
ا ا س‎ ee ы -- 


Stage 3: No simulation necessary, since the 


Stage 2: Generate one R.N., to simulate a route, Д i ; | 
route will automatically be determined from 


assuming choice of route is equally likely. 
1 — 50 Salt Lake City to St. Louis stage 2. 
51 — 100 Salt Lake City to Chicago 
1 — 50 Denver to St. Louis 
51-> 100 Denver to Chicago 
1 — 50 Albuquerque to St. Louis 
51 — 100 Albuquerque to Chicago 


The simulation experiment for the travel net- 
work problem is summarized in Table 16.6. As 
can be seen, the average trip travel time for this 
simulation experiment is 24.5 days. 
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16.6 Case Study: The Practice of 
Simulation Modeling 


16.6.1 Problem 
Formulation 


To enhance our understanding of simulation modeling further, let us now 
consider a more complex and detailed simulation case study. The Star 
Metals Corporation was a midwestern-based metals distributor engaged in 
the warehousing and distribution of aluminum, stainless steel, carbon steel, 
nickel, copper, and other metals.‘ The majority of the firm’s orders required 
the cutting, shearing, or sawing of a metal commodity to a particular cus- 
tomer's specification. As each piece of material was cut to a particular 
specification, one or two pieces of scrap material resulted, as can be seen 
in Fig. 16.7. 


Before a simulation model is actually designed, two basic questions must 
be asked and answered by the analyst as an integral part of the problem 
formulation. These questions are: 


1. What is the intended purpose and use of the simulation model? That 
is, what problem will the simulation model be used to investigate? 


2. What are the requirements for precision and accuracy that the simu- 
lation model must satisfy? 


Тһе basic question concerning the intended purpose and use of the 
simulation model was answered as follows. The resulting piece(s) of scrap 
material could be either maintained in “random inventory" or sold for their 
salvage value. The salvage value was somewhat less than the original cost 
of the metal commodity. However, if the scrap pieces were maintained in 
random inventory, there was no assurance that they could eventually be 
used to fill a customer's order. The basic decision problem, therefore, was 
one of balancing the cost of maintaining the random inventory against the 
incremental cost associated with the loss incurred from scrapping at less 
than original cost. Management of the company was hopeful of determining 
a decision rule that would specify a lower bound for the size of pieces to 
be maintained in random inventory, that is, they were seeking to determine 
a specific rule that would allow them to make a decision concerning the 
scrapping of the pieces that resulted from the production process. 

Тһе management science staff of the firm had decided that this problem 


Customer 


Customer 


Order Order 


FIGURE 16.7 TYPICAL STOCK-CUTTING EXAMPLES 


«Тһе name of the participating company has been altered to protect its proprietary inter 
est. All the information and data presented in the case, however, are real 
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16.6.2 Simulation 
Model Design 


was particularly amenable to analysis by means of simulation modeling. 
The decision was reached because of several factors. First, the mathematical 
complexity of the “stock-cutting” problem precluded its formulation by 
more analytical means, such as integer programming. Second, even if the 
problem could be formulated in an integer programming format, it was 
doubtful if it could be solved because of its size and complexity; that is, 
efficient computer codes were not available. Third, it was felt that simulation 
afforded a particularly flexible means of testing a large number of scrap 
decision rules. 

The basic question concerning model precision and accuracy was an- 
swered as follows. First, a decision was made to attempt to develop a sim- 
ulated set of inventory conditions for a single shape and type of metal, 
namely, Monel plate. The decision to consider this particular metal type and 
shape classification was predicated upon the following factors. 


1. The salvage value of Monel plate at the time of the study was relatively 
high ($0.65-per-pound salvage value). 

2. The firm had a considerable volume of business in Monel plate. Thus, 
control of Monel plate scrap inventory was of major economic impor- 
tance. 

3. Customers’ orders for Monel plate rarely called for stock sizes. Instead, 
orders normally required some cutting or shearing, and thus generated 
scrap pieces. 


The company essentially felt that Monel plate was very representative of 
the literally thousands of items that it sold (i.e., items composed of different 
combinations of metals, shapes, sizes and thicknesses). Second, a decision 
was made that a decision rule stated in whole (integer) inches was acceptable. 
Accuracy for the model was thus defined in simple terms, namely, that of 
a decision rule stated in whole inch measurements, with the decision pa- 
rameter being total cost, composed of the scrap loss and the inventory 


carrying cost. 


Actual simulation model design begins with the specification of a hypothesis 
or hypotheses. Hypothesis testing is very nearly self-explanatory. In essence, 
the analyst must specify some basic beliefs he wishes to prove or disprove; 
these are his hypotheses. Once his hypotheses have been defined, he must 
then attack the system itself. Mize and Cox (1968, pp. 142-46) have sug- 
gested that all systems can be analyzed in terms of the following common 


features. 
1. Components (containing апу number of elements greater than zero). 


9, Variables (both external and internal). 


3. Parameters. | 
4. Relationships (both cause and effect) among components and variables. 


Components are defined as those entities of a system that are to be inde- 
pendently identified and whose collective performance determines the out- 
put of the system. Variables are defined as those attributes of the system 
that take on different values under different conditions or in different sys- 
tem states. The variables that are commonly employed in business and 
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economic studies are used in a fashion that relates various components to 
each other. They are typically classified as exogenous variables, status vari- 
ables, and endogenous variables (Naylor, 1966, pp. 10-11). Exogenous 
variables are the input or inaependent variables and are usually predeter- 
mined. The status variables are used to describe the state of the system and 
its components at a point in time. The status variables interact with both 
the exogenous and endogenous variables of the system, according to the 
functional and structural relationships of the system. The endogenous vari- 
ables are the dependent or output variables of the system and are generated 
from the interaction of the system’s exogenous and status variables. Param- 
eters are those attributes of a system that do not change during the sim- 
ulation because of anything that occurred during the simulation. They are 
essentially fixed and can be changed only at the command of the analyst. 
Finally, we have the relationships in a system that are the connections 
among components, variables, and parameters that control the changes of 
state in the system. Relationships can assume the following forms. 


1. Structural relationships—those that link components and their attri- 
butes together. 

2. Functional relationships—those that determine the behavior of a com- 
ponent or components as a function of the state of all the components 
and as a function of the values of the external, controllable, and inde- 
pendent variables in the system. 

3. Sequential relationships—those that pertain to events within a perform- 
ing system that are related only by time dependence. 


The basic hypothesis employed in the simulation study was that there 
was a specific decision rule for Monel plate that could be employed to 
minimize the total cost composed of the scrap loss and the inventory car- 
rying cost. The major components of the system were as follows. | 


1. The customer order frequency distributions, 
2. The random inventory generating process. 
3. The cost determination process. 


Each of these major components of the system will now be discussed in 
greater detail. 


pest Order Frequency Distributions, Customer order frequency 
istributions were constructed for three exogenous or input variables. ‘These 
exogenous variables were as follows. 


1. Type of material (e.g., ł}-in. Monel plate, hot-rolled both sides). 
2. Width of material (e.g., 20-in. width). 


3. Length of material (e.g., 20-in. length). 


The frequency distributions were constructed from sales data (a random 
sample of 400 orders) that were provided by the firm од ane бет іп 
Table 16.7. 55% 

Note that, in this instance, the input variables were probabilistic in nature 
and were defined by discrete probability distributions. The random num- 
bers associated with the random variables, which are also cm in Table 


TABLE 16.7 CUSTOMER ORDER FREQUENCY DISTRIBUTIONS FOR 
MONEL PLATE 


a. Material 
Type (thickness) 
Standard Inventory Number Frequency (%) Random Number 
9 4 1-4 
13 3 5-7 
17 1 8 
20 2 9-10 
25 40 11-50 
52 10 51-60 
56 40 61-100 
Ь. Width (in.) Frequency (%) Random Number 
2 12 1-12 
3 7 13-19 
4 18 20-37 
5 10 38-47 
6 7 48-54 
7 9 55-56 
8 19 57-68 
9 3 69—71 
10 3 72-74 
11 9 75—83 
12 9 84-85 
13 4 86—89 
14 1 90 
17 9 91-99 
90 1 93 
94 1 94 
36 3 95—97 
38 1 98 
48 2 99-100 
e. Length (n) | Frequency (%) Random Number 
4 3 1-3 
5 27 4-30 
6 4 31-34 
7 3 35-37 
8 5 38-42 
9 1 43 
10 3 44-46 
11 8 47-54 
19 12 55-66 
13 3 67-69 
14 2 70-71 
17 2 72-73 
18 1 74 
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TABLE 16.7 (continued) 


b. Width (in.) Frequency (%) Random Number 
19 5 75-79 
24 1 80 
33 2 81-82 
36 2 83-84 
37 1 85 
40 1 86 
42 1 87 
44 1 88 
46 4 89-92 
48 1 93 
59 1 94 
60 1 95 
62 1 96 
95 1 97 
96 3 98-100 


16.7, were used in the Monte Carlo order generation process that will be 
described in detail later in this chapter. 


The Random Inventory Generating Process. The second component 
of the model was designed to evaluate relationships involving the status 
variables of the system, the pieces of metal in the random inventory. The 
random-size pieces in this inventory were the status variables of the model. 
Questions asked concerning these status variables, as each customer’s order 
was generated were: 


"n 


Can the customer's order be cut from a piece of material residing in 
random inventory, or must it be cut from a piece of standard-sized stock? 
As a result of cutting a piece of material to a customer's specification, 
what are the size(s) of the remaining piece(s) of material? 

Should the new random piece be put in random inventory, or should 
it be sold immediately for its salvage value? 


As a result of adding and subtracting pieces from random inventory, 
what is the new random inventory? 


ا 


> 


їп answering question 1, it was necessary to search the existing random 
inventory sequentially. In this search process, a heuristic procedure was 
employed. Searching was terminated whenever a scrap piece was located 
that was 1 in. larger, or more, on both dimensions than the size of the piece 
required for the customer's order. 

Тһе customer orders that activated the decision stage of the model were, 
in turn, generated by a Monte Carlo process, using the input variables of 
the first stage of the model. The customer orders were thus randomly 
generated from the discrete distributions shown in Table 16.7, using the 
Monte Carlo process to be described later. 


The Cost Determination Process. The final component of the decision 
model was used to determine the values of the endogenous variables. The 
endogenous variables were the various costs associated with the operation 
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of the random inventory system. Thus, if a particular scrap decision rule 
caused a scrap piece to be sold for its salvage value, an incremental salvage 
loss was computed. The incremental salvage loss was computed by multi- 
plying the weight of the piece sold for salvage by the incremental salvage 
loss per pound. The incremental salvage loss per pound was a constant 
value (parameter), based on the prevailing prices for Monel plate at the 
time of the study. 

If, however, a particular scrap decision rule resulted in a scrap piece 
being placed in random inventory, an inventory carrying cost was com- 
puted. For those scrap pieces that remained in the scrap inventory for the 
entire year, a yearly inventory cost was computed by multiplying the weight 
of the scrap piece by the firm's yearly inventory carrying cost per pound. 
For those scrap pieces that remained in the random inventory for a portion 
of a year, the firm's yearly inventory carrying cost was adjusted to represent 
the portion of the year, and the computation of the inventory cost pro- 
ceeded in the same manner as previously described. 

Both salvage loss costs and inventory carrying costs were accumulated 
during the simulation run. These costs were added to obtain a total scrap 
cost for a particular decision rule. The total scrap cost was the basic decision 
variable in the minimization process. A hypothesis was made that the total 
cost curve would be unimodal in shape. The unimodal shape was believed 
to be a result of an increase in incremental salvage losses with an increase 
in the size of scrap decision rules and a decrease in inventory carrying costs 
with an increase in the size of scrap decision rules, and conversely. The 
hypothesized cost curves can be seen in F ig. 16.8. 


Cost 


Total Scrap 


PELLEM orae hue ^x 


Salvage Loss 


Inventory 
Carrying 
Cost 


Size of Scrap Decision Rule 


FIGURE 16.8 HYPOTHESIZED COST CURVES 
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Computerization 
of the Simulation 
Model 
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Input parameters (constants) for the model included: 


1. Purchase cost for Monel plate ($1.35 per pound). 
2. Salvage value for Monel plate ($0.70 per pound). 


3. Annual inventory-carrying cost for Monel plate (13 percent of purchase 
cost). 


Relationships between the components, variables, and parameters of the 
system were expressed as mathematical and logical statements. 


Computerization of the simulation model requires the same basic steps, 
with the possible exception of a choice of a computer code, that other 
mathematical models require. As suggested by Naylor et al. (1966, pp. 37- 
39), the activities required in the construction of a computer program for 
a simulation model include: 


1. Flowcharting of model logic. 
2. Computer coding. 
(a) General-purpose languages. 
(b) Special-purpose languages. 
. Error checking. 


3 
4. Data input and starting conditions. 
5. Data generation. 

6 


. Output reports. 


The need for flowcharting of the basic logic of the simulation model 
cannot be overemphasized, as it is not uncommon for simulation models 
to become extremely large and complex. A good flowchart serves to outline 
the logical sequence of events to be carried out by the computer within a 
specific sequential time frame. 

Once the simulation model’s logic has been outlined by means of the 
flowchart we are ready to write the actual computer code that will be used 
to make simulation runs or tests on the computer. Two coding alternatives 
are available. We can either write our program in a general-purpose lan- 
guage, such as FORTRAN, PL/1, PASCAL, or BASIC, or we can use one 
of.the special-purpose simulation languages, such as GPSS, SIMSCRIPT," 
GASP,” ЅІМРАС,* DYNAMO} or SLAM IL. Use of a special-purpose 


General Purpose Simulation II, Program Library, Reference 7090-CS-13X, IBM Corporation. 

^H. M. Markowitz, Bernard Hausner, and H. W. Karr, SIMSCRIPT: A Simulation 
Pi aed Language, The RAND Corporation RM-3310 (Santa Monica, Calif., November 

"Philip J. Kiviat, GASP—A General Activity Simulation Program, Project No. 90. 17-019(2), 
Applied Research Laboratory, United States Steel (Monroeville, Pa., July 1963) 

"SIMPAC Users Manual, TM 602/000/00, Systems Development С ап Santa 
Monica, Calif., April 1969). о загони 

Alexander L. Pugh, DYNAMO User's Manual (Cambridge, Mass.: The М.1.Т. Press, 1963). 

"A. Alan B. Pritsker, Introduction to Simulation and SLAM II (New York: Halsted Press, a 
Division of John Wiley & Sons, Inc., 1986). 4 
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simulation language may have certain advantages, including: 
l. Less programming time may be required. 
2. Error checking is easier. 


Use of special-purpose languages, however, may not be desirable because 
they reduce the programming flexibility of the analyst and may result in 
increased computer running times. 

Error checking is required during coding and is nothing more than the 
traditional "debugging" required for all computer programs. Selection of 
data input and specification of starting conditions are related to the previous 
data collection effort. In essence, the starting model parameters, input, data, 
and so on must be defined and coded in a fashion similar to the computer 
program itself. 

For the Star Metals Company, the simulation model was programmed 
in FORTRAN IV, because of the flexibility it afforded. The general pro- 
gramming logic employed can be summarized as follows. 


l. An initial random inventory matrix was created by running the simu- 
lation model without making cost calculations, for a 3-month period. 


2. Sixty-four hundred customer orders, representing 4 years' sales activity, 
were simulated using a Monte Carlo random number generating sub- 
routine and the discrete frequency distributions shown in Table 16.7. 


3. Each order was then tested against the decision section of the model. 
This section first provided for searching the on-hand random inventory 
for a piece of material equal to or larger than the piece required to fill 
the customer's order. If a random piece having the required character- 
istics was found, the customer's order was cut from it and one or two 
new random pieces were created. The dimensions of the new pieces 
were then tested against the scrap decision rule and were accordingly 
either scrapped or put into random inventory. Depending on the result, 
a scrap loss, an inventory carrying cost, or perhaps both resulted. This 
latter situation occurred when only one of the two new random pieces 
was scrapped. 

4. If no random stock satisfying the customer's order was available, the 
customer's order was cut from standard inventory stock. Again, one or 
two new random pieces were created and tested against the scrap de- 


cision rule. 

5. Scrapping a piece of random stock or using it to fill a customer's order 
resulted in its being deleted from the random inventory. Likewise, the 
cutting of either standard stock inventory or random inventory to fill a 
customer order resulted in adding two new pieces to the random in- 
ventory if and only if the new pieces passed the scrap decision rule. Thus, 
random inventory was subject to constant fluctuation throughout the 


simulation run. 
6. Four types of data were printed out as the result of each simulation 


run. 
(a) Total inventory carrying cost. 

(b) Total scrap loss cost. 

(c) Total cost = total inventory carrying cost + total scrap loss cost. 
(d) M = number of standard stock pieces cut during simulation run. 


16.6.4 Analysis 
and Validation of 
Output Data 
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A simplified flowchart of the programming logic of the simulation model 
is presented in Fig. 16.9. 

The model was used to test each of 21 decision rules, and the results of 
the simulation testing are summarized in Table 16.8. The test results have 
been plotted and are shown in Fig. 16.10. The three cost curves are shown 
as discontinuous curves, since the various scrap decision rules were defined 
in terms of “families” of decision rules. For example, a discontinuity in the 
cost curves is evidenced between the “2-in. family” of scrap decision rules 
and the “4-in. family” of scrap decision rules. 


The primary emphasis in the field of simulation has been on model design 
and computerization. Relatively little work has been done on the analysis 
and validation of simulation output data. Often the analyst spends so much 
time and effort in model design and computerization that he has little time 
left for analysis and validation of his results. In addition, analysis and val- 
idation of a computer simulation model introduces pragmatic, theoretical, 
statistical, and philosophical difficulties. As a result, there is widespread 
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TABLE 16.8 SCRAP INVENTORY COST SIMULATION 
TEST RESULTS 


Size of Scrap Inventory Scrap Total 
Decision Rule, in. Cost, $! Cost, $ Cost, $! 
9 X19 30,604 0.20 30,604 
2) «a4 30,147 5.10 30,152 
2x6 29,793 10.90 29,805 
9 x18 29,593 87.80 29,681 
ik МӘ 29,386 377.79 99,764 
2х16 29,113 610.00 29,723 
4x 4 32,576 391.00 32,967 
4x 6 29,931 634.00 30,565 
4x 8 27,717 1,287.00 29,004 
4 x 12 26,810 3,355.00 30,165 
4 x 16 24,911 6,036.00 30,947 
6x 6 26,403 2,160.00 28,563 
6x 8 21,075 5,301.00 96,376: 
6 х 12 19,206 10,107.00 29,313 
6 x 16 15,613 16,101.00 31,714 
8x 8 21,202 5,740.00 26,942 
8X 12 19,438 10,245,00 29,683 
8 x 16 17,560 21,769.00 39,329 
12 x 12 19,824 23,246.00 43,071 
12 x 16 17,600 40,098.00 57,698 
16 x 16 18,124 42,485.00 60,968 
‘Rounded to the nearest whole dollar. 
*Minimum. 
Total 
60 Cost 
50 
Scrap 
Cost 
40 
E 
>= қа. ед do cae 2 
E 
o 
20 7 M 
Inventory 
Carrying Cost 
10 
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disagreement as to the appropriate techniques to use in analyzing data 
generated by simulation experiments.'! 

One method for analyzing and validating simulation output involves 
statistical tests, such as analysis of variance, multiple comparison, or spectral 
analysis. Another procedure involves asking the question: Have we ade- 
quately described the actual physical situation through our simulation? In 
answering this question, the management scientist will often want to con- 
sider one or more of the following factors (Mize and Cox, 1968, p. 155). 


1. Reproduction of past data. АП simulation experiments should repro- 
duce the underlying probability distributions with a high degree of ac- 
curacy. 


2. Reasonableness of results. The validity of a simulation model can often 
be tested by performing several manual calculations and examining the 
model’s resultant behavior. 


3. Completeness of results. А final check of the model should be made to 
see that no important factor has been omitted. 


In summary, the final measure of the value of a simulation model is 
determined by how closely it predicts the behavior of the physical system 
or managerial process being examined. If possible, one should attempt to 
compare simulation results with actual data. If this is not possible, as is 
often the case, one must resort to validation methods such as those sug- 
gested earlier. 

In the Star Metals case the evaluation of the simulation results, as pre- 
sented in Table 16.8 and Fig. 16.10, was relatively straightforward. 

From Fig. 16.10, it can be seen that the total cost minimization of $26,376 
occurs when a 6- х 8-in. scrap decision rule is employed. Within the “6- 
in. family" of scrap decision rules, the total cost curve rises rapidly on either 
side of the 6- х 8-in. scrap decision rule. It is interesting to note that an 
8- x 8-in. scrap decision rule produces a total cost of $26,942, which is 
close to the total cost minimization that occurs for the 6- x 18-іп. scrap 
decision rule. Again, however, within the “8-in. family" of scrap decision 
rules, the total cost curve rises rapidly as a scrap decision rule larger than 
8- x 8-іп. is employed. 

The simulation model tests results strongly indicated that the "best" scrap 
decision rule to be employed for Monel plate was one that stated that any 
piece smaller than 6- x 8-in. should be scrapped rather than inventoried. 
This rule was selected on the basis of minimizing the total cost, where the 
total cost was composed of scrap cost and an inventory carrying cost," 

Validation of the simulation model developed for the inventory control 
problem of the Star Metals Company involved consideration of all the 
factors discussed. Chi-square goodness-of-fit tests indicated that the un- 


"See, for example, R. W. Conway, "Some Tactical Problems in Digital Simulation." 
Management Science, 10, no. 2 (October 1963): 38-49. 

"A more detailed description of this simulation modeling effort can be found in Robert 
E. Markland, "A Simulation Model for Determining Scrap Decision Rules іп the Metal 


Processing Industry,” Production and Inventory Management, 1, no. 1 (First Quarter 1970) 
29-35. 
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derlying probability distributions were reproduced with a high degree of 
accuracy by the simulation experiments. The reasonableness and complete- 
ness of the simulation results were confirmed by lengthy discussion with 


the firm’s management. 


16.7 TIME FLOW MECHANISMS 
IN SIMULATION 


Most simulation studies involve the performance 
of a dynamic system over a period of time. 
Consequently, one of the most important consid- 
erations in simulation language selection and 
model design is that of the time flow mechanism 
to be employed. The time flow mechanism that 
is employed in a simulation study is used to 
increment the time status of the system and to 
facilitate the synchronization of the events that 
occur during the simulation process. Thus, the 
time flow mechanism is an integral part of sim- 
ulation model design, as it causes the various 
events to occur in the proper order and with the 
proper time interval between successive events. 
Two basic time flow mechanisms are available 
for use in simulation model design. They are 
known as fixed-time incrementing апа пехі- 
event incrementing. The mechanisms are also 
referred to as fixed-time step incrementation and 
next-event step incrementation, respectively. 
Using a fixed-time incrementing method a two- 
step process is employed. Assume that we begin 
at a given point in time with the system in its 
initial state. The first step in the time increment- 
ing process is to advance time by a small fixed 
amount, At, We thus add At to a register that 
serves as the master clock for the system to record 
this passage of time. Then, as the second step in 


Initial 
State, 7 = 0 


the time incrementing process we update the 
system in terms of determining what events ос- 
curred during this elapsed time А/ and measure 
the state of the simulation system. These two steps 
are then repeated for the entire time period 
needed for the simulation run. The fixed-time 
incrementing method can be illustrated as shown 
in Fig. 16.11. As seen in Fig. 16.11 the values of 
simulation time, Т), T», ..., Т», are not depen- 
dent on the actual event occurrence times, €, e», 
... ев. The arrows in Fig. 16.11 indicate the time 
values at which time is updated and the events of 
the simulation appear to occur. 

Next-event incrementing involves a variable- 
time incrementing process in which the simulation 
process continues running until an event occurs. 
When an event occurs, changes in the system are 
recorded. Thus, the master clock for the simula- 
tion system is incremented by a variable amount 
rather than a fixed amount, throughout the sim- 
ulation run. The next-event time incrementing 
method can be illustrated as shown in Fig. 16.12. 
As seen in Fig. 16.12, the values of simulation 
time, Т), T», ..., Т5, are entirely dependent on 
the actual event occurrence times, £j, €», «++» 665 
Тһе arrows in Fig. 16.12 again indicate the time 
values at which time is updated and correspond 
to time at which the events of the simulation 
actually occur. 

There is no easy way to determine the proper 
or best time flow mechanism to be employed in 


Time 


FIGURE 16.11 FIXED-TIME INCREMENTING 


Initial 
State, T = 0 


Simulation Modeling 


FIGURE 16.12 NEXT-EVENT INCREMENTING 


a particular simulation study. In general, if the 
system being analyzed involves a continuous flow 
of information, or events considered in an aggre- 
gate rather than individual sense, a continuous 
change model is appropriate. Continuous change 
models use fixed-time incrementing mechanisms. 
Conversely, if the system being analyzed involves 
a consideration of individual events, a discrete 
change model is warranted. Discrete change models 
use next-event time incrementing mechanisms. 
Unfortunately, many systems can be described by 
either type of simulation model, and the subse- 
quent choice of a time incrementing mechanism 
is a question that must be answered by the analyst. 
The choice of a particular time flow mechanism 
to be used in a simulation model will have a 
significant effect ап the computer run time re- 
quired for the tracking of the events and the 
updating of the master clock. Also, the choice of 
At in a fixed-time incrementing mechanism can 
have a critical influence on the simulation results, 
since it can cause two nonsimultaneous events to 
have occurred at the same point in time (see, for 
example, events e and ез in Fig. 16.11). Thus, 
the next-event time incrementing procedure has 
the advantage of processing events as simultane- 
ously occurring only when they do have identical 
occurrence times (see, for example, events e, and 
e; in Fig. 16.12). 
Тһе problems involved in the choice of a time 
flow mechanism have been investigated by Con- 
way, Johnson, and Maxwell and Lave. Shannon 


"К. W. Conway, B. M. Johnson, and W. L. Maxwell, "Some 
Problems of Digital Systems Simulation," Management Science 
(October 1959). 

"Roy E. Lave, "Timekeeping for Simulation," The Journal 
of Industrial Engineering (July 1967). 


(1975, p. 114) indicates that a fixed-time incre- 
menting method should be used when: 


l. Events occur in a regular and fairly equally 
spaced manner. 


2. A large number of events occur during some 
simulated time T and the mean length of 
events is short. 


3. The exact nature of the significant events are 
not well known, such as in the early part of a 
study. 


Alternatively, he indicates that a next-event time- 
keeping method should be used when: 


l. The system is static and no events occur for 
long periods of time. This will result in savings 
in computer time. 


2. No knowledge of the size of the time increment 
to be used is available. 


3. Events occur unevenly in time and/or the 
mean length of events is long. 


When programming is done with a general-pur- 
pose computer language, either time increment- 
ing method can be employed. Some special-pur- 
pose simulation languages may restrict the user 
to one method or the other. 


16.8 DESIGN OF 
SIMULATION EXPERIMENTS 


One of the most difficult tasks encountered in 
using a simulation modeling approach to the 
solution of a particular management science prob- 
lem concerns the design of the appropriate sim- 
ulation experiment. This task basically concerns 
the specification of a plan for obtaining and 
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analyzing a set of data. The cost and quality of 
this information will be dependent upon the 
design of the simulation experiment that is em- 
ployed. The experimental design that is used in 
a simulation experiment allows the analyst to 
gather the information needed to make valid 
inferences about the problem being investigated. 

The design of simulation experiments is a 
complex and difficult area of study. A complete 
discussion of this topic is beyond the scope of this 
survey textbook. Thus, in this chapter we will 
attempt to consider some of the more salient 
aspects of the design of computer simulation 
experiments. It is hoped that this material will 
provide the reader with a background and an 
understanding of the terminology required for a 
more extensive study of this area. Several out- 
standing textbooks have been written dealing with 
the problems of constructing and analyzing ex- 
periments. Notable among these are books by 
Bartee, Cochran and Cox, Dixon and Massey," 
and Hicks.'* In addition, Naylor’? has published 
an excellent monograph containing papers from 
а symposium in simulation experiment design. 
The more interested reader is referred to these 
sources for additional and advanced material on 
this topic. The material that follows assumes a 
basic background in probability and statistics on 
the part of the reader. 

Тһе design of simulation experiments is largely 
based upen the statistical experimental design 
procedures that are used in physical experimen- 
tation. As a result, management scientists have 
generally tried to adopt known statistical experi- 
mental design procedures for simulation studies. 
It should be noted that such procedures may not 
be very appropriate for simulation studies for a 
number of reasons. First, most physical experi- 
ments involve some type of well-defined hypoth- 
esis that can be tested using standard statistical 
tests. Simulation experiments, however, usually 


MIENNE 5 usus crucem 

"E. M. Bartee, Engineering Experimental Design Fundamentals 
(Englewood Cliffs, N.J.: Prentice Hall, 1968). 

"W. С, Cochran and С. M. Cox, Experimental Designs (New 
York: John Wiley & Sons, Inc., 1957). 

"№. J. Dixon and E. J. Massey, Jr., Introduction to Statistical 
Analysis (New York: McGraw-Hill Book Company, 1957). 

“С. R. Hicks, Fundamental Concepts in the Design of Experi- 
ments (New York: Holt, Rinehart and Winston, Inc., 1973). 

"Thomas Н. Naylor (ed.), The Design of Computer Simulation 
Experiments (Durham, N.C.: The Duke University Press, 1969). 


are concerned with determining some sort of 
optimum condition, and statistical hypothesis test- 
ing may be more difficult in this instance. Second, 
many standard statistical testing procedures are 
based on the assumption that the separate obser- 
vations of the variables being measured are un- 
correlated and drawn from a normal distribution 
having the same parameters. In many simulation 
experiments we create multidimensional time se- 
ries data that are correlated and not necessarily 
normal. Third, in physical experiments variability 
is beyond the control of the experimenter, while 
in simulation experiments, variability is typically 
designed as an important feature of the model. 
This variability must then be considered in the 
statistical analysis of the output results. In sum- 
mary, it should be cautioned that, while much 
of the design of simulation experiments is based 
on standard statistical techniques, consideration 
should be given to the particular technique being 
employed and its underlying assumptions. 
Simulation studies are generally complex and 
lengthy, involving a very large number of factors 
(independent variables), factor levels, and re- 
sponses (dependent variables). Thus, trade-offs in 
experimental design must be made to stay within 
cost and time resource boundaries. Depending 
on resource limitations and the purpose of the 
simulation study, Shannon (1975, p. 150) suggests 
that three broad types of analysis may be war- 
ranted. 
1. A comparison of the means and variances of 
alternatives. 
2. An analysis of the importance or effect of 
different independent variables. 
3. A search for the optimal values of a set of 
variables. 


Each of these types of experimentation will now 
be discussed. 


16.8.1 SINGLE-FACTOR 
EXPERIMENTAL DESIGN 


A comparison of the means and variances of 
alternatives involves single-factor experimental 
design. Herein, the modeler is concerned with 
measuring the response (dependent variable) as 
a function of a single factor (independent vari- 
able). Since variability will naturally be present, 
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replication is necessary for accuracy and precision 
in the results. This replication has a cost in terms 
of computer time and analysis effort. Thus, there 
are a number of important considerations that 
affect the cost, accuracy, and precision of the 
simulation results. Among these considerations 
are the starting conditions and equilibrium, the 
determination of the sample size, and variance 
reduction techniques. 

Most simulation models are designed with the 
objective of measuring equilibrium or steady-state 
operating conditions. Unfortunately, the inherent 
variability in most simulation models causes there 
to be a transient condition at the beginning of 
the simulation run. This transient condition is 
likely to be very atypical of the normal operating 
condition for the system being studied. For ex- 
ample, you will recall that we did not begin our 
inventory simulation run with zero random in- 
ventory present because this would be a very 
atypical condition. Now, there are a number of 
ways in which we can reduce the biasing effect of 
the initial transient period, including: 


1. Exclude a part of the early results produced 
during the simulation run. 


2. Use a long enough time period for the simu- 
lation run to make insignificant the results 
obtained from the transient period at the 
beginning of the run. 


3. Select the initial starting conditions so that 
they represent the actual steady-state condi- 
tions. 


Each of these procedures has advantages and 
disadvantages in terms of cost and accuracy. It is 
not generally possible to determine completely 
when equilibrium has been reached. Often, the 
modeler will find it useful to make one or more 
pilot runs and examine the output and then try 
to select a method for achieving equilibrium. 
Among suggestions made by other researchers 
are: 
1. Truncate the series of measurements until the 
first of the series is neither the maximum nor 
the minimum of the remaining set.” 


2. Examine the sequence of observations from 
the simulation run. If the number of obser- 


R. W. Conway, "Some Tactical Problems in Digital Sim- 
ulation,” Management Science, 10, no. 2 (October 1963): 42 
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vations in which the output value is greater 
than the average value for the sequence is the 
same as the number of observations in which 
the output value is less than the average value 
for the sequence, then steady-state conditions 
may exist (Emshoff and Sisson, 1970). 


3. Compute a moving average for the output 
values, and when this moving average no 
longer changes over time, equilibrium may 
have been achieved (Emshoff and Sisson, 
1970). 


A second important consideration is that of 
sample size. Herein, the analyst must decide on 
the sample size required to achieve statistical 
significance for a given expenditure for experi- 
mentation. Again, it is very difficult to consider 
all the approaches to sample size determination 
in this chapter. In general, two approaches to 
sample size determination are used: 


l. The sample size is determined prior to and 
independently of the operation of the model. 


2. The sample size is determined during the 
operation of the model as a function of the 
results generated from the operation of the 


model. 


Using the first approach the assumption is often 
made that the responses of the model are inde- 
pendent and normally distributed. Then, a con- 
fidence limit approach to determining the re- 
quired sample size is used. For example, suppose 
that we are interested in determining the sample 
size based on a confidence interval for the mean. 
Suppose that we seek to determine an estimate 
X of the true population mean u, such that: 


Plu- є=Х=5и+ е = 1 - а (16-13) 
where 
X = sample mean 
u = population mean 
€ = tolerable error of the estimate 


1 — а = probability that the interval и + є contains 
x. 


T . . " 

Under the assumption of normality of the sam- 
pling distribution of x, the required sample size 
can be shown to be: 


Zi 
п = - (16-14) 
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where 


standard normal deviate for «/2 


Zio 


g 


il 


population standard deviation 
е = tolerable error of the mean 


I 


To use this formula we must know c, 2, and e. 
These values are estimated or determined as a 
result of a short pilot experiment. 

Using the second approach to sample size 
determination, we compute the confidence inter- 
vals for the output values as they are generated 
during a simulation run and then terminate the 
run when a predefined confidence interval objec- 
tive has been met. This approach involves setting 
an automatic stopping rule for the simulation. 
Two basic approaches can be used (Shannon, 
1975, p. 197). 


l. Run the simulation in two states. First, run a 
sample of size п and collect the resulting 
statistical information. Use these results to 
estimate n*, using a statistical procedure such 
as that described earlier. If n* < n, the run 
has been completed. If n* > n, extend the run 
by n* — m. 

2. Specify а minimum n, and take a sample. 
Calculate the sample standard deviation s for 
this sample. Then, compute the quantity: 


(590-231 м 
d === (16-15) 
Vn 
where 
s = sample standard deviation 
4 аі = t Statistic for 1 — a, n — 1 degrees of 


freedom 
n - sample size 


The quantity d is then compared to €, and the 
simulation is terminated when d = є for the first 
time. 

A third major consideration is that of variance 
reduction. Since considerable computer time is 
usually required for simulation experimentation, 
the modeler should seek to gain as much and as 
precise information as is possible from a given 
sample size. This had led to the development of 
variance reduction techniques for increasing the 
precision of estimates for a fixed sample size or 
decreasing the sample size required to obtain а 
fixed degree of precision. Again, we will not 
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attempt to survey this extensive area of study but 
will briefly discuss some of the basic techniques 
used for variance reduction. 

То illustrate the idea of variance reduction 
consider the exponential distribution with param- 
eter 0 — 2. The probability density function for 
this exponential distribution is: 


„йк a Le 
SEE (16-16) 


The cumulative distribution function for this ех- 
ponential distribution is: 


F(x). = pe (16-17) 


Furthermore for this distribution, the mean u = 
1/0 = } is known. 

Assume now that we do not know the value of 
the mean of the distribution and wish to estimate 
the value by using simulation. Using a straight- 
forward simulation approach, sometimes referred 
to as a crude Monte Carlo approach, we would 
simply generate random observations from the 
exponential distribution having the properties 
specified and then use the average of these ob- 
servations as an estimate of the mean. As deter- 
mined earlier, Equation 16-11, the random ob- 
servations would be given by: 


х= DENM fori = 1,2,...,n (16-18) 
Assume that we proceed to generate 10 random 
decimal numbers and then use Equation 16-18 to 
compute 10 random observations. These results 
are summarized in Table 16.9. Then, the sum 


оез ——н 
TABLE 16.9 CRUDE MONTE CARLO EXAMPLE 


Random Observation 


Random eu —In (К.М№.); 
i Number (R.N.); d 2 
1 0.75 0.144 
2 0.73 0.157 
3 0.29 0.618 
4 0.67 0.200 
5 0.81 0.105 
6 0.87 0.069 
7 0.57 0.281 
8 0.93 0.036 
9 0.73 0.157 
10 0.96 0.020 


and mean of these 10 random observations is: 


Sum = 1.787 
(16-19) 
Mean = LOU - 0.179 


Thus, the sample mean is 0.179, as opposed to 
the true mean, which is 0.500. This indicates that 
our crude Monte Carlo sampling procedure has 
not produced a very good estimate. 

Instead, let us now proceed to use the method 
of complementary random numbers. This method 
is a special case of the method of antithetic 
variates. The basic idea is to have two estimators 
of each random observation, with the first esti- 
mator x, having a negative correlation with the 
second estimator хә. The combined average of 
the pairs of estimators will then tend to be closer 
to the mean. Using complementary random num- 
bers we employ a random decimal number and 
the complement of this random decimal number 
to generate pairs of random observations and 
then compute an average from these pairs of 
random observations. This process is summarized 
in Table 16.10. 

Then, the sum and mean of these paired 
random observations is: 


Sum - 9.715 
X (16-20) 
Mean = HE = 0.486 


Thus, by using the method of complementary 
random number we have improved our estimate 
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of the mean from 0.179 to 0.486. This latter 
estimate is very close to the true mean value of 
0.500. 

Other variance reduction techniques include 
stratified sampling, importance sampling, Russian 
roulette, splitting, and correlated sampling. The 
reader interested in learning more about these 
variance reduction methods is referred to the 
references given at the end of this chapter. 


16.8.2 MULTIFACTOR 
EXPERIMENTAL DESIGN 


Multifactor experimental design involves situa- 
tions in which two or more factors are of interest 
to the modeler. One design procedure used in 
multifactor experiments is to vary the levels of 
one factor at a time while keeping all other factors 
constant. This requires making a series of com- 
puter runs, whose number is given by: 


N = р (16-21) 


where 


k = number of factors (independent variables) 
p = number of replications 
q = number of factor levels 


The number of replications required at each 
factor level is usually 10 or more. Thus, for a 
small number of factors and factor levels, a large 
number of computer runs may be required. 


= 
TABLE 16.10 COMPLEMENTARY RANDOM NUMBER EXAMPLE 


Random 
Number Random 
i (R.N.); Observation 
1 0.75 0.144 
2 0.73 0.157 
3 0.29 0.618 
4 0.67 0.200 
5 0.81 0.105 
6 0.87 0.069 
7 0.57 0.281 
8 0.93 0.036 
9 0.73 0.157 
10 0.96 0.020 


Complementary 
Random 
Number Random 
(1 - Е.М.) Observation 

0.25 0.693 
0.27 0.651 
0.71 0.171 
0.33 0.550 
0.19 0.833 
0.13 1.020 
0.43 0.499 
0.07 1.333 
0.27 0.650 
0.04 1.605 
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TABLE 16.11 SYMMETRICAL, FULL FACTORIAL DESI 
FACTORS, TWO LEVELS ET 


A Level A Level 
Factors 1 2 
B Level XXXXX XXXXX 
1 
В Level XXXXX XXXXX 


Poa BAN 
Total 


Replications 


Reducing the number of computer runs re- 

quired in a multifactor experiment requires the 
use of full factorial experimental designs or, 
more often, fractional factorial experimental 
designs. The basic principles and methods of 
constructing factorial designs include those by 
Cochran and Сох?! and Hicks.” The results ob- 
tained from either full factorial experiments or 
fractional experiments are then analyzed using 
analysis of variance techniques. 
: To illustrate a symmetrical full factorial exper- 
iment, consider Table 16.11. In Table 16.11, we 
have two factors, A and B, which are each mea- 
sured at two levels, using five replications. Note 
that this results іп 10 measurements of factor А 
at each level and 10 measurements of factor B at 
each level. Additionally, we obtain a measurement 
of the AB interaction effect, as seen in the analysis 
of variance summary. 

Fractional factorial designs are particularly use- 
ful for reducing the number of computer exper- 
iments that must be made. With a full factorial 
design the number of combinations to be tested 
can become large if more than a very few variables 
are tested. Additionally, higher-order interactions 
become numerous and are hard to analyze. If we 
are not interested in some of the higher-order 
interactions, then a large portion of the necessary 
information can be obtained by running only a 


2o HMM E ele а ee 
Y "W. С. Cochran and С. M. Сох, Experimental Designs (New 
ork: John Wiley & Sons, Inc., 1957). 

C. R. Hicks, Fundamental Concepts in the Design of Experi- 
"id (New York: Holt, Rinehart and Winston, Inc. 1973). 
dan Neter and William Wasserman, Applied Linear Sta- 

Models (Homewood, Ill.: Richard D. Irwin, Inc. 1974). 


La 


Analysis of Variance 
of 
Source Freedom 
A effect 1 
В effect 1 
АВ interaction 1 
Еттог 16 
19 


fraction (4, 1, or 4) of the total combinations 
possible. Such a design is called a fractional 
factorial experiment. А problem, called aliasing, 
may exist when a fractional factorial design is 
used. Aliasing occurs when a statistic that mea- 
sures one effect also measures another effect, and 
the two effects cannot be separated. Fortunately, 
tables of suggested fractional factorial experi- 
ments can be found in Cochran and Сох°* and 
Davis.” The reader is referred to the sources for 
actual designs. Quite often, the modeler will use 
a fractional factorial design during the early stage 
of a study to explore the effect of a large number 
of variables. On the basis of this analysis, the 
number of variables of interest can often be 
reduced. Then, a full factorial design can be used 
for a more detailed analysis. 


16.8.3 SEQUENTIAL 
SEARCH PROCEDURES 


In many simulation projects the objective may be 
that of determining the values or levels of the 
factors or independent variables that will yield 
the optimal (maximum or minimum) values of 
the responses or dependent variables. Given this 
objective, a response surface methodology is 
often an appropriate procedure. The theory and 
application of response surface methodology is 
rigorously discussed in a number of textbooks, 


_. —————— 
"Cochran and Cox, Experimental Designs. 
5O. L. Davis, ed., The Design and Analysis of Industrial 
Experiments (New York: Hafner Publishing Company, 1963). 
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а. Rising Ridge Surface. 
FIGURE 16.13 TWO-DIMENSIONAL RESPONSE SURFACES 


including those by Cochran and Сох, Davis," 
Himmelblau,? and Saaty and Bram.” Again, this 
is a complex and extensive area of study, and we 
will attempt only to provide a brief introduction 
to its potential use in simulation modeling. 

The basic idea of a response surface involves 
a response variable, y, and several independent 
variables (хі, x», . . . , x,). The response surface is 
expressed as: 


Y = fy хо, кх) (16-99) 


where the independent variables are assumed to 
be numerically measurable and continuous. Ex- 
amples of two-dimensional response surfaces are 
shown in Fig. 16.13. In the two examples shown 
in Fig. 16.13 the solid lines are contours, or equal 
response lines, that connect the values of x, and 
xə that yield the same value of y. In the “rising 
ridge surface" the contours increase in value as 
we move upward and to the right in the x,, x; 
plane. In the “minimax or saddle surface" there 
is one point, called the saddle point, from which 
the contours decrease in one direction while in- 
creasing in the other direction. 

Response surface methodology involves the use 
of a series of small experiments utilizing full or 
fractional factorial designs. Quite often the path 
of steepest ascent is employed. Herein, the mod- 
eler conducts a simple experiment over a small 


“Cochran and Cox, Experimental Designs. 
Davis, The Design and Analysis of Industrial Experiments. 
"David M. Himmelblau, Applied Nonlinear Programming 
(New York: McGraw-Hill Book Company, 1972), 
"Thomas L. Saaty and Joseph Bram, Nonlinear Mathematics 
(New York: McGraw-Hill Book Company, 1964) 
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area of the response surface. This small area is 
then considered to be a plane, and a first-order 
polynomial is used to fit the data that resulted 
from the initial experiment. This first-order poly- 
nomial is given by: 


у = 40 + аху 


16-23 
+ бу ЛЕР ақ; ( ) 


From this equation, the modeler decides in which 
direction to move to conduct the next experiment. 
Since the optimum value of the response surface 
is desired, the direction chosen should be that 
which leads to the highest point of the response 
surface the fastest. This is then the path of steepest 
ascent. Note that this method does not indicate 
how far to move for conducting successive exper- 
iments, but indicates only the direction in which 
movement should occur. 

To illustrate the method of steepest ascent 
consider the example shown in Fig. 16.14. Sup- 
pose that the modeler has run a small experiment 
in the neighborhood of point A. Using the data 
from this experiment the modeler can then com- 
pute ao, а), and аҙ, which then defines the re- 
sponse surface. The signs of ap, а), and ay will 
determine the slope of the response surface and 
the direction of the greatest slope, or ascent, up 
the response surface. In Fig. 16.14 this is in the 
direction of the arrow marked with a B, which is 
at right angles to the contour lines. A second 
experiment is then conducted at some distance 
from A in this direction, and the response surface 
is again measured. Using this process, the modeler 
will obtain points of higher and higher response. 
As the optimum area is reached, the process 
becomes more difficult as higher-order poly- 
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nomials are required to describe the response 
surface. Consequently, other experimental de- 
signs are used when the area near the optimum 
is reached. Some useful designs for fitting second- 
order response surfaces are central composite or 
rotatable designs. The reader is referred to the 
references previously given for a more extensive 
discussion of these complicated designs. 


16.9 USE OF A SPECIAL-PURPOSE 
SIMULATION LANGUAGE: 
AN EXAMPLE 


Most simulation modeling work is performed 
using a digital computer. As noted previously, 
digital simulation modeling involves the use of 
both general- and special-purpose simulation lan- 
guages. Earlier, in Section 16.6.3, we discussed 
general- and special-purpose simulation lan- 
guages and indicated some of the advantages and 
disadvantages of each. The use of a general- 
purpose simulation language, FORTRAN IV, was 
then illustrated in the Star Metals Corporation 
сазе study. Let us now consider a simulation 
modeling example in which а special-purpose 
simulation language was found to be appropriate. 

Ihe simulation modeling effort arose in the 
context of a study“? of the regional economy of 
the St. Louis, Missouri, Standard Metropolitan 
Statistical Area (SMSA). The objective of this 
study was to analyze this regional economy and 


— —— A— -- 

“А complete description of this research may be found in 
Robert E. Markland and Peter J. Grandstaff, “Modeling De- 
Mographic-Employment Interactions in an Urban Economy,” 
Simulation (February 1975): 33-43 


to evaluate the prospective benefits of various 
locally conceived policies to engender economic 
renewal. 

Structuring of the model to describe this re- 
gional economy focused on the operation of the 
local market for labor. In doing so it identified 
the important factors affecting the supply of labor, 
most of which were demographic, and the im- 
portant determinants of demand, most of which 
were derived from the demand for the area’s 
exports. 

The demographic sector of the model specified 
the most important elements contributing to the 
supply of labor, namely, births, deaths, and mi- 
gration. Births and deaths were projected on the 
basis of fertility and mortality rates. Migration 
was used as an equilibrating mechanism that 
balanced the demand for and the supply of labor. 
Migration was made dependent upon the un- 
employment rate in the St. Louis SMSA in relation 
to the unemployment rate in the United States, 
as a whole. 

The employment sector of the model specified 
the most important elements contributing to the 
demand for labor using an “export base theory” 
of employment." Thus, certain of the region's 
industries are viewed as selling the majority of 
their output outside the St. Louis SMSA. These 
"export" industries were the first major category 
in the employment sector. The second major 
category was "business serving" employment that 
was modeled to respond to the growth in other 
productive activities in the area. The final major 
category of the employment sector was "house- 
hold serving" employment that was modeled to 
respond linearly to population growth. 

Figure 16.15 depicts the primary linkages be- 
tween the demographic and employment sectors 
of the model. It illustrates the principal role of 
migration and the unemployment rate in balanc- 
ing population and employment levels. 

Тһе mathematical description of the model 
structure shown in Fig. 16.15 resulted in some 
270 equations, which were nonlinear and recur- 
sive. These equations involved variables that were 
continuous in value but discrete over time. The 
mathematical structure. (nonlinear and contin- 


мр. W. Pfouts, ed., The Techniques of Urban Economic Analysis 
(Trenton, N.J.: Chandler-Davis Publishing Company, 1960) 
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FIGURE 16.15 LINKAGES BETWEEN DEMOGRAPHIC AND EMPLOYMENT SEC- 
TORS 


uous equations) and size (—270 equations) of 
this model precluded solution by any analytical 
method. Thus, a simulation approach was sug- 
gested. The choice between a general-purpose 
and a special-purpose simulation language was 
dictated by the fact that the model variables were 
continuous in value but discrete over time. On 
this basis the DYNAMO language was selected 
as being most appropriate. 

Тһе DYNAMO simulation language was de- 
veloped at the Massachusetts Institute of Tech- 
nology and utilizes first-order difference equa- 
tions to approximate the continuous functions. 
The state variables and output variables in a 
time dynamic simulation model are described in 
DYNAMO by level equations and rate equa- 
tions, respectively. The state variables (levels) de- 
scribe the state or condition of the system at a 
given time. The rate variables (rates) describe 
how the states change with the passage of time. 
Auxiliary equations, which are components of 
the rate equations, completely describe the func- 
tion of rate equations. The auxiliary equations 
provide for the feedback control of the rates. 

This model, programmed in DYNAMO, has 
been used to conduct a number of simulation 
experiments. One use of the model was to simu- 
late various scenarios for the local economy, as 

they were suggested by local politicians, planners, 


"Alexander L. Pugh, DYNAMO User's Manual (Cambridge, 
Mass.: M.LT. Press, 1963). 


and academicians. Three typical simulated sce- 
narios were: 


1. No extraordinary events affect the local econ- 
omy and no major policy actions are taken. 


2. Local employment in motor vehicle produc- 
tion decreases by 15 percent between 1970 
and 1979. 


3. A concerted, sustained effort succeeds in re- 
ducing the indices of St. Louis' relative wages 
by 10 percent over a 15-year period. 


Тһе simulation output produced by DYNAMO 
is voluminous, as it is possible to track the value 
of each of the model variables, over time. Table 
16.12 presents some comparisons concerning the 
levels and rates of changes of important variables 
in 10-year intervals for the three simulation ex- 
periments discussed. Population did not grow 
rapidly in any of the three experiments. The 
experiment involving a reduction in the area's 
relative wage levels produced the best results with 
respect to improvement over time, of the variables 
of interest. The worst results were produced for 
the second simulation experiment, which involved 
a decline in automobile manufacturing, one of 
the area's most important export industries. 

In addition to providing a voluminous and 
detailed tabular output, DYNAMO affords the 
modeler an opportunity of obtaining plots of the 
simulation results. An example of such a plot is 
shown in Fig. 16.16. Figure 16.16 presents a plot 
of the migration and population variables for the 
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TABLE 16.12 ST. LOUIS SMSA ECONOMY—VARIABLE 
AND CHANGES As 


Simulation Run 


Drop in 
Drop in Relative 
Baseline Automobile Cost of 
Output Data Case Employment Labor 
Initially, T = 0, 1970: 
Population, thousands 2370 2370 2370 
Unemployment rate, % 5.5 5.5 65 
Per capita income, $ 4200 4200 4200 
After 10 years, T = 10, 1980: 
Population increase, % 5 4 5 
Net migration, thousands -56 -64 2-49 
Unemployment rate, % 5.8 6.0 5.4 
Per capita income increase, % 16 16 15 
Export employment increase, % 21 8 4 
Total employment increase, % 7 6 9 
After 20 years, T = 20, 1990: 
Population increase, % 3 2 7 
Unemployment rate, % 6.0 6.2 4.7 
Per capita income increase, % 35 35 35 
2 2 25 


Export employment increase, % 


“baseline” simulation experiment summarized in 
Table 16.12. Time is plotted vertically, and the 
horizontal axes are labeled for the two variables. 
Thus, in Fig. 16.16 the vertical numbering (0, 10, 
and 20) indicates the passage of time over the 20- 
year span of the experiment, and the horizontal 
numbering, extending from 2200. T to 2500.T 
(T for thousand) indicates the range of the pop- 
ulation (P) axis from 2,200,000 to 2,500,000 per- 
sons. The —30.Т to 10.T labels indicate the 
range of the number of migrants (M) on net ac- 


FIGURE 


count from — 30,000 to 10,000. This figure de- 
picts that population of the area will grow 
moderately, according to the results of the sim- 
ulation experiment. In 1980, the time of the next 
census, the graphical results suggest that the res- 
idents in the area may number 100,000 more 
than in 1970. Throughout the decade, however, 
net outmigration takes place at a level averaging 
about 5000 persons per year. 

This simulation model has been used to con- 
duct a number of other simulation experiments 
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involving the identification of potential industrial 
sectors and industries that have particular impor- 
tance to the aggregate growth of the region. 
Recent use of the model has concentrated on a 
series of simulation experiments involving an 
integrated set of beneficial policy actions, includ- 
ing faster growth in local federal employment, a 
decline in the area's relative wage levels, and 
growth in the area’s transportation equipment 
production sector. 


16.10 CONCLUSION 


A simulation modeling effort generally encom- 
passes total systems design. This occurs because 
more and more frequently, business studies in- 
volve complex systems composed of large num- 
bers of variables, each interacting with the other 
according to (complicated) performance rules. 
Consequently, complex systems must be analyzed 
as a whole and not as sums of their component 
parts, because, if total systems interactions are not 
considered, it is very easy to suboptimize. By 
suboptimize, we mean the process in which mod- 
ules of a system are analyzed and locally opti- 
mized, often in a fashion that does not produce 
an optimized total system. Thus, as the scope of 
business studies has broadened, the concomitant 
effect has been to transfer the consideration of 
such problems from purely analytical methods to 
the experimental methods of simulation. In fact, 
it is common to find the terms “systems simula- 
tion” and “simulation” used interchangeably. 
There have been numerous applications of 
simulation modeling in a wide variety of business 
and managerial situations. A study of the non- 
academic members of the Operations Research 
Society of America indicated that simulation had 


a 


In the early 1980s the New York City De 
with the following street cleaning problems: 
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the third highest value of all the management 
science techniques being used by practitioners.” 
Simulation modeling offers the basic advantage 
of being a highly flexible experimental tool that 
can be applied to complex, ill-structured, total 
systems problems. Additionally, it can be em- 
ployed in instances where purely analytical models 
would be very difficult to design and implement. 
Simulation modeling also allows for compression 
of time, and systems or processes with long time 
frames may thus be analyzed rapidly using sim- 
ulation. In some instances simulation may be the 
only way of studying a system without changing 
the system. For example, we could simulate the 
effect of making a change in a physical distribution 
system without actually incurring the cost and 
possible system disruption from making such a 
change. Finally, the analyst and manager may 
gain valuable insights from designing and imple- 
menting a simulation model. Quite often, the 
importance of specific variables will become ap- 
parent during a simulation study. 

Although simulation modeling is a very im- 
portant and useful management science tool, it 
should not be regarded as a panacea and used 
indiscriminately. Simulation models are inher- 
ently time consuming and costly to construct and 
run on digital computers. Additionally, simulation 
results may be imprecise and very hard to validate. 
Finally, simulation provides only statistical esti- 
mates rather than exact results. Thus, the judg- 
ments of the analyst and the manager are required 
to compare alternatives and to select a course of 
action. 

In summary, simulation modeling is more of 
an art than a science. Nevertheless, it is a very 
flexible and useful tool for the management sci- 
entist who can master the art of simulation model- 
ing. 


; UR. E. Shannon and W. E. Biles, “The Utility of Certain 
Topics to Operations Research Practitioners,” Operation Re- 
search, 18, no. 4 (July-August 1970). 
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partment of Sanitation was faced 


1. New York City, never known as a clean place, had become substantially 


dirtier. 
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2. The department had far fewer street cleaners that it had in 1975. 


3. The department’s command staff felt that street cleaning was far less 
important than refuse collection. 


4. The department's work force had very low morale, mirroring the com- 
mand staffs attitude concerning street cleaning. 


5. The department had no knowledge base to explain the relationship 
between the use of department resources and cleanliness levels. 


6. There was no coordination with other city agencies, such as the traffic 
department, and these other city agencies greatly affected the produc- 
tivity of the Department of Sanitation. 


7. In 1980, the city council rejected a department proposal to expand the 
cleaning force, citing a lack of confidence in the department's ability to 
manage the additional resources and to get a sufficient payoff for the 
public. 


Beginning in 1981, the New York Department of Sanitation began to 
attack these problems from management science perspective. It began by 
building a knowledge base concerning the fundamental relationships be- 
tween work force and cleanliness levels. Fortunately, the department main- 
tained rather detailed records of the use of its workforce, the status of its 
mechanical equipment, the percentage of loads not picked up, and weather 
conditions. It also received "Scorecard" ratings for the cleanliness of each 
of the city's 59 community districts for each month. 

Using these data it initially built regression models that allowed it to show 
the clear and unmistakable relationship between work force and cleanliness 
levels. Next, it performed more detailed analyses using parametric models 
that related work force utilization and other factors such as the litter rate 
and the size of the area. 

Finally, the management science study team used Monte Carlo simulation 
analysis to study the dirtiness of streets and the effect of the number and 
spacing of illegally parked cars. By randomly assigning litter and cars and 
then simulating large numbers of combinations of initial dirtiness and the 
number and spacing of illegally parked cars, the study team was able to 
find the relationships between such cars and making the street acceptably 


clean. 
Typical results from this type of simulation are shown in Table 16.13. 


TABLE 16.13 SIMULATING THE EFFECT OF 
ILLEGALLY PARKED CARS 


NM PRI Ны ынын ie 
ofCars 16 17 18 19 20 
4 99 .. 95 86 53 18 
5 95 87 65 99 


o 


88 72 40 13 2 


6 

7 78 50 93 7 | 
8 63 36 11 3 1 
9 50 20 6 1 0 
10 36 11 9 1 0 


CN = чаша 
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As can be seen, just one car less in some circumstances can increase the | 
probability that the street will be clean by 20 percent or more. uH | 

Using the results of the simulation analysis, the Department of Sanitation 
was able to solicit and receive assistance from the Department of Trans- | 
portation as far as ticketing illegally parked cars. This greatly improved the 
street cleaning efficiency of the Department of Sanitation. 

The net results of this management science study was that cleanliness 
ratings were improved to the record levels set some 10 years previously. 
This was accomplished with a much smaller investment of labor (i.e., 700 
fewer street cleaners than a decade ago). In a speech Major Edward I. Koch 
commented: “The Department of Sanitation, through a variety of pro- 
grams, has produced absolutely phenomenal savings and is deserving of 
reinvestment of some of these funds.” 


Source: Lucius J. Riccio, Joseph Miller, and Ann Litke, “Polishing the Big Apple: How Management Science Has 
Helped Make New York Streets Cleaner,” Interfaces, 16, no. 1 (January-February 1986): 83—88. 
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Glossary of Terms 


Additive, Multiplicative, and Mixed Congruential Methods. 
Methods for generating pseudorandom numbers. 

Aliasing. A problem that may result when a fractional factorial design is 
used; it occurs when a statistic that measures one effect also measures 
another effect, and the two effects cannot be separated. 

Analytical Techniques. Management science techniques that result in 
the determination of a single “best” answer (e.g., linear programming). 

Central Composite or Rotatable Designs. Experimental designs for 
fitting second-order response surfaces. 

Complementary Random Number. Given a random number R.N., its 
complement is defined as 1 — В.М. 

Components. The entities of a system that are to be independently iden- 
tified and whose collective performance determines the output of the | 
system, | 

Congruent Modulo т. Two integer numbers x and y are said to be 
congruent modulo m (where m is an integer) if, and only if, there is an 
integer А such that (x — у) = km. 

Continuous Change Model. A simulation model that uses a fixed-time 
incrementing time flow mechanism and is appropriate if the system being 
analyzed involves a continuous flow of information or events considered 
in an aggregate rather than in an individual sense. 

Discrete Change Model. A simulation model that uses a next-event in- 
crementing time flow mechanism and is appropriate if the system being 
analyzed involves a consideration of individual events. 

DYNAMO. A special-purpose simulation language that uses first-order 
difference equations to model continuous relationships. 

Endogenous Variables. Тһе dependent or output variables of the system 
that are generated from the in 


teraction of the system’s exogenous and 
status variables. 
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Exogenous Variables. The input or independent variables of the system 
that are usually predetermined. 

Experimental Techniques. Management science techniques that usually 
result in a series of answers any one of which may be acceptable to the 
decision maker. 

Fixed-Time Incrementing or Fixed-Time Step Incrementation. A 
simulation process in which the system clock is advanced a fixed-time 
increment. 

Fractional Factorial Experimental Design. An experimental design 
where some factor-level combinations are excluded from the experiment. 

Full Factorial Experimental Design. An experimental design where 
all factor-level combinations are included in the experiment. 

Monte Carlo Method. A sampling process used to randomly select sam- 
ple values from a probability distribution. 

Multifactor Experimental Design. An experimental design used to model 
a situation in which the effect of two or more factors on the response 
variable is of interest. 

Next-Event Incrementing or Next-Event Step Incrementation. A 
simulation process in which the system clock is advanced to the time of 
the next event when that event occurs. 

Parameters. Those attributes of the system that do not change during 
the simulation. 

Path of Steepest Ascent. A direction that leads to the highest point of 
a response surface the fastest. 

Pseudorandom Numbers. A sequence of numbers that is reproducible 
and predictable and occurs randomly, which is generated by some math- 


ematical process. 
Random Number. A random variable uniformly distributed over the unit 


interval 0 to 1. 

Random Number Generator. A mechanical device or computer sub- 
routine that generates the random numbers used in the Monte Carlo 
method. 

Relationships. The connections among components, variables, and pa- 
rameters that control the changes of state in the system. 

Response Surface. The response surface is expressed as y = Гоа, 
xg. . ++ Ха), Where the independent variables are assumed to be numeri- 
cally measurable and continuous. 

Response Surface Methodology. A procedure that can be used when 
the objective of the simulation project is to determine the values or levels 
of the factors or independent variables that will yield the optimal value 
of the response or dependent variable. j | 

Saddle Point. A point in a two-dimensional response surface from which 
the contours decrease in one direction while increasing in the other 


direction. 
Seed. A starting number used to generate a sequence of pseudorandom 


bers. 

Simulation Modeling. A numerical technique for conducting experi- 
ments оп а digital computer, which involves certain types of mathematical 
and logical models that describe the behavior of a business or economic 
system over extended periods of real time. i 

Single-Factor Experimental Design. Ап experimental design in which 
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the modeler is concerned with measuring the response as a function of 
a single factor. 

Status Variables. Variables used to describe the state of the system and 
its components at a point in time. The status variables interact with both 
the exogenous and endogenous variables of the system according to the 
functional and structural relationships of the system, 

Stratified Sampling, Importance Sampling, Russian Roulette, Split- 
ting and Correlated Sampling. Different variance reduction tech- 
niques used in simulation. 

Time Flow Mechanism. An integral part of simulation model design, 
аз it causes the various events to occur in the proper order and with the 
proper time interval between successive events. 

Transient Conditions. The variability in the output of a simulation ex- 
periment that results from the initial starting conditions. 

Validation of the Simulation Model. Тһе determination of how closely 
the simulation model predicts the behavior of the physical system or 
managerial process being examined. 

Variables. Those attributes of the System that take on different values 
under different conditions or in different system states. 

Variance Reduction Techniques. Techniques for increasing the pre- 
cision of estimates for a fixed sample size or for decreasing the sample 
size required to obtain a fixed degree of precision. 
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Discussion Questions 


1. What is the main difference between experimental techniques (such as simu- 
lation) and analytical techniques (such as linear programming)? 

. When is simulation an appropriate technique to use? 

What is the difference between a constant and a parameter? 

Why is “flowcharting” so important in the computerization of the simulation 

model? 

What are the advantages and disadvantages of a special-purpose simulation 

language? 

What area in the field of simulation is still relatively "vague"? 

When would it be appropriate to use statistical tests for validating the simulation 

output? 

Are observations generated randomly in the Monte Carlo method? 

Why do you want to use a uniform distribution for generating random num- 

bers? Why do the random numbers have to lie between 0 and 1? 

What is the difference between a set of “random numbers" and a set of "pseu- 


dorandom numbers"? 
Judge this statement: А pseudorandom number generator is able to generate 


an infinite number of random integers. 
12. Whatis the difference between the uniformly generated random numbers and 
the random numbers generated via some probability function? 
Why do you think a “small sample"for (R.N.), in Equation 15-12 would give 
an approximately normally distributed random x? 
What is the difference between a "fixed-time incrementing” and a “next-event 
incrementing" time flow mechanism? 
15. Why do continuous change models use fixed-time incrementing time flow 
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mechanisms? : 
16. When would you expect transient conditions to occur in a simulation run? 


What implications do transient conditions cause? 
17. What do we mean by a "pilot" experiment, and what is it used for? 
18. Whatare "variance reduction techniques" used for? Name two such techniques. 
19. Describe in detail the situation for which a "fractional factorial experiment" is 


appropriate. 
20. What problem does "aliasing" cause? 
21. Discuss "response surface methodology." 
99. Name some advantages of using the DYNAMO simulation languge. 
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Problem Set 
1. 


2. 


3. 


Use the multiplicative congruential method to obtain а sequence of 10 
random numbers such that x, ,; = 13x, (modulo 10) and x, = 7. 


Use the multiplicative congruential method to obtain a sequence of 10 
random numbers such that х„, = 5x, (modulo 3) and хо = 4. 


Generate 10 random observations from each of the following proba- 

bility distributions. 

P(x = k) = 0.20, 0.10, 0.05, 0.30, 0.20, and 0.15 for k = 1, 2, 3, 4, 
5, and 6, respectively. 

The uniform distribution between 0 and 50. 

The distribution whose probability density function is: 


198 (хы if0 Sx = 
A | 0, otherwise 


The distribution whose probability density function is: 


|| 3x2) Кеш Өре де 
fe | 0, otherwise 


Тһе distribution of the sum of two dice. 


- Generate five random observations from each of the following prob- 


ability distributions. 

Тһе normal distribution with mean - 6 and standard deviation — 3. 
(Hint: Use the Central Limit Theorem and 12 random numbers to 
obtain each observation.) 


- The Beanbody Coal Company operates a barge terminal at the Mis- 


sissippi River port of St. Louis. This facility has a single dock that can 
be used to unload coal from barges. A management science analyst 
for the company has gathered the following data with respect to barge 
arrivals and unloadings. 


Time Between Time Required 
Arrivals of Successive to Unload 
Barges (hour) Frequency Barge (hour) Frequency 
Oto 3.99 20 Oto 5.99 10 
4.00 to 7.99 30 6.00 to 9.99 20 
8.00 to 11.99 20 10.00 to 14.99 40 
12.00 to 15,99 10 15.00 to 24.99 20 
16.00 to 19.99 10 25.00 to 50.00 10 
20.00 to 24.00 10 


6. 


The barges are unloaded on a first-come, first-served basis, and the 
facility operates on a 24-hour basis, 7 days a week. Simulate the arrival 
and unloading of 30 barges. Compute the average waiting time in the 
system and the percentage of the time the system is idle. 

Jane Williams is about to open a keymaking shop in a suburban shop- 
ping center. She will make the keys and is contemplating hiring another 
keymaker to handle anticipated business. She has observed the oper- 
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ation of a similar keymaking shop in another shopping center and has 
determined the following set of data. 


Time Between Time Required for 
Customer Arrivals Customer Service 
(min) Frequency (min) Frequency 
Oto 0.99 07 Oto 2.99 20 
1.00 to 2.99 15 3.00 to 5.99 40 
3.00 to 5.99 40 6.00 to 9.99 25 
6.00 to 14.99 20 10.00 to 14.99 10 
15.00 to 29.99 10 15.00 to 30.00 50 
30.00 to 60.00 08 


- 


eo 


Тһе customers are served on a first-come, first-served basis. The shop 
operates from 8:00 A.M. to 8:00 р.м., 6 days a week. Simulate the 
arrival and servicing of 25 customers. Compute the average waiting 
time in the system and the percentage of time the store is idle. 


. Simulate 50 plays of the game of craps, using the following set of rules. 


Тһе player throws two dice one or more times until an event occurs 
that determines a win or a loss. 

If the first throw results in a sum of 7 or 11, or, alternatively, if the 
first sum is 4, 5, 6, 8, 9, or 10, and the same sum reappears before a 
sum of 7 has appeared, the player wins. 

If the first throw results in a sum of 2, 3, or 12, or, alternatively, if the 
first sum is 4, 5, 6, 8, 9, or 10, and a sum of 7 appears before the first 
sum reappears, the player loses. 

From your simulated 50 plays of the game, compute the probability 

of winning. 

A traveling salesperson wishes to go from San Francisco to New York 

in the year 1870. The salesperson is contemplating making this trip 

in three stages. For each stage there is an associated probability dis- 
tribution for the destination cities associated with the stage. Тһе three 
stages and their associated probability distributions are as follows. 


Stage 1 San Francisco — Salt Lake City P(arrival) = 0.9 
San Francisco — Denver P(arrival) = 0.8 
San Francisco — Albuquerque — P(arrival) = 0.7 


ity is P(arrival) = 0.8 

Stage 2 Salt Lake City — St. Louis P(arrival) 0 
2 Salt Lake City = Chicago —P(arrival) = 0.7 
Denver — St. Louis P(arrival) = 0.9 
Denver — Chicago P(arrival) = 0.7 


Albuquerque — St. Louis P(arrival) - 0.6 
Albuquerque — Chicago P(arrival) = 0.8 


Stage 3 Chicago — New York P(arrival) 


= 0.9 
St. Louis > New York  P(arrival) = 0 7 


Using these probability distributions, simulate 25 trips from San Fran- 
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cisco to New York and, from these results, estimate the probability of 
arriving in New York. 

Fleece Rental Company rents U-Haul trailers and is trying to determine 
the number of trailers to have available. From historical records it has 
determined the following probability distributions. 


N 1 2 3 4 5 


umber of Trailers 
Rented Daily 


Probability 0.20 0.20 0.30 0.15 0.15 


Length of Rental (days) 1 2 3 4 
E A E E Se OE A 


Probability 0.35 0.30 0.20 0.15 


Fleece makes $25 net profit per day for each trailer rented. If there 
is a demand for a trailer, and no trailer is available, the goodwill loss 
is $50. If a trailer is in inventory but not used, the daily storage cost 
is $5. Simulate 15 days of operation, starting with three trailers in 
inventory. For each day, determine the number of trailers.on hand, 
and for each trailer required and available, the day when it is due back. 
Assume that trailers are immediately available when they are returned. 
Determine the net profit after 15 days of operations. 


The Ace Job Shop receives a varying number of orders each day, and 
the orders vary in the time required to process them. The firm is 
interested in determining how many machines to have in its shop to 
minimize the combined cost of machine idle time and order waiting 
time. The firm has collected the following data. 


Probability Distribution 
Number of Orders (days) 
Number of Orders Probability 
tly 


І 0.10 

2 0.15 

8 0.25 

4 0.40 

5 0.10 
Á 


Probability Distribution 
Day Required per Order 
Days/Order Probability 
———————-____ітораоииу 


1 0.10 

2 0.20 

3 0.30 

4 0.30 

5 0.10 
——M 


Cost per day of idle machine time — $15 
Cost per day for a backorder = $10 
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11. 


12 


13. 
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Simulate 25 days of this company’s operations, and determine how 
many machines it should have in its shop. 


The Ajax Machinery Company has been having trouble with its milling 
machines, which have been experiencing a high failure rate. The mill- 
ing machines have three critical parts that are subject to failure. The 
company has been replacing these parts, one at a time, as failure occurs. 
However, a proposal has been made to replace all three parts when 
any one of them fails. 

Тһе pertinent data for this problem are as follows. For each part, 

the operating time to failure follows an approximately normal distri- 
bution with a mean of 200 hours and a standard deviation of 50 hours. 
Тһе milling machine must be shut down for 1 hour to replace one 
part or 2 hours to replace all three parts. The cost associated with the 
replacement process is $25.00 per part plus $50.00 per hour. Simulate 
the operations of the two alternative policies of 2000 hours of simulated 
time. Which policy should be adopted? 
Assume that you are offered the chance to play a game in which you 
could repeatedly flip an unbiased coin until the difference between the 
number of heads tossed and the number of tails tossed is four. You 
would be required to pay $1 for each flip of the coin, but you would 
receive $10 at the end of the game. Use simulation to show whether 
or not you should play this game. 


A small shoe retailer experiences daily demand for pairs of shoes ac- 
cording to the following probability distribution. 
Daily Demand for Pairs 
of Shoes Probability of Demand 

25 0.05 

30 0.10 

40 0.20 

50 0.25 

60 0.25 

70 0.10 

80 0.05 


Тһе retailer's ordering rule involves placing an order to replenish back 
to 100 pairs of shoes when ever the inventory falls below 40 pairs of 
shoes. The lead time for filling an order is given by the following 
probability distribution. 

Lead Тіте Probability 


1 day 0.10 
2 days 0.30 
3 days 0.20 
4 days 0.30 
5 days 0.10 


Inventory holding costs are estimated by the retailer to be $0.10 for 
each pair of shoes held in inventory at the start of a day. A shortage 
cost of $0.25 is incurred for each pair of shoes that must be back- 
ordered. The inventory ordering cost is $5, regardless of the number 
of pairs of shoes ordered. 


14. 


15 
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(a) Simulate 25 days of retailing operations and estimate the mean 
daily cost of this inventory policy as it currently exists. Assume 
that the beginning inventory is 100 pairs of shoes. 

(b) Repeat the simulation experiment with a replenishment back to 
200 pairs of shoes whenever the inventory falls to 60 pairs of shoes. 
Assume that the beginning inventory is 100 pairs of shoes. 

(c) Which inventory policy is better? Why? 

As a college student you are responsible for all of your educational 

expenses. Over the past three years you have studied your monthly 

income and expenditure patterns and have developed the following 
set of information. 


Monthly — P(Monthly Monthly P(Monthly 
Income Income) Expenditures Expenditures) 
$250 0.20 $400 0.20 
500 0.30 600 0.40 
1000 0.40 1000 0.30 
1500 0.10 1200 0.10 


(a) Simulate the monthly pattern of income and expenditures for the 
12 months of your senior year in college. Assume that you begin 
with $1000 in the bank. What is your balance at the end of the 
12-month period? 

(b) What is your highest monthly balance during the year? What is 
your average monthly balance for the year? 


Тһе First National Bank of Ajo, Arizona, has just purchased a new 
automatic check-sorting machine. The manufacturer of this check 
sorter has indicated that there are three identical transistorized circuits 
within the machine that are subject to failure. The company is contem- 
plating what replacement policy to follow for the transistorized cir- 
cuits. It calculates that it will cost $25 per hour to replace a faulty 
circuit and that 1 hour is required to replace one circuit, while all 
three circuits can be replaced in 2 hours. The cost of each circuit is 
estimated to be $15. The probability distribution of the time between 
failures for the individual circuits is as follows. 


Hours Between Failure (one circuit) Probability 
сәсле дема ےی می کی‎ dali م ای کے‎ ME TU aie edd 


1500 0.05 
1750 0.25 
2000 0.50 
2500 0.15 
3000 0.05 


The probability distribution of the time for the three circuits taken as 
a group is as follows. 


Hours Between Failure (three circuits) Probability 
ЕЕЕ 2227. A he ooa 


3000 0.10 
3750 0.50 
5000 0.30 


7500 0.10 


— 5 — 
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17. 


18 


19. 


Design and run a simulation experiment to determine the best re- 
placement policy for this bank. 


Consider the following time network in which the probabilities of se- 

lecting a route at each stage in the network are also indicated. 

(a) Simulate 20 trips from the origin to the destination, and compute 
the average trip time required. 

(b) Using the method of complementary numbers, repeat (a). 


A certain type of bearing is subjected to high stress and temperature. 
As a result its mean time to failure is exponentially distributed with 
parameter 0 = 1. Assume now that we do not know the mean of this 
distribution and wish to estimate it by simulation. Use the method of 
complementary random numbers, with a sample size of n = 20, to 
estimate the mean time to failure for this situation. 


Consider the probability distribution whose probability density func- 
tion is: 


3x?, #0 =х=1 


fe | 0, otherwise 


For each of the following cases, generate 20 observations and calculate 
the resulting estimate of the mean of this distribution. 


(a) Using a crude Monte Carlo method. 
(b) Using the method of complementary random numbers. 


Lexington County Council has formed a committee to investigate its 
operating procedures. Data collected and analyzed for the past five 
years (60 months) indicated that the disposition of bills at the beginning 
of each month (with associated probability) was in one of four states: 
(1) in committee, (2) on the floor of the County Council, (3) passed 
by the County Council, or (4) rejected by the County Council. The 
investigative committee determined that 65 percent of the bills in com- 
mittee for 1 month were still in committee the following month, with 
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the remaining 35 percent having moved onto the floor of the County 
Council. Of those bills on the floor of the County Council at the be- 
ginning of the month, by the end of the month 20 percent were sent 
back to committee, 40 percent were still on the floor, 15 percent were 
rejected, and 25 percent were passed. 

Simulate the monthly progress of five separate bills from their start in 
committee until they are either passed or rejected. For each bill, de- 
termine whether or not it was passed or rejected, and how many months 
it was in progress. 


20. The coach of a college soccer team has eight forwards on the team. 
The coach wishes to evaluate how injuries might affect the availability 
of forwards, A major injury to a forward, which has a probability of 
occurring in any game equal to 0.03, will put the injured player out 
of action for the remainder of the season. No more than one major 
injury can occur in a single game. 

A minor injury causes a player to be removed from the game and miss 
only one additional game. The probability distribution of minor in- 
juries per game is as follows. 


Number of Probability of 
Minor Injuries Occurrence 


0.250 
0.450 
0.210 
0.060 
0.025 
0.005 


QUU № س‎ о 


The injury pattern over the season, which is 15 games, is completely 
random. Simulate the 15-game season and determine the high, low, 
and average number of forwards available over the season. 


21. Dr. I. M. Hipp, an eye doctor, opens her office at 8:30 A.M. She has 
scheduled patients to arrive every half hour from 8:30 A.M. until 12:00 
noon and from 1:30 р.м. until 5:00 р.м. All patients, however, do not 
arrive exactly on time. The following table indicates the probability 
distribution for being early, on time, or being late. 


Arrival for Appointment Probability of Arrival 


15 minutes early 0.10 
10 minutes early 0.15 
5 minutes early 0.20 
On time 0.20 

5 minutes late 0.20 
10 minutes late 0.10 
15 minutes late 0.05 


The following table indicates the probability distribution for the length 
of time required to complete the appointment. 
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Length of Time to 
Complete Appointment Probability of Completion Time 
15 minutes 0.05 
20 minutes 0.10 
25 minutes 0.15 
30 minutes 0.30 
35 minutes 0.15 
40 minutes 0.10 
45 minutes 0.10 
60 minutes 0.05 


(a) Simulate, for a one-day period, the arrival times of patients and 
their appointment durations. 

(b) Determine, for each patient, the waiting time, the starting time of 
treatment, and the ending time of treatment. 

(c) Determine the average waiting time, the average treatment time, 
and the percentage of time that Dr. Hipp is idle. 

(d) How much time did the doctor have for lunch? 

(e) At what time did the office close? 

Aqua Tech, Inc., is developing a new water separator for use on diesel- 

powered automobiles. The company can utilize either of two research 

and development strategies for this new water separator, and it has 

made the following time estimates (with associated probabilities). 


Research and 


Development 
Research and Strategy 
Development Time No. 1 No. 2 
6 months 0.20 0.15 
12 months 0.40 0.45 
18 months 0.35 0.37 
24 months 0.05 0.05 


If Aqua Tech, Inc., utilizes research and development strategy 1, it 
will need a $1 million capital investment and the water separator will 
have a variable cost per unit of $80.00. If Aqua Tech, Inc., utilizes 
research and development strategy 9. it will need a $1.5 million capital 
r separator will have a variable cost per unit 
of $60.00. The water separator will ultimately be sold to automobile 
manufacturers at an expected price of $100.00. The expected sales for 
the water separator are directly dependent on the time required for 
research and development, since a number of other firms are also 
developing water separators. Aqua Tech, Inc., has made the following 
estimates of expected sales volumes (with associated probabilities). 


investment and the wate 


Research and Development Time 


Expected Sales 

Volume (units) 6 mo 12mo  18mo  24mo 
2,000,000 0.20 0.37 0.48 0.59 
9,500,000 0.75 0.60 0.50 0.40 


3,000,000 0.05 0.03 0.02 0.01 
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Simulate 15 trials for each research and development strategy. What 
is Aqua Tech’s profit for each research and development strategy. What 
should Aqua Tech, Inc., do? 


93. Mr. Jeter is a cotton farmer in Bamberg, South Carolina. Based on 
past experience he has made the following assessment of cotton prices, 
yields in bales per acre, and farming costs in dollar per acre. 


nm 


Cotton 

Prices Yields Costs 

($ per (bales per ($ per 

bale) Probability acre) Probability acre) Probability 
10 0.05 4 0.10 20 0.03 
15 0.20 6 0.20 25 0,15 
17 0.25 8 0.40 40 0.40 
19 0.50 10 0.20 50 0.39 
21 0.15 12 0.10 60 0.03 
25 0.05 


OO 


Assuming that cotton prices, yields, and costs are independent, sim- 
ulate 25 computations of the expected profit per acre. 


24. Given the random observations 0.923, 0.658, 0.207 on [0,1] generate 
the appropriate random observations from: 
The probability distribution where: 


y 1. 12589 .4 
py) 8 8 à» id 
Тһе uniform distribution on [0,10]. 


Тһе distribution: f (x) - i E 2 


25 


Generate five random observations from each of the following prob- 
ability distributions. 


Р(х = k) = 0.30, 0.07, 0.10, 0.20, 0.13, 0.05, 0.10, 0.05 for = 1, 
..., 8, respectively. 
Тһе uniform distribution between 100 and 150. 
The distribution whose probability distribution function is: 
fs Mx — 4), И4=х5= 6 
fe { 0, otherwise 


26 


Consider the probability distribution whose probability density func- 


tion is: 
zd: #20 
Је) { 0, х<0 


hee the crude Monte Carlo method to generate five observations given 
that: 


1-e"* х>0 
(х) = | р 
/ 0, elsewhere 


27. A small sports store experiences daily demand for No. 6 shotgun shells 
according to the following probability distribution. 
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Daily Demand for Boxes Probability of 


of 50 Shells Demand 
15 0.10 
20 0.10 
25 0.15 
30 0.40 
35 0.20 
40 0.05 


The manager's ordering rule is to place an order to replenish back to 
150 boxes whenever the inventory falls below 70 boxes. The lead time 
for filling an order is given by the following probability distribution. 


Lead Time Probability 


1 day 0.10 
2 days 0.40 
3 days 0.40 
4 days 0.10 


Inventory holding costs are estimated to be $0.05 for each box of shells 
held in inventory at the start of a day. A shortage cost of $0.50 is 
incurred for each box that must be backordered. The inventory or- 
dering cost is $15.00 regardless of the number of boxes ordered. 

(a) Simulate 20 days of operations for this sports store and estimate 
the mean daily cost of the inventory policy. Assume beginning 
inventory is 80 boxes of shells. 

(b) Comment on the cost efficiency of this inventory policy. Are im- 
provements possible? 

(c) Repeat the simulation with a replenishment back to 150 boxes of 
shells whenever the inventory falls below 90 boxes. 
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Тһе General Framework for Decision Analysis 


17.1 INTRODUCTION 


Decision analysis, or decision theory, is a prob- 
abilistic management science methodology that is 
useful in situations in which the decision maker 
has several alternative courses of action but is also 
faced with an uncertain future set of possible 
events. For example, consider the decision-mak- 
ing situation encountered by the manager of a 
ski resort. He would generally want to try to be 
certain that he has large quantities of ski equip- 
ment for rental and plenty of food and drink 
available for the ski season. However, if particu- 
larly bad skiing weather (ie., no snow) were 
anticipated, he would certainly want to reduce 
both his ski equipment and food and drink in- 
ventories. Unfortunately, the ski manager would 
have to make these inventory decisions prior to 
the start of the ski season and without knowledge 
concerning the likely snow conditions for the ski 
season. A decision-making problem such as this 
would generally be suited for a decision theory 
or decision analysis approach for solution. 

As noted, decision analysis is primarily con- 
cerned with improving the decision process of 
managers under conditions of uncertainty. In 
many decision-making situations, managers as- 
sume certainty in terms of the data used to make 
a decision. In spite of this assumption of certainty, 
the decision-making process may still be very 
complex. Capital budgeting is an example of an 
area in which certainty assumptions are often 
employed, but which still requires a complex 
analysis. 

In this chapter we will be concerned primarily 
with the process of decision making under un- 
certainty. This will, in turn, necessitate the as- 
sessment or specification of the probabilities as- 
sociated with various events, or occurrences. 
Traditionally, two approaches to probability as- 
sessment have been employed, namely: 


1. Objective (classical) probabilities, based on 
the historically observed, long-run, relative 
frequency of a particular event. 

2. Subjective (Bayesian) probabilities, based on 
a personal assessment of the likely occurrence 
of a particular event. 


The objective, or classical, approach has long 
been dominant in scientific research and engi- 
neering analysis where reliable, measurable, ob- 


jective evidence is commonly available. The sub- 
jective, or Bayesian, approach has come into 
prominence in business decision making because 
of the lack of reliable objective evidence. Addi- 
tionally, the subjectively oriented decision maker 
feels that it is very important for him, or her, to 
interject personal preferences or feelings into the 
decision-making process. This is an attitude often 
espoused by the business decision maker, and the 
use of subjective probabilities may facilitate this 
desire. 

We will be concerned primarily with the sub- 
jective approach, or philosophy, of probability 
assessment in this chapter. As the reader may be 
aware, a long and vigorous controversy between 
the objective and subjective approaches to prob- 
ability estimation has occurred. It is not our 
intention to dwell on this controversy, although 
it should be noted that the subjective approach 
has become increasingly popular in business de- 
cision-making situations. 


17.2 THE GENERAL FRAMEWORK 
FOR DECISION ANALYSIS 


Тһе first step in using a decision analysis approach 
for a given problem situation is to list the courses 
of action, or decision alternatives, that may be 
of importance to the decision maker. Care should 
be taken to include all possible alternatives that 
the decision maker has available. The number of 
possible alternatives may be large in some cases, 
but in most situations only a reasonable number 
of alternatives will be required. It should also be 
stressed that these decision alternatives are strictly 
under the control of the decision maker; that is, 
the decision maker determines what courses of 
action are possible. 

The second step in applying decision theory 
requires the decision maker to develop an ex- 
haustive list of possible future events. Again, care 
should be taken to include all possible future 
events that might occur, even though the decision 
maker will likely be very unsure as to which 
specific event will occur. These future events are 
referred to as states of nature, and it is assumed 
that the states of nature аге mutually exclusive 
and collectively exhaustive. Obviously, the states 
of nature are not under the control of the decision 
maker, and there may be a great deal of uncer- 
tainty with respect to their occurrence. 


The third step in decision analysis involves the 
specification of the outcomes resulting from se- 
lecting a certain decision alternative and then 
having a particular state of nature occur. This 
interaction is usually referred to as the payoff for 
the decision alternative-state of nature combi- 
nation. It should be recognized that the deter- 
mination of these payoffs may be a difficult task, 
but the decision maker should attempt to use all 
of the information available in completing this 
task. The payoffs may be expressed in terms of 
profits, losses, revenues, costs, utilities, or any 
other appropriate measurement parameter. The 
payoff estimates are presented in terms of the 
interaction of the decision alternatives and the 
states of nature in the form of a payoff table. 

To illustrate the definition of decision alter- 
natives, the specification of the states of nature, 
and the development of the payoff table, consider 
the following example. The Great Western Land 
Development Company owns 5000 acres of land 
near Show Low, Arizona, and is contemplating 
the development of the land as recreational 
homesites. The company feels that it has three 
possible decision alternatives. 


Decision Alternative 1 Develop a "small" 
amount of acreage, 
approximately 500 
acres. 


Decision Alternative 2 Develop а “те- 
dium" amount of 
acreage, approxi- 
mately 2500 acres. 


Decision Alternative 3 Develop a "large" 
amount of acreage, 


approximately 5000 
acres. 
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The company is thus faced with decisions con- 
cerning whether to develop a small portion (—10 
percent) of its land, about half of its land, or 
virtually all of its land. Given these three decision 
alternatives the company feels that three states of 
nature are likely to occur. 


State of Nature 1 Low customer demand tor 
recreational property. 


State of Nature 2 Moderate customer de- 
mand for recreational 
property. 

State of Nature 3 High customer demand for 
recreational property. 


The company has analyzed the interactions be- 
tween the three decision alternatives and the three 
states of nature and has developed the profit 
payoff table seen in Table 17.1. This payoff table 
indicates that the company will, in general, make 
profits on its land development. Exceptions occur 
in the cases in which it develops a "large" acreage 
and then experiences "low" or "moderate" cus- 
tomer demand. Herein, losses are incurred as a 
result of overbuilding. Note also that profits are 
reduced for the case in which the company de- 
velops “medium” acreage and then “low” or “high” 
customer demand occurs. If *medium" acreage is 
developed and “low” demand occurs, overbuild- 
ing has again occurred and a diminution of profits 
is the result. If "medium" acreage is developed 
and *high" demand occurs, profits will again be 
reduced because the company will incur larger 


than expected sales-related costs (i.e., showing of 


properties, hiring more sales personnel, and in- 
creased correspondence and paperwork). 

Given this payoff table, the decision maker 
would generally be interested in maximizing the 


TABLE 17.1 TABLE OF PROFIT PAYOFFS—GREAT 
LAND COMPANY TH 


State of Nature 


Low Moderate High 
"p Customer Customer Customer 
Decision Alternative Demand Demand Demand 
Develop "small" acreage $3,500,000 $ 3,000,000 $ 2,700,000 
Develop "medium" acreage 1,000,000 12,500,000 12,400,000 


Develop "large" acreage — 500,000 — 250,000 25,000,000 
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profits expected over all states of nature. How- 
ever, as can be observed, there is no single decision 
alternative that can be selected that will maximize 
the profits for all states of nature. Thus, the next 
question is how can the decision maker best utilize 
the payoff table information to make a decision? 
Herein, there are a number of decision-making 
criteria that may be employed. The appropriate- 
ness of a specific decision-making criterion is, in 
turn, dependent on the type of decision-making 
situation that is encountered. 


17.2.1 TYPES OF DECISION- 
MAKING SITUATIONS 


Two basic types of decision-making situations are 
typically encountered by a manager. Each situa- 
tion involves a varying degree of uncertainty with 
respect to the decision-making situation. The two 
basic types of decision-making situations are as 
follows: 


1. Decision making under certainty. 
2. Decision making under uncertainty or risk. 


In decision-making situations involving cer- 
tainty the state of nature is known with certainty 
for each decision alternative. Thus, the payoff for 
each alternative can be easily determined, and 
the decision maker can make an optimal decision 
simply by selecting the largest payoff available. 
Consequently, there is no need to discuss decision 
making under certainty further. 

In decision-making situations involving uncer- 
tainty or risk, more than one state of nature exists 
for each alternative, and the probability associated 
with each state of nature given each alternative 
can generally be estimated. This type of decision- 
making situation is that which is most frequently 
encountered by business managers. This is the 
area of decision making to which decision theory 
Is commonly applied. Consequently, our subse- 
quent discussion will consider this area of decision 
making in detail. 


17.3 DECISION MAKING 

UNDER UNCERTAINTY 

Decision making under uncertainty involves prob- 
ability data being available for the various states 
of nature. While multiple states of nature аге 
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possible, and the decision maker cannot be sure 
which state of nature will occur, probability esti- 
mates can be made for the likelihood of all the 
states of nature. If we let: 


6, = the state of nature, j 
P(8) = the probability of occurrence 
of state of nature 6, 
М = the number of possible states 


of nature; j = 1,2,...,М 
then 
P(8) = 0 for all states of nature, j (17-1) 
N 
> P@) = 1 (17-2) 


The probability of occurrence of state of nature 
j, Р(6), can be determined subjectively by analyz- 
ing historical data or by consulting some external 
source (e.g., probabilities concerning weather con- 
ditions available from a weather bureau). Once 
this has been done, three criteria can be employed 
for decision making under uncertainty. These 
criteria are: 


1. Expected value. 
2. Expected loss. 
3. Expected opportunity loss. 


17.3.1 EXPECTED VALUE 


Let us assume that the decision maker must select 
an action a; from a set A of possible actions. If 
the decision maker decides to use the expected 
value criterion, he would compute the expected 
value associated with each decision alternative. 
The expected value (EV) of a decision alterna- 


tive, a;, is given by: 


EV(a) = > P(8)V(a,, 8) (17-3) 


ji 


where 


V(a,, 8) = the value associated with decision alter- 
native a, and state of nature 9, 


Thus, the expected value of a decision alternative 
is equal to the sum of the probabilities associated 
with the states of nature times the associated 
values of the decision alternatives and states of 


nature. 
Using the payoff data of our previous land 


development example, let us assume that the 
company’s management has determined, based 
on lengthy historical records, that there is a 0.2 
probability associated with “low” customer de- 
mand for recreational property, a 0.5 probability 
associated with “moderate” customer demand, 
and a 0.3 probability associated with “high” cus- 
tomer demand. Using these probabilities, and the 
payoff estimates shown earlier in Table 12.1, the 
expected values for the three decision alternatives 
can be calculated as follows. 


EV(a,) = Y, P(8)V(a;, 8) 
yet 


= 0.2(3,500,000) + 0.5(3,000,000) (17-4) 
+ 0.3(2,700,000) 


= $3,010,000 


3 
EV(a:) = Y, P(8)V(as, 8) 


jel 

= 0.2(1,000,000) + 0.5(12,500,000) 
+ 0.3(12,400,000) 

= $10,170,000 


(17-5) 


5 
ЕУ (а) = Y, P(8)V(as, 6) 
jet 


- 0.2(— 500,000) -- 0.5(— 250,000) 
+ 0.3(25,000,000) 
- $7,275,000 


(17-6) 


Under the expected value decision criterion we 
see that decision alternative 2—develop a “me- 
dium" amount of acreage, approximately 2500 
acres—should be selected as it produces the larg- 
est expected value ($10,170,000) among the three 
alternatives. 

Note that use of the expected value decision 
criterion is based upon a constant set of proba- 
bilities for the occurrence of the states of nature. 
If the probabilities associated with the states of 
nature change, then a different decision alterna- 
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tive may become preferable. For example, assume 
that the probabilities associated with the three 
states of nature become: 


P(0,) = 0.8 
P(®,) = 0.1 (17-7) 
P(8. = 0.1 


Using these probabilities, the expected values for 
the three decision alternatives are as follows. 


EV(a,) = 0.8(3,500,000) + 0.1(3,000,000) 
+ 0.1(2,700,000) 
= $3,370,000 


EV(as) = 0.8(1,000,000) + 0.1(12,500,000) 
+ 0.1(12,400,000) 
= $3,290,000 


EV(as) = 0.8(- 500,000) + 0.1(- 250,000) 
+ 0.1(25,000,000) 
= $2,075,000 


(17-8) 
(17-9) 


(17-10) 


The best decision alternative is now decision 
alternative 1—develop a “small” amount of 
acreage, approximately 500 acres. 


17.3.2 EXPECTED LOSS 


A second method for selecting an alternative a; 
from a set A of possible actions involves the 
determination of a loss function, /(а;, 0;). This loss 
function is defined for each combination of а, 
and Ө, and is generally measured in monetary 
terms. The general expression for the loss func- 
tion is given by: 


Ца,, 0) = —V(a,, 6) (17-11) 


The loss function of our land development prob- 
lem is easily computed from the data given in 
Table 17.1. This loss function is shown in Table 


TABLE 17.2 LOSS FUNCTION—GREAT WESTERN LAND COMPANY 


State of Nature 


0,: Low 0,: Moderate 0,: High 
p Customer Customer Customer 
Decision Alternative Demand Demand Demand 
a,: Develop “small” acreage - $3,500,000 - $3,000,000 — $2,700,000 
аз: Develop "medium" acreage — 1,000,000 — 12,500,000 — 12,400,000 


аҙ: Develop "large" acreage 500,000 250,000 — 25,000,000 
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17.2. In Table 17.2 note that gains or profits 
appear as negative values while losses appear as 
positive values. The expected loss criterion uses 
the probabilities of the states of nature as weights 
for the loss values. The expected loss (EL) of a 
decision alternative, а,, is given by: 
EL(a) = Y, P(8)l(a;, 9) (17-12) 

үзі 
Using our previous estimates of the probabilities 
associated with the three demand levels (states 
of nature), namely, P(0,) = 0.2, P(6)) = 0.5, 
Р(%) = 0.3, the expected losses for the three 

decision alternatives are: 


EL(a,) = 0.2(— 3,500,000) 

+ 0.5(— 3,000,000) 
+ 0.3(— 2,700,000) 
— $3,010,000 


EL(a;) = 0.2(— 1,000,000) 
+ 0.5(- 12,500,000) 
+ 0.3(- 12,400,000) 
= —$10,170,000 


0.2(500,000) + 0.5(250,000) 
+ 0.3(— 25,000,000) 
— $7,275,000 


Remembering that negative loss values signify 
gains, we would seek to minimize the expected 
loss or maximize the expected gain. Thus, we 
would again select decision alternative 2—de- 
velop a “medium” amount of acreage. 


І 


(17-13) 


(17-14) 


EL(a;) 
(17-15) 


17.3.8 EXPECTED OPPORTUNITY LOSS 


А third method for selecting an alternative a; 
from a set A of possible actions involves the 
determination of an opportunity loss or regret 
function, R(a,, 6). The general expression for this 


opportunity loss or regret function is given by: 


К(а,, 8) = |V*(6) — Via,, 6) (17-16) 


where 


R(a,, 6) = opportunity loss or regret associated with 
decision alternative a, and state of nature 
8, 


7 
V*(8) = best payoff under state of nature, 6, 
V(a,, 6) = payoff associated with decision alterna- 
tive a, and state of nature 6, 


The opportunity loss function for our land de- 
velopment problem can be computed by applying 
Equation 17-16 to the data of Table 17.1. The 
opportunity loss function is shown in Table 17.3. 
Having computed the opportunity loss table, 
the expected opportunity loss criterion uses the 
probabilities of the states of nature as weights for 
the opportunity loss values. The expected op- 
portunity loss (EOL) of a decision alternative, 
а;, is then computed as: 
EOL(a,) = У, P(®)R(a,, 6) (17-17) 
үзі 
Using our previous estimates of the probabilities 
associated with the three demand levels (states of 
nature), namely, P(0,) = 0.2, P(0,) = 0.5, and 
P(0,) = 0.3, the expected opportunity losses for 
the three decision alternatives are: 


EOL(a,) = 0.2(0) + 0.5(9,500,000) 
+ 0.3(22,300,000) 
= $11,440,000 


EOL(az) = 0.2(2,500,000) + 0.5(0) 
+ 0.3(12,600,000) 
= $4,280,000 


(17-18) 


(17-19) 


EOL(a;) = 0.2(4,000,000) 
+ 0.5(12,750,000) + 0.3(0) 
= $7,175,000 


(17-20) 


TABLE 17.3 OPPORTUNITY LOSS FUNCTION—GREAT WESTERN 
LAND COMPANY 
State of Nature 


6: Low 0,: Moderate 0,: High 
Customer Customer Customer 
Demand Demand Demand 


C rnative 
Decision Alte 0 $ 9,500,000 $22,300,000 


5 


а): Develop "small" acreage 
аҙ: Develop "medium" acreage 


9,500,000 0 


12,600,000 
12,750,000 0 


аз: Develop "large" acreage 4,000,000 


Since we would seek to minimize the expected 
opportunity loss, we would again select decision 
alternative 2—develop a “medium” amount of 
acreage, as it produces the smallest expected 
opportunity loss. 

From our use of the three decision criteria we 
observe that the same decision alternative is always 
selected. This will always be the case for decision 
making under risk, and while any one of these 
alternative criteria can be applied, the expected 
value criterion is most widely used for decision 
making under uncertainty. 


17.4 DECISION MAKING 
UNDER UNCERTAINTY: 
GAMING APPROACHES 


In certain situations involving decision making 
under uncertainty, it may be possible to employ 
decision criteria that do not require the estimation 
of the probabilities associated with the occurrence 
of the states of nature. These criteria are essen- 
tially those that are employed in game (һеогу.! 
As noted previously in Chapter 12 game theory 
is an analytical approach to decision making in- 
volving a conflict situation between two or more 
decision makers or between a decision maker and 
“nature,” which is assumed to be an aggressive 
opponent. While game theory has not been widely 
employed in business and managerial decision- 
making situations, it is useful to briefly consider 
some additional decision criteria based on game 
theory. Three such decision-making criteria can 
be employed, including: 


1. Minimax decision procedure. 
2. Maximax decision procedure. 
3. Minimax regret decision procedure. 


17.4.1 MINIMAX DECISION PROCEDURE 


The minimax decision procedure is the most 
conservative criterion that can be employed. It is 


‘Detailed discussions of game theory сап be found іп R. 
Duncan Luce and Howard Raiffa, Games and Decisions (New 
York: John Wiley & Sons, Inc., 1957), and G. Owen, Game 
Theory (Philadelphia: W. B. Saunders, 1968). See also Chapter 
12. 
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based on the fundamental notion that "nature" is 
an aggressive opponent that is actively trying to 
outwit, or defeat, the decision maker. To utilize 
the minimax decision criterion, the decision maker 
examines the loss table (e.g., Table 17.2) and 
determines the maximum loss that would occur 
under each decision alternative. Arraying these 
losses, he or she then selects the minimum loss 
among them. 

To demonstrate the application of the minimax 
decision procedure, refer back to the loss function 
for our land development example that was pre- 
sented as Table 17.2. This table is reproduced as 
Table 17.4, along with an extra column that 
indicates the maximum loss associated with each 
decision alternative. 

In the final column of Table 17.4 the minimum 
value among the maximum losses, — $2,700,000, 
is circled. (Remember that a negative loss really 
represents a gain.) The minimax criterion can 
thus be stated in terms of selecting: 


Minimum maximum |а), 6)] = — $2,700,000 
4, 9, (decision alternative a,) 


(17-21) 


It should also be noted that the reverse of the 
minimax procedure, namely the maximin proce- 
dure, can be employed to produce the same 
selection for a table of payoffs such as that pre- 
sented earlier as Table 17.1. Using this approach 
the decision maker first lists the minimum payoff 
that is possible for each decision alternative. He 
then selects the decision alternative that produces 
the maximum payoff from this group. The reader 
should verify that the maximin procedure selects 
the same decision alternative as does the minimax 
procedure. 


17.4.2 MAXIMAX DECISION PROCEDURE 


The maximax decision procedure affords the 
decision maker an aggressive, or optimistic, cri- 
terion. Using this criterion, the decision maker 
first arrays the maximum payoffs possible under 
the various decision alternatives. The decision 
that maximizes these maximum payoffs is then 
selected. 

To illustrate the application of the maximax 
decision procedure, refer back to the payoff table 
for our land development problem that was pre- 
sented as Table 12.1. This table is reproduced as 
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TABLE 17.4 MINIMAX DECISION CRITERION—GREAT WESTERN LAND COMPANY 


0,: Low 
Customer 
Decision Alternative Demand 
ау: Develop "small" acreage — $3,500,000 
аз: Develop “medium” acreage — 1,000,000 
аҙ: Develop "large" acreage 500,000 


State of Nature 


Ө,: Moderate 0,: High 
Customer Customer Maximum 
Demand Demand Loss 
-$ 3,000,000 -5 2,700,000 
— 12,500,000 - 12,400,000 - 1,000,000 
250,000 — 25,000,000 500,000 


Table 17.5 and includes an extra column that 
indicates the maximum payoff associated with 
each decision alternative. 

In the final column of Table 17.5, the maxi- 
mum value among the maximum payoffs, 
$25,000,000, is circled. The maximax criteria can 
thus be stated in terms of selecting: 


Maximum maximum [V(a;, 6,)] = $25,000,000 
а, 0 (decision alternative аз) 


| (17-99) 


The reverse of the maximax procedure, 
namely, the minimin procedure, can be employed 
to produce the same selection for a table of losses 
such as that presented earlier as Table 17.2. Using 
this decision criterion the decision maker selects 
the minimum among the minimum losses for 
various decision alternatives. Again, the reader 
should apply the minimin decision procedure to 
Table 17.2 to show that it results in the selection 
of the same decision alternative as does the max- 
imax procedure. 


17.4.3 MINIMAX REGRET 
DECISION PROCEDURE 


The minimax regret decision procedure employs 
the opportunity loss function, such as was pre- 


sented previously in Table 17.3, Assuming that 
the decision maker has determined an opportu- 
nity loss function, the minimax regret decision 
procedure proceeds with the identification of the 
maximum opportunity loss or maximum regret 
for each decision alternative. The final selection 
is then made as the minimum of the maximum 
regret values. 

To demonstrate the application of the minimax 
regret decision procedure, refer back to the op- 
portunity loss table for our land development 
problem that was presented as Table 17.3. This 
table is reproduced as Table 17.6 and includes an 
extra column that indicates the maximum regret 
associated with each decision alternative. 

In the final column of Table 17.6, the minimum 
value among the maximum regrets, $12,600,000, 
is circled. The minimax regret decision procedure 
can thus be stated in terms of selecting. 
maximum [R(a,, 6)] = $12,600,000 


(decision alternative аз) 
(17-23) 


Minimum 
а, 6 


The reader will observe that application of the 
three gaming criteria for decision making under 
uncertainty does not lead to the selection of the 
same alternative. This is to be expected since the 
minimax procedure is a pessimistic approach, 
while the maximax procedure is an optimistic 


TABLE 17.5 МАХІМАХ DECISION CRITERION—GREAT WESTERN LAND COMPANY 


0,: Low 
Customer 

Decision Alternative Demand 

ау: Develop "small" acreage $3,500,000 
ау: Develop “medium” acreage 1,000,000 
— 500,000 


ау: Develop "large" acreage 


State of Nature 


0,: Moderate 0,: High 
Customer Customer Maximum 
Demand Demand Payoff 
$ 3,000,000 $ 2,700,000 $ 3,500,000 
12,500,000 12,400,000 12,500,000 
— 250,000 25,000,000 
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ا ا کے 
TABLE 17.6 MINIMAX REGRET DECISION PROCEDURE—GREAT WESTERN LAND COMPANY‏ 


0,: Low 
Customer 
Decision Alternative Demand 
a,: Develop “small” acreage $ 0 
ay: Develop “medium” acreage 2,500,000 


з: Develop “large” acreage 4,000,000 


State of Nature 


02: Moderate 0,: High 
Customer Customer Maximum 
Demand Demand Regret 
$ 9,500,000 $22,300,000 $22,300,000 
0 12,600,000 


12,750,000 0 12,750,000 


as: Develop “large” acreage Ee 


approach; and the minimax regret procedure 
focuses on minimizing losses from a marginal 
perspective. Since each of the decision procedures 
approaches uncertainty from a different view- 
point, different courses of action are selected. 


17.5 DECISION MAKING 
UNDER UNCERTAINTY: 
BAYESIAN APPROACHES 


Our previous discussions involving decision mak- 
ing under uncertainty have involved situations in 
which the decision maker must select a decision 
alternative based on very limited information. We 
have seen that such decisions are affected by the 
preliminary or prior probability estimates for the 
states of nature. To arrive at the best decision 
that is possible the decision maker may often want 
to obtain additional current information about 
the probabilities of occurrence associated with the 
various states of nature. Then, it may be possible 
to use this new information to update or revise 


the prior probabilities thus improving the quality 
of the final decision. 

For example, reconsider our land development 
example and assume that it is now possible to 
conduct a market survey concerning the public's 
buying intentions with respect to this land devel- 
opment at a cost of $10,000. Analysis of the 
market survey data results in four possible con- 
sumer responses. 


1. No interest in buying land. 

2. Mild interest in buying land. 

3. Considerable interest in buying land. 
4. Enthusiastic interest in buying land. 


Past market surveys of a similar nature have 
indicated the following frequency data are appro- 
priate. Observe in Table 17.7 that the cell fre- 
quencies have been converted into probabilities 
(shown in brackets). The values shown in brackets 
in each cell are interpreted as conditional prob- 
abilities, with the conditioning being dependent 
upon the state of nature. For example, given that 


менн лы лы ылы. сылы P. Т RS тч ттт 
TABLE 17.7 MARKET SURVEY DATA—BUYER INTEREST FREQUENCIES CONVERTED INTO 


CONDITIONAL PROBABILITIES 


0,: Low 
Customer 
Buyer Interest Category Demand 
1. No interest 604% = 0.50] 
2. Mild interest 401% = 0.33] 


2 
3. Considerable interest 
4. Enthusiastic interest 


Totals 


151% = 0.125] 


5[т% = 0.045] 
120[ 44m = 0.12] 


State of Nature 


0,: Moderate 0,: High 
Customer Customer 
Demand Demand 
50[#% = 0.10] Olst = 0.0] 


100[4@ = 0.20) 
250(888 = 0.50] 
100/488 = 0.20] 


500# = 0.50] 


30% = 0.079] 
100108 = 0.263] 
250[#% = 0.658] 
380# = 0.38] 
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the state of nature is 0): low customer demand, 
then the cell probability [85 = 0.045] is the 
conditional probability that the buyer interest 
category is no. 4, “enthusiastic interest.” 

Let us now proceed to consider how informa- 
tion such as that summarized in Table 17.7 may 
be used in the decision-making process. First, 
observe that these frequency data have been 
determined by an “experimental” process. In this 
case the experiment consists of surveying a group 
of people with respect to their interest in buying 
recreational land. Thus, let X denote the infor- 
mation made available by experimentation as- 
sumed to have been done by random sampling. 
The decision maker wants to choose a decision 
rule that will enable him or her to specify the 
action to take as a function of the possible values 
of the random variable X. We will denote the 
decision function as [х] so that if the random 
variable X takes on the value x, then a; = [x] 
would be the action chosen to be taken by the 
decision maker. The decision function is also a 
random variable, and the loss associated with 
taking a particular action is dependent upon the 
distribution of this random variable. Thus, we 
can define a risk function to give the expected 
value of the loss, for a true state of nature 6). 
This risk function is: 


R(d,, 9) = ЕҮШАХ), 9)] (17-24) 


Let us now illustrate the use of this decision 
function by applying it to our land development 
example, using the frequency data shown in Table 
17.7. Suppose we want to evaluate the following 
decision rule, d,. If a buyer’s interest response is 
no. 1 or no. 2, take action a); if a buyer's interest 
response is по. 3, take action аҙ; and if the buyer's 
interest response is no 4, take action аз. Thus, 
the decision function can be defined as: 


di[x] = a, forx = 1 or x=2 
di[x] = а, forx = 3 (17-25) 
di[x] = а, forx = 4 


Next, using the risk function given by Equation 
17-24 we compute: 


R(d,, 6,) = —3,500,000(0.50 + 0.33] 

— 1,000,000(0.125) 

+ 500,0000.045] + 10,000 
- 2,905,000 - 125,000 

+ 22,500 + 10,000 

- $2,997,500 


(17-26) 


u 


R(d,, Ө.) = —3,000,000[0.10 + 0.20] 
= 12,500,000[0.50] 
+ 250,000[0.20] + 10,000 
= —900,000 — 6,250,000 
+ 50,000 + 10,000 
= - 7,090,000 


R(d,, 85) = —2,700,000[0.0 + 0.079] 
— 12,400,000[0.263] 
— 25,000,000[0.658] + 10,000 
= —213,300 — 3,261,200 
— 16,450,000 -- 10,000 
- —$19,924,500 
Note that, in the evaluation of the risk function, 
$10,000 represents the cost (loss) associated with 
determining buyer interest. Observe also it will, 
in general, be very difficult if not impossible to 
define an "optimal" decision function that will 
minimize the risk for every value of 0. Thus, the 
foregoing approach by itself is inadequate, and 
the decision maker must seek a more robust 
approach. Consequently, we will next discuss 
Bayesian approaches to decision making under 
uncertainty. 


(17-27) 


(17-28) 


17.5.1 BAYES'S DECISION PROCEDURE 
WITHOUT DATA 


In many decision-making situations the decision 
maker may have some intuitive feeling concerning 
the probability of occurrence of each state of 
nature. In this instance, the probability distribu- 
tion of the state of nature 6, is called the prior 
distribution of 9j. Prior distributions are often 
based on previous experience and/or the subjec- 
tive or intuitive feelings of the decision maker. 
The procedure for decision making that makes 
use of such subjective probabilities is referred to 
as the Bayes's decision procedure without data. 
Using the Bayes's decision procedure without 
data, the decision maker employs the prior dis- 
tribution to obtain the expected loss for each 
decision alternative and then selects the decision 
action that produces the smallest expected loss. 
The expected loss, E[l(a;, 9))]. is computed with 
respect to the prior distribution, which is defined 
for all the possible states of nature, as follows. 


N 
Y, PAG, 9). if 6, is discrete 
- 


E(l(a,, 0)] = 
if 6 is continuous 


fi Ца,, x)P,(x)dx, 
= (17-29) 


Returning to our land development situation, 
suppose that the company's management has 
made the following three subjective probability 
estimates for the states of nature: 


P(6,) = 0.1 
Р(Ө.) = 0.5 (17-30) 
Р(9,) = 0.4 


The losses associated for the interactions between 
the various decision alternatives and the various 
states of nature were determined previously and 
summarized in Table 17.2. Thus, for this problem 
situation, the expected losses for the three deci- 
sion alternatives can be computed using the prior 
distribution of 6 as: 


E[l(a,, 0)] = 0.1(— 3,500,000) 
+ 0.5( — 3,000,000) 
+ 0.4(— 2,700,000) 


— $2,930,000 


E{l(a:, 0)] = 0.1(— 1,000,000) 

+ 0.5(— 12,500,000) 
+ 0.4(— 12,400,000) 
—$11,310,000 


0.1(500,000) -- 0.5(250,000) 
+ 0.4(— 25,000,000) 
— $9,825,000 


(17-31) 


(17-32) 


u 


E[l(as, 0)] 


(17-33) 


Thus, the Bayes’s decision procedure using the 
subjective prior distribution of 8 would lead to 
the selection of decision alternative a, because it 
has the minimum expected loss. Using this deci- 
sion criterion the Great Western Land Company 
should develop a “medium” acreage project. 


17.5.2 BAYES'S DECISION PROCEDURE 
WITH DATA 


Recall that in using the Bayes's decision procedure 
without data, we selected the course of action a; 
that minimized the expected loss with respect to 
the prior distribution of the state of nature 0). 
Suppose that we now have additional (experi- 
mental) data. Thus, we know more about the 
state of nature 0;, and we can use this additional 
data with the prior distribution of 0; to obtain an 
updated distribution of 6; as a function of the 
random variable X. This updated distribution of 
0; as а function of X is called the posterior 
distribution of Ө; and is the conditional distribu- 
tion of 6), given X = x. If 0, and X are discrete, 
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then the posterior distribution is denoted by:* 
һ(6|Х = x) (17-34) 
To calculate л,(91Х = x), we first define: 


gx(x) = marginal distribution of X 
Ток, 6) = joint distribution of X and 6 


Now, /ҳа(х, 6) сап be written in terms of known 
distributions as follows. 


Хбх, 9) = Q,(x | 0 = 8)P(6) (17-35) 


6 = state of nature 
X = random variable related to 6 
P(8,) = prior distribution of 0 
Ох | 8 = 6) = conditional distribution of 8, given 
Х-х 


Also, the distribution у(х), which is the marginal 


distribution of the random variable X evaluated 
at X = x can be expressed as: 


N 
gx) = У Qe | 0 = e)P(9) (17-36) 
j=l 


Thus; 
вх = x) = LE 
gx(x) 
_ _ |9 = 9)P(8) (17-37) 


2 Охх | @ = 8)P(9) 
2 


We сап now use the posterior distribution of 0 to 
compute the expected losses for various decision 
alternatives, as: 


N 
E{l(a;, 0)] = = 
Ша, 0)] мөх x)l(a,, 8), (1739) 


фе Un т 


Under the Bayes’s decision procedure with data, 
the decision maker would simply choose the action 
that results in the smallest expected loss, as com- 
puted using Equation 17-38. 

To illustrate these computations let us return 
to our land development example. Assume that 


ee ete __ 
[ “Ме shall consider only this case іп this chapter. The reader 
interested in the cases in which @ and/or X are continuous 
variables may consult: Frederick S. Hillier and Gerald J. 
Lieberman, Operations Research (San Francisco: Holden-Day, 
Inc., 1980), pp. 619-625. 
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a particular consumer has been put in buyer 
interest category 4, “enthusiastic interest.” Recall 
that the prior distribution of the state of nature 
(extent of customer demand) was subjectively 
estimated to be: 


P(8 = б) = 0.10 
P{0 = 0.) = 0.50 
P{® = 6,) = 0.40 


(17-39) 


We now seek to calculate the posterior distribu- 
tion: 


(|X = 4) = 4019 = UPO (1740) 


N 


У, 0,0419 = 6)P(9) 
j=l 


For this problem, Qx(4 | 6 = 6;) is the probability 
that consumer response will be classified into 
category 4, enthusiastic interest, given that extent 
of customer demand is 8. These values сап be 
obtained directly from the fourth row of Table 
17.7 as: 


Qx(4 | Ө = 6) = 0.045 
044 |8 = @) = 0.200 (17-41) 
Qx(4 | 0 = 6) = 0.658 


The denominator of the expression for the pos- 
terior distribution is the marginal distribution of 
the random variable X evaluated at X = x. It is 
computed as: 


20-4 [6 = 6)- P(8) 


= @,(4 | 0 = 0) ·Р{0 = 0) 
+ 0,4 | 0 = 6): P(0 = 6) 
+ Qy(4| 0 = 65) - P{0 = 6) 

= (0.045)(0.10) + (0.200)(0.50) 
+ (0.658)(0.40) 

= 0.3677 


Using the result obtained in Equation 17-42, the 
desired posterior distribution can be computed 


(17-42) 
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as: 
(0.045)(0.10) 
А "Ге. ШӘ q 
“6, |X = 4) 0.3677 0.0122 
(0.200)(0.50) 
һ(6.|Х = 4) 05677 0.2719 (17-43) 


(0.658)(0.40) 
0.3677 


The posterior distributions for the other cate- 
gories given the state of nature can be computed 
similarly. These values are summarized in Table 
17.8. The posterior distribution of 6, can now be 
employed with the Bayes's procedure to select 
that action that minimizes the expected loss, given 
X = x. Again, assume that the consumer's re- 
sponse has resulted in assignment to buyer inter- 
est category 4. The expected loss with respect to 
the posterior distribution of 0, given X - 4, for 
each of the actions is determined as follows. 


E[l(a,, 0)] = 0.0122(- 3,500,000) 
+ 0.2719( — 3,000,000) 
+ 0.7159( — 2,700,000) 
+ 10,000 
= —42,700 - 815,700 
- 1,932,930 + 10,000 
= —$2,781,330 


E[l(as, ®)] = 0.0122(— 1,000,000) 
+ 0.2719(— 12,500,000) 
+0.7159(— 12,400,000) 
+ 10,000 
= — 12,200 — 3,398,750 
- 8,877,160 + 10,000 
= — $12,278,110 


Е(Ца., 0)] = 0.0122(500,000) 
+ 0.2719(250,000) 
+ 0.7159(— 25,000,000) 
+ 10,000 
= 6,100 + 67,975 
— 17,897,500 + 10,000 
= —$17,813,425 


һ(6,Х = 4) = = 0.7159 


(17-44) 


(17-45) 


(17-46) 


س ل ل 
TABLE 17.8 POSTERIOR DISTRIBUTION OF ©;‏ 


State of Nature 
6,: Low Ө,: Moderate 0: High 
Customer Customer Customer 
Buyer Interest Category Demand Demand Demand 
1. No interest 0.5000 0.5000 Anis 
2. Mild interest 0.2004 0.6077 Hib 
3. Considerable interest 0.0339 0.6800 к 
0.0122 0.2719 0.7159 


4. Enthusiastic interest 
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Тһе Bayes’s procedure using the posterior 
distribution would select action аз, since this 
minimizes the expected loss. Thus, using this 
decision criterion the Great Western Land Com- 
pany should develop a “large” acreage project. 
Referring back to Section 17.4.4 you will recall 
that when the Bayes’s procedure was employed 
without prior data, or without experimentation, 
the best action was to develop a “medium” acre- 
age project. Thus, the process of obtaining the 
additional information at a cost of $10,000, has 
changed the course of action that should be taken 
by the decision maker. 


17.5.3 EXPECTED VALUE OF 
SAMPLE INFORMATION 


In the land development problem, Great Western 
Land Company now has selected a decision alter- 
native involving the development of a “large” 
acreage project. This decision has been reached 
on the basis of a Bayes’s procedure employing 
sample information gained at a cost of $10,000. 
As a part of its analysis the company is interested 
in the value of this information compared to the 
cost associated with obtaining it. The value of 
such information in decision analysis is typically 
measured by computing the expected value of 
sample information (EVSI), defined as: 


expected value of the 
EVSI = || optimal decision with 


sample information 


(17-47) 
expected value of the 
— | optimal decision with- 


out sample information 


The expected value of the optimal decision 
with sample information is determined in the 
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following manner. It has been shown previously 
that if the marketing research data are classified 
in category 4, then the optimal Bayes's action is 
аз, with a corresponding loss of —$17,813,425. 
Using the same computational procedure, the 
optimal Bayes's actions can be determined for 
cases in which the marketing research data is 
classified in categories 1, 2, or 3. 'The results of 
these computations are summarized in Table 17.9. 
Note that the final column of Table 17.9 indicates 
the values of the function Qx(x), which is the 
marginal distribution of the random variable X 
evaluated at X — x. These values were obtained 
using Equation 17-42. The values for the expected 
losses shown in Table 17.9 depend on the outcome 
of the experiment, that is, the classification cate- 
gory. Consequently, the aggregate measurement 
of the effectiveness of the experiment, or the 
expected value of the optimal decision with sam- 
ple information, is determined by computing the 
weighted sum of the expected losses using the 
respective marginal probabilities of the random 
variables X. This value is given by: 


Expected value of the optimal decision 
with sample information 
- —6,740,000(0.1000) 

- 10,166,210(0.1646) 

—12,071,540(0.3677) 

- 17,813,425(0,3677) 

—674,000 — 1,673,358 

— 4,438,705 — 6,549,996 

— $13,336,059 


(17-48) 


Previously, in Section 17.5.1, we determined 
an optimal Bayes's action without data. This led 
to an expected loss of — $11,310,000. This value 
is the expected value of the optimal decision 
without sample information. We can now com- 
pute the expected value of sample information 


т 
TABLE 17.9 SUMMARY OF OPTIMAL BAYES'S ACTIONS, ЕХ 
MARGINAL DISTRIBUTION—GREAT WESTERN LAND ‘COMPANY еч 


Classification Optimal Bayes’s 
Category Action 
1 a, 
2 а, 
3 а, 
4 4, 


Marginal Distribution 


Ex 
эзен 2 0,010 = Ө,)Р(Ө,) 
=$ 6,740,000 0.1000 
-810,166,210 0.1646 
= $12,071,540 0.3677 
= $17,813,425 0.3677 
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as: 


EVSI optimal decision with 


sample information 
E value of the | 


value of Ш 


optimal decision with- (17-49) 


out sample information 


|(- $13,336,059) — ($11,310,000)| 
= $2,026,059 


Thus, the Great Western Land Company should 
be willing to pay up to $2,026,059 for market 
research (sample information). This expected value 
of sample information of $2,026,059 is, of course, 
dependent upon the survey frequency data being 
as indicated in Table 17.7. 

Recall from Section 17.5, that we defined a 
decision procedure dı. The weighted expected 
loss for this decision procedure is given by: 

(ші am 
loss for decision 
procedure d, 


(—2,997,500)(0.10) 
— (7,090,000)(0.50) 
— (19,924,500)(0.40) 


—299,750 — 3,545,000 
— 7,969,800 
—$11,814,550 


(17-50) 


1 


Thus, by obtaining the sample information, that 
is, using an optimal Bayes's procedure, an ex- 
pected savings can be realized. This expected 
savings is: 


Expected savings 


expected value of 
the optimal decision 
with sample 
information 


weighted expected 
- | loss of decision 


procedure d, 


u 


(17-51) 


Ш 


|(- $13,336,059) - ($11,814,550)| 
= $1,521,509 


17.5.4 EXPECTED VALUE OF 
PERFECT INFORMATION 


In the previous section of this chapter we have 
measured the value of the data obtained by sam- 


pling or experimentation. For our land develop- 
ment problem, this information was seen to have 
considerable value to the decision maker. How- 
ever, it should be recognized that in other situa- 
tions such information may be costly or nearly 
impossible to obtain. Furthermore, this sample or 
experimental data will always be imperfect be- 
cause it has been obtained by sampling. Thus, 
the decision maker may be interested in the 
question: What if I could obtain perfect infor- 
mation concerning the states of nature? The value 
of such information in decision theory is mea- 
sured by computing the expected value of perfect 
information (EVPI). 

From our loss table, Table 17.2, it is apparent 
that if one knew that there would be “low” 
customer demand, then action a,, develop "small" 
acreage, should be taken. However, if one knew 
there would be *moderate" customer demand, 
then action аҙ, develop “medium” acreage, should 
be taken. Finally, if one were certain that there 
would be "high" customer demand, then action 
as, develop "large" acreage should be initiated. 
Now, we know the prior probabilities of each of 
these states of nature. We can thus reason that if 
we were able to obtain perfect information, the 
prior probability would correspond to the prob- 
ability that the perfect information would tell us 
that 0; was the true state of nature. Thus, we can 
use these prior probabilities to compute the ex- 
pected value of perfect information as: 


N 
EVPI = Y, P(8)R(a*, 9) (17-52) 


j=l 


where 
Ria, 9) = opportunity loss, or regret, associated 
with the best decision alternative а/ and 
state of nature Ө, 


Our calculations in Section 17.3.3 indicated that 
alternative a, was the best course of action in 
terms of minimizing the opportunity loss. Using 
Equation 17-52 we can compute the expected 
value of perfect information as: 


5 
Y, P(8)R(a., %) 


je 


0.1(2,500,000) -- 0.5(0) 
+ 0.4(12,600,000) 
= $5,290,000 


EVPI 


(17-53) 
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This value indicates that, if we can obtain perfect 
information, we could then expect an increase in 
the expected value equal to $5,290,000. Thus, 
the company should never pay more than 
$5,290,000 for information, no matter how per- 
fect such information may be. 

Observe further that the expected value of 
perfect information is the same as the minimum 
expected opportunity loss computed using the 
prior probabilities, P(0,) = 0.1, P(05) = 0.5, 
P(0s) = 0.4, namely: 


EOL(a,) = 0.1(0) + 0.5(9,500,000) 
+ 0.4(22,300,000) 
= $13,670,000 


EOL(a,) = 0.1(2,500,000) + 0.5(0) 
+ 0.4(12,600,000) 
= $5,290,000 (minimum) 


EOL(as) = 0.1(4,000,000) 
+ 0.5(12,750,000) + 0.4(0) 
= $6,775,000 


(17-54) 


(17-55) 


(17-56) 


Alternatively, using the prior probabilities the 
expected loss with perfect information available 
about the state of nature can be computed as: 


Expected loss with perfect information 
= 0.1(— 3,500,000) 
+ 0.5(— 12,500,000) 
+ 0.4(— 25,000,000) 
- —$16,600,000 


(17-57) 


Since the Bayes's solution (without any data) pro- 
vided for an expected value of —$11,310,000, 
the expected value of perfect information can 
also be computed as: 


t _ || expected loss with 
р. = information 


expected value 

of the optimal 
decision without 
sample information 


= |(- $16,600,000) - (-811,310,000)) 
= $5,290,000 
(17-58) 


17.5.5 EFFICIENCY OF INFORMATION 


The efficiency of the information obtained by 
sampling or experimentation may be compared 
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to perfect information, under the assumption that 
perfect information has an efficiency of 100 per- 
cent. Under this assumption, the efficiency of 
information, E,, is computed as: 


_ EVSI 4 
E, = EVPI x 100 (17-59) 
For our land development example: 
_ ЕУІ _ $2,026,059 Б. 
ооо 100 - 58% 


Thus, the information obtained from the mar- 
keting research firm is 38 percent as efficient as 
perfect information. In this case, the rather low 
efficiency rate (<50 percent) might cause the 
company to seek other types of information. 
However, in making such a decision the cost of 
obtaining different information would also need 
to be considered. 


17.6 DECISION TREES 


A graphical method for performing a decision 
analysis is available through the use of decision 
trees. A decision tree approach can be used as an 
alternative to the analytical methods presented 
earlier in this chapter. To illustrate the decision 
tree procedure, consider Fig. 17.1, which is the 
decision tree for the Great Western Land Com- 
pany problem. 

The construction of a decision tree proceeds 
according to the natural, or chronological, order 
that is followed in the decision-making process. 
In the current problem, the decision maker must 
first decide whether or not to obtain market 
research information. This initial node, node A, 
is marked Û] as a square, indicating that it is a 
decision node. Assume first that the decision 
maker decides not to obtain the market research 
data and, in this case, moves down the “Do not 
obtain data” path and arrives at the node, node 
B, having branches marked: 


1. Develop “small” acreage. 

2. Develop “medium” acreage, 

3. Develop “large” acreage. 

Node B is again a decision node. Thus, the 


ERO maker must then choose one of these 
ranches on which to proceed. Choosing any one 
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$17,823,425 


FIGURE 17.1 DECISION TREE—GREAT WESTERN LAND COMPANY 


of these branches and proceeding, the decision 
maker will arrive at a node (node 1, 2, or 3) 
having branches marked: 


1. “Low” customer demand. 
2. “Moderate” customer demand. 
3. “High” customer demand. 


Nodes 1, 2, and 3 are chance nodes, marked O 
as circles. Continuation down the branches out of 
these nodes is a chance event. Depending on the 
outcome of this chance event, a terminating point 
is then reached. 

Assume instead that the decision maker chooses 
to obtain market research data and, in this case, 
moves down the “Obtain data” path and arrives 
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at the chance node, node 16, having branches 
marked: 


1. No interest. 

2. Mild interest. 

3. Considerable interest. 
4. Enthusiastic interest. 


At this point, the branch on which movement 
continues is a chance event. Depending on the 
outcome of this chance event, the decision maker 
will arrive at a node (node C, D, E, or F) having 
branches marked: 


1. Develop “small” acreage. 
2. Develop “medium” acreage. 
3. Develop “large” acreage. 


Nodes C, D, and E again are decision nodes. The 
decision maker must then choose one of these 
branches on which to proceed. Choosing any one 
of these branches and proceeding, he or she will 
arrive at a node (nodes 4-15) with branches 
marked: 


1. “Low” customer demand (L). 
2. “Moderate” customer demand (М). 
3. “High” customer demand (H). 


Continuation down these branches is, of course, 
a chance event. Depending on the outcome of 
this chance event, a terminating point is then 
reached. In this manner the entire tree has been 
constructed in terms of actions, events, and 
choices. Note that the lower part of the tree has 
been slightly compressed for the sake of brevity. 
Let us now consider the losses shown for the 
terminal events. For the terminal events resulting 
from the initial choice of not obtaining data, the 
payoffs are simply the expected losses associated 
with the terminal events. These expected losses 
were tabulated earlier in Table 17.2. For example, 
if we do not obtain data, then make a choice to 
develop a “small” acreage, and then experience 
“low” customer demand, the resultant terminal 
event will һауе an expected loss of - $3,500,000. 
For the terminal events resulting from the initial 
choice of obtaining data, the payoffs are again 
simply the expected losses associated with the 
terminal events. For example, if we do obtain 
data, these data indicate no interest, we decide to 
develop a small acreage, and there is low customer 
demand, then the resultant terminal event will 
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have an expected loss of — $3,500,000. The pay- 
offs associated with all the other terminal events 
can be determined in similar fashion and are 
shown for each of these terminal events. 

Evaluation of the decision tree begins with the 
terminal events, whose expected losses have been 
determined. Working backward from each ter- 
minal event to the nearest node (a chance node), 
an expected loss is computed for the node based 
on the probabilities associated with the branches 
from that node. These probabilities are the prob- 
abilities associated with a state of nature, as in- 
dicated by the terminal event, being chosen, given 
the path followed to the last fork. To illustrate, 
consider the chance node for the “do not obtain 
data, develop small acreage” path. The expected 
loss for the chance node at the end of this path 
is computed as the weighted sum of the proba- 
bilities of the branches leading into this node 
times the losses of the terminal events associated 
with these branches. The probabilities associated 
with the branches are simply the prior probabil- 
ities of the terminal events. Thus, the expected 
loss for this node can be computed as: 


EL(chance node 1) = (0.1)(—$3,500,000) 

+ (0.5)(—$3,000,000) 
+ (0.4)(- $2,700,000) 
— $2,930,000 


(17-60) 


The expected losses at chance nodes 2 and 3 are 
computed in the same fashion, Continuing to 
work backward we next seek to evaluate the 
decision node at the end of the “do not obtain 
data” path. Since we are now dealing with a 
decision fork, no probabilities are involved, and 
the loss associated with this node is just the 
minimum loss over all the branches associated 
with that node. These losses were just computed. 
Thus, the loss for decision node B is determined 
as: 
L(decision node B) 
, = minimum (- $2,930,000, 

-811,310,000, - $9,825,000) 

= —$11,310,000 


Thus, at this decision fork, the best action to take 
is to develop a medium acreage. Тһе other two 
actions can now be eliminated, and this is shown 
by the X through the branches “develop small 
acreage,” and “develop large acreage.” 

Consider now the portion of the tree for which 
we do obtain data. Initially, let us evaluate the 
chance node (chance node 4) at the end of the 


(17-61) 
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“obtain data, no interest, small acreage” path. We 
must again work backward from the terminal 
events to this chance node, computing an ex- 
pected loss using the probabilities associated with 
the branches from that node. These probabilities 
are the posterior probabilities associated with 
various customer demands, given that the market 
survey indicates no interest (see Table 17.8). The 
expected loss for the chance node at the end of 
this path is computed as the weighted sum of the 
(posterior) probabilities of the branches leading 
into this node times the losses of the terminal 
events associated with these branches. Thus, the 
expected loss for this node can be computed as: 


EL(chance node 4) = (0.5)( $3,500,000) 

+ (0.5)( — $3,000,000) 
*- (0.0)( — $2,700,000) 
— $3,250,000 


(17-62) 


Ш 


The expected losses at chance nodes 5 through 
15 are computed in the same manner, using the 
appropriate posterior probabilities from Table 
17.8. Working backward we observe that we next 
encounter the decision nodes С, D, Е, and F. Тһе 
loss associated with each of these decisions nodes 
is the minimum loss over all the branches asso- 
ciated with that node. These losses were just 
computed for these branches. Thus, the losses 
for the four decision nodes can be determined 
as: 


L(decision node С) 


= minimum (- $3,250,000, (17-63) 
— $6,750,000, $375,000} 
= ~ $6,750,000 
L(decision node D) 
- minimum (- $3,042,630, (17-64) 
—$10,176,210, —$4,545,375) 
= —$10,176,210 
L(decision node E) 
= minimum {- $2,931,120, (17-65) 
—$12,081,540, - $6,965,550) 
= —$12,081,540 
L(decision node F) 
= minimum (- $2,791,330, (17-66) 


—$12,288,110, —$17,823,425) 
= —$17,823,425 


Now at each of these four decision nodes we can 
eliminate those actions (branches) that do not 
produce the minimum loss. This is again indicated 
by an X on the appropriate branches. 
Continuing to work backward we next encoun- 
ter chance node 16. The loss associated with this 
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node is the expected loss weighted with respect 
to the probabilities associated with the branches 
leading back to it. These probabilities are the 
unconditional, or marginal, probabilities that the 
market research result indicated by the branch is 
obtained, given the path followed to the decision 
node. These marginal probabilities were com- 
puted earlier and summarized in Table 17.9. 
Using these marginal probabilities, and the losses 
just determined for decision nodes B, C, D, and 
E, we can compute the expected loss for chance 
node 16 as: 


EL(chance node 16) 
- 0.1000(— $6,750,000) 

+ 0.1646(— $10,176,210) 

+ 0.3677(- $12,081,540) 

+ 0.3677 (— $17,823,425) 

— $675,000 — $1,675,004 
— $4,442,382 — $6,553,673 
— $13,346,059 


(17-67) 


\! 


We are now able to evaluate decision node A. The 
loss for this node is simply the minimum of the 
losses of the two branches leading into it, namely: 


L(decision node A) 
= minimum (| - $11,310,000], 
[—$13,346,059 + 810,0001) 
= —$13,336,059 
(i.e., gain of $13,336,059) 


(17-68) 


Note that, in computing this minimum, we must 
add in the $10,000 cost of obtaining the market 
research data to the respective branch. Having 
computed this minimum, the “do not obtain data” 
branch is eliminated, and the optimal decision 
procedure indicates that the “obtain data” branch 
should be followed, resulting in an expected loss 
of — $13,336,059. This expected loss is, of course, 
identical to the expected loss obtained earlier in 
Section 17.5.2. 

Several microcomputer software packages have 
modules that perform decision tree analyses. Such 
modules are very useful, because even moder- 
ate-sized decision trees require quite a bit of 
computational effort. We will now illustrate the 
decision tree procedure available in Quantitative 
Systems for Business? by applying it to the Great 


ي س 
*Yih-Long Chang and Robert S. Sullivan, Quantitative‏ 
Systems for Business (Englewood Cliffs, N.J.: Prentice Hall,‏ 


1986). 
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TABLE 17.10 INPUT DATA—GREAT WESTERN LAND COMPANY DECISION TREE 
Start 


Branch 
Number 


C» AJ m^ un f ul rut‏ ف 


Branch 
Name 


<No-Data 
<Ob-Data 
<No-Int 
<Mi-Int 
<Co-Int 
<En-Int 
<5па11-Ас> 
<Мей-Ас > 
«Large-Ac- 
<5па11-Ас> 
<Med-Ac > 
«Large-Ac- 
<5па11-Ас> 
<Med-Ac > 
<Large-Ac> 
<5па11-Ас> 
<Мей-Ас > 
«Large-Ac- 
<5па11-Ас> 
<Med-Ac > 
<Large-Ac> 
«Low-Dem > 
<Мей-Пеп > 
«High-Dem- 
«Low-Dem > 
«Med-Dem > 
«High-Dem- 
«Low-Dem > 
<Мей-Пеп > 
«High-Dem- 
<Low-Dem > 
«Med-Dem > 
«High-Dem- 
«Low-Dem > 
«Med-Dem > 
«High-Dem- 
«Low-Dem > 
«Med-Dem > 
<High—Dem> 
<Low-—Dem > 
<Мей-Пеп > 
«High-Dem- 
«Low-Dem > 
«Med-Dem > 
«High-Dem- 
«Low-Dem > 


ууууу 


Start 
Node 


A 
іл 
ММУ М н FM уе МСМ NENS VEN Мама AY VV 


End 
Node 


Node 


Мммм МУМ уучу Уууу OVE OV N уму M NMN: OE eV MOM. NEN OMY ызу уху му 


Probability 


< o> 
< o> 
<O.100000> 
<O.164600> 
<O.367700> 
<O.367700> 

o> 


АЛЛЛАЛАЛЛАЛЛАЛАЛЛ 
a 
V 


й> 
<0.100000> 
<0.500000> 
«0.400000» 
<0.100000> 
<0.500000> 
<0.400000> 
<0.100000> 
<0.500000> 
«0.400000» 
<0.500000> 
<0.500000> 
< 0> 
<0.500000> 
<0.500000> 
S o> 
«0.500000» 
«0.500000» 
< o> 
<0.200400> 
«0.50??00» 
«0.131300» 
<0.200400> 
<0.Ь07700> 
<0.141400> 
<0.200400> 
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Payoff/Cost 


< o> 
< 1000» 
A П> 
= o> 
< П> 
< П> 
< o> 
< o> 
< o> 
< o> 
< П> 
< o> 
< o> 
ES o> 
я 0> 
rod o> 
< o> 
< o> 
d o> 
< o> 
< o> 
< -350000> 
< -300000> 
< -270000> 
< -100000> 
«-1850000» 
<-1240000> 
< 50000> 
< 25000> 
<-2500000> 
< -350000> 
< -300000> 
< -270000> 
< -100000> 
<-1250000> 
<-1240000> 
© 50000> 
< 25000> 
<-2500000> 
< -350000> 
< -300000> 
< -270000> 
< -100000> 
<-1250000> 
<-1240000> 


< 50000> 
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TABLE 17.10 (continued) FES SI ap es eS aa Oe er cree: 
Branch Branch Start End Start Probability Payoff/Cost 
Number Name Node Node Node 

Type 
4? «Med-Dem > «lb <48> <2 > <0.607700> < 25000> 
48 <High-—Dem> <1b> <49> <2 > <0.191900> ` <-2500000> 
44 <Low-—Dem > <17> <5П> <e > <0.033900> < -350000> 
50 <Меа-реп > <1?> <51> SONS <0.680000> < -300000> 
51 <High-Dem> <17> <52> <а > <0.286100> < -270000> 
5g -Low-Dem > <18> <53> <ё'> <0.033900> < -100000> 
59 <Med-—Dem > <18> <54> <2 > <0.660000> <-1250000> 
54 «High-Dem» <18> GR 1 <r > <O.266100> <-1240000> 
55 <Low-—Dem > <14> <56> «gd» «D.03380^7» « Soooo> 
5b <Меа-реп > <19> <57> <o > <П.ЬАПППП> < 25000> 
57? «High-Dem» <19> <58> <е > <0.28ҺЬ100> <-2500000> 
58 -Low-Dem > «eu» <59> «p <01.П1220П> < -350000> 
54 <Меа-реп > «eu» «BD» <a > <0.271900> < -300000> 
ЫП <High-—Dem> <20> «bi» «eg» <0.7?15900> < -270000> 
b1 -Low-Dem > «gl «bao» «do <0.01e200> < -100000> 
be <Med-—Dem > <01> «b3» <8 > <01.271400> <-1250000> 
ЫЗ «High-Dem- <21> <b4> ا‎ <0.715900> <-1240000> 
b4 <Low-Dem > =дг> арна се” <п.пъгеПП> < 5ППОП> 
b5 <Med-Dem > <дад> «bb» <2 > <0.271900> ©. 25000> 
bb <High-Dem> «ge» <Ь7> < > <0.715400> <-2500000> 


Western Land Company problem that ме previ- 
ously solved manually. 

Input information for the decision tree pro- 
cedure is based on the preparation of the deci- 
sion tree with numbered nodes and numbered 
branches. The program can solve decision trees 
with up to 80 branches, The nodes and branches 
are numbered sequentially from 1, with the num- 
ber of the starting node being lower than the 
number of the ending node for every branch. 
Each node is either a decision node, or a chance 
node, represented by a 1 or 2, respectively. Each 
branch may have a probability, payoff/cost value, 
and name associated with it. Data entry 1s рег- 
formed branch by branch. 

For the decision tree shown in Fig. 17.1, there 
are 66 branches and 22 nodes. The complete 
input data for the problem are shown in Table 
17.10. Note that since the nodes are numbered 
consecutively, they do not correspond exactly to 
What was presented earlier in Fig. 17.1, where 
the six decision nodes were denoted by letters. 


These input data were obtained directly from Fig. 
17.1, with minor modifications as noted. 

The output data for this problem consist of 
the (computed) expected values at each of the 22 
nodes, plus the correct decisions for each of the 
six decision nodes. The output data for each of 
the six decision nodes. The output data for the 
problem are shown in Table 17.11. These com- 
puted values are the same as those we obtained 
manually, other than in a few instances where 
minor rounding differences occurred. 

In summary, the decision tree approach affords 
the decision maker with a graphical approach to 
decision analysis. The calculations made using the 
decision tree approach are identical to those made 
previously using an analytical approach. A pos- 
sible advantage of the decision tree approach is 
that it may offer the management science analyst 
an excellent means of presenting the results of 
the analysis; that is, a graphical approach may 
facilitate the presentation and implementation of 
the decision analysis results to management. 
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шаны ы с нс ETE 
TABLE 17.11 OUTPUT DATA—GREAT WESTERN LAND COMPANY DECISION 
TREE 
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Note Type of Node Expected Value Decision 
1 decision -1333606 Ob-Data 
e decision -1131000 Мей-Ас 
3 chance -1334606 
4 десізіоп - Ь?5000 Мей-Ас 
5 decision -1017621 Мей-Ас 
b decision -1206154 Мей-Ас 
P decision -1782343 Large-AC 
8 chance - 293000 
q chance -1131000 

10 сһапсе - 982500 
11 chance - 325000 
12 chance = 675000 
13 chance 37500 
14 chance - 304263 
15 chance -1017621 
16 chance - 454537.5 
17 сһапсе - 293112 
18 сһапсе -1208154 
14 сһапсе - 696555 
20 сһапсе - 874133 
21 chance -1228811 
ee chance -1782343 


17.7 UTILITY THEORY 


In all the examples considered previously in this 
chapter we have made decisions using various 
criteria involving expected loss (or profits) ex- 
pressed in monetary terms. However, there may 
be decision situations in which such criteria in- 
volving expected monetary payoffs (losses) are 
inappropriate. To illustrate this phenomenon 
consider the following set of paired alternatives. 


A, = You receive a $10,000 or 
gift, tax free, with 
certainty. 


B, = You lose $500, with or 
certainty. 


For each set of alternatives you must choose one 
alternative, that is, either A, or Ay and either В, 
or Bo. 

Based on individual preferences, most people 
would probably choose alternative A,, even though 
the expected monetary value of alternative А; is 
given by: 

EMV (alternative А.) = ($22,000) + МО) 
= $11,000 
А, = You receive а $22,000 gift, tax 
free, if on the flip of a fair 
coin it comes up heads. 


However, if it comes up tails, 
you receive nothing. 


(17-69) 


B, = You lose $10,000, with a 
probability of тіз. You have a 
# probability of losing 
nothing. 


Utility Theory 


Thus, alternative А» should be chosen if you want 
to maximize the expected monetary value. 

Considering the second set of alternatives, most 
people would probably choose alternative B, even 
though the expected monetary loss of alternative 
B; is given by: 


EML(alternative Вз) = тіз(- $10,000) + 1%(0) 
— $100 


Thus, alternative В, should be chosen if you want 
to maximize the expected monetary loss. 

As noted, it is apparent that most people would 
choose alternatives A, and B, rather than the 
alternatives that maximize the expected monetary 
value or minimize the expected monetary loss. 
Therefore, it is reasonable to suggest that many 
people may not always make decisions with re- 
spect to monetary values. The question now is: 
Does this invalidate our previous discussion in 
this chapter? The answer is that it does not, but 
that is suggests an alternative criterion for decision 
making. Under this alternative criterion, the de- 
cision maker attempts to optimize expected utility 
rather than expected monetary value. The con- 
cept of utility and its measurement can be traced 
to the pioneering work of John von Neumann 
and Oskar Morgenstern, as contained in their 
work titled, Theory of Games and Economic Behavior 
(1944). Using utility theory, the decision maker 
attempts to transform monetary values into an 
appropriate scale that measures the decision mak- 
еге preference, including a willingness to take or 
avoid risk. The scale is referred to as the utility 
scale, and it becomes the appropriate measure of 
the consequences of selecting an action, given a 
State of nature. 


(17-70) 
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17.7.1 CONSTRUCTING 
A UTILITY FUNCTION 


The Von Neumann-Morgenstern utility function 
is measured on an interval, or cardinal scale. An 
interval scale is characterized by the lack of a 
specified origin and by the specification of an 
arbitrary unit for making measurements using 
the scale. A thermometer is an example of a 
device that employs interval measurement. Thus, 
using the interval scale of a Fahrenheit thermom- 
eter, the freezing and boiling points of water are 
specified at 32° and 212°, respectively. 

Suppose now that we are interested in con- 
structing a utility function for a decision-making 
situation involving the payoffs from a series of 
research and development projects. In Table 17.12 
we present a monetary payoff table for a series 
of four research and development projects, given 
three possible states of nature. 

Assume that we are interested in determining 
a utility function for all the monetary values that 
represent payoffs to the decision maker in this 
situation. The Von Neumann—Morgenstern ap- 
proach to specifying a utility function involves 
computing the utility for a number of points 
between the values shown in the monetary payoff 
tables, and then using these computed values to 
sketch out the entire utility function. 

Construction of the utility function for the 
payoff table proceeds according to the following 


steps: 


1. We determine the highest monetary payoff, 
Р, = 12, and the lowest monetary payoff, 
PQ, = 1, in the payoff table. For these two 

payoff values we arbitrarily assign the utility 


ie Зе 


PAYOFF TABLE—RESEARCH AND DEVELOPMENT 


TABLE 17.12 
қ PROJECTS ($ MILLIONS) 
States of Nature 
0,: Low 0,: Medium 05: High 
Commercial Commercial Commercial 
R & D Project Development Development Development 
12 
1 5 7 
2 1 4 7 
4 7 
3 3 5 
4 6 9 


indices of 1 апа 0. That is: 


U($12,000,000) = 1 U($1,000,000) = 0 
(17-71) 


The selection of the utility values of 1 and 0 
is arbitrary, and we can use any two indices 
for which the index of the larger monetary 
payoff exceeds the index of the smaller mon- 
etary payoff. We have thus determined two 
points on the utility function. 


. Next, we determine a certainty equivalent 
that represents a monetary payoff for which 
the decision maker is indifferent to receiving 
the uncertain payoffs P, and Р», each with 
probability 0.5, and the option of receiving 
the certainty equivalent with certainty. For our 
present problem situation, assume that we 
have discussed the situation at length with the 
company’s vice president for research and 
development and that he had indicated that 
he has a certainty equivalent of $5,500,000 
compared to receiving a payoff of P, = 
$12,000,000 with probability of 0.5 and a 
payoff of Py = $1,000,000 with probability 
0.5. Now, since the vice president for research 
and development is indifferent to the payoffs 
of P, = $12,000,000 and P; = $1,000,000, it 


Utility 


Decision Analysis 


LE 17.13 MONETARY PAYOFFS AND 


ТАВ 


ASSOCIATED UTILITY 


INDICES 
Monetary Payoff Utility 
Point (certainty equivalent) Index 
1 $12,000,000 1.00 
2 1,000,000 0.00 
3 5,500,000 0.50 
4 3,000,000 0.25 
5 9,000,000 0.75 


then follows that the utility associated with the 
certainty equivalent of $5,500,000 must be 
equal to the expected utility associated with 
P, = $12,000,000 and P, = $1,000,000. Thus: 


U(5.5) = 0.5. U(12) + 0.5 - U(1) 
= 0.5(1) + 0.5(0) 
= 0.5 


(17-72) 


Thus, we have determined a third point on 
our utility function, 


We now repeat step 2 a number of times until 
enough points have been determined to estab- 
lish a smooth utility function curve. We can 
arbitrarily select monetary payoff values to 


Monetary Payoff ($ Millions) 
FIGURE 17.2 UTILITY FUNCTION—RESEARCH AND DEVELOPMENT 


EXAMPLE 


Utility Theory 


determine the utility of the certainty equiva- 
lent, as long as the monetary payoff values 
have known utility indices. Note that we had 
to use Pmax and P, to establish the third point 
on the utility function. Once the third point 
is established, it can then be used with either 
Р, OF P, to establish a fourth point, and so 
forth. In Table 17.13 we present a set of five 
points for which monetary payoffs and asso- 
ciated utility indices have been determined. 


4. From the data shown in Table 17.13, the utility 
function is then drawn. This utility function 
is shown in Fig. 17.2. 


Based on the utility function shown in Fig. 
17.2, it is now possible to replace the payoffs 
shown in Table 17.12 by utility indices. The utility 
table constructed using the utility function shown 
in Fig. 17.2 is presented in Table 17.14. 


17.7.2 USING THE UTILITY FUNCTION 


Once the utility function and utility table have 
been determined, they can be employed in deci- 
sion making in the same manner that monetary 
values were used previously in this chapter. For 
example, let us assume that the vice president for 
research and development has subjectively deter- 
mined that there is a 0.3 probability associated 
with “low” commercial development, a 0.5 prob- 
ability associated with medium commercial de- 
velopment, and a 0.2 probability associated with 
high commercial development. 

Using these probabilities and the monetary 
payoffs shown earlier in Table 17.10, the expected 
monetary values for the four research and devel- 
opment projects can be calculated as follows. 
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EMV (R&D project 1) 
= 0.3($5,000,000) + 0.5($7,000,000) 
+ (0.2)($2,000,000) 
= $5,400,000 


EMV(R&D project 2) 
= 0.3($1,000,000) + 0.5($4,000,000) 
+0.2($7,000,000) 
= $3,700,000 


EMV (R&D project 3) 
= 0.3($3,000,000) + 0.5($5,000,000) 
+ 0.2($7,000,000) 
= $4,800,000 


EMV (R&D project 4) 
= 0.3($4,000,000) + 0.5($6,000,000) 
+ 0.2($9,000,000) 
= $6,000,000 


Now, using these same probabilities and the util- 
ities shown in Table 17.12, the expected utilities 
for the four research and development projects 
can be calculated as follows. 


(17-73) 


(17-74) 


(17-75) 


(17-76) 


EU(R&D project 1) 
= 0.3(0.44) + 0.5(0.57) + 0.2(1.00) = 0.617 
(17-77) 


EU(R&D project 2) 
= 0.3(0.00) + 0.5(0.35) + 0.2(0.57) = 0.289 
(17-78) 


EU(R&D project 3) 
= 0.3(0.25) + 0.5(0.40) + 0.2(0.57) = 0.389 
(17-79) 


EU(R&D project 4) 
= 0.3(0.35) + 0.5(0.53) + 0.2(0.73) = 0.5160 
(17-80) 


From these two sets of computations we see that, 
based on expected monetary value, the decision 
maker would select research and development 


ITY TABLE FOR RESEARCH AND 
ма ULVELOPMENT PROJECTS 


State of Nature 


60,: Low 0,: Medium 0s: High 
R&D Commercial Commercial Commercial 
Project Development Development Development 
1 0.44 0.57 1.00 
2 0.00 0.35 0.57 
3 0.25 0.40 0.57 
0.35 0.53 0.73 


project 4. However, based on expected utility, the 
decision maker would select research and devel- 
opment project 1. In this example the construc- 
tion of the utility function and the utility table 
implicitly allow the decision maker to insert his 
or her risk preference for possible monetary 
payoff into the decision process. The optimal 
decision made when risk preference is taken into 
consideration is quite different than that which 
would be made if only monetary payoffs are 
considered. 


17.8 CONCLUSION 


Decision analysis, or decision theory, has become 
an important tool for the management scientist. 
Its use requires the management scientist to de- 
lineate alternative courses of action and possible 
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states of nature. Then, payoffs resulting from the 
interaction of the courses of action and the states 
of nature must be specified. Finally, the decision 
maker attempts to define probabilities for the 
various states of nature occurring. Given that 
these types of data are available, decision analysis 
affords an excellent problem-solving methodol- 
ogy. Furthermore, we have seen how experimen- 
tal or sample data can also be employed to refine 
or improve the decision analysis. Additionally, the 
graphical approach to decision analysis, through 
the use of decision trees, was discussed and illus- 
trated. Finally, it should be stressed that decision 
analysis is particularly useful for applications in- 
volving broad, complicated problems involving 
risk or uncertainty such as are commonly found 
in corporate planning, new venture analysis, 
product development and introduction, research 
and development, and real estate ventures. 


Case Study: Postal Automation (ZIP +4) Technology 


In March 1984, the Office of Technology Assessment (OTA) was asked to 
review the U.S. Postal Services (USPS) strategy of postal automation. In 
particular, it was asked to analyze whether the USPS's automation strategy 
was technically and economically sound, and whether the USPS should 
continue to procure equipment as planned. 

Since October 1, 1983, the USPS had encouraged business mailers to 
use the nine-digit ZIP code (ZIP +4). Concurrently, the Postal Rate Com- 
mission approved a discount rate for large-volume, first-class mail that used 
ZIP +4. Тһе USPS was also engaged in a program of postal automation. 
This program included the acquisition of optimal character readers (OCRs) 
and bar code sorters (BCSs). 

The primary rationale for both ZIP +4 and postal automation was eco- 
nomic. Cost savings were expected from reductions in the labor required 
to sort mail (labor costs account for about 85 percent of total postal costs). 
Big cost savings were expected from automation with ZIP +4 since this 
would allow sorting to the level of city block, building, or post office box. 

In March 1984, the USPS needed to make a decision on whether and 
how to proceed with phase 2 of the postal automation strategy. At that 
time, the USPS had just received bids on a additional 403 OCRs and was 
planning to solicit bids on an additional 452 BCSs. The OTA was asked to 
investigate the advisability of the strategy on both technical and economic 


grounds. 


Decision Sciences Consortium, Inc., a Virginia-based consulting firm 
was awarded a contract to perform a decision analysis of postal automation 
alternatives. The basic modeling approach involves five steps: 


1. Decision options were identified. 
2. A probabilistic cash flow model was developed for each option 
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3. Results from application of the cash flow model were analyzed. 

4. A public workshop was held at which the model was presented and 
explained. 

5. The model was refined, based on information exchanged during and 


after the workshop, and the analyses and evaluations were presented to 
Congress by the OTA in June 1984. 


Тһе decision analysis model of postal automation (ZIP +4) technology 
is shown in Fig. 17.3. The decision analysis model provided for six options: 


Option A 


Option B 


Option C 


Option D 


Option E 


Option F 


Single-line OCR was the proposed USPS strategy to proceed 
to procure 403 additional single-line OCRs as planned. Under 
option A, there would be no further USPS expenditure on 
multiline OCR research, development, or testing. 

Multiline with ZIP--4 was a decision to cancel the planned 
phase 2 single-line OCR procurement, initiate testing of mul- 
tiline OCRs, and as soon as possible, procure multiline OCRs 
rather than phase 2 single-line OCRs, meanwhile retaining the 
ZIP--4 code. The single-line OCRs already purchased would 
be converted to multiline capability. 

Multiline without ZIP +4 was the same as option B except that 
the ZIP--4 code would be terminated. The five-digit ZIP code 
would be retained. 

Convert was a decision to proceed with the phase 2 single-line 
OCR procurement but simultaneously initiate testing (and any 
necessary related R&D) on single-line to multiline conversion 
and then convert all single-line OCRs as soon as possible, re- 
gardless of the level of ZIP +4 use. 

Hedge was similar to option D except that the single- to mul- 
tiline conversion would take place only if ZIP +4 use were low 
at a specified future time (year-end 1987). 

Cancel phase 2; ZIP +4 was to cancel the phase 2 single-line 
OCR procurement, terminate ZIP +4, and use the single-line 
OCRs already purchased to process five-digit ZIP mail. 


i Outcome 
Savings Usage 5 
ZIP+4 Percentage Savings Valuation. 


Usage Factor Factor IRR NPV 


ee سے‎ 


А: Single-Line 


B: Multi-Line with ZIP +4 


C: Multi-Line, no ZIP *4 


D: Convert 


F: Cancel Procurement 


FIGURE 17.3 DECISION TREE—POSTAL AUTOMATION OPTIONS 
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The evaluation of these options was based on the internal rate of net 
return and the net present values (NPVs) of the cash flows. The model was 
therefore limited to economic effects, the main reason for postal automa- 
tion. Three major uncertainties affecting the savings from postal automation 
were also incorporated in the decision analysis model. These major uncer- 
tainties were: 


1. Uncertainty concerning ZIP +4 usage—voluntary usage of ZIP +4 was a 
key uncertainty since the USPS had a history of overestimating mailers’ 
usage of new programs. 


2. Uncertainty concerning savings percentage—the USPS also had a history of 
overestimating the savings potential of new equipment. 


3. Uncertainty concerning usage savings—the level of clerk and carrier savings 
varied as a function of usage, and this variation was uncertain for mul- 
tiline OCRs. 


For each path in the decision tree, a detailed cash flow analysis was 
developed to determine the internal rate of return and the net present 
value. From these paths, the expected incremental NPVs (option F) were 
calculated as follows: 


Option A $1.3 billion 
Option B $1.2 billion 
Option C $0.9 billion 
Option D $1.5 billion 
Option E $1.4 billion 


Sensitivity analyses were performed and showed that option D was domi- 
nant, conditional on ZIP +4 usage, the savings percentage factor, and the 
usage savings factor. A sensitivity analysis on the cost of multiline OCRs 
showed this factor to be unimportant. The entire decision analysis was 
performed using Decision Science Consortium, Inc.’s decision tree com- 
puter program that operates an IBM Personal Computer. 

The results of the decision analysis were used as a basis for OTA’s report 
to Congress in June 1984. It provided detailed, quantitative assessments of 
the economic implications of the strategy options that reflected uncertain- 
ties. Frank B. Wood, project director, Congress of the U.S. Office of Tech- 
nology Assessment, indicated: “The decision analysis conducted by Dr. ІЛ- 
vila was the first such analysis on the topic, and made a significant contribution 


to OTA's own understanding of the automation options available to the 
United States Postal Service." 


——É———————— — _ 
Source: Jacob W. Ulvila, “Postal Automation (ZIP + 4) Technology: A Decision Analysis,” Interfaces, 17, no. 9 ( March-April 1987): 


Glossary of Terms 


5, sex . 
Bayes’s Decision Procedure with Data. А decision-making procedure 
in which the decision maker selects the decision alternative that results 


in the smallest expected loss, computed by using the posterior distri- 
bution. А 


| Glossary of Terms 


Bayes’s Decision Procedure Without Data. A decision-making pro- 
cedure that makes use of subjective prior probabilities; the decision maker 
employs the prior distribution to obtain the expected loss for each de- 
cision alternative and then selects the decision action that produces the 
smallest expected loss. 

Certainty Equivalent. Represents a monetary payoff for which the de- 
cision maker is indifferent to receiving the uncertain payoffs P, and Ps, 
each with probability 0.50, and the option of receiving the certainty 
equivalent with certainty. 

Decision Alternatives. The possible courses of action the decision maker 
can take. 

Decision Analysis or Decision Theory. A probability-oriented man- 
agement science methodology that is useful in situations in which a 
decision maker is faced with several alternative courses of action but is 
also confronted with an uncertain future set of possible events. 

Decision Making Under Certainty. A decision-making situation in which 
the state of nature is known with certainty for each decision alternative. 

Decision Making Under Uncertainty. A decision-making situation in 
which more than one state of nature exists for each alternative and in 
which the probability associated with each state of nature can generally 
be estimated. 

Decision Tree. A graphical method for performing a decision analysis. 

Efficiency of Information. The efficiency of the information obtained 
by sampling or experimentation as compared to perfect information, 
assuming that perfect information has an efficiency of 100 pecent. 

Expected Loss (EL) of a Decision Alternative. The sum of the prob- 
abilities associated with the states of nature times the associated loss values 
of the decision alternatives and states of nature. 

Expected Opportunity Loss (EOL) of a Decision Alternative. The 
sum of the probabilities associated with the states of nature times the 
associated opportunity loss values of the decision alternatives and states 
of nature. 

Expected Value (EV) of a Decision Alternative. The sum of the prob- 
abilities associated with the states of nature times the associated values 
of the decision alternatives and states of nature. 

Expected Value of Perfect Information. A measure of the value of 
“perfect” information concerning the states of nature in decisions theory 
assuming such information could be obtained. 

Expected Value of Sample Information. The expected value of the 
optimal decision with sample information minus the expected value of 
the optimal decision without sample information. a 

Game Theory. An analytical approach to decision making involving a 
conflict situation between two or more decision makers, or between a 
decision maker and “nature,” that is assumed to be an aggressive ор- 
ponent. Game theory employs decision criteria that do not require the 


estimation of the probabilities associated with the occurrence of the states 


of nature. 
Interval Scale or Cardinal Scale. A scale characterized by the lack of 


specified origin and by the specification of an arbitrary unit for making 

measurements using the scale. жадын 1 
Maximax Decision Procedure. A decision criterion in game theory in 

which the decision maker arrays the “maximum” payoffs possible under 
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the various decision alternatives and then selects the decision alternative 
that “maximizes” the maximum payoffs. 

Minimax Decision Procedure. A decision criterion in game theory where 
the decision maker determines the “maximum” loss that would occur 
under each decision alternative and then selects the decision alternative 
that is associated with the “minimum” loss among the maximum losses. 

Minimax Regret Decision Procedure. A decision criterion in game 
theory where the decision maker identifies the “maximum” opportunity 
loss or “maximum” regret for each decision alternative and then selects 
the decision alternative associated with the “minimum” maximum regret 
value. 

Objective (Classical) Probabilities. Probabilities that are based on the 
historically observed, long-run, relative frequency of a particular event. 

Payoff. The outcome for a decision alternative-state of nature combina- 
tion that results from selecting a certain decision alternative and then 
having a particular state of nature occur. 

Payoff Table. A tabular representation of the payoff estimates in terms 
of the interaction of the decision alternatives and the states of nature. 
Posterior Distribution of the State of Nature 0,. A revised probability 
distribution of 6; computed by updating the prior distribution of 0) by 

means of additional (experimental) data. 

Prior Distribution of the State of Nature Ө. The probability distri- 
bution of the state of nature 6, where the probability of occurrence of 
each state of nature is determined by some intuitive feeling of the decision 
maker or is based upon the previous experience of the decision maker. 

States of Nature. All possible future events that might occur; it is assumed 
that these events are mutually exclusive and collectively exhaustive. 

Subjective (Bayesian) Probabilities. Probabilities that are based on a 
personal assessment of the likely occurrence of a particular event. 

Utility Function. A function that depicts the dependent relation of utility 
upon monetary payoff. 

Utility Scale. A scale that measures the decision maker's preference, in- 
cluding a willingness to take or avoid risk. 

Utility Theory. A body of knowledge that suggests a utility-based crite- 
rion for decision making where the decision maker attempts to optimize 
expected utility rather than expected monetary value. 
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Discussion Questions 


1. What is the difference between “classical” and “Bayesian” probabilities? 

2. Consider the states of nature for the Great Western Land Development Com- 
pany example. Suppose you are able to influence “demand” to some degree 
via strong marketing actions: Would you still consider demand as being a state 
of nature? Why or why not? 

3. Can the “state of nature” be a continuous variable? Why or why not? 

4. Why would you expect game theory not to be widely employed in managerial 

decision-making situations? When do you think game theory may be an ap- 

propriate technique to use? 

5. What is the difference between the Bayes's decision procedure without data 

and the Bayes's decision procedure with data? 

6. Is a "posterior distribution" relevant in a Bayes's decision procedure without 

data? Why or why not? 

7. On what is the "expected value of sample information" dependent? What is it 

8 


used for? 
Describe how you calculate the "weighted expected loss for a decision procedure 


What does the "expected value of perfect information" tell us? 

. Why is the expected value of perfect information equal to the minimum ex- 
pected opportunity loss computed using the prior probabilities? ы 
11. What is the difference between ап “epxected value” approach and a “decision 

tree” approach in decision making? — ^ | 
12. In what type of situations would the "utility" approach be appropriate? | 
13. Suppose we could "shift up" the utility scale by some constant С. 15 this going 
to change anything with respect to a possible future utility-based decision? Why 


or why not? 
14. Can decision making based on expe 
to decision making based on expecte 


cted utility yield different results compared 
d monetary value? Why or why not? 


КЕНИИ 0 1 ------- пси 
Problem Set 


cision maker faced with four decision alter- 
nature. On the basis of your analysis of the 
have developed the following payoff table. 


1. Suppose that you are a de 
natives and four states of 


problem environment you 


Decision Analysis 


Decision State of Nature 
Alternative 0, 0, 0, Ө, 
Ул RO NEXT 

а, 12 11 11 8 
а» 9 11 13 9 


а, ТАДА 13 13 


Additionally, you have available a considerable amount of historical 
data that have enabled you to make the following probability estimates 
for the occurrence of the states of natue. 


Р(6) = 0.4 
Р(Ө,) = 0.2 
Р(6) = 0.1 
Р(Ө,) = 0.3 


(а) Using ап expected value decision criterion, which decision alter- 
native should be selected? 

(b) Using an expected loss decision criterion show that the same de- 
cision alternative as in part (a) should be selected. 

(c) Using an expected opportunity loss decision criterion show that 
the same decision alternative as in parts (a) and (b) should be 


selected. 
(d) If the probabilities associated with the states of nature change to: 
P(8)) = 0.1 
Р(Ө,) = 0.3 
Р(0;) = 0.4 
P(84) = 0.2 


does the selection of the optimum decision alternative also change? 


. Suppose that a decision maker having four decision alternatives and 
four states of nature has developed the following payoff table. 


Decision State of Nature 
Alternative 06, 0, Ө, 0, 
а, 97” 715 12 9 
а ERU о ees 17) 
аз es ki) 7 12 
a, 7. 10 8 12 


You may assume that the decision maker know 

the probability of occurrence of the various stat 

(a) Using a minimax decision procedure, 
should be selected? 

(b) Using a maximax decision procedure, 
should be selected? 

(c) Using a minimax regret decision procedure, 
native should be selected? 

(d) Assume that the decision maker is able to make the following 


5 nothing concerning 
es of nature. 
which decision alternative 


which decision alternative 


which decision alter- 
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subjective estimates of the probability of occurrence of the states 
of nature. 

P(8)) = 0.3 
Р(6;) = 0.2 
P(0.) = 0.2 
Р(6)) = 0.3 


What decision alternative should be selected using a Bayes's de- 
cision procedure without data? 


Harry is contemplating his return from the Midwest to his prestigious 
East Coast university following the Christmas vacation. He has three 
modes of transportation, namely, airplane, railroad, or bus. Although 
not concerned with the cost of the trip, being independently wealthy, 
he is concerned with minimizing the time required to make the trip. 
Unfortunately, the time requirement for the trip, according to the 
mode of transportation, is subject to the vagaries of the weather. Since 
he is a management science student, Harry had decided to use decision 
theory to analyze the situation. Initially, he has developed the following 
transit time (hours) table. 


State of Nature 
Decision 0,: Good 05: Fair 0,: Bad 
Alternative Weather Weather Weather 


ақ: Plane 2 4 20 
аз: Train 8 10 12 
аз: Bus 10 12 16 


Harry has also made a subjective estimate of the probability of occur- 
rence of the three states of nature. These estimates are: 


P(0,) = 0.2 
P(®.) = 0.3 
P(8s) = 0.5 


What mode of transportation should Harry select? 

Babs’ Sporting Goods Store in suburban St. Louis is contemplating its 
seasonal order of new tennis equipment. Management of the store 
must decide whether to order a high, medium, or low amount of tennis 
equipment prior to the beginning of the tennis season, since КЕ ae 
livery time for the equipment is approximately 2 months. пө о 
tennis equipment аге а function of the tennis conditions in the аң 
throughout the season. Subjective estimates that E орат. 
ing conditions will be excellent, good, or poor, 6 i. 9; i: а 
respectively. The expected profit for each action and state of nature 
is given in the following table. 


_ ————— 


State of Nature 
اج ت کچ ست ا ره .ر‎ Р 
Decision 0,: Excellent 0,: Good 6,; Poor 
Alternative Season Season Season 
a,: Large order $5000 $4000 $200 
а-: Medium order 4000 3000 500 
: 2000 1000 750 


Decision Analysis 


(a) What decision alternative should Babs’ Sporting Goods select, as- 
suming that a Bayes's decision procedure without data is em- 
ployed? 

(b) The local weather bureau has compiled extensive actual data re- 
lated to seasonal weather predictions. These data have been com- 
piled in probabilistic form as indicated in the following table. 


Forecasted Actual Weather Is 
Weather Is Excellent Good Poor 
Excellent 0.7 0.2 0.1 
Good 0.2 0.6 0.2 
Роог 0.1 0.2 0.7 


These data аге provided free of charge by the weather bureau. What 

аге the optimal Bayes's actions, given the various weather forecasts? 

(c) What is the expected value of the optimal decision with the sample 
data? 

(d) What is the expected value of the sample information for this 
situation? | 

(е) What is the expected value of perfect information for this situa- 
tion? | 

(f) What is the efficiency of information for this situation? 


5. Bright Lites Movie Company is contemplating the production of a 
feature-length documentary concerning the building of the Alaska oil 
pipeline. It can either produce and sell the film, or it can produce and 
lease the film. Under either arrangement, the film can go into limited 
distribution, U.S. distribution, or worldwide distribution. The profits 
expected to accrue to Bright Lites Movie Company for this situation 
are summarized in the following table. 


State of Nature 
Decision 0,: Limited 0,: U.S. 05: Worldwide 
Alternative Distribution Distribution Distribution 
a,: Produce and sell —$100,000 $1,000,000 $3,000,000 
аз: Produce and lease 100,000 900,000 3,000,000 


Bright Lites Movie Company has made subjective estimates concerning 
the probability of the film's distribution. These estimates are: 


P(0;: Limited distribution) = 0.2 
Р(6;: U.S. distribution) = 0.5 
P (0s: Worldwide distribution) = 0.3 

(a) What decision alternative should Bright Lites Movie Company 
select, assuming that a Bayes's decision procedure without data is 
employed? 

(b) Bright Lites Movie Company can purchase a market research study 
that will indicate public interest with respect to the three levels of 
distribution. Previous studies of a similar nature have indicated 
the following results. 


Problem Set 
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eee 
State of Nature 

Public 6,: Limited 0,: U.S. Ө,: Worldwide 

Interest Distribution Distribution Distribution 
Enthusiastic 0.2 0.4 0.7 
Lukewarm 0.3 0.4 0.2 
Negative 0.5 0.2 0.1 


The cost of obtaining such data is $20,000. What are the optimal 

Bayes's actions, given the various expressions of public interest? 

(c) What is the expected value of the optimal decision with the sample 
information? 

(d) What is the expected value of the sample information for this 
situation? 

(e) Whatis the expected value of perfect information for this problem? 

(Ғ) What is the efficiency of information for this problem? 


. The Cactus Land Company owns 10,000 acres of land in southeastern 


Arizona that may contain valuable uranium deposits. The company is 
faced with a decision whether to explore extensively for uranium, to 
lease the land, or to sell the land. For each of these three alternatives 
three states of nature may exist: 9}, a large uranium deposit; 05, а 
small uranium deposit; Өз, no uranium deposit. The possible profits 
for the various alternatives and the various states of nature are shown 


in the following table. 


State of Nature 

0,: Large 6,: Small Өз: No 
Decision Uranium Uranium Uranium 

Alternative Deposit Deposit Deposit 
Explore extensively $10,000,000 — $4,000,000 — $500,000 
Lease land 5,000,000 2,000,000 750,000 
Sell land 1,000,000 1,000,000 1,000,000 
Sell tand eee 


The Cactus Land Company has made (prior) subjective estimates con- 
cerning the probabilities of finding the various sizes of uranium de- 
posits. These estimates are: 
P(0,: Large uranium deposit) = 0.3 
P (0x: Small uranium deposit) = 0.3 
Р(0;: No uranium deposit) - 0.4 
(a) What decision alternative should the Cactus Land Company choose, 
assuming that a Bayes's decision procedure without data is em- 
loyed? t н 
) The Cactus Land Сотрапу сап have a geologic study made of its 
land holdings. This study will cost $10,000 and will lead to four 
ssible land classifications: 
(1) Uranium deposits highly likely. 
(2) Uranium deposits possible. 
(3) Uranium deposits unlikely. : 
(4) Uranium deposits virtually impossible. 


692 


Decision Analysis 


Based on previous studies of a similar nature the following probability 
information is obtained. 


—— - .——.—.——-— 
State of Nature 


0,: Large 0,: Small 0: No 


Geologic Uranium = Uranium Uranium 

Classification Deposit Deposit Deposit 
Uranium deposits highly likely 0.6 0.3 0.1 
Uranium deposits possible 0.2 0.5 0.1 
Uranium deposits unlikely 0.1 0.1 0.1 
Uranium deposits impossible 0.1 0.1 0.7 


What are the optimal courses of action, given the various geologic 

classifications? 

(с) What is the expected value of the optimal decision with the sample 
information? 

(d) What is the expected value of the sample information for this 
situation? 

(e) What is the expected value of perfect information for this prob- 
lem? 

(£) What is the efficiency of information for this problem? 


7. A revolutionary new process has been developed for the manufacture 


of golf balls. These golf balls are packaged in sets of three, and the 

manufacturer will sell a package of golf balls to a sporting goods whole- 

saler for $1.50. However, to become a distributor of these revolutionary 
new golf balls, the wholesaler must agree to one of two promotional 
actions. 

(1) Sell the package of golf balls for $2.50, agreeing to refund the 
entire purchase price if one or more of the golf balls is found to 
be defective. 

(2) Sell the package of golf balls for $2.00, agreeing to refund $0.50 
for each golf ball found to be defective. 

(a) Determine the loss table for this problem situation. 

(b) The wholesaler has determined the following set of information 
related to the number of defectives based upon testing 60 ran- 
domly selected test boxes. 


State of Nature 


Quality of 6:0 Ө: 1 6,: 2 6:3 
Test Ball Defective Defective Defective Defective 
Good 11 10 7 3 
Bad 4 6 7 12 
Total 15 16 14 15 


————————— 


Testing does not cost the wholesaler anything. A priori, the whole- 
saler assumed that the probabilities associated with the states of 
nature were as follows. 


P(0,: 0 defective) = 0.25 
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13. 


14. 


P(0; 1 defective) = 0.30 
P(0,: 2 defective) = 0.20 
P(0,: 3 defective) = 0.25 
What is the optimal Bayes’s action before examining the test ball? 
(c) What are the optimal Bayes’s actions given the two measures of 
quality of the test balls? 
(d) What is the expected value of the optimal decision with the sample 
information? 
(e) What is the expected value of the sample information for this 
problem? 
(Ғ) What is the expected value of perfect information for this prob- 
lem? 
(g) What is the efficiency of information for this problem? 


Work Problem 17-4 using a decision tree approach. 
Work Problem 17-5 using a decision tree approach. 
Work Problem 17-6 using a decision tree approach. 
Work Problem 17-7 using a decision tree approach. 


Consider the following table, which presents monetary payoffs for a 
series of three real estate projects, given three states of nature. 


А 


State of Nature 
Real Estate 0,: Poor 0,: Average 04: Good 
Project Market Market Market 
___ мое -----------------  - 
Apartment complex $1,000,000 $3,000,000 $5,000,000 


Shopping center 5,000,000 11,000,000 18,000,000 
50,000,000 100,000,000 


Office building 30,000,000 


Discussions with a real estate entrepreneur who is considering investing 
in these three projects suggest that she is initially indifferent to re- 
ceiving а certain payoff of $60,000,000 compared to receiving a payoff 
of P, - $100,000,000 with probability of 0.5 and a payoff of Р» = 
$1,000,000 with probability of 0.5. Continue this process, using your 
own set of certainty equivalents and determine a set of corresponding 
utility indices (determine at least five points). 

you determined in Problem 17-12 to draw a 
utility function. Then, construct a utility table to replace the payoff 
table for Problem 17-12. Assume that the real estate entrepreneur has 
estimated that there isa 0.2 probability associated with a “poor” market, 
a 0.5 probability associated with an “average” market, and a 0.3 prob- 
ability associated with a “good” market. Determine the expected mon- 
etary values and the expected utilities for the three real estate projects. 
What is the best decision based on an expected monetary value decision 
n? What is the best decision based on an expected utility decision 


Use the utility indices 


criterio 
criterion? 
he following table, which presents the monetary payoffs 


Consider t | 
ing plans, given three states of nature. 


associated with three farm 
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State of Nature 
Farming 0,: Bad 0z: Average Өз: Ideal 
Plan Weather Weather Weather 
Plant small acreage — $10,000 $15,000 $25,000 
Plant half of acreage  - 50,000 25,000 50,000 
Plant entire acreage — 100,000 40,000 90,000 


Conversations with the farmer have led to the following assessment of 
his monetary payoffs and associated utility indices. 


Monetary | Certainty ) Utility 


Point Payoff \ Equivalent Index 
1 - $100,000 0.00 
2 90,000 1.00 
3 55,000 0.50 
4 75,000 0.75 
5 25,000 0.25 


Use these utility indices to construct a utility function. Then determine 
a utility table to replace the payoff table shown. 


Assume that the farmer in the previous problem has consulted his 
Farmer's Almanac and has estimated that there is a 0.25 probability 
associated with "bad" weather, a 0.50 probability associated with “ау- 
erage" weather, and a 0.25 probability associated with "ideal" weather. 
Determine the estimated monetary values and the estimated utilities 
for the three farming plans. What is the best decision based on an 
expected monetary value decision criterion? What is the best decision 
based on an expected utility decision criterion? 


A saleswoman has two prospects, to which she has made sales in the 
past. The saleswoman's estimates of the payoff functions and her utility 
functions for the two prospects are as follows. 


Prospect 1 
Payoff ^ Probability $ U($) 
$25 0.10 $25 0 
100 0.70 100 0.50 
250 0.20 200 0.65 
250 1.00 
Prospect 2 
Payoff Probability $ U($) 
$0 0.20 0 0 
100 0.40 50 0.10 
300 0.40 100 0.30 
200 0.60 
300 100 


Problem Set 
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Determine the expected monetary value and the expected utility for 
each prospect and indicate which prospect should be preferred for 
each of the two decision criteria. 


Suppose that another saleswoman has made a similar analysis and has 
arrived at identical payoff functions for the two prospects. However, 
she has a single utility function which is applicable to both prospects. 
This utility function is as follows. 


8 09 
0 0.00 
25 0.10 
50 0.20 
100 0.30 
200 0.50 
250 0.65 
300 0.80 
500 1.00 


Оп an expected utility basis, which prospect should be preferred for 
this saleswoman? 
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18.1 INTRODUCTION 


In this textbook we have attempted to consider 
the major topical areas of management science. 
To achieve this objective much of our discussion 
has necessarily been of a quantitative nature. 
Obviously, the competent management science 
professional must have a strong background and 
a firm understanding of the mathematical tech- 
niques that form the framework of management 
science. However, we do not want to leave the 
student of management science with the impres- 
sion that management science is nothing more 
than a collection of mathematical exercises. In- 
deed, the mathematical analysis required in a 
typical management science study is often only a 
small portion of the total effort required for the 
study's completion. Consequently, in this final 
chapter we shall review some of the important 
aspects of implementing management science. 
Recall from our introductory remarks in Chap- 
ter 1 that the methodology of management sci- 
ence proceeds according to the following steps. 


l. Analysis of the system and problem formula- 
tion. 


2. Model formulation based on the analysis of 
the system. 


3. Model and hypothesis testing. 
4. Model conclusions and implementation. 


In this chapter we will examine in more detail 
the final important step in the methodology of 
management science; implementation. Unlike our 
previous discussions, this material will not be 
mathematical. Rather, we shall focus on the peo- 
ple and the human relations aspects of manage- 
ment science. As we begin our discussion we must 
stress that there is no universal process or guar- 
anteed procedure for the implementation of man- 
agement science. Thus, we shall attempt only to 
provide a few reasonable and practical guidelines 
for the management scientist to follow. Overrid- 
ing this future discussion should be the under- 
standing that the key to conducting management 
science successfully is the mature judgment of the 
analyst, a characteristic that is gained with expe- 
rience. In this regard, it is important for the 
management scientist to recognize that the results 
of the study provide only one input to the decision 
maker, or manager. Although this input may be 
very important, it will most likely not be the only 
input on which the manager must base a decision. 


Implementation of Management Science 


There is no hard evidence as to what constitutes 
a "typical" management science study. In a survey 
of the Fortune "top 500" corporations in the 
United States, Turban' found that the average 
duration of management science projects was 
about 10 months. The duration of individual 
projects varied from 1 to 80 months. 

He also determined that an average of 2.5 
people are assigned to a typical management 
science project. This suggests that most manage- 
ment science projects require a team effort. Proj- 
есіп his findings we might conclude that a 
typical management science project lasting about 
10 months and utilizing an average of 2.5 people 
could be expected to require about 2 person-years 
of effort to complete. 

Turban also considered the question of how 
many management science projects are success- 
fully implemented. First, he asked a general ques- 
tion concerning the percentage of projects that 
were implemented, and then he asked a specific 
question about the implementation of each proj- 
ect that was considered in the study. With respect 
to the general question concerning implementa- 
tion he found that almost 65 percent of all 
management science projects were implemented 
to a major degree. Considering specific project 
implementation Turban determined that over 55 
percent of all management science projects were 
implemented successfully.? 

The implementation of management science 
models may create a source of conflict between 
the management scientist and the operating man- 
ager. The professionally oriented management 
scientist tends to emphasize the quality of the 
modeling effort. The most important considera- 
tions are the development of a rigorous, powerful, 
and mathematically sophisticated model. Elegant 
computerization of the model is also a favored 
characteristic of the modeling process. The ap- 
proach and the philosophy of the management 
scientist are readily understandable, given that 
the likelihood of his or her promotion and profes- 
sional recognition and stature are closely related 
to the quality of the modeling effort. 

_ The Operating manager, however, tends to 
view models as a device for evaluating various 


‘Efraim Turban, “A Sample Survey of Operations Research 
Activities at the Corporate Level,” Operations Research, 20, no. 
3 (May-June 1972): 708-791. 

“Ibid. 
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decision alternatives. The operating manager must 
recognize that a problem requiring a decision 
exists, search for possible courses of action, eval- 
uate these courses of action, and select the alter- 
native that he or she believes will satisfy the need. 
The model therefore comes to be judged by the 
manager from a pragmatic viewpoint. From a 
managerial viewpoint, the best and most effective 
model is one that is valid, relevant, and cost 
effective. The model is valid if its results can be 
depended upon, it is relevant if it effectively 
addresses the problem under consideration, and 
itis cost effective if it suggests operating improve- 
ments that exceed the costs of developing and 
applying the model. The manager is also keenly 
interested in obtaining the model's output іп a 
timely manner. 

The conflict that may arise from the differing 
viewpoints of the manager and management sci- 
entist is apparent from the discussion earlier. One 
manifestation is that the management scientist 
tends to seek out problems that will enhance his 
or her professional reputation and skills. Unfor- 
tunately, such problems may not be those that 
are considered to be most important from the 
viewpoint of the operating manager. Thus, the 
management scientist may become more inter- 
ested in implementing solutions to problems that 
advance the state of the art but that do very little 
with respect to real-world management problems. 

A second manifestation of the potential conflict 
between the manager and the management sci- 
entist arises with respect to the successful com- 
pletion of the modeling effort. Quite often, the 
management scientist may view his or her profes- 
sional responsibility as demanding that the model- 
ing effort be 100 percent completed. The oper- 
ating manager, however, may be willing to 
implement the results achieved with 75 to 85 
percent of the modeling effort completed. Again, 
the professional and technological orientation of 
the management scientist may not be in accord 
With the pragmatic approach of the manager. In 
Summary, conflicts of modeling criteria are among 
the most important potential barriers to the im- 
plementation of management science. 


18.2 THE IMPLEMENTATION 
PROBLEM 


Ав management science has evolved in business, 
government, and military organizations over the 


last three decades, there has been a constant 
debate concerning its successful implementation." 
Іп its early development, management science 
was perhaps oversold by zealous practitioners. As 
such, management science was suggested as a 
panacea or “cure-all” for numerous corporation 
problems. Early emphasis was on modeling and 
improving various operations of the firm. As a 
result of the successful utilization of management 
science techniques for solving specific, small op- 
erating problems, the tendency was to seek prob- 
lems of an ever-increasing magnitude to which 
management science could be applied. This phi- 
losophy led to the development of large, complex 
models of the entire corporation. As Hayes and 
Nolan* have noted, the type of reasoning used in 
this evolution to a corporate model had the 
following steps. 


l. Assuming that the company can develop a 
model for a single plant function, such as 
plant operations, then the company should be 
able to develop a model for all plant functions. 


2. Assuming that the company can develop a 
model for all the functions of one plant, it 
should be able to develop a model that encom- 


passes all its plants. 

3. By adding a "corporate functions" sector to 
the model that encompasses all the plants, a 
corporate model emerges. 


One notable example of the failure of such an 
approach occurred in a large, vertically integrated 
wood products company. This company success- 
fully utilized a linear programming model in the 
improvement of the performance of one of its 
saw mills in the early 1960s. It then utilized the 
same approach for other plants, and ultimately 
tried to implement an extremely complicated 
linear programming model of its entire vertically 
integrated operation. However, this attempt was 


*Much of the material in this section is drawn from an 
earlier paper, Robert E. Markland and Robert J. Newett, “A 
Subjective Taxonomy for Evaluating the Stages of Manage- 
ment Science Research,” Interfaces, 2, no. 2 (January 1972): 
31-39, copyright 1972, The Institute of Management Sci- 
ences, reprinted by permission. { 

‘For an excellent discussion of the evolution of such a 
corporate modeling approach, see Robert H. Hayes and 
Richard L. Nolan, "What Kind of Corporate Modeling Func- 
tions Are Best?" Harvard Business Review, 52, по. 3 (Мау-Јипе 


1974): 102-112. 
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unsuccessful and led to abandonment of large- 
scale management science modeling efforts by 
this company. A comparable situation occurred 
within a major oil company, where a large-scale 
simulation model became intractable and un- 
wieldy and was abandoned as an unsuccessful 
attempt was made to implement it as a large-scale 
planning device. The author is also familiar with 
a network-modeling study that was abandoned 
after 2 years of effort by a large chemical company 
because the corporate managers could not delay 
any further making critical distribution decisions. 
Similar examples of management science imple- 
mentation failures, although seldom found in 
published literature, are often the subject of con- 
versation and discussion at professional meetings. 
During the 1960s and 1970s a large body of 
theoretical management science knowledge was 
accumulated. At the same time, however, many 
practitioners were expressing considerable doubt 
concerning the future viability of management 
science activities within large organizations. This 
doubt was based on the pervasive questions of, 
"To what extent has the implementation of man- 
agement science research been successful?" 
During this same time period the implemen- 
tation dilemma was discussed, debated, and as- 
sessed by professional societies, such as The In- 
stitute of Management Science (TIMS), the 
Operations Research Society of America (ORSA), 
and the Decision Sciences Institute (DSI), and by 
academicians, researchers, and managers. A vast 
body of research on the problems associated with 
implementation has resulted and been reported 
in various forms. One body of this previous 
research has been devoted to surveying and ca- 
tegorizing the types of techniques that have been 
utilized for management science work within large 
corporations. Several surveys of this nature were 
discussed earlier in Chapter 1. A considerably 
larger segment of research has focused attention 
on the problems associated with implementation. 
As an example of this type of study, Grayson? has 
indicated the following reasons for the failure to 
utilize management science. 


1. Shortage of time required to make the man- 
agement science study. 


*C. Jackson Grayson, Jr., "Management Science and Busi- 
ness Practice,” Harvard Business Review, 51, no. 4 (July-August 
1973): 41-48. 
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2. Inaccessibility of data required for the man- 
agement science study. 

3. Resistance to change by the organization and 
its managers. 

4. Long response time required for the manage- 
ment science study. 

5. Invalidating simplifications that are often pres- 


ent in the management science study. 


In summary, then, a constant theme of the re- 
search dealing with the implementation of man- 
agement science has been that the implementa- 
tion problem has not been resolved, and in many 
instances has not even been satisfactorily ana- 
lyzed. 


18.2.1 DEFINING IMPLEMENTATION 


In attempting to analyze the implementation 
problem, it is probably useful to begin by devel- 
oping a working definition of “successful imple- 
mentation.” At the user’s end of the spectrum, 
successful implementation is most usually thought 
of in terms of the usefulness of the model and its 
attendant solution. Herein, the user’s main con- 
cern is that the model’s output is useful, timely, 
and relevant. A different concept of successful 
implementation is likely to be held by the man- 
agement science analyst and the manager of the 
management science staff or group. These indi- 
viduals are inclined to equate successful imple- 
mentation with the selling of the study and its 
results to operating management. Indeed, many 
would contend that the practicing management 
scientist needs to be both a technical expert and 
a master of the “art of persuasion.” Furthermore, 
a revealing observation is that, in much of the 
published information on the subject, implemen- 
tation is obliquely discussed in terms of “effective 
communication with operating personnel,” with 
an emphasis being placed on the “selling” aspects 
of “communicating.” 

Churchman and Schainblatt, in their classic 
study of the dialectic of implementation that exists 
between the researcher and manager, developed 
four concepts of the manager-researcher relation- 
ship that can be used to analyze implementation. 
However, in spite of the intellectual sophistication 
of the Churchman-Schainblatt paper, they advo- 
cate a rather straightforward definition of imple- 
mentation in which they state: | 


The Implementation Problem 


We shall use the term “implementation” to re- 
fer to the manner in which the manager may 
come to use the results of scientific effort. The 
“problem of implementation” is the problem of 
determining what activities of the scientist and 
manager are most appropriate to bring about 
an effective relationship.® 


This definition indicates that Churchman and 
Schainblatt are simply suggesting that successful 
implementation occurs whenever a viable working 
relationship is established between the researcher 
and the user. Another approach to this defini- 
tional problem has been made by Huysmans 
(1970, p. 1) who offers a provisional working 
definition of implementation, indicating: 


We will say that an operations research recom- 
mendation is implemented if the manager or 
managers affected by the recommendation 
adopt the research in essence and continue to 
use it as long as the conditions underlying the 
research apply. 


We would propose to modify these definitions 
slightly and suggest that successful implementa- 
tion should be defined as the establishment of a 
viable working relationship that is maintained for 
a reasonable time period between the user and 
analyst and during which controls for the contin- 
uous review and scrutiny of the research’s rec- 
ommended solution are developed and utilized. 
This expanded definition embodies both the nec- 
essary technical model validity and the required 
communications link between analyst and user. 
Additionally, a control mechanism is made an 
integral part of the definition, because only by 
continuous review can one be sure that commun- 
ication concerning validity is really taking place. 
Finally, it includes the important premise that the 
working relationship that is established between 
the analyst and user must exist over time instead 
of occurring at a point in time. 

Implementation of the results of a manage- 
Ment science study inherently involves change in 
the operating environment of an organization. In 
Many cases, the decisions made as a result of a 


EEUU 00 oUm 

“С. М. Churchman and A. Н. Schainblatt, “The Researcher 

and the Manager: A Dialectic of Implementation,” Management 
,2, по. 4 (February 1965): В69-87. 
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management science study сап have а significant 
effect on several functional areas of a company. 
For example, the author has participated in a 
management science study that led to a change 
in the company’s distribution system. This dis- 
tribution system change then required changes 
in the company’s marketing efforts, production 
planning and scheduling, inventory control pro- 
cedures, and warehouse locations. 

Since change is inherent in the implementation 
of management science, the analyst must be aware 
of the critical importance of the working relation- 
ship that is established with the user. The user of 
the results of the management science study is 
the decision maker who is responsible for man- 
aging the change that will occur. Thus, the deci- 
sion makers role in the study must be active 
rather than passive. This means that the manage- 
ment scientist must seek to involve the user, or 
manager, in all phases and all aspects of the study. 
From the user's perspective it is important that 
this involvement be truly active, and the user 
should plan on making a specific time commit- 
ment to participate actively in the project. 


18.2.2 A PROCEDURE FOR 
EVALUATING IMPLEMENTATION 


Having developed a working definition for im- 
plementation it is necessary next to develop an 
evaluation procedure for studying the implemen- 
tation success or failure of individual projects. 
Such an evaluation procedure was developed a 
few years ago by the author, in cooperation with 
the management science staff of the Ralston Pur- 
ina Company, St. Louis, Missouri. | 
We began by attempting to survey those im- 
plementation factors that were considered to 
be important by previous researchers. Second, 
we sought to consider the factors affecting im- 
plementation success as they were perceived 
by the members of the management science staff 
at Ralston Purina. This approach to isolating 
the factors affecting successful implementation 
blended both the academic and the pragmatic. 
We next considered the important matter of 
timing, and its influence on the success or failure 
of a management science project. For example, a 
factor that might have a significant influence on 
the success of a project in the early stage of that 
project might have little or no influence on the 
success of the same project in a later stage of its 


104 


life. Additionally, the evaluation criteria should 
be measured at a number of important junctures 
of the project’s life, and reasons for changes in 
the measurement of the evaluation criteria should 
be noted and analyzed. 

To incorporate timing into the evaluation 
methodology, we defined a “project life chronol- 
ogy” by restructuring the taxonomy proposed by 
Rubenstein et al.’ for the evolution of manage- 
ment science activities within the large corpora- 
tion. Our project life chronology included six “life 
phases” defined as follows: 


1. Prebirth Phase. This phase occurs when either 
the operating manager or the management 
science manager perceives a possibly use- 
ful management science project. During this 
phase no formal project exists, but small, in- 
formal projects may be in progress within 
the operating division. 

2. Introductory Phase. This phase begins with 
operating management granting a charter for 
a specific management science activity. As a 
result, specific resources are allocated to the 
activity. 

3. Transitional Phase. This phase is character- 
ized by an emphasis being placed on results 
by operating and top management. During 
this phase the management science team is 
necessarily results oriented, toward project 
definition and model construction and solu- 
tion. 


4. Maturity Phase. This phase is signaled by 
the acceptance of the study by operating man- 
agement as a decision-making aid. Continued 
modeling and analytical efforts by the man- 
agement science team are likely during this 
phase, but the intensity of commitment of 
resources is probably diminishing. 

5. Death Phase. During this phase, all project 
activities are formally completed by agreement 
between the user and the management science 
manager. If the study is considered successful, 
this phase may involve the "systematizing" or 


A. Н. Rubenstein et al., "Some Organizational Factors 
Related to Effectiveness of Management Science Groups in 
Industry," Management Science, 13, no. 8 (April 1967): B508— 
518. 
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"computerizing" of its results on a recurring 
basis for the operating manager. 

6. Resurrection Phase. This phase occurs when 
a previously "dead" project is resurrected for 
any of a number of reasons (e.g. a new 
manager becomes interested in a dead project, 
or software permitting the solution of a pre- 
viously unsolvable problem becomes avail- 
able). 


The two major features of our proposed tax- 
onomy were combined to form an "ideal imple- 
mentation evaluation grid," shown in Table 18.1. 
Within the grid framework shown in Table 18.1, 
we evaluated the importance of each implemen- 
tation criterion over time and assigned an "ideal" 
value of 1.0 to each implementation criterion 
judged to be of extreme importance during any 
particular life phase. If an implementation crite- 
rion did not have an entry of 1.0 during some 
life phase, this did not necessarily imply that it 
was of no importance. Rather, we focused our 
appraisal on those implementation factors having 
the greatest importance at various time junctures. 

This ideal implementation evaluation grid was 
then employed to appraise quantitatively the life 
stages of various management science projects in 
a subjective manner. A scale value of 0.0 was 
considered as representing a completely "nega- 
tive" measure of implementation success, while 
the scale value of 1.0 was considered as repre- 
senting a completely “positive” or “ideal” measure 
of implementation success. The scale value of 0.5 
denoted a "neutral" value of implementation suc- 
cess in which the project was unaffected by a 
particular factor. 


18.2.3 CASE STUDIES— 
EVALUATING IMPLEMENTATION 


The implementation evaluation grid just de- 
scribed was subsequently employed as an ap- 
praisal device for two management science proj- 
ects that were judged to have been successful by 
the cooperating company. Both projects had 
evolved over a period of time in excess of 24 years 
and were characterized by the establishment of a 
strong working relationship between the user 
organization and the management science team. 
Additionally, both projects resulted in the delivery 
of model output to the user which was subse- 
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TABLE 18.1 “IDEAL” IMPLEMENTATION EVALUATION GRID 


Life Phases 
Implementation Criteria Prebirth Introductory Transitional Maturity Death Resurrection 


1. Managerial 


a. Top, interest 10 1.0 1.0 
Ь. Operating, involve- 

ment 1.0 1.0 1.0 1.0 1.0 1.0 
c. Operations research, 

managerial skill 1.0 1.0 1.0 1.0 


2. Operations research/MS 
team 


а. Technical ability 1.0 1.0 
b. Project management 
skills 1.0 1.0 1.0 
с. Results orientation 1.0 1.0 1.0 
d. Communicative ability 1.0 1.0 1.0 1.0 
3. Project 
a. Technical feasibility 1.0 10 1.0 
b. Economic feasibility 1.0 1.0 1.0 
с. Operational feasibility tiid 10 1.0 10 — 10 
Summation 4.0 10.0 9.0 6.0 2.0 4.0 


quently employed іп a decision-making context. саѕе studies illustrating the process of evaluating 
Each of these projects will now be discussed as implementation. 


MOS ie i а” ID 
Case Study 1: Distribution System 


Simulation Model 


The simulation-modeling problem arose in the context of a management 
science effort directed at improving the aggregate distribution system of 
the Consumer Products Division of the company. This division was re- 
sponsible for the production and marketing of breakfast cereals, seafood 
products, pet foods, and poultry products. It sought to provide service to 
all of its national marketing areas from a series of manufacturing plants, 
mixing points, and warehouses. Meeting this objective created the problem 
of defining a total distribution system that would minimize the inclusive 
costs of distributing all products to the market while maintaining a satis- 
factory level of customer service. 


The model that was developed to meet this objective was designed to 


simulate the product flows and inventory levels of the division, over time, 


throughout approximately 150 “demand analysis areas” of the United 
States? Тһе BARE A flow aspects of the model were defined by an in- 


*A detailed discussion of this model сап be found in: 
Robert E. Markland, “Analyzing Geographically Discrete 
Warehousing Networks by Computer Simulation,” Decision 
Sciences, 4, no. 2 (April 1973), 216-236. 
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dustrial dynamics methodology that incorporated a three-echelon model 
(production sector, distribution sector, and wholesale sector) and utilized 
a series of first-order difference equations as discrete approximations to 
the continuous time product flow integrals. 

A quantitative appraisal of the importance of the various implementation 
factors over the project’s life phases is presented in Table 18.2. Although 
the values shown in Table 18.2 are obviously the results of subjective judg- 
ments, the importance of operating management's continuing involvement 
throughout the project's Ше is apparent, as is the effect of continual com- 
munication efforts on the part of the management science team. Further- 
more, the values shown in the grid reflect the importance of the technical 
aspects of the project during its early life phases. The lack of major interest 
by top management can also be discerned, as well as the fact that the 
organizational skills of the management science manager are most impor- 
tant during the first two phases of the project’s life. Additionally, the de- 
crease, over time, in the importance of economic feasibility can be contrasted 
to the increasing importance, over time, of operating feasibility. Finally, 
the gradual erosion of the management science team’s importance, over 
time, is manifested in the grid. 

The major conclusions drawn from this first case study of implemen- 
tation were 


= The continuing involvement of the management of the operating division 
was a very important contributory factor to implementation success. 


TABLE 18.2 IMPLEMENTATION EVALUATION GRID FOR DISTRIBUTION SYSTEM SIMULATION MODEL 
Life Phases! 


1/67 1/69 1/70 6/70 
Implementation Criteria Prebirth — Introductory Transitional Maturity Death Resurrection 
T 14. 1 —————————————————————————————ÓÓ————— 
1. Managerial 


a. Top mgmt.—interest 0.7 0.5 
b. Operating mgmt.— 
involvement 0.8 0.8 0.7 0.8 


с. Operations research 
mgmt.—managerial 


skill 0.8 0.7 
2. Operations research/MS 
team 
à. Technical ability 0.9 0.7 
b. Project management 
skills 0.8 0.7 0.7 
c. Results orientation 0.7 0.8 0.7 
d. Communicative ability 0.7 0.8 0.8 0.7 
3. Project 
а. Technical feasibility 0.8 0.8 0.5 0.6 
b. Economic feasibility 0.5 0.6 0.7 
c. Operational feasibility ы 20.5 0 0.8 
Summation 3.1 7.9 6.0 Ай 
Percent of 
“ideal summation 77.5 72.0 66.7 73.3 


'The dates indicated are starting dates. 
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The communicative ability of the management science team was of major 
importance in each life phase. 

a Top management interest had little impact on the successful implemen- 
tation of the project. 

n The technical feasibility of the project decreased in importance over time, 
while the project's economic feasibility and operational feasibility assumed 
greater importance. 


Case Study 2: Large Linear Programming Model 


Тһе linear programming model that was the subject of the second evalu- 
ation was developed for the Checkerboard Farms Division of the company's 
agricultural products group. This division had responsibility for the pro- 
duction, processing, and marketing of whole ice-pack broilers (chickens) to 
45 national markets. (In a later year this operation was sold.) 

Since the selling price and feed costs for broilers were affected by com- 
modity price fluctuations, the basic objective of this study was to derive a 
planning model, with a 15- to 27-month time horizon, which could be used 
to maximize broiler production (i.e., specify the number of pounds of a 
particular grade of broiler to be produced monthly). The operating division 
provided the basic model inputs, which consisted of forecasts of broiler 
selling prices and feed costs, for the duration of the planning horizon. 
These data were then utilized in the construction and solution of a 925- 
row by 3800-column linear programming model. 

A quantitative appraisal of the importance of the various implementa- 
tion factors over the project's life phases is presented in Table 18.3. As re- 
flected in the grid, there was a low level of top management interest and op- 
erating management involvement in the project until the very late life 
phases. Conversely, the high degree of involvement of the management 
science manager, as reflected in his managerial skill, was also apparent from 
the examination of the grid values. The positive aspect of the technical 
ability of the management science team was also evident, as was the im- 
choice of a linear programming methodology to satisfy 
ments. The grid indicated a very moderate con- 
cern for economic feasibility and a marked lack of concern for operational 
feasibility. The breakdown in communications, during the "transitional" 
phase of the project's life, could also be detected. Finally, the overall skills 
of the management science team throughout the project's life were very 


discernible. 
Тһе major concl 

mentation were 

a The low level of top management interest and operating management 

H 1 “ ” а 

involvement created а number of implementation ‘roadblocks,” which 
were overcome primarily by the results orientation of the management 
science team. 

hoice of linear programming as an analytical tool 

technical standpoint. 


portance of the 
technical feasibility require 


usions resulting from this second case study of imple- 


T enhanced 
s Thec | greatly 
project implementation from a 
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TABLE 18.3 IMPLEMENTATION EVALUATION GRID FOR LARGE LINEAR PROGRAMMING MODEL 
Life Phases* 
10/67 1/68 6/68 10/68 5/69 6/70 
Implementation Criteria Prebirth Introductory Transitional Maturity Death Resurrection 
1. Managerial 
a. Top mgmt.—interest 0.2 0.6 0.9 
b. Operating mgmt.— 
involvement 0.2 0.2 0.6 0.3 0.7 0.6 
с. Operations research 
mgmt.—managerial 
skill 0.8 0.6 0.7 0.8 
2. Operations research/MS 
team 
a. Technical ability 0.9 0.8 
b. Project management 
skills 0.8 0.7 0.7 
c. Results orientation 0.8 0.8 0.9 
d. Communicative ability 0.8 0.8 0.4 0.6 
3. Project 
a. Technical feasibility 0.9 0.9 0.8 
b. Economic feasibility 0.6 0.6 0.6 
c. Operational feasibility ыт, _0.8 .0.8 .0.8 Шығ 0.5 
Summation 2.7 6.4 5.6 3.9 1.4 2.8 
Percent of 
“ideal” summation 67.5 64.0 62.2 65.0 70.0 70.0 


“Тһе dates indicated аге starting dates. 


a A lack of concern for the project's operational feasibility during its early 
life phases had a negative effect, and this led to project redirection toward 
operational feasibility during later project life. 


= The management science manager's skills were required both early and 
late during the project's life, primarily in a communicative capacity, 


= Top management interest was the major factor leading to resurrection 
of the project. 


In summary, the empirical case studies ге- 
ported above have suggested several implications 
concerning the factors most significant to the 
successful implementation of management sci- 
ence research. Although these implications are 
certainly not offered as necessary and sufficient 
conditions for successful implementation, the 
evaluation procedure that has been suggested 
might well serve as a framework for evaluating 
data concerning the implementation question. 

Northwestern University, under the leadership 
of Albert H. Rubenstein,’ has been conducting a 


*Rubenstein et al., “Some Organizational Factors Related 
to the Effectiveness of Management Science Groups in In- 
dustry, pp. В508-518. 


continuing investigation of managment science 
practices in industry. These studies have led to 
the identification of 10 factors that seem to de- 
termine the success or failure of management 
science groups. These factors are: 


1 


The level of managerial support including 
the extent of managerial understanding and 
acceptance of the need for management sci- 
ence activities. 


2. The organizational location of the manage- 
ment science activity. 


3. The adequacy of the resources allocated to 
the activity. 

4. The receptivity of the client as manifested in 
the charter granted to the management sci- 
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ence group to select projects, gather data, 
and implement results. 


5. The strength of opposition to the manage- 
ment science activity within the organization. 


6. The reputation of the management science 
activity within the organization. 

7. The general perception of the level of success 
of the management science activity within 
the organization. 


8. The organizational and technical capability 
of the management science group. 


9. The relevance and practicability of the proj- 
ects undertaken by the management science 
group. 

10. The influence that the management science 
group and its leadership could exert within 
the organization. 


The Northwestern University studies tended 
to agree with our research in that they also 
concluded that the relationships among the man- 
agement science group, operating management, 
and top management were most critical to the 
Success or failure of the management science 
activity. They also stressed that the ultimate suc- 
cess of a management science group is determined 
by the production of successful results. This sug- 
gests that it may be desirable for the management 
science group to initially select a few short-term, 
high-return projects and attempt to complete 
them successfully in a short time period. In this 
manner the credibility and capability of the man- 
agement science group will be enhanced and more 
project requests will likely result. 


18.2.4 CONTROL ASPECTS 
OF IMPLEMENTATION 


Given that implementation of a management 
Science study proceeds over a reasonably long 
Period of time, a need may arise for the estab- 
lishment of some type of review and control 
system. The basic reason for establishing such a 
control system is to monitor the implemented 
Model's output and to make sure that this output 
Continues to produce valid and relevant infor- 
Mation for the decision-making process. In this 
regard, it should be recognized that a number of 
changes can occur that may affect the validity of 
à model's output. 

First, the criteria used to develop the measure 


of effectiveness (i.e., objective function) for the 
original model may change. For example, instead 
of simply maximizing profit, the decision maker 
may find it necessary to instead minimize the 
utilization of some increasingly scarce resource. 

Second, there may be a drastic change in the 
variables that were controllable in the original 
model. For example, changes in discrimination 
laws may preclude work force reductions that 
were suggested by the solution resulting from the 
original model formulation. 

Third, it is very likely for some of the model 
constraints to change over time. Advances in 
processing technology, changes in resource avail- 
abilities, and increased governmental regulations, 
all can have a significant effect on constraint 
relationships in a modeling context. 

Finally, the structure of the modeling environ- 
ment may change markedly. For example, a dis- 
tribution system model based on rail transporta- 
tion would have to be drastically altered if the 
company purchased a truck fleet to service part 
of its distribution needs. 

Because of the dynamic environment in which 
managerial decisions are made, effective control 
systems for implemented management science 
modeling efforts are necessary. If such control 
systems are not instituted as a part of the imple- 
mentation process, it is likely that the model's 
output will cause decisions to be made based on 
an incorrect set of conditions. Thus, a feedback 
control mechanism should be an integral part of 
the implementation process in management sci- 
ence work. Quite often a feedback control system 
will involve the use of a digital computer. The 
development of decision-making management in- 
formation systems in which management science 
models are integrated is a rapidly developing area 
of interest. This topic will be discussed more fully 
in a later section of this chapter. 


18.3 THE "TEAM" APPROACH TO 
MANAGEMENT SCIENCE 


In the technical literature concerning the practice 
of management science there has been consider- 
able discussion of the desirability of an interdis- 
ciplinary approach to management science stud- 
ies. However, most management science groups 
in business, and in governmental, military, and 
industrial organizations, tend to be rather small 
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іп number. Most management science groups аге 
composed of persons with training in mathemat- 
ics, statistics, engineering (typically industrial, me- 
chanical, or electrical), business administration, 
and economics. Often, one or more will hold a 
doctoral degree, and most of the group will have 
master’s degrees. Thus, it is apparent that the 
management science group itself will typically not 
tend to have broad interdisciplinary skills. 

Rather than advocating an interdisciplinary 
approach to management science that is often 
unattainable because of personnel limitations, we 
would suggest that a “team” approach be em- 
ployed. A team approach involves utilizing a 
variety of skills and backgrounds within the orga- 
nization, including those of the management sci- 
ence staff and operating personnel. Ѕћусоп! has 
suggested that the team consist of the following 
types of individuals. 


1. One or more management scientists. Persons 
with skills and experience in applying man- 
agement science to real-world management 
problems. These individuals should have a 
practical applications orientation and strong 
analytical ability. 

2. One or more computer scientists. These per- 
sons should be a blend of analyst, model 
builder, and computer programmer. They are, 
however, much more than simply program- 
mers, and indeed may be management scien- 
tists with a particular facility for using the 
computer to manipulate data and solve prob- 
lems. 


3. One or more broad, nontechnical individu- 
als. These persons should know the com- 
pany and its organization well, so that the 
operating problem can be interpreted for the 
management scientist. They can also assist in 
data collection, in obtaining the cooperation 
of operating personnel, and in facilitating the 
implementation of the results of the study. 


One or more persons from the area being 
studied. These individuals will have an inti- 
mate, direct knowledge of the operating prob- 
lem being studied. They will be called upon 
by the management scientist to provide data, 


» 


"Harvey N. Shycon, "All Around the Model," Interfaces, 2, 
no. 3. (May 1972): 33—35. 
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to interpret proposed solutions, and to see 
that the model actually continues to serve as 
a decision-making tool over time. 


The team approach to management science 
utilizes the diverse backgrounds of numerous 
individuals throughout the organization. Al- 
though the management scientist assumes the key 
leadership role in the team’s efforts, other mem- 
bers of the team provide valuable insights con- 
cerning the model's applicability to the real-world 
problem being analyzed. Thus, it is necessary for 
the efforts of all the members of the team to be 
integrated into a single effort that all the members 
of the team understand and agree is worthwhile. 


18.4 MANAGING THE 
MANAGEMENT SCIENCE STAFF 


As noted previously, the management science staff 
in any organization may be highly variable in size 
and location. Large companies may have sizable 
groups with 25 or more individuals, while the 
management science staff in a small company may 
be composed of only 5 or 6 professionals. De- 
pending upon the size and organizational struc- 
ture of the company, management science activ- 
ities may occur at both the corporate level 
(centralized) and within the operating divisions 
(decentralized). The management science staff 
may find itself reporting to the controller, the 
director of data processing, a financial vice pres- 
ident, a manufacturing vice president, or a re- 
search and development manager. Thus, no stan- 
dard pattern with respect to the size and location 
of the management science staff has evolved. 

A few comments can be made concerning the 
management of the management science staff. 
First, it is obvious that size alone is not a good 
indicator of the productivity of the staff. The 
quality of the management science staff should 
be stressed rather than its size. A small group of 
talented and dedicated management scientists is 
likely to have a greater impact on the organization 
than a large group that is less professionally 
oriented. 

Second, it is apparent the manager of the 
management science staff must encourage and 
foster an attitude of professional responsibility. 
This means that the manager should encourage 
professional activities, attendance at professional 
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meetings, writing and delivering of papers and 
speeches, and continued education. Likewise, the 
management science manager must seek to make 
sure that the management science staff adheres 
to high professional standards and does not en- 
gage in excessive organizational politics. 

Third, it must be recognized that management 
science is virtually always a staff activity. It exists 
only as a service to some user. Thus, the orien- 
tation and philosophy of the management science 
staff must be toward providing a useful service. 
Herein, the management science manager must 
be careful not to undertake more projects than 
can be accomplished within a reasonable period 
of time. Likewise, the management science man- 
ager should attempt to cooperate with the user 
in the selection of projects to be worked on. 
Often, projects of a less interesting technical 
nature, but with a greater real-world payoff, will 
be most desirable from the operating manager's 
perspective. The successful manager of a man- 
agement science staff will recognize this fact and 
will adopt a viewpoint that is compatible with the 
user's desires. 


18.5 INFORMATION SYSTEMS AND 
MANAGEMENT SCIENCE 


In recent years the rapid development of the 
high-speed digital computer has facilitated the 
provision of more accurate and timely informa- 
tion for managerial decision making. Many orga- 
nizations have spent enormous sums of money to 
design and implement formal systems for collect- 
ing, analyzing, and reporting information to man- 
agers. Such computerized systems are called man- 
agement information systems. The study of the 
design and implementation of management in- 
formation systems has become a major field of 
research and academic interest. While it is not 
feasible or practical to consider management in- 
formation systems to any great extent in this 
chapter, it is useful to briefly discuss the interface 

tween management information systems and 
Management science models. 

. Management information systems сап be clas- 
Sified according to the output they provide the 
user. Beginning with a data base, which is usually 
a large, computerized set of raw data, various 
hardware and software systems are utilized to 
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make а transformation of the raw data into in- 
formation that can be used by managers in making 
decisions. The three types of management infor- 
mation systems that usually result are: 


1. Control report management information sys- 
tems. 


2. Interactive inquiry management information 
systems. 


3. Decision-making management information 
systems. 


The control report management information 
system merely transforms the raw data contained 
in the data base into various types of summary 
reports that can then be used for control purposes. 
Typical reports that are produced by this type of 
management information system are: 


. Profit and loss statements. 
. Balance sheets. 
Pro forma income statements. 


1 
2 
3. 
4. Inventory level reports. 

5. Daily production summaries. 


All these types of reports involve the transfor- 
mation of the data base into historical or status 
reports involving some aspect of the corporation’s 
activities. 

The interactive inquiry management infor- 
mation system creates reports that enable the 
manager to access the possible consequences of 
future events or conditions. Quite often this type 
of management information is implemented in a 
time-sharing computer environment. In such an 
environment, the manager can interact with the 
computer (i.e., with the information system that 
has been computerized) by asking various ques- 
tions that probe the future consequences of var- 
ious decisions and actions. These questions are 
usually referred to as “what if” questions. Typical 
questions that might be posed within such a 


system are: 


1. How will profitability be affected by a price 
increase for a particular product line? 

9, How will the cash flow for a particular division 
be affected by opening a major new plant 
facility? 

3. Can cost savings be realized by the divestiture 
of a particular operating division? 
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FIGURE 18.1 LOGISTICS PLANNING SYSTEM (REPRINTED FROM JOURNAL OF SYS- 


TEMS MANAGEMENT) 


The reports generated from an interactive inquiry 
management information system tend to be pro- 
jections based on various assumptions, and often 
weighted by probabilistic information. Quite 
often, simple mathematical or statistical models 
are an integral part of such management infor- 
mation systems. 

The decision-making management informa- 
tion system represents the evolution in which the 
management science model is embedded within 
the information system itself. In this type of 
management information system, the manager 
receives a report that indicates the consequences 
of future events and suggests or recommends a 
course of action. Virtually any of the manage- 
ment science models or techniques we have dis- 
cussed in this book would be suitable for incor- 
рогайоп in a decision-making management 
information system. For example, inventory 
control models are commonly structured into 
information systems and used to make decisions 
concerning when and how much to manufacture 
of a particular product. Similarly, the author has 
worked with the installation of a large logistics 
planning information system in which a trans- 
portation algorithm is employed for making com- 
modity purchasing and allocation decisions for 
multiple plants, origins, and destinations for a 
major U.S. food manufacturer." The logistics 


"Details concerning this system may be found in Robert 
E. Markland, "Logistics. Planning, Using Teleprocessing,” 
Journal of Systems Management, 20, no. 10 (October 1973): 32- 
36. 


planning system was developed using telepro- 
cessing for interactive communication between 
the widely scattered production plants and the 
large central computer system (IBM 370/155) 
located at the company's headquarters in St. 
Louis, Missouri. The major components of this 
decision-making management information sys- 
tem are shown in Fig. 18.1. 

This logistics planning system allowed the com- 
pany to make rapid and accurate decisions con- 
cerning the purchasing of its raw materials and 
the allocation of its end products. Interactive 
teleprocessing was employed to facilitate rapid 
communication between the widely scattered pro- 
duction facilities, at which the basic logistics de- 
cisions were made, and the central computer 
facility, which contained the data base and math- 
ematical model (transportation algorithm) used 
to determine the optimum logistics decisions em- 
ployed at the plants. 

In summary, management science is becoming 
much more important in the development of 
management information systems. The mathe- 
matical models that are developed as a part of 
the methodology of management science can be 
employed both to transform the raw data base 
into useful information and to enable managers 
to use this transformed information to make 
better decisions. The increased use of manage- 
ment science models within management infor- 
mation systems is necessary for obtaining the 
maximum benefit from both the information sys- 
tem development effort and the management 
science project. 


Decision Support Systems and Expert Systems 


18.6 DECISION SUPPORT SYSTEMS 
AND EXPERT SYSTEMS 


The primary objective of management science is 
to develop and apply mathematical tools and 
procedures to improve problem solving and de- 
cision making. The management science tech- 
niques presented in this textbook (with the pos- 
sible exception of simulation modeling) are 
designed for relatively structured problems and 
tasks. In such problems, objectives are known, 
constraints can be specified, and data are avail- 
able. The goal is to generate better (or optimal) 
solutions for given types of problems. As such, 
management science is predominantly the appli- 
cation of formal mathematical models. 

However, the management science approach 
may not work well in all problem-solving situa- 
tions. Often it may entail extensive and time- 
consuming computer programming, as is typically 
the case in the development of simulation models. 
Additionally, changes in the model’s structure or 
the introduction of new input data may be diffi- 
cult. Also, the management science approach is 
based on numerical data and cannot accommo- 
date symbolic or nonnumeric information. 

Because of these and other deficiencies, there 
have been a number of evolutionary develop- 
ments designed to enhance and improve the 
application of management science to problem 
solving. Two of the most prominent of these 
approaches are decision support systems (DSS) 
and expert systems (ES). Each will now be briefly 
discussed, 


18.6.1 DECISION SUPPORT 
SYSTEMS (DSS) 


Decision support systems (DSS) are essentially 
computer-based systems that allow decision mak- 
ers to utilize both data and models interactively 
in solving unstructured problems. According to 
Гигһап!? they have four major characteristics: 


l. They incorporate both data and models. 


2. They are designed to assist managers ІП their 


decision process involving semistructured or 


unstructured tasks. 


ОЗ З o Sa — == 


"Efraim Turban, Decision Support and Expert Systems (New 
nant 1989) p. B. 
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3. They support, rather than replace, managerial 
judgment. 


4. Their objective is to improve the effectiveness 
of the decisions, and not the efficiency with 
which decisions are made. 


In the development of decision support sys- 
tems, the computer and analytical tools are em- 
ployed, much the same as in OR/MS, but mana- 
gerial judgment is emphasized and utilized to a 
greater extent. This allows managers to extend 
the range and capability of their decision pro- 
cesses and to improve their effectiveness. A prop- 
erly constructed decision support system gives the 
manager a tool that can be controlled and that 
will not automate the decision process, predefine 
objectives, or impose solutions. 

A decision support system is composed of the 
following major elements:'? 


1. The data base and its management. 
2. The model base and its management. 
3. The computer hardware. 

4. The user-system interface. 


Тһе idea of a data base was discussed earlier 
in this chapter. Generally, the data in a data base 
are organized around the structure of the com- 
pany and are used for more than one application. 
The data base is created and accessed by a data 
base management system (DBMS), which is a 
series of computer software programs. 

Тһе model base is generally composed of pre- 
written computer programs. These computer pro- 
grams are often statistical in nature, or they may 
involve management science techniques such as 
linear programming or goal programming. The 
model base is accompanied by a model base 
management system (MBMS) that is a software 
system used to create the model, provide model 
updating, and provide linkages to the data base. 

Decision support systems can be run on large 
mainframe computers or on microcomputers. 
They usually include a CRT device for graphic 
display and a printer device for printing reports. 

The user-system interface includes both the 
computer languages that are employed and the 
means for data and command entry and display. 


ا 
‘Efraim Turban and Jack Meredith, Fundamentals of Man-‏ 
agement Science (Plano, Tex.: Business Publications, Inc., 1988),‏ 


pp. 778-781. 
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Several special computer languages have been 
developed for use with decision support systems 
in specific industries or application areas. As noted 
earlier, decision support systems are used in an 
interactive manner. This facilitates fast response 
to questions and rapid sensitivity analysis. Em- 
phasis is placed on visual displays. 

Decision support systems provide a number of 
benefits to users. According to Turban'* among 
these benefits are the following: 


1. Able to solve complex problems that cannot 
be solved by other computerized approaches. 


2. Provide fast response to unexpected event that 
require change in input. 


е 


Facilitate improved communications by allow- 
ing greater user participation. 


Improve managerial effectiveness and control. 


pripe 


Provide more support for managers in all 
stages of decision making. 


Today, there are literally thousands of decision 
support systems in existence. Among those re- 
ported in the literature are the American Airlines 
(AAIMS) system"? for operations, planning, mar- 
keting and financial decisions; the RCA (IRIS) 
system" for human resources management; and 
the Abbott Labs system" for marketing analysis. 


18.6.2 EXPERT SYSTEMS 


Expert systems (ES) are used to treat complex 
problems that require human expertise for solu- 
tion. Expert systems attempt to imitate the rea- 
soning process used by humans in solving certain 
problems. They utilize symbolic processing as well 
as numerical processing. They are used by persons 
who are not experts to improve their general 
problem-solving capabilities. But they are also 
used by experts as a knowledgeable aid in decision 
making. 

Expert systems are composed of the following 


"Turban, Decision Support and Expert Systems, pp. 9-10. 

PL. Klass, “А DSS for Airline Management,” Data Base 
(Winter 1977). 

"F, Edelman, "Managers, Computer Systems, and Produc- 
tivity,” MIS Quarterly, 5, no. 3 (September 1988). 

"D. С. Brown, “The Anatomy of a Decision Support 
System,” Business Marketing (June 1985). 
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components, according to Turban and Mere- 
dith:'* 


1. Knowledge acquisition subsystem (expert and 
knowledge engineering). 


2. Knowledge base. 

3. Inference engine. 

4. Blackboard (workplace). 

5. User interface. 

6. Explanation subsystem (justifier). 
7. Knowledge refinement. 


Тһе knowledge acquisition subsystem is used 
to accumulate, transfer, and transform problem- 
solving expertise from some knowledge source to 
a computer program. The sources of knowledge 
include textbooks, data bases, research reports, 
human experts, and personal experience. 

The knowledge base includes the information 
that is necessary for understanding and formu- 
lating the problem and for solving it. The knowl- 
edge base includes both facts and rules that 
control the use of knowledge to solve problems. 

The inference engine is the "brain" of the 
expert system. It is essentially a computer pro- 
gram that provides a methodology for reasoning 
about information in the knowledge base. 

The blackboard, or workplace, is an area of 
computer memory that is set aside for the de- 
scription of a current problem, as specified by the 
input data. It is also used to record and display 
results. 

The user interface is a language processor for 
friendly, problem-oriented communications be- 
tween the manager-user and the computer. It is 
often supplemented by computer graphics. 

The explanation subsystem is used to trace 
responsibilities for conclusions to their sources. It 
essentially can trace and explain the behavior of 
the expert system. 

The knowledge refinement component is de- 
signed to analyze the human expert's perfor- 
mance and improve it for future use, This com- 
ponent is experimental in nature, but offers 
promise in producing more effective reasoning 
and better knowledge bases. 


——————————————— 
"Turban and Meredith, Fundamentals of Management Sci- 
ence, pp. 801—803. 
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According to Turban!’ expert systems can pro- 
vide numerous benefits to users, including: 


в Increased output. 

п Increased quality. 

в Flexibility. 

a Reliability. 

= Faster response time. 

в Enhanced problem solving. 


Applications involving expert systems are not 
as prevalent as those involving decision support 
systems. However, several have been reported in 
the literature. Among them are Digital Equip- 
ment Corporations XCON system,” Stanford 
Medical School's MYCIN medical diagnosis sys- 
tem," and Westinghouse Electric's 1518-11 sched- 
uling system. The development and implemen- 
tation of expert systems is an area of tremendous 
interest today, and work in this area is proceeding 
at a feverish pace. 


18.7 CONCLUSION 


It has been over 30 years since operations research 
or management science was introduced as a means 
of decision making in business, industrial, gov- 
ernmental, and military organizations. Since that 
time a number of important contributions and 
achievements can be attributed to practitioners of 
operations research or management science. 
However, there still are many situations in which 
management science is not being utilized to its 
fullest potential because of various operational, 
organizational, or administrative problems. Most 
of the problems revolve about the implementation 
of the technical results produced by the manage- 
ment scientist. Thus, to be a truly successful 
management science practitioner one must not 
only have a firm understanding of the tools and 
techniques of the field but must also be able to 
effectively utilize the findings of other disciplines, 
particularly those of the behavioral sciences, in 
achieving implementation. 


Case Study: United Airlines Station Work Force 


Planning System 


In 1982, top-level management of United Airlines initiated the station work 


force planning project as a part o 


f the cost-control measures associated with 


the airline's anticipated 1983—1984 expansion. It was felt that expanded 
flight schedules and increased passenger volumes would require substantial 


planning to control labor costs and s 


levels. 


A work force planning group wa 


till maintain desired customer service 


s established directly under United's 


senior vice president of corporate services, Tony Chaitin. It was headed by 


a former airport manager with over 


90 years of experience and initially 


consisted of only a few scheduling analysts. The planning group targeted 


for attack those airports and reservati : уо 
ased by expansion. For example, it was anticipated that United 


greatly incre 


"Turban, Decision Support and Expert Systems, рр. 360-362. 

эр, E. O'Connor, “Using Expert Systems to Manage 
Change and Complexity in Manufacturing,” Artificial Intelli- 
gence Applications for Business, W. Reitman, editor (Norwood, 
N.J.: ABLEX, 1984). 

"B. G. Buchanan and E. Н. Shortliffe, Rule-Based Expert 
Programs: The MYCIN Experiments of the Stanford Heuristic 
Programming Project (Reading, Mass.: Addison-Wesley Publish- 
ing Company, 1981). 

"M. $ Fx and S. F. Smith, “ISIS—A Knowledge-Based 
System for Factory Scheduling," Expert Systems (July 1985). 


on offices where work loads would be 
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Airlines would add 67 departures to its operations at Chicago's O'Hare 
Airport in a single month. 

As the planning group began the Station Manpower Planning Project 
(SMPP) in 1982, it defined several specific project requirements: 


= To determine the needs for increased workers. 

a To identify excess workers for reallocation. 

= To reduce the time required for preparing schedules. 

= To make worker allocation more day and time sensitive. 
= To quantify the costs associated with scheduling. 


All these project objectives revolved around developing shift schedules. The 
impact of expansion on work loads had to be evaluated station by station 
and for a variety of aircraft schedules. 

The work force planning group developed and implemented United’s 
Station Manpower Planning System over a two-year period. A basic sche- 
matic drawing of United’s SMPS appears in Fig. 18.2. It consists of the 
following modules: 


Forecast Module. The Forecast Module forecasts customer call yolumes 
based on historical trends. Employee requirements are then developed 
using a waiting time (queueing) distribution function. 

Start Times Module. The Start Times Module is a mixed-integer LP 
model whose sole purpose is to determine the times of day at which the 
shifts will be allowed to start. These start times are inputs to the Sched- 
uling Module. 


Scheduling Module. The Scheduling Module is the basic optimization 
module of the system. It is linear programming based, and it identifies 
the monthly shift schedules that minimize labor cost while meeting em- 
ployee and operating preferences. 


Report Module. The Report Module produces monthly shift schedules 
and places them in an interactive data base where they can be accessed 
by schedulers. It also produces a variety of coverage and cost reports 
associated with each shift schedule, 


Days-Off Pairing Module. The Days-Off Pairing Module is a network 
model used to combine monthly shift schedules into trimester work as- 
signments on the basis of allowed transitions between shift types and 
assigned days off in two adjoining months. 


Because an effective model was urgently needed, the planning group 
did not have a long lead time in which to develop and refine the system. 
Consequently, the planning group elected to prototype the system and to 
make ongoing refinements as operational needs were identified. 

The first work schedules developed by SMPS were not accepted with 
enthusiasm. Subsequent reservation work schedules were developed with 
substantially increased user participation. This helped to overcome user 
resistance and also caused the planning group to realize that SMPS needed 
to be more flexible as far as satisfying the group culture at each reservation 
office. 

Airports began implementing SMPS six months after the first schedules 
were developed for reservation offices. At this juncture implementation 
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FIGURE 18.2 UNITED'S STATION MANPOWER PLANNING SYSTEM 


proceeded smoothly. Several factors contributed to this implementation 
success: | 
1. SMPS was implemented only at the request of each airport operating 
manager. | үң 
9, New implementations were limited to one new airport per trimester bi 
period. | | | 
3. Тһе implementation timetable was established by airport management 
| rather than by corporate headquarters. 
4. Members of the project team prepared preliminary schedules that were 
' reviewed with airport personnel during on-site visits well in advance of 
implementation. 


с і din June 1983. 
i Manpower Planning System was complete 1983 
ксл e i October 1984, SMPS was implemented at United's 
sies iun airport operations. Since 1983, SMPS has provided staffing 
n 5 
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plans that have decreased work force coverage requirements in United's 
reservations offices and larger airports by an average of 6 percent. United 
has realized savings in direct salary and benefit costs of $6 million annually. 
Unquantified capital benefits have included: 
s Additional revenue generated by improved service. 
a Benefits from the use of SMPS in contract negotiations. 
a Savings from reduced support staff requirements. 
a Cost reductions from additional smaller work groups. 
a Reduced training requirements. 
It is anticipated that SMPS will eventually be used to schedule up to 10,000 
employees (20 percent of United's work force). 

In about 10 months, use of SMPS has "completely changed United's 
perception and approach to scheduling manpower. SMPS has introduced 
new scheduling practices at airports and reservation offices without dis- 


rupting operations or personnel relations," according to Walt Benin, 
United's corporate manager of manpower planning. 


Source: Thomas J. Holloran and Judson E. Byrn, "United Airlines Station Manpower Planning System," Interfaces, 16, no. 1 
(January-February 1986), pp. 39-50. 


Glossary of Terms 


Centralized Activities. Activities conducted at the corporate level. 

Control Report Management Information System. A management 
information system that transforms the raw data contained in the data 
base into various types of summary reports which can then be used for 
control purposes. 

Cost-Effective Model. A model that suggests operating improvements 


which decrease operating costs by an amount that exceeds the cost of 


developing and applying the model. 

Data Base. A large, computerized set of raw data. 

Decentralized Activities. Activities conducted within the operating di- 
visions of the firm. 

Decision-Making Management Information System. A management 
information system that generates a report for management indicating 
the consequences of future events, suggesting or recommending a course 
of action. 

Decision Support System (DSS). An interactive computer system de- 
signed to help decision makers use data and models to solve unstructured 
problems. 

Expert System (ES). A computer system designed to use human knowl- 
edge to solve complex problems requiring human expertise. 

Implementation. The manner in which the manager may come to use 
the results of a management science study. 

Interactive Inquiry Management Information System. A manage- 
ment information system that creates reports that enable the manager 
to assess the possible consequences of future events or conditions. 
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Management Information Systems. Computerized systems for collect- 
ing, analyzing, and reporting information to managers. 

Relevant Model. A model that effectively addresses the problem under 
consideration. 

“Team” Approach to Management Science. An approach that in- 
volves utilizing a variety of skills and backgrounds within the organiza- 
tion, including those of the management science staff and operating 
personnel. 

Time-Sharing Computer Environment. An environment in which the 
manager can interact with the computer by asking various questions that 
probe the future consequences of various decisions and actions. 

Valid Model. A model whose results can be depended upon. 
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Discussion Questions 


mentation of management science models create a source 
of conflict between the management scientist and operating manager? 
ve working definition of “successful implementation. 


a comprehensi | 
5 Wie se rum relationship" between the analyst and the user so important 
1 once the results of a management science study are implemented? 


What is the importance of a "project life chronology" with respect to an eval- 
uation procedure for implementation? 


1. Why might the imple 


> 
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How is an “ideal implementation evaluation grid framework” used? 

When may the establishment of some “control system” become necessary with 
respect to the implementation of a management science study? 

Name four possible changes that may affect the validity of a model's output. 
What do we mean by a “team” approach to management science? What is the 
main advantage of this approach? 

Describe briefly the difference between “control report,” “interactive inquiry,” 
and “decision-making” management information systems. 


Rares у 
E. Yi rd 
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Probability theory and statistics are utilized in 
several places in this textbook, most notably for 
decision analysis, waiting line models, Markov 
processes, simulation, and PERT analysis. Con- 
sequently, in this appendix we provide a brief 
review of probability theory and statistics. Most 
students will probably have had some exposure 
to probability theory and statistics in a previous 
course. This appendix is meant primarily as a 
“refresher” for those students who have been 
exposed to comparable materials elsewhere. For 
an in-depth treatment of probability theory and 
statistics, the references at the end of this appen- 
dix should be consulted. 


BASIC CONCEPTS AND DEFINITIONS 


As a starting point for our review of probability 
and statistics we define the more important terms 
used in the material that follows. 

In doing statistical work a sample is drawn 
from a universe or population. The universe can 
be finite or infinite. A finite universe might be 
the number of students in a class, whereas an 
infinite universe might be the set of all prime 
numbers. If we selected a sample of five students 
from the class, with the selection process based 
strictly on chance, then we would have a random 
sample. In describing the universe, we speak of its 
parameters, which are the characteristics of the 
universe. In describing the sample, we speak of 
its statistics, which are the characteristics of the 
sample drawn from the universe. It is necessary 
to distinguish between parameters and statistics, 
so a notational system is employed. This notation, 
for the mean and variance (terms to be defined 
later) is as follows: 


Universe (Population) 


ш = population mean (parameter) 


с? = population variance (parameter) 


When we select a set of sample data, we per- 
form an experiment, which is a predetermined 
process the results of which are subject to chance. 
Тһе result of an experiment is referred to as an 
outcome, and the number of outcomes of an 
experiment can be either finite or infinite, de- 
pending on the experiment. The sample space is 
then the set of all possible outcomes of an exper- 
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iment. An event is a subset of outcomes from the 
sample space. 

To illustrate these definitions, consider the 
experiment of drawing a ball from an urn con- 
taining six balls, numbered 1 to 6. Тһе sample 
space for this experiment consists of the six balls, 
namely: 


S = (1, 2, 3, 4, 5, 6} 


Thus, the outcomes of this experiment are finite 
(since there are six balls in the urn) and discrete 
(since the outcomes are “countable” integers). 
One possible event for this experiment is the 
selection of a ball marked “3”. 


PRINCIPLES OF 
PROBABILITY THEORY 


Probability theory can be viewed as the study of 
random phenomenon. A random (or chance) 
phenomenon is an empirical phenomenon char- 
acterized by the property that an observation 
under a given set of circumstances does not always 
lead to the same observed outcome but rather to 
different outcomes in such a way that there is 
Statistical regularity. This means that numbers 
exist between 0 and | that represent the relative 
frequency with which the different possible out- 
comes may be observed in a series of observations 
of independent occurrences of the phenomenon. 
Now, a random event is one whose relative fre- 
quency of occurrence, in a very long sequence of 
observations of randomly selected samples in 
which the event may occur, approaches a stable 
limiting value as the number of observations is 
increased to infinity. The limiting value of the 


Sample 
x = sample mean (statistic) 
s? = sample variance (statistic) 


relative frequency is called the probability of the 
random event. 

This relative frequency or objective interpre- 
tation of probability can be illustrated as follows. 
If an experiment is performed n times under the 
same conditions and there are x outcomes, x < n, 
in which an event, E, occurs, then an estimate of 
the probability of that event, E, is the ratio x/n. 


Principles of Probability Theory 


Furthermore, the estimate of the probability of 
an event x/n approaches as a limit the true 
probability of the event, when n increases without 
limit; that is: 


P(event E) = іше 
п © 


In other situations, probabilities are often as- 
signed to events without any experimentation 
being done. For example, a sportscaster may 
quote the odds on a football game, or a researcher 
may state that there is an 80 percent chance of 
her research leading to a new product. In these 
instances, subjective probabilities are employed, 
and are not based on the measurement of the 
telative frequency with which an event has oc- 
curred. 

Although there can be different approaches to 
defining probability, a number of principles of 
probability can be stated without strictly defining 
probability. These principles of probability theory 
can be stated as follows: 


1. The probability of each event in the sample 
space occurring is positive or zero. 
P(E) =0 


2. The sum of the probabilities of all possible 
outcomes in the sample space is 1. 


P(S) = 1.0 


for every event E 


where S is the sample space 


For example, in a coin-flipping experiment, 
the sample space consists of two outcomes: 
S = {Heads, Tails}. The probability of each 
outcome is $; thus: 


P(S) = P(heads) + P(tails) = 4 + 4 = 1.0 
The probability of an impossible event, called 
the null set, is zero. 

P(null set) = Р(ф) = 0 


4. The probability of an event, E, is equal to the 
sum of the probabilities of the outcomes be- 
longing to event Е. If O,., аге the outcomes 
in event E, then: 


P(E) = P(0) + P(0) + ۰۰° + P(0) 


For example, assume that we are tossing a six- 
sided die and that event Е = (3, 6}. In this 
instance, P(3) = 4 and P(6) = 4, and P(E) = 
інісі 


3 


5. The union E U F is defined as consisting of 
the outcomes that belong to at least one of 
the events E or F. The intersection E N F is 
defined as consisting of the outcomes that 
belong to both event Е and event F. Тһе 
addition law of probability states that the 
probability of a union between events Е and 
F (E U F) is given by: 


P(E U Е) = P(E) + P(F) - РЕП Е) 


In the die-tossing experiment if E = (1, 6} 
and Е = (3, 6}, then P(E) = 8 = 4, Р(Е) = d 


= 4, P(E N F) = P(6) = 4. Thus: 
РЕОЕ)-ізі-і-і-і 


6. Events are called mutually exclusive if опе 
and only of them can occur. If E and F are 
mutually exclusive events, then P(E П Е) = 
0. Therefore, the addition law for mutually 
exclusive events can be written as: 


P(E U F) = P(E) + P(F), 
if E and F are mutually exclusive events 


For example, in the die-tossing experiment if 
E = {1, 6} and F = {3}, then Е and F are 
mutually exclusive events and P(E U F) = 
P(E) + P(F) = à + à = 4. Additionally, two 
or more events are said to be mutually exclu- 
sive and exhaustive if they do not intersect 
but do take up the entire sample space. For 
example, in the die-tossing experiment if event 
E = (1, 2) and event F = (3, 4, 5, 6}, then E 
and F are mutually exclusive and exhaustive. 
Notationally, this condition is represented as: 


ENF = ф 
ЕЧЕ = $ 


7. The conditional probability law denotes the 
probability of occurrence of event E given the 
occurrence of event F. The conditional prob- 
ability of E given that F has occurred is written 
as P(E|F) and is defined as: 


РЕ N F) 


if P(F) > 0 
P(F) 


Р(ЕЕ) = 
For example, consider a family with two chil- 
dren and assume that each child is as likely to 
be a boy as it is to be a girl. What is the 
conditional probability that the older child will 
be a boy given that the younger child is a boy? 
Let E be the event that the older child is a 
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boy, let F be the event that the younger child 
is a boy, and let E N F be the event that both 
children are boys. The desired conditional 
probability is: 
= РЕПЕР) d ».1, 
P(E|F) — PE) i n 4 

The multiplication law of probability can be 
obtained by manipulating the formula for the 
conditional probability, and can be written as: 


P(E П Е) = P(E|F) · P(F) 


It should also be mentioned that P(E M F) is 
often called the joint or compound probability 
of E and F. When the occurrence of event F 
has an effect on the occurrence of event E, we 
say that they are dependent events. For ex- 
ample, suppose that a box contains three black 
balls and two red balls. Let event F be the 
event "first ball drawn is black," and let E be 
the event "second ball drawn is red," where 
the balls are not replaced after being drawn. 
In this instance, E and F are clearly dependent 
events. The probability that the first ball drawn 
is black, P(F) = 3/(3 + 2) = $ and the 
conditional probability that the second ball 
drawn is red given that the first ball drawn is 
black, Р(Е|Е) = 2/(2 + 2) = 4. Then, the 
desired joint probability is computed as: 


P(E П Е) = P(EF):P(F) = 4-2 = ў 


Two or more events are said to be independent 
if the occurrence of one event has no effect 
on the probability of the occurrence of the 
other events. Thus, if two events Е and F are 
independent, the conditional probability is: 


P(E|F) = P(E) 
and the multiplication law can be written as: 


P(E NF) = P(E): Р(Е), 

if E and F are independent 
For example, if the probability that A will be 
alive in 10 years is 0.7 and the probability that 
B will be alive in 10 years is 0.8, then the 
probability that both A and B will be alive in 
10 years is: 


P(A N В) = P(A) · P(B) = (0.7) · (0.8) = 0.56 
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BAYES’S THEOREM 


As discussed in the preceding section, in the usual 
sense of conditional probability we seek the prob- 
ability of some event Е given that an event F has 
occurred. Generally, events F and E are sequenced 
in that order, over time, and event Е is an end 
effect for which event F is a possible cause. For 
example, we might seek to determine the condi- 
tional probability P(E|F), where E is the event “10 
defective parts are produced" and F is the event 
“machine по. 6 is used." Consider, instead, the 
situation in which we know, after the fact, that 10 
defective parts were produced but we do not 
know which machine was used. How can we now 
determine the probability that some particular , 
event F is the cause of a known end effect E. Such 
probabilities are given by Bayes's theorem (or 
law), which is defined as: 

peris) = FO PER) 
2 Р(Е) Р(Е|Е) 


where 


F, = a set of n mutually exclusive and exhaustive 
events 


E = а known end effect or the outcome of an 
experiment 


Р(Е) = the prior probability for event / 


P(E|F) = the conditional probability of end effect, E, 
given the occurrence of F, 


Observe that P(E|F) is a conditional probability 
defined in terms of the discussion in the previous 
section. The computed probability Р(ЕЦЕ) is also 
a conditional probability, but it reverses the se- 
quence of events and is called the posterior 
probability. 

To illustrate the application of Bayes's theorem, 
consider the following situation. The "Golf 
World" store receives its sets of golf clubs from 
three sporting goods companies. The Zilson Com- 
pany supplies 20 percent of the stock, the Malding 
Company supplies 40 percent of the stock, and 
the McMartin Company supplies 40 percent of 
the stock. Based on previous experience, "Golf 
World" can predict the percentage of the stock 
that will be defective for each of the three sup- 
pliers. In this regard, Zilson Company produces 
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3 percent defective products, Malding Company 
produces 2 percent defective products, and 
McMartin Company produces 4 percent defective 
products. Given that one set of golf clubs from a 
day's shipment is defective, we seek to determine 
the probabilities associated with it having come 
from each of the three companies. 

The prior and conditional probabilities for this 
situation are as follows: 


Prior Probabilities Conditional Probabilities 
P(F)) = 0.20 P(E\|F,) = 0.03 
Р(Ез) = 0.40 P(E|F;) - 0.02 
Р(Ез) = 0.40 P(E|Fs) = 0.04 


Given these probabilities, we can then apply 
Bayes's theorem to determine the posterior prob- 
abilities associated with a defective set of golf 
clubs having come from each of the three com- 
panies. Using Bayes's theorem: 


Р(ЕЦЕ) 
E P(F)) P(E|F)) 
РЕ) P(E\F,) + P(F) P(EIF) + PCPs) РЕ.) 
(0.20) (0.03) 
(0.20) (0.03) + (0.40) (0.02) + (0.40) (0.04) 


_ 0,006 _ 


"0090 7 02! 
P(FjE) 
" Р(Е,) P(E\F 2) 
P(F,) P(E|F) + Р(Е.) Р(Е|Е„) + Р(Ез) PEF.) 
ж (0.40) (0.09) 
(0.20) (0.03) + (0.40) (0.09) + (0.40) (0.04) 
_ 0.008 _ 
"0050 7 920! 
P(F JE) 


4 P(FJ Р(Е|Ез) 
PE) P(EIF.) + P(F,) Р(Е|Е„) + P(E») РЕ) 


5 (0.40) (0.04) 
(0.20) (0.03) + (0.40) (0.02) + (0.40) (0.04) 


COMBINATORIAL ANALYSIS 


In obtaining probabilities of complicated events, 
an enumeration of all possible cases may be 
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difficult or time consuming. Hence, use is often 
made of basic principles known as combinatorial 
analysis. The so-called fundamental principle of 
combinatorial analysis states that if one event 
can happen іп апу one of л, ways and if when 
this has occurred another event can happen in 
any one of n; ways, then the number of ways in 
which both events can happen in the specified 
order is n, * no. To illustrate, if there are three 
candidates for governor and four candidates for 
lieutenant governor, the two positions can be 
filled in 3 - 4 = 12 ways. 

In counting sample points, we may be con- 
cerned with the order of arrangement of the 
objects being counted. Herein, a permutation of 
n different objects taken r at a time is an arrange- 
ment of r out of the п objects with attention given 
to the order of arrangement. The number of 
permutations of n objects taken r at a time is 
denoted by ,P,, P(n,r), or Р,, and is given by: 


n! 
(n - т)! 


АР, =ntn — I) — 2)... @ —r + l= 


where factorial n, denoted by n! is defined as 
n! = n(n — 1)(п — 2)... 1, and 0! = 1. For 
example, the number of permutations of the 
letters a, b, c, d taken two at a time is: 
4! 422569142 
4P2 = ED = Sor iud 
In some instances we may not be interested in 

the order of arrangement of the objects being 
counted. Herein, a combination of n different 
objects taken r at a time is a selection of r out of 
the n objects with no attention given to the order 
of arrangement. The number of combinations of 
n objects taken r at à time is denoted by ,C,, С(п, 
ғ), or (?) and is given by: 

pn- i.. mart | n! piat 


C = r! rin =r)! rl 


For example, the number of combinations of the 
letters a, b, c, d taken two at a time is: 
4! 4:3 -2.1 12 


=—=6 


© = 21(4 - 2)! z (9-1У92-1).:3 


DESCRIPTIVE STATISTICS 


One very important element of statistics concerns 
the description of a set of data. To illustrate, 


TABLE A.1 MONTHLY SALES- 
WORLD CUP SOCCER 


STORE ($000) 


60.5 40.2 37.7 
20.9 70.5 41.6 
32.7 41.6 50.9 
62.7 80.2 41.5 
52.6 60.7 76.5 
30.7 51.2 47.9 
47.8 61.5 52.5 
52.9 52.7 61.5 
61.5 45.6 51.9 
43.9 51.6 47.5 
71.5 65.7 41.3 
28.9 56.8 55.6 


consider Table A.1 that summarizes monthly sales 
information for the World Cup Soccer Store for 
the last three years. 

Looking at this table, we would probably find 
it difficult to make any generalization about the 
monthly sales pattern. Thus, some method for 
generalizing about a set of data is needed. 

This situation can be greatly improved by 
grouping the data into a frequency distribution. 
To begin this process we must tabulate the 
monthly sales figures into several class intervals, 
as shown in Table A.2. 

Using Table A.2, we can now observe some 


TABLE А.2 FREQUENCY DISTRIBUTION-MONTHLY 
SALES DATA 


Class Limits Frequency 
($000) (No. of Observations) 
20.1-25.0 1 
25.1—30.0 
30.1-35.0 
35.1—40.0 
40.1-45.0 
45.1-50.0 
50.1-55.0 
55.1-60.0 
60.1-65.0 
65.1-70.0 
70.1-75.0 
75.1-80.0 
80.1-85.0 


SS 


- моно ы мыр о — мо -— 
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characteristics of the data that were very hard to 
determine from Table А.1. For example, we see 
that the monthly sales tend to cluster between 
$40,000 per month to $65,000 per month, and 
that there were very few months with either 
extremely high or extremely low sales. To obtain 
a more graphical representation, the frequency 
distribution data can be plotted in a histogram 
(see Figure A.1). 

This histogram provides a clearer interpreta- 
tion of the data and again highlights the fact that 
monthly sales tend to be in the range of $40,000 
to $65,000. 

In addition to the histogram, there are several 
statistical measurements that can be used to de- 
scribe or specify distributions. Two important 
classes of statistical measurement concern the 
central tendency and variability of a distribution. 

As noted previously, we often employ a random 
sample from the population to estimate the mea- 
sure of the central tendency of the population. 
When this is done, we then calculate the arith- 
metic mean, x, of the sample as: 


У х 
ігі Nicks cus co: 


n n 


dE 


where the x; are the individual observations, num- 
bered from 1 to n, and n is the total number of 
observations. Thus, for our monthly sales data 
example, we calculate x from Table A.1 as follows: 


x = 905 + 209 + 327 + ++: 
36 


This value, x = 51.45, is the estimate of the 
population mean of the underlying distribution 
of monthly sales. 

Two other measurements of central tendency 
are sometimes used, to describe data. The first is 
the median, which is that point which divides the 
frequency distribution, or area under the histo- 
gram, into two equal parts. The second is the 
mode, which is the most frequently occurring 
value in a frequency distribution. 

The random sample selected from the popu- 
lation can also be used to estimate the variability 
of the population. Herein, the sample variance 
is utilized and is computed as: 


+ 55.6 = 5145 


У (x, - x)? S d - пх? 
gi dl шті 


n — 1 n-1 
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x= із! 
п 
7 
6 
5 6 
= 
2 
3 
8 4 
5 
E 
83 
E 
z 
2 
1 
225 275 325 375 


425 475 525 575 


625 675 725 775 825 


Monthly sales (5000) 


FIGURE A.1 HISTOGRAM—MONTHLY SALES DATA 


Therefore, for our monthly sales data example, 
we calculate s? from Table A.1 as follows: 


(60.5 — 51.45)? + (20.9 — 51.45) 


ot = htt I 
35 
_ 6180.99 _ 
зр HB 


This value, s? = 176.60, is the estimate of the 
population variance of the underlying distribu- 
ton of monthly sales. 

_ Another commonly used measure of variability 
is the standard deviation, which is simply the 
Square root of the variance. Thus, for the data of 
Table A.1, 


s = Vs? = V176.60 = 13.28 


RANDOM VARIABLES 


Earlier, we indicated that probability theory can 
be viewed as the study of random phenomenon. 
In studying a population, we often measure some 
Population characteristic by using a random vari- 
able. A random variable is a numerically valued 
function whose value is determined by a random 


experiment (i.e., is defined over а sample space). 


It is very important to distinguish between two 
types of random variables: those that are discrete 
and those that are continuous. A discrete random 
variable is one in which the number of its values 
is finite or countably infinite. By countably in- 
finite we mean that the values of the ran- 
dom variable may be placed in a one-to-one cor- 
respondence with the positive integers, 0, 1, 
9...., +œ, An example of a discrete random 
variable would be the number of heads appearing 
in 10 flips of a coin. 

A continuous random variable assumes values 
that are on an interval of the real line. Thus, the 
number of values that a continuous random vari- 
able may assume is infinite. An example of a 
continuous random variable is the weight of male 
students in a class. 


DISCRETE PROBABILITY 
DISTRIBUTION 

A discrete probability distribution can be de- 
scribed by a probability mass function, which 
assigns probability to the values of the discrete 
random variable as follows: 


pix) = Р(Х = х) | 
where x is a discrete random variable 
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In addition the probability mass function must 
satisfy the following two conditions: 


1. All of the probabilities of the discrete random 
variable are positive or zero. 


Osp(x) S10 ->х<х<о 


2. The sum of all the probabilities for the discrete 
random variable must equal 1.0. 


>р(х) = 1.0 


To illustrate a simple discrete distribution con- 
sider the familiar experiment of tossing one die. 
The discrete probability distribution for this ex- 
periment is given in the following table: 


x 1 2 3 4 5 
p(x) 4 Ш L L i 


om | © 


This discrete probability distribution can also be 
plotted as shown in Figure A.2. 

The cumulative distribution, which is the 
probability that the random variable X has a value 
less than or equal to x, is defined for a discrete 
random variable as 


F(x) = P(X =x) 


For example, in the die-tossing experiment, as- 
sume that we want to determine the probability 
that one toss of a die will result in a face value of 
3 or less. The cumulative probability is 


F(2) = P(X = 2) = P(x = 1) + P(x = 2) 
ізіс-і-і 


Graphically, the cumulative distribution F(x) 
for the die-tossing experiment is a step function, 
which can be plotted as shown in Figure A.3. 


po) 


x 
1 2 3 4 5 6 


FIGURE A.2 DISCRETE PROBABILITY DISTRIBUTION 
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The expected value, E(x), of a discrete random 
variable, x, is defined by: 


E(x) = X x p(x) 


To illustrate, consider the following sales levels 
and their associated probabilities: 


Sales 
x p(x) 
0 0.05 
1 0.25 
2 0.20 
3 0.30 
4 0.20 


The expected value of sales is computed as: 


E(x) = (0)(0.05) + (1)(0.25) + (2)(0.20) 
+ (3)(0.30) + (4)(0.20) 


= 0.00 + 0.25 + 0.40 + 0.90 + 0.80 = 2.35 


The variance, V(x), of a discrete random vari- 
able is defined by: 


V(x) = E(x*) — [E(x)F 


Thus, the variance is the weighted average of the 
deviations from the expected values, squared. ‘The 
square root of the variance is the standard devia- 
tion. To illustrate, consider the sales demand data. 
The following table summarizes the computation 
of the variance and the standard deviation. 


Sales 
tanos ИЯ) xp(x) x!p(x) 
0 0 0.05 0.00 0.00 
1 1 035 0.25 0.25 
2 4 020 0.40 0.80 
3 9 0.30 0.90 2.70 
4 16 0.20 10.80. 320 
E(x) = 2.35 Е(х?) = 6.95 
Thus: Vix) = Е[х?] — (E(x)? 


= 6.95 — (2.35) 
= 6.95 - 5.52 = 1.43 


Standard deviation = V/1.43 = 1.19 


Binomial Distribution 


F(x) 
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FIGURE A.3 CUMULATIVE DISCRETE DISTRIBUTION 


DISCRETE UNIFORM DISTRIBUTION 


The discrete uniform distribution is described 
by the probability mass function: 


p(x) = Un x Lowy cts ИФ 

where n is the number of outcomes in the sample 

space. Thus, for any possible value of the discrete 

random variable x between 1 and n, the probability 

of the outcome, x, is the same, namely, 1/п. 
The expected value and variance for the dis- 

crete uniform distribution are given by: 


М п+ 1 
Е(х) = 2 
Mer 
dci 


To illustrate, recall that the possible outcomes of 
the roll of a six-sided die are the integers 1, 2, 3, 
4, 5, and 6. Thus, the expected value and variance 
of this random variable are: 


E(x) = HT а 35 
n!-1] 6-1 35 
Vx) а کے‎ /-- 
ГТМ І9 12 


BINOMIAL DISTRIBUTION 


In an experiment that produces binomial random 
variables, the key elements are: 


1. The experiment is composed of n trials. 


2. In each trial, there are only two possible 
outcomes of the experiment: “success” or “fail- 


” 


ure. 

3. The probability of a “success” is the same for 
each trial and is denoted as p. Likewise, the 
probability of “failure” is the same for each 
trial and is denoted as 1 — p = 4. 

4. The n trials in the experiment аге indepen- 
dent. 

5. The random variable is defined to be the 
number of successes in the n trials. 


The binomial random variable delineated ac- 
cording to the foregoing elements is often gen- 
erated by a Bernoulli process. A simple example 
of a Bernoulli process is an experiment where a 
fair coin is flipped 25 times. This experiment 
consists of 25 Bernoulli trials, in which each trial 
(i.e., flip of the coin) has two outcomes, heads 
(e.g., success) and tails (e.g., failure). The proba- 
bility of success is } for each of the 25 trials (i.e., 
p=}, and the probability of failure is 1 — p = 
q= 1. The flips of the coins (trials) are obviously 
independent. 

The binomial probability distribution is de- 
scribed by the probability mass function: 


p(x) = (") pq^  whereq=1-p 


he eat ад 
where (") A ite ac 
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Observe that the form of the binomial probability 
distribution depends on the parameters n and p. 

To illustrate the binomial probability distribu- 
tion, consider a family of three children, and 
assume that we are interested in determining the 
probability that exactly two of the children are 
boys. Assuming that either sex is equally likely to 
occur in each birth, and that the births (i.e., trials) 
are independent, let the event “boy” represent a 
success. The probability of a success in a single 
trial is р = 0.5, and there are three trials. The 
probability of exactly x = 2 successes in the three 
trials is given by: 


P(x = 2) = (3) (0.50(*)0.50( 


3! 


= 42-21 030050) = 0.375 


The expected value or mean number of suc- 
cesses for a binomial experiment consisting of n 
trials (i.e., the binomial random variable, x) is 
defined as: 

E(x) = np 
The variance of the binomial random variable, x, 
is: 

V(x) = пра 
To illustrate, suppose that we know that 25 per- 
cent of all college professors exercise regularly. 
Assume that we select 25 college professors at 
random. The expected number of exercisers from 
the 25 college professors selected would be given 
by: 

E(x) = np = (25) (0.25) = 6.25 


The variance of the expected number of exercis- 
ers is: 


V(x) = npq = (25)(0.25)(0.75) = 4.6875 


POISSON DISTRIBUTION 


The Poisson distribution is defined by the prob- 

ability mass function: 

№ е^ 
х! 


р(х) = 
where 


x = a Poisson random variable 


А- пр = the expected value, or mean, where p is extremely 
small, and n is very large 


e= 2.71828 
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Note that since p is very small, it is close to 0. 
Thus, as p approaches 0, 4 approaches 1. 

The expected value and variance of a Poisson 
random variable, x, are defined as follows: 


E(x) = \ = np 
V(x) = npq 
= пр (1) = пр = А 


To illustrate the use of the Poisson distribution, 
consider the following example. Customers arrive 
at the checkout counter of a drugstore at an 
average rate of 20 customers per hour (i.e., А = 
20). Assume that we want to determine the prob- 
ability that 30 customers will arrive at the checkout . 
counter in an hour. This probability is given by: 


(20) е-20 
30! 


The Poisson distribution is tabulated for specific 
values of x and Х in Table 4 in Appendix D. 


p(x = 30) = = 0.0083 


CONTINUOUS PROBABILITY 
DISTRIBUTION 


A continuous probability distribution can be de- 
scribed by a probability density function. The 
probability density function of the continuous 
random variable x, denoted by f(x), must satisfy 
the following two conditions: 


1. 0 x f(x) = 1.0, 
2, ik f(x) dx = 1.0 


-0 <x < +0 


The first condition indicates that the probability 
of any value of the random variable must be 
nonnegative, whereas the second condition indi- 
cates that the sum of the sample space defined 
by f(x) equals 1.0. The second condition is ob- 
tained by integrating f(x), which determines the 
area under the curve (area = 1.0) mapped by 
f(x), as shown in Figure А.4. 

To illustrate a probability density function, 
consider the situation in which we have a 
queueing problem involving a bank teller in which 
arrivals occur between 0 and 5 minutes. Further- 
more, assume that the probability density function 
of the time of an arrival has been defined as: 


f(x) = x/12.5, 05х55 


Figure А.5 presents а graph of this probability 
density function. Observe that the area under this 
probability density function is 1.0. 


Continuous Probability Distribution 


fix) 


Area under curve = 1.0 


x 


жж 


FIGURE A.4 PROBABILITY DENSITY FUNCTION—CONTINU- 


OUS RANDOM VARIABLE 


The cumulative density function for a contin- 
uous random variable is defined as: 


F(x) = P(X <x) = І f(x) dx 


Integrating the function f(x) in the defined range 
determines the area under the curve up to x, 
which corresponds to the probability that the 
random variable X is less than or equal to x. 
From our previous example, the probability 
that the time of arrival is less than or equal to x 


years is: 
ro = f (fas) 


Integrating, we obtain: 
x 
25 
The graph of this cumulative density function is 
shown in Figure A.6. 


F(x) = 0=х= 5 


№) 


Q4 а 


С 
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FIGURE A.5 PROBABILITY DENSITY FUNCTION 
EXAMPLE 
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0.2 


0.1 
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The expected value of a continuous random 
variable, x, is defined as: 


E(x) = ЕДІ 


Ав ап illustration of the expected value of a 
continuous random variable, consider the prob- 


ability density function for our queueing example: 
О=х=5 


f(x) = х/12.5, 


The expected value is computed as: 
5 х 5 x? 
ав) = [Gs] 


x T 
= Esl = 3.333 


The variance of a continuous random variable, 
x, is defined as: 


V(x) = [ xif(x) dx — [Е(х)Ё 


Аз an illustration of the variance of a continuous 
random variable, consider once again our 
queueing example. Herein, the variance is com- 


F(x) 


Ө; 1 2 3 4 5 


FIGURE A.6 CUMULATIVE DENSITY FUNCTION 
EXAMPLE 
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puted as: 


E la 

Vix) = ГЕ (5) dx — [E(x)] 
s/ x’ z 

Б І - dx - [3.333]: 


xT 
= Е! - 111 


12.50 — 11.11 = 1.39 


1 


CONTINUOUS UNIFORM 
DISTRIBUTION 
The continuous uniform distribution is defined 


by the probability density function: 
1 


b-a 


ык жр 


f(x) = 


Thus, the continuous uniform distribution is anal- 
ogous to the discrete uniform distribution except 


fix) 


1/50 


Fix) 


(b) 
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that there are an infinite number of values in the 
range of the continuous uniform distribution, 
and the probability of any one value is zero. 
The expected value and variance of the con- 
tinuous uniform distribution are given by: 


a+b 


E(x) = 


(b — ay 


атт 


For example, consider а continuous uniform dis- 
tribution over the range (0 to 50). The probability 
density function and cumulative density function 
for this distribution are shown in Figure A.7. 

The expected value and variance for this con- 
tinuous uniform distribution are: 


a+b 0450 
Es) = E ae = дБ 
_ @- a (0-07 2500 _ 
Vis) >See aga Т тө: 72185 


FIGURE A.7 PROBABILITY DENSITY FUNCTION AND CUMULATIVE 
DENSITY FUNCTION. (а) PROBABILITY DENSITY FUNCTION. (0) 


CUMULATIVE DENSITY FUNCTION 


Тһе Normal Distribution 


fix) 


0 
FIGURE A.8 NORMAL DISTRIBUTION 


THE NORMAL DISTRIBUTION 


The normal distribution is probably the most 
important distribution encountered in statistics, 
because it approximates the probability distribu- 
tions of a number of physical phenomena in the 
real world. Examples of random variables that 
are approximated by the normal distribution are 
the height and weight of people, the diameters 
of drive shafts produced by a metal lathe, the IQ 
of people, the life of bearings, and the grades on 
an examination. 

The probability density function of the normal 
distribution is: 


е -(к-и)?/2о? 


аУ2т 


f(x) = 


where p and с? are the mean and variance of the 
random variable x, and е = 2.71828, and т = 
3.14159. 

The normal distribution appears as shown in 
Figure А.8. Note that the normal distribution is 


/@) 
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а continuous curve that is symmetrical about the 
dependent axis. 

The mean and variance of the normal random 
variable x are given by: 

E(x) = р 
V(x) = о? 

A very important result of probability theory 
is the central limit theorem. The central limit 
theorem states that, regardless of the shape of 
the original population, if random samples of size 
n are drawn from a population with mean, p, and 
standard deviation, o, then when n becomes large, 
the sample mean x will be approximately normally 
distributed with mean, p, and standard deviation, 
o/Vn. The larger n becomes, the more accurate 
this approximation becomes. 

Probabilities associated with any normal distri- 
bution can be computed by using the standard 
normal distribution. A normal distribution with 
p = 0 and o = 1 is called a standard normal 
distribution. A normally distributed random vari- 
able x can be converted to a standardized normal 
random variable, Z, for specific values of x, using: 


rJ 
а 


The form of the standard normal distribution is 
illustrated in Figure A.9. As indicated in Figure 
A.9, for any normal deviation, 68.27 percent of 
the values of Z lie within one standard deviation 
of the mean, 95.45 percent of the values of Z lie 
within two standard deviations of the mean, and 
99.73 percent of the values of Z lies within three 
standard deviations of the mean. 


Z, o units 


FIGURE A.9 STANDARD NORMAL DISTRIBUTION 


736 


Probabilities for the standard normal distri- 
bution are presented in Table 3 in Appendix D. 
Each entry in Table 3 is the area under the 
normal curve that lies under the segment between 
the mean and Z standard deviations from the 
mean. Since the normal distribution is symmetric 
about its mean (which is zero in this case), and 
the total area under the curve is one (one-half to 
the left of zero, and one-half to the right of zero), 
the probability that Z is in any interval may be 
determined by using this table as the following 
example demonstrates. 

Assume that we have purchased a new bearing 
for the drive shaft on a piece of production 
equipment. According to the manufacturer's 
specifications, the life expectancy of this new 
bearing is 500 workdays (i.e., 8-hour days) with a 
standard deviation of 50 workdays. Initially, as- 
sume that we are interested in determining the 
probability that this new bearing will last up to 
600 workdays. The desired probability is shown 
in Figure A.10. To find the desired probability 
we first compute the value of Z as: 

_ 600 - 500 100 , 

уо ea SOT. BOL T 
Referring to Table 3 іп Appendix D we see that 
the area under the normal curve from the mean 
to Z = 2.0 is 0.4772. However, since the normal 
curve is symmetrical we must add to this area, 
the area under the normal curve to the left of 
the mean, or to the left of Z = 0.0. This area by 
symmetry is 0.5000. Thus, the desired probability 
is: 
P(x = 600) = 0.5000 + 0.4772 = 0.9772 


Assume next that we are interested in determining 
the probability that this new bearing will last 
between 350 and 550 workdays. The desired 


FIGURE A.10 PROBABILITY—BEARING WILL 
LAST UP TO 600 WORKDAYS 
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Р(350 < x < 550) = 0.8400 


FIGURE A.11 PROBABILITY—BEARING WILL LAST 
BETWEEN 350 AND 550 WORKDAYS 


probability is shown in Figure A.11. This proba- 
bility corresponds to the sum of the two areas 
shown in Figure A.11. For area Ag, the value of 
Z is: ~ 

_ 550 – 500 _ 
X 


From Table 3, the corresponding probability is 
0.3413. For area A,, the value of Z is: 


_ 350 – 500 _ 

Рет 
From Table 3 (disregarding the negative sign, 
since the normal curve is symmetrical) the cor- 


responding probability is 0.4987. Thus, the de- 
sired probability is: 


7 1.0 


2 20:0 


P(350 = x = 550) = A, + А, = 0.4987 + 0.3413 
= 0.8400 


Finally, assume that we are interested in deter- 
mining the probability that the new bearing will 
last less than 450 workdays. The desired proba- 
bility is shown in Figure A.12. 
To find the desired probability, we first com- 
pute the value of Z as: 
7 2 = _ 450-500 -50 


=== = -] 


с 50 50 


Р(х < 450) = 0.1587 


450 u = 500 
0-50 
Days 


FIGURE A.12 PROBABILITY—BEARING WILL 
LAST LESS THAN 450 WORKDAYS 
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From Table 3 (disregarding the negative sign, 
since the normal curve is symmetrical) the cor- 
responding probability is 0.3413. However, since 
the normal curve is symmetrical we must first add 
to this area the area to the right of the mean, or 
the right of Z = 0.00 (i.e., area to the right of 
the mean = 0.5000). Then, this total area must 
be subtracted from 1.0 to obtain the desired 
probability, namely: 


1.0 — 0.3413 — 0.5000 
0.1587 


P(x < 450) 


ІІ 


EXPONENTIAL DISTRIBUTION 


The exponential distribution is defined by the 
probability density function: 


f(x) = Ае 


where À is a parameter of the distribution and 
e — 2.71828. 

The exponential distribution is frequently used 
to model the distribution of a random variable 
that represents service time; the time required to 
buy stamps in a post office, the time required to 
have four tires balanced, the time spent in a 
dentist's chair having teeth cleaned, and so forth. 

The probability density function for the ex- 
ponential distribution has the form shown in 
Figure A.13. 


Amo 


FIGURE A.13 EXPONENTIAL DISTRIBUTION 


Тһе expected value and variance of the expo- 
nential distribution are given by: 


E(x) 


Ш 


»1— 


V(x) 


%|- 


The cumulative density function for the ex- 
ponential distribution is also widely used and has 
the following form: 


F(x) = 1-e™ 


To facilitate working with the exponential dis- 
tribution, the values of e* and е for a range of 
values of x have been computed and appear as 
Table 5 in Appendix D. 
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Calculus Review 


In several sections of this textbook we have em- 
ployed calculus. However, our use of calculus has 
been of an expository nature in that it has been 
used to derive various relationships or to explain 
certain concepts. Thus, we have not made a 
knowledge of calculus a prerequisite to applying 
any of the management science techniques de- 
scribed herein. These techniques can be used as 
they are, and the calculus derivations are pre- 
sented only for explanatory purposes. 

In this appendix we will provide a brief calculus 
review. This review is intended to be for the more 
interested reader, and is not meant to be man- 
datory for an understanding of the textbook 
material. For an in-depth treatment of calculus, 
the references at the end of this appendix should 
be consulted. 

The study of calculus is usually divided into 
two distinct parts, which are, in turn, related. 
Initial study in calculus is generally concerned 
with differentiation. Differential calculus is con- 
cerned with the slope, or rate of change of a 
function at any given point on that function. To 
illustrate, consider the curve plotted in Fig. B.1. 
Considering Fig. B.1, assume that we аге inter- 
ested in determining the slope of this function at 
an arbitrarily selected point “a.” We will denote 
the corresponding x and y values at “a” as x, and 
f(x), respectively. Now, the rate of change of the 
function y — f(x) with respect to x at the point 
“а” is equal to the slope of the line tangent to the 
curve at that point. The derivative of the function 
f(x) with respect to xo, is the slope of the tangent 
to the curve at xy. The derivative measures the 
instantaneous rate of change of f (xo) with respect 
tO Xo. 

To determine the derivative at point "a" dif- 
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ferential calculus proceeds by the determination 
of a series of successively better approximations 
to the tangent line. To illustrate, assume that we 
move a small distance along the curve to point 
“b,” as shown in Fig. B.1. Now, the slope of the 
straight line “а - b” is given by: 


Ay f(x) — Дж + Ax) 
F Ах 


Ах 


Ав Ах approaches zero, the slope of the line 
“a — b" can be seen to approach the slope of the 
tangent to the curve at point “a.” At the limit at 
which Ax approaches zero, the slopes will be equal 
and we can state: 


bm Ay э; п 04) 27 f (xo + Ах) 
Ах 


Ard Ax Ar 


slope of the tangent 


to the curve at point “a 


In calculus notation this slope, or derivative, is 
expressed as: 


йб) dy 
PE or di or.» fix) 


In this case we have determined the first de- 
rivative of the function f(x) with respect to the 
point хо. Higher derivatives of а function may 
also exist. For example, the second derivative of 
a function is denoted as: 


ZI) (х) ог 

dx? 
and represents the rate of change of the slope of 
the function. Thus, the second derivative is simply 


the derivative of the slope of the function. 
In Chapter 10, we illustrated the use of deriv- 


Ры) 


FIGURE B.1 DIFFERENTIATION EXAMPLE 
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atives for finding the maximum or minimum 
points of a function. This was accomplished by 
setting the first derivative of the function equal 
to zero and solving for the value x. The second 
derivative was then used to determine whether 
the function was a maximum or a minimum. 

In Chapter 10, and elsewhere, we also em- 
ployed partial derivatives. Partial differentiation 
involves determining the rate of change, or slope, 
between two variables when the dependent vari- 
able z is a function of two or more variables, z = 
J (xy). Thus, in partial differentiation, the depen- 
dent variable z and a chosen independent variable 
are treated as constants and differentiation pro- 
ceeds. In this process the partial derivative of the 
function z with respect to x is denoted as: 


ш аху) 
ғ ax 


A function having п independent variables will 
thus have n partial derivatives. 

A number of rules, or derivative formulas, are 
in existence. Among the more important deriva- 
tive formulas are the following. 


L.5-«2 =0 


5. y= eo; 2 = ¢ 
6. y = [f(x) + g(x) + + + 7; 
dy Чо), dx), ... 


dx dx dx. ў 


= fi «(xy B Г) dg (x) р(х) df (x) 
7) = fle) gt dx= dx EE 
8. у = L, d _ 6001414] - fGolde(o)/dx) 


g(x)’ dx [д(х)]? 
рг КЕ 
9. 7 2098 dx X 
log,e du 
10. у- log.u; 2 - c 


(where u is a function of x) 


=~. Ө Ор 
11. y у a log.a 


- u: T 
12. y “с... 


(where м is a function of x) 
13. у = ver: 2 = np 


= m 2 л) 
M. ر‎ "i à dx 


MEM. ИТ СН. 
15. у ы” vu" dx * "© logus 


(where u and v are functions of x) 


The second major area of study in calculus is 
that of integration. Integral calculus is concerned 
with the process of finding the area under a curve, 
that is, the area between a curve and the x axis, 


_ or abscissa. To illustrate, consider the curve plot- 


ted in Fig. B.2. In Fig. B.2 assume that we are 
interested in determining the area under the 
curve у = f(x) between points “a” and “b.” We 
can approximate this area by summing the area 
under the three rectangles indicated. This sum is 
given by: 


3 

Уо) Ах 
where f(x, is the height of rectangle i and Ax is 
the width of each rectangle. In this example, this 
approximation will obviously overestimate the 
area under the curve between “a” and “b,” since 
the height of each approximating rectangle ex- 
ceeds the average height of the curve it attempts 
to approximate. However, as Ax becomes smaller, 
approaching zero (Ax — 0), the approximation 
improves. At the limit at which Ax approaches 
zero, we can state 


їп f(x) dx = (area between a and b under the curve 
у = f(x) 
This limit is written notationally as the integral: 


І Тә) 4х 


where the term dx denotes the independent vari- 
able of interest. 


A number of rules, or integration formulas, 
are in existence. Among the more important 
Integration formulas are the following. 


Е Гв-һш-ь-а 
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у = AS 


FIGURE B.2 INTEGRATION EXAMPLE 


2, [ъа = [kx}t = (b а 7. Пе = [x log — x} 


3. СІ =k [лое 8. І U(x) + (х)]4х = [ro * [кое 


^ 


4. [e nde = f'udx+ [ode 9. [ев = [e] 
А a К Cin ДЕ 


(where и апа v are functions of x) 
3 1 Р 
5. [= ы | Uu | | be | 2 | qi | 10. | «e a = Ек - zl 


n + 1 ТІНДЕГІ n+l 
b 
6. Г! 11. [s = [w fva] 
. Í xix = [log] = log.b = logia 4 à 
a (where и and v are functions of x) 


ee ee 
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Matrix Algebra 


INTRODUCTION 


Linear, or matrix, algebra is a very important 
area of study in mathematics, engineering, eco- 
nomics, and business. The increasing utilization 
of quantitative methods in all these fields and the 
adaptation of high-speed digital computers to 
matrix methods are two of the major reasons for 
this development. In business decision making, 
linear algebra has become a very important tool 
for representing and manipulating large amounts 
of data in the functional areas of production, 
marketing, and finance. 


MATRIX ALGEBRA 


Matrix algebra, or linear algebra, is the set of 
tules developed for performing operations on 
matrices that are analogous to arithmetic opera- 
tions. Since a matrix is nothing more than a set 
of column vectors (or row vectors), the rules we 
will study for matrices can just as readily be 
applied to the vectors that make up a matrix. 


MATRIX ADDITION AND SUBTRACTION 


The rules of matrix algebra for the addition and 
subtraction of matrices are analogous to those of 
ordinary algebra, providing that the matrices 
being added or subtracted are conformable. 
Matrices are conformable for addition and sub- 
traction if they have the same dimensions. A 
matrix, when its dimensions are equal, is called a 
square matrix. The main diagonal of a square 
matrix consists of the entries a1, 22; 43%» .. 
Thus, a two-row by two-column (2 x 2) matrix 
may be added or subtracted from а (2 х 2) 
matrix, or a (5 x 4) matrix may be added or 
subtracted from a (5 х 4) matrix. The addition 
ог subtraction is performed by adding or sub- 
tracting the corresponding components from the 
original two matrices. This results in a new matrix 
of exactly the same dimension. The following 
example illustrates matrix addition and subtrac- 
Поп operations. 


ка 


———————— 


EXAMPLE 
Assume that we are given two (4 x 3) matrices. 
-2 1 7 “1 


[А] = 6 -4 3 |[8) = 
4х3 9 


= 
x 
э 
ооо 
one 
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Determine [A + B] and [A — В). 


-2 + (-7) 1-1 7+2 
[A+B] | 6+0 тана 19 xe 
(4x 3) _ 9+3 4+2 2+4 

3+9 1+6 -8-(-7) 

-9 2 9 

2 ie os и 4 
x 12 6 6 

12 7 -15 

-2 - (-7) 1-1 7-2 
[А =B] | 6-0 PIATU 
(4x9) 9-3 4-2 2-4 

3-9 1-6 -8-(-7) 

5 0 5 

a) 85785. 19 
y 6 2 -2 
-6 -5 -1 


A null matrix can also be employed in matrix 
addition and subtraction. The sum or difference 
of any real matrix and a conformable null matrix 
is the original matrix. 


EXAMPLE 


-2 d and 


MATRIX MULTIPLICATION 


The simplest type of multiplication operation 
involving a matrix is that of multiplication of a 
matrix by a scalar. For this case, a matrix may be 
multiplied by a scalar by multiplying each com- 
ponent in the original matrix by the scalar. The 
resulting matrix will be of the same size and order 
as the original matrix. To illustrate, consider the 


following example. 


————— 
EXAMPLE 


1 
Multiply the matrix [А] = Б | 
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by the scalar K = 3. 
р Г ШУ as 
кла = [3 БЕ H 


The multiplication of two matrices is a more com- 
plicated operation. Here two matrices may be multi- 
plied together only if the number of columns in the 
first (left) matrix equals the number of rows in the 
second (right) matrix. Such matrices are said to be 
conformable for multiplication. The matrix resulting 
from this multiplication will have dimensions equal to 
the number of rows in the first matrix and the number 
of columns in the second matrix. For example, a (2 x 
3) matrix can be multiplied times a (3 х 3) matrix with 
the resulting matrix having dimensions of (9 x 3). 
However, a (3 х 3) matrix cannot be multiplied times 
a (2 x 3) matrix because such matrices are not con- 
formable. 


—————————— 


The actual matrix multiplication operation 
proceeds as follows. The components of the new 
matrix are formed by the sum of the products of 
the rows of the first matrix and the columns of 
the second matrix. To illustrate, consider the 
following example. 


= 


OO SEDE ЕН 
a) ESSERE 
4-(-1) + (-6)-4 


1 95 - 
= 98 "51 4 
-28 +18 -8 


A null matrix can also be employed іп matrix 
multiplication. The product of a real matrix and a 
conformable null matrix is a null matrix. 


EXAMPLE 
25.37 
000 
[А] = |-15 11] and ie = | | 
ER к 
000 
ГА1:19%1-|0 0 0 
000 


MATRIX INVERSION 


The fourth basic operation of ordinary algebra, 
division, is not defined for matrix algebra. How- 


3. 
-9. 
4. 


Fundamentals of Linear Algebra 


—_—_——_—— нні 
EXAMPLE 


[A] = ап ат [В] = ba ӛз i 
(2 X 2) [an as (2 x 3) | ba b» bz 
Find the matrix [A · В]. 


Since [A] is a (2 х 2) matrix and [B] is a (2 x 3) 
matrix, the matrices are conformable for multiplication, 
and the resulting matrix [A · B] will have dimensions 
(2 х 3). The matrix multiplication proceeds as follows. 


[A - B] 

(2 x 3) 
28 p + арда anb + agb» а,б + iie] 
anbu + азба anbe + азба азбі + абу 


It should be noted that, in general, [A - B] = [B- A]. 
In fact, in this example the matrix multiplication [A - B] 
is possible while the matrix multiplication [B · A] is 
not. А second example illustrates matrix multiplication 
for two numerical matrices. 


EXAMPLE 
[A] - 2 а и [е.в ә 
арзу wo 
Find the matrix [A · B]. 
641-7 3-(-2) + I-0 
6 +9.7  -92.(-9) 49.0 
6*(-6-7  4-(-2) + (-6)-0 


ever, the inverse of a matrix is employed in matrix 
algebra in an analogous manner to division in 
ordinary algebra. 

Recall that, in ordinary algebra, if we wish to 
solve the algebraic equation ax — b, we determine 
х by dividing both sides of the equations by a to 
give x = bla or x = b(l/a). The quantity l/a is 
called the reciprocal or the inverse of a. The 
inverse а”! of any number а # 0, is itself a 
number that satisfies the relationship a “а”! = 
1. For example, if a = 3 then а-! = 4, or if a = 
t then a”! = +5. 

In matrix algebra, the inverse of a matrix bears 
the same relationship to that matrix that the 
reciprocal of a number bears to that number in 
ordinary algebra. Thus, in matrix algebra the 
product of a matrix [A], and its inverse [А >!) is 
the identity matrix І, that is, (A: A-*] = [I]. 


Matrix Algebra 


The identity matrix [I] is a matrix having 
properties analogous to the number І in ordinary 
algebra. Recall that the product of a number and 
its inverse (reciprocal) in ordinary algebra was the 
number 1. Analogously, in matrix algebra, the 
product of a matrix and its inverse is the identity 
matrix that consists entirely of zeroes, except for 
ones down the main diagonal. For example: 


EXAMPLE 
1 0 2 ^ : А 
Ш] = р | | is а (2 X 2) identity matrix 
(а = 1, dy = 1) 
and 
1 50. 0 
Ш= |0 1 0 is a (3 х 3) identity matrix 


001 


(a = 1, ax = l, as = 1) 


Note that an identity matrix has the property that 
multiplication of another matrix by it yields that original 
matrix. For example: 


EXAMPLE 


E 12. CA ee 
Е n= |$ H ! | = [? ЧЫ: 


We thus define the inverse of a matrix ГА” as being 
à matrix that satisfies the relationships: 


[A ; A~] = Ш = (A^! А] 


This definition indicates that the order of multiplication 
Involving a matrix and its inverse does not matter. It 
should, therefore, be apparent that only square matri- 
Ces (і.е., matrices having equal numbers of rows and 
columns) can have inverses. This is true because we 
must be able to multiply a matrix and its inverse in any 
order, the result being an identity matrix. This is only 
possible if we are dealing with a matrix whose inverse 
is of the same dimension as the original matrix. At this 
point, however, it should be cautioned that all square 
Matrices do not necessarily have inverses. We shall 
discuss this point more fully after we have discussed 
the concept of the rank of a square matrix. 

, Тһе properties of a matrix and its inverse are shown 
in the following example: 


EXAMPLE 


a= |$ 4 ГА T | 
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A | 35-5 = Ia ol. 
ЕЕЕ: 
-1 = 1 -i 3 5 as b |ж 
ЖМЕШИНЗЫННЫ: 


The question now becomes: “How do we obtain the 
inverse of a square matrix?” One convenient means for 
computing the inverse of a matrix is known as the 
Gauss-Jordan elimination method. The procedure 
commences with the augmentation of the square matrix 
[A] with the identity matrix [I], that is, we form: 

[A |1] 

The Gauss-Jordan elimination method then involves 
performing a series of “row operations” to obtain 
concurrently an identity matrix [I] on the left side of 
the vertical line and the desired inverse [A~'] on the 
right side of the vertical line. Thus, the Gauss-Jordan 
elimination method involves transforming [A |I] to 
ША] by row operations. To verify that this process 
will work, recall the properties associated with the 
inverse of a matrix [A^]. If the inverse matrix [A~'] 
were known, we could multiply the matrices on both 
sides of the vertical line by [A~'], obtaining: 


(A: A"! |I: A7] = [I| A^] 


However, since we do not know the value of the inverse 
matrix, we employ the Gauss-Jordan elimination pro- 
cedure to obtain the identity matrix on the left side of 
the vertical line. 

The term “row operation" as used in this method 
refers to the application of simple algebraic operations 
to the rows of this matrix. The three basic row opera- 
tions are defined as follows: 


1. Any two rows of a matrix may be interchanged. 


2. Any row of a matrix may be multiplied by a nonzero 
constant. 


3. Any multiple of one row of a matrix may be added 
to another row of that matrix, element by element. 


EXAMPLE 


To illustrate the Gauss-Jordan elimination method, 
let us now determine the inverse of: 


First, augment the matrix [А] with the identity matrix 


ш. 
ain -[? $ | o 1] 


Next, multiply the first row by 1 (divide first row by 3). 


HEH 
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Next, add —2 times the first row to the second row. 


14 і 0 

0%1-41 
Next, multiply the second row by i (divide second row 
by f. 

1 4 1 0 

ll SEA 


Finally, add —§ times the second row to the first row. 
0 


TE 3] 44] 


Since we have obtained an identity matrix [I] on the 
left side of the vertical line, the desired in- 
verse (А7!) will be found to the right of the vert- 
ical line. The reader will recall from our pre- 
vious example that we have already verified that 
(А-А) = Шапа [A~' - A] = [I] for this matrix and 
its inverse. 


REPRESENTING SYSTEMS 
OF LINEAR EQUATIONS 
USING MATRICES 


One of the most important uses of matrices is in 
the representation of systems of linear equations. 
To illustrate, consider again the set of three linear 
equations. 

ацх + ах + 04; = b, 

ахі + aX + ах, = b, 

бух) + ах; + asx, = bs 


Matrix notation сап be used to write these three 
equations conveniently as: 


[A]: x =b 


where [A] is the coefficient matrix: 


ап а» а 
[A] = | an an аз 
ау аз аз 


х is the (unknown) solution vector: 
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Note that the product [A] · x is obtained by matrix 
multiplying the (3 х 3) coefficient matrix [A] 
times the (3 х 1) solution vector x. This system 
of linear equations is termed homogeneous in 
those cases in which b - 0. Conversely, a system 
of linear equations in which b # 0 is termed 
nonhomogeneous. 


SOLVING SYSTEMS 
OF LINEAR EQUATIONS 


The Gauss-Jordan elimination method can also 
be used for solving a system of linear equations. 
Moreover, as we saw in Chapter 3, the Gauss- 
Jordan elimination method is an integral part of 
the simplex procedure for solving linear program- 
ming problems. To apply this method we first 
augment the coefficient matrix [A] with the right- 
hand-side vector b. The solution to the system of 
equations is determined by applying row opera- 
tions to the rows of this augmented matrix. These 
row operations are performed with the objective 
of obtaining an identity matrix in the position 
originally occupied by the coefficient matrix [A]. 
Once an identity matrix is determined for the 
position originally occupied by [A], the solution 
to the system of equations appears in the position 
originally occupied by the right-hand-side vector. 
To see that this is true, consider the following set 
of matrix operations: 


l. Both sides of the matrix equation [A]x = b 
are multiplied by [A-!]: 


[A - Ајх = [A-!]b 
2. Since [А-! - A] = I, the equation reduces to: 
[Hx = [A-']b 


3. Since [х = x, the solution vector is given 
by: 
x = [A7]: b 
To illustrate the use of the Gauss-Jordan elimi- 
nation procedure in solving a system of linear 
equations, consider the following example. 


lle eee 
EXAMPLE 


2x, + 3х, + 4x, = 6 
Ix, + 2x, + 3x, 
4x, + Ix, + x; 


oi 
nwo 


NC 


Rank of a Matrix 


N о 


[Alb] = | 1 


> 


STEP 1 Divide row | by 2. 


7 2109 
1 5 
4 1 592 


Multiply row 1 by —1 and add to row 2. 
Multiply row 1 by —4 and add to row 3. 


NS "ks 
- 


1 1.2 3 
0 i 1 2 
ж =5 =F 20) 


In this first step we have obtained а опе as the 
element in the first row and first column and 
zeroes as the elements in the first column for 


all other rows. 
3 
4 
-10 


STEP 2 Divide row two by 1. 
pkg а 
0 1 2 
= = 
Multiply row two by —$ and add to row 1. 
Multiply row 2 by 5 and add to row 3. 


PO" =] ر‎ 
DT 2 4 
0'0- 2 10 


In this second step we have obtained a one as 
the element in the second row and second 
column and zeroes as the elements in the 
second column for all other rows. 


STEP 3 Divide row 3 by 7. 


ШО, >] 
01 2 
0 0 1 


Multiply row 3 by 1 and add to row 1. Multiply 
row 3 by —2 and add to row 2. 


1:0 OH 
3 
% 


0 1 0 
001 

In this third step we have obtained a one as 

the element in the third row and third column 

and zeroes as the elements in the first column 

for all other rows. 

This process, sometimes also referred to as 
diagonalization, has resulted in the determi- 
nation of an identity matrix for the position 
т» occupied by the coefficient matrix 
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Thus, the solution to this set of three linear 
equations is: 


RANK 


A system of m linear equations in n unknowns 
may: 


1. Have no solution, in which case it is called an 
inconsistent system. 


2. Have exactly one solution, called a unique 
solution. 


3. Have an infinite number of solutions. 


In the latter two cases the system is termed con- 
sistent. 

The concept of rank may be used to develop 
a method for determining if a system of linear 
equations is consistent or inconsistent, and if 
consistent, if the system has a unique solution or 
an infinite number of solutions. We shall begin 
by discussing the concept of the rank of a matrix. 


RANK OF A MATRIX 


The rank of a matrix is defined to be the number 
of linearly independent rows (or, alternatively, 
columns) in the matrix. Two or more rows (or 
columns) of a matrix are linearly independent if 
none of them can be expressed as a linear com- 
bination of the other rows (or columns). Two or 
more rows (or columns) of a matrix are linearly 
dependent if they can be expressed as a linear 
combination of the other rows (or columns). To 
illustrate linear independence consider the follow- 
ing (3 x 3) matrix: 


———— 


EXAMPLE 


Quot S 
ATT -9 6 (linear independence) 
4 2: 


(All three rows and columns are linearly indepen- 
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dent.) To illustrate linear dependence consider the 
following (3 x 3) matrix: 


EXAMPLE 


2 27 6 
[8] = |1 -2 4 (linear dependence) 
4-1 14 


(Row 3 can be expressed as the sum of row 1 plus 
twice the sum of row 2.) The rank of a matrix may be 
determined by applying row operations to the matrix 
with the objective of obtaining as many all zero rows 
(or columns) as possible. The number of rows (or 
columns) in the matrix that cannot be reduced to all 
zeroes is the number of linearly independent rows in 
the matrix, or the rank of the matrix. 

To illustrate the determination of the rank of a 
matrix, consider the following example. 


Add —5 times row 1 to row 2. 


1 В 
0 185" “34 
6 One 


Add —6 times row | to row 3. 


1 B 565 
OUS 584 
6 0, 1.54 


Add — times row 2 to row 3. 


Now, because there is a one in the first column of row 
1 and a zero in the first column of row 2, no further 
combinations of row operations can reduce all the 
elements of row 1 or all the elements of row 2 to zero. 
Thus, the rank of this matrix is 2, and this matrix has 
two linearly independent rows (columns). 


ooo 


RANK OF A SYSTEM 
OF LINEAR EQUATIONS 


The concept of rank can be extended to a system 
of linear equations. Thus, we define the rank of 
а system of linear equations as the number of 
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linearly independent equations in the system. To 
determine the rank of the system of linear equa- 
tions, [A]x = b, the coefficient matrix [A] is first 
augmented with the right-hand-side vector to 
form [A | b]. Row operations are then performed 
on the augmented matrix [A | b] to try to produce 
all zero rows. The number of nonzero rows in 
the augmented matrix is the rank of the system 
of linear equations. To illustrate, consider the 
following example. 


اتات 


EXAMPLE 


lx, + 3x, - 6x, = 2 
бху = 39x. + 4x, = 


6x, - 2x,= 7 
АЕ. И = с |! 9 
А|Ы-|5 -3 415 
6 0 -2]|7 


Add —5 times row 1 to row 2. 


1 SEU 
0 -І8 34 


6 0.32 


Add —6 times row 1 to row 3. 


1 3. =6 
Ü I8 134 


0 I8 84 


Add – 1 times row 2 to row 3. 


1 3 -6 
0 -18” 184 
0 0 0 


Once again, по further combinations of row operations 
can reduce all the elements of row 1 or all of the 
elements of row 2 to zero. Thus, the rank of this system 
of linear equations is 2. This means that the number 
of linearly independent equations in this system of 
linear equations is also 2. 


ee 


THE NATURE OF SOLUTIONS TO 
SYSTEMS OF LINEAR EQUATIONS 


The rank concept may be used to analyze a system 
of linear equations. As noted earlier, a system of 
linear equations may be consistent or inconsistent, 
and a consistent system of linear equations may 
have a unique or an infinite number of solutions. 


Rank of a Matrix 


These possibilities may be investigated by apply- 
ing the following two rules, which employ the 
rank concept: 


Rule 1 A system of linear equations is consistent 
if, and only if, the rank of the augmented 
matrix for this system is equal to the rank 
of the coefficient matrix for this system. 
This rank is termed the rank of the sys- 
tem, 


A system of linear equations has a unique 
solution if, and only if, the rank of the 
coefficient matrix for this system equals the 
number of variables in the system. 


When these rules are applied to a system of linear 
equations, the three possibilities that may exist 
can be summarized by the following diagram 
shown in Fig. С.1. To illustrate these rules, con- 
sider the following numerical examples: 


Unique solution 
ifr = n (number 
of variables) 


System of linear equations 


Consistent if rank of 
[A] = rank of [A |b] = r. 


Infinite number 
of solutions if r « n 
(number of variables) 
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Performing row operations, we first divide row 1 by 3. 


ЕНТІГЕ 


Multiply row 1 by —1 and add it to row 2. 


w-[i] ыы- |; 


Multiply row 2 by ў. 


НЕТТІ 


Multiply row 2 by —§ and айа it to row 1. 
М 
f 


БЫ d am = | M 


No further row operations can now be performed to 
obtain all zero rows in either [A] or [A |Ы). Thus, the 
rank of [A] = rank of [A| b] = r = 2 = number of 
variables. We thus have a consistent set of linear 


equations having a unique solution, namely x, - $, 
x = 
EXAMPLE 
Ix, + 2x, = 2 
3x, + 6x, = 


162 Ж УУ, Шу, 
BIS ٤ 4 ГАТЫ = ٤ 6 d 
Performing row operations, we multiply row 1 by ~3 
and add it to row 2. 
2 
0 


a= | 4 |ы = |, 3 


No further row operations can now be performed to 
obtain all zero rows in either [A] or [A | b]. Thus, the 


[A]x = b 


Inconsistent if the rank 
of [A] < rank of [A |b]. 
(по solution). 


FIGURE С.1 SOLUTIONS TO A SYSTEM OF LINEAR EQUATIONS 
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rank of [A] = rank of [А |b] = r = 1. Sincer = 1 < 
п = 2 (number of variables), we have a consistent set 
of linear equations having an infinite number of solu- 
tions. 


EXAMPLE 


3x, + 2x, + 6x, = 1 
lx, + 2х, + 1х, = 3 
2x, + 4x, + 2x, = 7 

3 


27276 2611 
[А] |]1.2 1 [A|b] |]1 2 1] 3 
2.4 2 Rc PEE EY 
Performing row operations, we multiply row 2 by —2 
and add it to row 3. 
3019116 242, «6 
[A] ]1 2 1 [Alb] -|1 2 1] 3 
000 И 1 


No further row operations can now be performed to 
obtain all zero rows in either [A] or [А |Ы). The rank 
of [A] - 2 and the rank of [A | b] - 3. We thus have 
an inconsistent set of linear equations, and it has no 
solution. 

In summary, we can employ elementary row oper- 
ations to analyze the nature of solutions to systems of 
linear equations. The concept of the rank of a matrix 
is employed in this process. 


NONSINGULAR AND SINGULAR 
SQUARE MATRICES 


We noted earlier that a square matrix [A] and its 
inverse [A~'] may be used to solve a system of 
linear equations [A]x — b. Thus, since only square 
matrices can have inverses, the use of the matrix 
inverse method to solve systems of simultaneous 
linear equations is possible only for square systems 
of linear equations, where the number of un- 
knowns equals the number of equations. How- 
ever, it must be cautioned that having a square 
system of equations does not guarantee that such 
a system of equations has a solution. Because 
there are as many equations as variables does not 
guarantee that the coefficient matrix [A] will have 
an inverse. If the coefficient matrix of a square 
matrix has an inverse, it is termed nonsingular, 
and if it does not have an inverse, it is termed 
singular. 

A singular matrix arises for a square system of 
linear equations when one or more of the equa- 
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tions in the system is linearly dependent on one 
or more of the other equations in the system. 
The rank of a nonsingular square matrix will 
always be equal to the size of the square matrix, 
while the rank of a singular square matrix will 
always be less than the size of the square matrix. 
To illustrate, consider the following example: 


EXAMPLE 


1х, + 2x + 4x, = 2 
2x, + Ix, + бх, = 1 
4x, + 5x, + 14x, = 5 


\ 


The coefficient matrix of this system of equations has 
no inverse, since the third equation is linearly depen- 
dent on the first two equations. The third equation can 
be written as the sum of twice the first equation plus 
one times the second equation. 

To summarize, any square matrix whose rows (col- 
umns) are linearly dependent does not have an inverse 
and is termed singular. Similarly, a square matrix does 
not have an inverse if its rows (columns) are linearly 
dependent. 


—-—_—_ 00 - 


BASIC SOLUTIONS 


Let us now consider systems of linear equations 
in which there are more unknowns than equa- 
tions. Such systems, in which the number of 
unknowns, n, is greater than the number of 
equations, m, are called underdetermined or rec- 
tangular. Such rectangular systems are either 
consistent or inconsistent. If they are consistent, 
since m < n, r < n and there will be an infinite 
number of solutions. If they are inconsistent, 
there will be no solution. 

Earlier we noted that, if a square matrix has 
linearly independent rows and columns, we can 
compute its inverse, and then use this inverse to 
compute the unique solution to its underlying 
system of equations. Now, a system of linear 
equations with more columns than rows does not 
have a square matrix, and thus it cannot be 
inverted. However, assume that we can select a 
subset of linearly independent columns from the 
set of columns available. If the number of linearly 
independent columns that is selected is exactly 
equal to the number of rows in the original set 
of matrix equations, we have formed a square 


Basic Solutions 


matrix that we know has an inverse (i.e., we have 
formed a nonsingular square matrix), Assume 
further, that for our set of equations, rank of 
[A] = rank of [A|b] = m. After determining 
the inverse [A~'], we can compute a solution to 
the original set of matrix equations using 


x = [A-!]b 


where [A] is the m by m nonsingular matrix and 
n — m variables (unknowns) have arbitrarily been 
set equal to zero. This type of solution to a system 
of linear equations is called a basic solution. 


Basic Solution Given a system of m simultaneous 
linear equations in n unknowns, [A]x = b (m « n) 
and rank of [A] = m. If any т X m nonsingular 
matrix is chosen from [A], and if all the n — m 
variables not associated with the columns of this matrix 
are set equal to zero, the solution to the resulting set of 
equations is called a basic solution. 


In a basic solution n — m variables are set equal 
to zero, and the remaining m variables are then 
uniquely determined since the matrix of their 
coefficients is nonsingular. A basic solution thus 
has no more than m nonzero variables, and these 
m variables are called basic variables. The n — 
т variables set equal to zero are called nonbasic 
variables. Furthermore, a basic feasible solution 
is defined as a basic solution in which all m basic 
variables are nonnegative (20), апа a basic non- 
feasible solution is defined as a basic solution in 
Which one, or more, of the basic variables are 
negative (—0). Finally, a nondegenerate basic 
feasible solution is defined as a basic feasible 
solution in which all m basic variables are positive 
(20), and a degenerate basic feasible solution is 
defined as a basic feasible solution in which one, 
or more, of the m basic variables are equal to 
zero, 

Let us now illustrate the definitions just pre- 
sented, using a numerical example. 


ec7 


EXAMPLE 


Given the following rectangular system of linear equa- 
tions: 
= 12 
+ Ix, = 10 
Ix, + 1х, = 8 


Ix, + 2x, + Ixy 


Ix, + Ix, 
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For this rectangular system of linear equations we have 
m = 3 equations inn = 5 unknowns. The maximum 
number of basic solutions possible for a system of m 
linear equations having n unknowns is given by the 
number of combinations of n items taken m at a time, 
or:! 

Number of basic solutions _ (n) _ n! 

(m equations, n unknowns) Дт) ml! (n — m)! 


Thus, for this system of m = 3 linear equations in 
n — 5 unknowns we would have: 


Number of basic solutions _ (5) _ 5! = 10 
(т = 3, п = 5) 3 3! (5 - 3)! 


The 10 basic solutions to this rectangular system of 
linear equations can be determined by setting n — m 
= 5 — 3 = 2 of the variables equal to zero and solving 
for the remaining m = 3 variables. 


Basic Solution 1 To illustrate, one basic solution 
can be determined by setting x, = 0, x; = 0 and 
solving: 
+ Ix, = 12 
+ lx, = 10 
+ 1х,= 8 


Thus, the initial basic solution is: (Set x, = 0, 
x» = 0); хз = 12, x, = 10, x, = 8. This initial 
basic solution is a basic feasible solution that is 
nondegenerate. 


Basic Solution 2 A second basic solution can be 
determined by setting x, = 0, хз = 0 and solving: 


2x, = 12 
Ix; + lx, = 10 
+ 1х, = 8 


Using the Gauss-Jordan elimination method: 


2 0-0 19 
[A|b]  |1 1 0 | 10 
gagar 8 
Divide row 1 by 2. 
100 6 
(Alb) = |1 1 0 | 10 
001 8 


!Note that as we set - m of the variables equal to zero 
and attempt to solve the resulting set of m linear equations in 
m unknowns, it may not be possible to obtain a particular 
basic solution. This situation will occur when the chosen set 
of m linear equations in m unknowns is inconsistent, and in 
this instance the т X т square matrix chosen from [A] will 
be singular and will not have an inverse. 
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Multiply row 1 by -І and add it to row 2. 


6 
4 
8 


Thus, a second basic solution is: (Set x, = 0, 
Xs = 0); х = 6,x, = 4, х; = 8. This second basic 
solution is a basic feasible solution that is non- 
degenerate. 

Proceeding in similar fashion, setting combi- 
nations of n — m = 2 variables equal to zero and 
solving for the remaining m = 3 variables, using 
the Gauss-Jordan elimination method, the re- 
maining eight basic solutions are as follows (for 
the sake of brevity we are omitting the compu- 
tational details of these eight solutions—the more 
interested reader can verify these computations): 


100 
[Alb] = |0 1 0 
001 


Basic Solution 3 (Set x, = 0, x, = 0); х, = 10, 
Ху = -8, ху = 8. This is a basic nonfeasible 
solution, since хз = —8. 


Basic Solution 4 (Set x, = 0, х, = 0); no basic 
solution possible. In this instance, we are attempt- 
ing to solve: 


2% 1х; - 19 
lx, +», = 10 
Ix, + lx = 8 
1 1 
0 0 


--------............---................-..........-........ 
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This is obviously an inconsistent set of linear 
equations, and we cannot obtain a nonsingular 
square matrix involving the variables x», x, and 
X4. 


Basic Solution 5 (Set хә = 0, x, = 0); x, = 19, 
x, = -9,х = -4. This is a basic nonfeasible 
solution, since x, = —2 and x, = —4. 


Basic Solution 6 (Set х, = 0, x, = 0); x, = 10, 
хз = 2, ху = -9. This is a basic nonfeasible 
solution, since х — —2. 


Basic Solution 7 (Set х, = 0, х, = 0); x, = 8, 
xs = 4,x, = 2. This is a basic feasible solution. 


Basic Solution 8 (Set x, = 0, x, = 0); x, = 8, 
Ха = 2,x5 = 0. This is a degenerate basic feasible 
solution, since x; = 0. 


Basic Solution 9 (Set x, = 0, х, = 0); x, = 8, 
X» = 2,x, = 0. This isa degenerate basic feasible 
solution, since x, = 0. 


Basic Solution 10 (Set x, = 0, х, = 0); x, = 8, 
X» = 2,х = 0. This is a degenerate basic feasible 
solution, since x, = 0. 


In summary, for this rectangular system of 
m = 3 linear equations in n = 5 unknowns we 
obtained the following basic solutions. 


Basic Solution* 
ene МН MR 
x Xs Xs X4 Xy Feasible/Nonfeasible Degenerate/Nondegenerate 
(0) (0) 12 10 8 


Feasible Nondegenerate 

(0) 6 (0) 4 8 Feasible Nondegenerate 
(0) 10 -8 (0) 8 Nonfeasible 
(0) (0) No basic solution possible—inconsistent set of equations 
12 (0) (0) -2 -4 Nonfeasible 
10 (0) 2 (0) -2 Nonfeasible 

8 (0) 4 2 (0) Feasible Nondegenerate 

8 2 (0) (0) 0 Feasible Degenerate 

8 9 (0) 0 (0) Feasible Degenerate 

8 


2 0 (0) (0) Feasible Degenerate 
* Variables set equal to zero are enclosed in parentheses. 


Thus, of the 10 possible basic solutions, we 
could obtain 9 basic solutions. Of these 9 basic 
solutions, there were 6 basic feasible solutions. It 
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is important to observe that the number of basic 


feasible solutions we obtained was less than the 


number of possible basic solutions. Of these 6 


Convex Sets 


basic feasible solutions, 3 were degenerate basic 
feasible solutions. 

Linear programming generally involves under- 
determined systems of linear equations. Because 
underdetermined systems of linear equations are 
usually difficult to solve, and may indeed involve 
an infinite number of solutions, we utilize basic 
solutions in linear programming to reduce un- 
derdetermined systems to determined systems 
that can be solved more easily. Furthermore, in 
the solution process for linear programming we 
restrict our consideration to only basic feasible 
solutions. Thus, the determination of basic fea- 
sible solutions is the key to the solution of linear 
programming problems. 


CONVEX SETS 


In this section we will consider some fundamental 
properties of convex sets. These properties of 
Convex sets were very important in our study of 
linear programming, as they were utilized in the 
determination of the solution to the linear pro- 
gramming problem. 

First, a convex set is defined as follows. 


Definition А convex set is a collection of points such 
that, for each pair of points in the collection of points, 
the entire line segment joining the two points will also 
be in the collection of points. 


The definition indicates that if x, and x; are 


(4) (е) 
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points in the set X, then every point: 


x = Ах, + (1 — A)x,, 0-<ал<1 


must also be іп the set Х. The expression given 
by this equation is often referred to as a convex 
combination of x,, x» (for a given A). A set is 
convex if every convex combination of any two 
points in the set is also in the set. To illustrate 
the distinction between a convex set and noncon- 
vex set, consider Figure C.2. In this figure а, b, 
and c, line segment AB lies entirely within the 
boundary of the collection of points that forms 
the convex set. The palette-shaped figure shown 
in d is reentrant and is thus nonconvex since line 
segment AB does not lie entirely in the set. 
Likewise, e is nonconvex, since line segment AB 
does not lie entirely in the set. f is nonconvex 
because of the presence of the circular "hole," 
which is another cause of nonconvexity. Generally 
speaking, a convex set cannot have any “holes,” 
and its boundary must not be reentrant or in- 
dented anywhere. 

Second, an extreme point, or vertex, of a 
convex set is defined as follows: 


Definition An extreme point, or vertex, of a convex 
set is a point in the convex set that does not lie on any 
line that joins two other points in the convex set. 


'This definition indicates that a point x is an 
extreme point of a convex set X if, and only if, 
there do not exist points xj, x» (x, # x) in the 
convex set such that: 


0c2A«I 


x = Ax, + (1 — x, 


2 CONVEX AND МОМСОМУЕХ SETS. (a) CONVEX SET; (0) CONVEX SET; (c) 
CONVEX SET. (d) NONCONVEX SET; (e) NONCONVEX SET; (f) NONCONVEX SET 


Fundamentals of Linear Algebra 


FIGURE C.3 EXTREME AND NONEXTREME POINTS OF A 


CONVEX SET 


Note that strict inequalities are imposed on А. 
Thus, an extreme point cannot be “between” any 
other two points of the convex set, that is, it 
cannot be on the line segment joining the points 
x, and x». To illustrate extreme and nonextreme 


points of a convex set, consider Figure С.З. The 
extreme points of the convex set (crosshatched 
area) shown in Figure C.3 are at A, B, C, D, and 
E. Points 1 and 2 are nonextreme points of the 
convex set. 
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Appendix D consists of the following tables: 


. Greek Alphabet 


Glossary of Common Mathematical Symbols 
Standard Normal Distribution 

Poisson Distribution—Individual Terms 
Exponential Functions 


. Random Numbers (1000 Random Numbers) 


Random Normal Numbers, р = 0, с = 1 
(900 Random Normal Numbers) 


Powers, Roots, and Factorials of Numbers 


Probability of Zero Units in the Queueing 
System (Po) for Multiple Server Models 


TABLE 1 GREEK ALPHABET 


Е>ж-оФшшЫы Ы "1 9 > 


« Alpha N v Nu 

В Вега Е Е Xi 

y Gamma о о Отісгоп 
$ Delta П т Pi 

€ Epsilon P р Rho 

t Zeta X c Sigma 
т Eta i T Tau 

0 Theta Y v Upsilon 
t Iota o ф Phi 

к Карра X X Chi 

À Lambda Vv y Psi 

u Mu о @ 


Отера 
A 


Tables 


TABLE 2 GLOSSARY OF COMMON MATHEMATICAL SYMBOLS 


Symbol 
+ 


+ 


I 


l 


Name or Meaning 
Plus or positive 
Minus or negative 


Plus or minus 
Positive or negative 


[мй or plus 
Negative or positive 
Multiplied by 
Divided by 

Equals 

Does not equal 


Identical with, 
identically equal to 


Not identical with, 
is not identically equal to 


Equals approximately 
Congruent 


Greater than 

Less than 

Greater than or equal to 
Less than or equal to 
Similar to 

Therefore 

Absolute value of a 

n factorial; п! = 1-2-3---n 
Zero factorial, 0! = 1 
Square root 

nth root 

nth power of a 

Sa =a tatit 


The null set; the empty set 


Symbol 
P(E) 
Or + 
+ 
f(x) F(x) 
Ay 


dy n 
aos (x) 


D or f") 


2 or f(x) 


Л 
log ог logio 
In or log, 
eore 
т 


>or> 
R 


Name or Meaning 
Probability of E 
Is equivalent to 
Is not equivalent to 
Function of x 
Increment of y 
Approaches as a limit 
Summation of 
Infinity 
Differential of y 
Derivative of y = f(x) 
with respect to x 
Second derivative of 
y = f(x) with respect 
to x 
nth derivative of 
y = f(x) with respect 
to x 
Partial derivative of z 
with respect to x 
Second partial deriva- 
tive of z with respect 
to y and x 
Integral of 
Integral between the 
limits а and b 
Common logarithm 
Natural logarithm 
Napierian logarithm 
Base (2.718) of natural 
system of logarithms 
Pi (3.1416) 
Implies; implication 
The inverse of relation 
R 
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TABLE 3 STANDARD NORMAL DISTRIBUTION 
This table gives the area under the standardized normal curve from 0 to Z, as shown by the shaded portion of the 
following figure. 


Examples: if Z is the standardized normal 
random variable, then: 


Р(0 = Z = 1.95) = 0.3944 

P(Z = 1.25) = 0.5000 — 0.3944 = 0.1056 
с V P(Z < 1.95) = 0.5000 + 0.3944 = 0.8944 

P(Z < —1.25) - 0.1056 (by symmetry) 


Z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 


0.0 0.0000 0.0040 0.0080 0.0120 0.0160 0.0199 0.0239 0.0279 0.0319 0.0359 
0.1 0.0398 0.0438 0.0478 0.0517 0.0557 0.0596 0.0636 0.0675 0.0714 0.0753 
0.2 0.0793 0.0832 0.0871 0.0910 0.0948 0.0987 0.1026 0.1064 0.1103 0.1141 
0.3 0.1179 0.1217 0.1255 0.1993 0.1331 0.1368 0.1406 0.1443 0.1480 0.1517 
0.4 0.1554 0.1591 0.1628 0.1664 0.1700 0.1736 0.1772 0.1808 0.1844 0.1879 
0.5 0.1915 0.1950 0.1985 0.2019 0.2054 0.2088 0.2123 0.2157 0.2190 0.2224 
0.6 0.2257 0.2291 0.2324 0.2357 0.2389 0.2422 0.2454 0.9486 0.2518 0.2549 
0.7 0.2580 0.2612 0.2642 0.2673 0.2704 0.2734 0.2764 0.2794 0.2823 0.2852 
0.8 0.2881 0.2910 0.2939 0.2967 0.2995 0.3093 0.3051 0.3078 0.3106 0.3133 
0.9 0.3159 0.3186 0.3212 0.3938 0.3264 0.3989 0.3315 0.3340 0.3365 0.3389 
1.0 0.3413 0.3438 0.3461 0.3485 0.3508 0.3531 0.3554 0.3577 0.3599 0.3621 
1.1 0.3643 0.3665 0.3686 0.3708 0.3729 0.3749 0.3770 0.3790 0.3810 0.3830 
1.2 0.3849 0.3869 0.3888 0.3907 0.3925 0.3944 0.3962 0.3980 0.3997 0.4015 
159 0.4039 0.4049 0.4066 0.4089 0.4099 0.4115 0.4131 0.4147 0.4162 0.4177 
1.4 0.4192 0.4207 0.4222. 0.4236 0.4251 0.4265 0.4279 0.4299 0.4306 0.4319 
1.5 0.4332 0.4345 0.4357 0.4370 0.4382 0.4394 0.4406 0.4418 0.4429 0.4441 
1.6 0.4452 0.4463 0.4474 0.4484 0.4495 0.4505 0.4515 0.4595 0.4535 0.4545 
1.7 0.4554 0.4564 0.4577 0.4589 0.4591 0.4599 0.4608 0.4616 0.4625 0.4633 
1.8 0.4641 0.4649 0.4656 0.4664 0.4671 0.4678 0.4686 0.4693 0.4699 0.4706 
1.9 0.4713 0.4719 0.4726 0.4739 0.4738 0.4744 0.4750 0.4756 0.4761 0.4767 
2.0 0.4772 0.4778 0.4783 0.4788 0.4793 0.4798 0.4803 0.4808 0.4819 0.4817 
2.1 0.4821 0.4826 0.4830 0.4834 0.4838 0.4849 0.4846 0.4850 0.4854 0.4857 
2.2 0.4861 0.4864 0.4868 0.4871 0.4875 0.4878 0.4881 0.4884 0.4887 0.4890 
2.3 0.4893 0.4896 0.4898 0.4901 0.4944 0.4906 0.4909 0.4911 0.4913 0.4916 
2.4 0.4918 0.4920 0.4922 0.4925 0.4927 0.4999 0.4931 0.4932 0.4934 0.4936 
2.5 0.4938 0.4940 0.4941 0.4943 0.4945 0.4946 0.4948 0.4949 0.4951 0.4952 
2.6 0.4953 0.4955 0.4956 0.4957 0.4959 0.4960 0.4961 0.4962 0.4963 0.4964 
2 0.4965 0.4966 0.4967 0.4968 0.4969 0.4970 0.4971 0.4972 0.4973 0.4974 
2.8 0.4974 0.4975 0.4976 0.4977 0.4977 0.4978 0.4979 0.4979 0.4980 0.4981 
2.9 0.4981 0.4982 0.4982 0.4983 0.4984 0.4984 0.4985 0.4985 0.4986 0.4986 
3.0 0.49865 0.4987 0.4987 0.4988 0.4988 0.4989 0.4989 0.4989 0.4990 0.4990 
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TABLE 5 EXPONENTIAL FUNCTIONS 


1.0000 
1.0101 
1.0202 
1.0305 
1.0408 


1.0513 
1.0618 
1.0725 
1.0833 
1.0942 


1.1052 
1.1163 
1.1275 
1.1388 
1.1503 


1.1618 
1.1735 
1.1853 
1.1972 
1.2092 


1.2214 
1.2337 
1.2461 
1.2586 
1.2712 


1.2840 
1.2969 
1.3100 
1.3231 
1.3364 


1.3499 
1.3634 
1.3771 
1.3910 
1.4049 


1.4191 
1.4333 
1.4477 
1.4623 
1.4770 


1.4918 
1.5068 
1.5220 
1.5373 
1.5527 


1.0000 
0.9900 
0.9802 
0.9704 
0.9608 


0.9512 
0.9418 
0.9329 
0.9231 
0.9139 


0.9048 
0.8958 
0.8869 
0.8780 
0.8693 


0.8607 
0.8521 
0.8436 
0.8353 
0.8269 


0.8187 
0.8106 
0.8025 
0.7945 
0.7866 


0.7788 
0.7710 
0.7633 
0.7558 
0.7482 


0.7408 
0.7334 
0.7261 
0.7189 
0.7118 


0.7046 
0.6977 
0.6907 
0.6839 
0.6770 


0.6703 
0.6636 
0.6570 
0.6505 
0.6440 


1.5683 
1.5841 
1.6000 
1.6161 
1.6323 


1.6487 
1.6653 
1.6820 
1.6989 
1.7160 


1.7333 
1.7507 
1.7683 
1.7860 
1.8040 


1.8221 
1.8404 
1.8589 
1.8776 
1.8965 


1.9155 


1.9348 
1.9542 
1.9739 
1.9937 


2.0138 
2.0340 
2.0544 
2.0751 
2.0959 


2.1170 
2.1383 
2.1598 
2.1815 
2.2034 


2.2255 
2.2479 
2.2705 
2.2933 
2.3164 


2.3396 
2.3632 
2.3869 
2.4109 
2.4351 


0.6376 
0.6313 
0.6250 
0.6188 
0.6126 


0.6065 
0.6005 
0.5945 
0.5886 
0.5827 


0.5769 
0.5712 
0.5655 
0.5599 
0.5543 


0.5488 
0.5433 
0.5379 
0.5326 
0.5273 


0.5220 
0.5168 
0.5117 
0.5066 
0.5016 


0.4965 
0.4916 
0.4867 
0.4819 
0.4771 


0.4723 
0.4677 
0.4630 
0.4584 
0.4538 


0.4493 
0.4448 
0.4404 
0.4360 
0.4317 


0.4274 
0.4231 
0.4189 
0.4148 
0.4106 


TABLE 5 EXPONENTIAL FUNCTIONS (CONTINUED) 


2.4596 


2.4843 
2.5093 
2.5345 
2.5600 


2.5857 
2.6117 
2.6379 
2.6645 
2.6912 
2.7183 


2.8577 
3.0042 
3.1582 
3.3201 
3.4903 


3.6693 
3.8574 
4.0552 
4.2631 
4.4817 


4.7115 
4.9530 
5.2070 
5.4739 
5.7546 


6.0496 
6.3593 
6.6850 
7.0287 
7.3891 


7.7679 
8.1662 
8.5849 
9.0250 
9.4877 


9.9742 
10.486 
11.023 
11.588 
12.182 


12.807 
13.464 
14.154 
14.880 
15.643 


0.4066 


0.4025 
0.3985 
0.3945 
0.3906 


0.3867 
0.3829 
0.3790 
0.3753 
0.3716 
0.3678 


0.3499 
0.3329 
0.3166 
0.3012 
0.2865 


0.2625 
0.2592 
0.2466 
0.2346 
0.2231 


0.2122 
0.2019 
0.1921 
0.1821 
0.1738 


0.6153 
0.1572 
0.1496 
0.1423 
0.1353 


0.1287 
0.1224 
0.1165 
0.1108 
0.1054 


0.1003 
0.0954 
0.0907 
0.0863 
0.0821 


0.0781 
0.0743 
0.0707 
0.0672 
0.0639 


х 
2.80 


2.85 
2.90 
2.95 
3.00 


3.05 
3.10 
3.15 
3.20 
3.25 


3.30 
9:95 
3.40 
3.45 
3.50 


3.55 
3.60 
3.65 
3.70 
3.75 


3.80 
3.85 
3.90 
5.95 
4.00 


4.05 
4.10 
4.15 
4.20 
4.25 


4.30 
4.35 
4.40 
4.45 
4.50 


4.55 
4.60 
4.65 
4.70 
4.75 


4.80 
4.85 
4.90 
4.95 


e™ 
0.0608 
0.0578 
0.0550 
0.0523 
0.0498 


0.0474 
0.0450 
0.0429 
0.0408 
0.0389 


0.0369 
0.0351 
0.0333 
0.0317 
0.0302 


0.0287 
0.0273 
0.0260 
0.0247 
0.0235 


0.0224 
0.0213 
0.0202 
0.0193 
0.0183 


0.0174 
0.0166 
0.0158 
0.0150 
0.0143 


0.0136 
0.0129 
0.0123 
0.0117 
0.0111 


0.0107 
0.0101 
0.0096 
0.0091 
0.0087 


0.0082 
0.0078 
0.0074 
0.0070 
0.0067 
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TABLE 5 EXPONENTIAL FUNCTIONS (CONTINUED) 


5.10 164.02 
5.20 181.27 
5.30 200.34 
5.40 221.41 
5.50 244.69 
5.60 270.43 
5.70 298.87 
5.80 330.30 
5.90 365.04 
6.00 403.43 
6.10 445.86 
6.20 492.75 
6.30 544.57 
6.40 601.85 
6.50 665.14 
6.60 735.10 
6.70 812.41 
6.80 897.85 
6.90 992.27 
7.00 1096.6 
7.10 1212.0 
7.20 1339.4 
7.30 1480.3 
7.40 1636.0 

1808.0 


0.0061 
0.0055 
0.0050 
0.0045 
0.0041 


0.0037 
0.0033 
0.0030 
0.0027 
0.0025 


0.0022 
0.0020 
0.0018 
0.0017 
0.0015 


0.0014 
0.0012 
0.0011 
0.0010 
0.0009 


0.0008 
0.0007 
0.0007 
0.0006 
0.0006 


x 
7.60 
7.70 
7.80 
7.90 
8.00 


8.10 
8.20 
8.30 
8.40 
8.50 


8.60 
8.70 
8.80 
8.90 
9.00 


9.10 
9.20 
9.30 
9.40 
9.50 


9.60 
9.70 
9.80 
9.90 
10.00 


ет" 
0.0005 
0.0005 
0.0004 
0.0004 
0.0003 


0.0003 
0.0003 
0.0002 
0.0002 
0.0002 


0.0002 
0.0002 
0.0002 
0.0001 
0.0001 


0.0001 
0.0001 
0.0001 
0.0001 
0.0001 


0.0001 
0.0001 
0.0001 
0.0001 
0.0000 


16686 EF8F0 
GIFS 6/69 
SOFII 06082 
6SFRS 68606 
VLIGL 87889 
#9160 90804 
18899 68ғ6< 
46968 8<8/Р 
06651 6686/6 
46816 1610F 
60990 LO9LL 
04760 OS0EE 
TOPOL 69681 
95616 666/6 
11082 9//66 
86066 0€984 
16918 #8966 
19666 009g 
19646 86009 
08466 61806 
60896 9%006 
48861 9606, 
68866 FF966 
60969 0/16ғ 


96606 
+9604 
60/86 
$8616 
14961 
069ғ6 
0<ғ0с 
9%6<6 
16268 
ОВРСР 
SESE 
1866S 
<988ғ 
18086 
#069 
98661 
10686 
6SILL 
89689 
61059 
81988 
66656 
666/55 
8934F 


PLIES 
9FITS 
188Ғ0 
06620 
86496 
61664 
9€€v6 
61699 
96100 
16966 
8LES6 
9c*LL 
ДУО 
90679 
F66ct 
96961 
69066 
06660 
61986 
90881 
SISFF 
9668 
L66L0 
091/6 


060ғ< 
666/6 
60<%% 

16169 
16%96 
86696 
91056 
66660 
96610 
9166 
66981 

166%5 
#6б11 

©6698 
0001 

28966 
06904 
09009 
ВОРОР 

160650 
©9665 
3434 
666/0 
SPLIF 


15100 
ТЕМІР 
98978 
61966 
86709 
69696 
Scr89 
6816/5 
16968 
06498 
Р9ОРС 
64486 
66969 
96619 
©0161 
66111 
80004 
9С1%8 
6%9бб 
68064 
L6968 
06716 
90261 
сс66/ 


9F96F 
SLOPE 
99696 
95898 
06166 
8934} 
LIS6I 
SGr6G 
501%0 
L06L6 
16196 
[44274 
001<% 
606/6 
Ep863 
20866 
11886 
6ғ<09 
£6F66 
SLSFL 
60181 

6566ғ 
61660 
©98#1 


96988 
P6869 
19S#S 
66895 
©1816 
06819 
6F86F 
SOSTE 
89918 
06655 
6606 
9FLOG 
4,946 
LIOFI 
1990F 
60666 
66081 
SSPSL 
9F146 
94681 
6L86L 
SF9FI 
9684€ 
14174 


06160 
16668 
109#1 
66656 
LOSSI 
96408 
#9016 
61996 
1486ғ 
8#696 
96068 
69666 
199/8 
6641€ 
96689 
©0#60 
0б 
189ғ< 
16665 
611#0 
16490 
966+ 
969/9 
69678 


6890F 
LL*66 
86604 
06/00 
7447) 
68116 
©1966 
19699 
80661 
44000 
#1686 
00998 
018/0 
6961 
11168 
1+Ъ96 
896*I 
66860 
15б®8 
6FEL9 
19190 
9ғ102 
6982 
68669 


966ҒІ 
666869 
6649 
91066 
#9618 
10696 
#1686 
51908 
16189 
89611 
01484 
9168F 
4LS90 
86695 
OFILS 
98606 
6610 
6933F 
16666 
164244 
680/6 
86896 
96689 
9сғ<9 


1666p 
98/86 
98860 
1#066 
02621 
196+ 
66894 
F6604 
808ғ8 
#1881 
60/69 
[42147 
96218 
9698ғ 
16ғ/6 
©8500 
01669 
SIF9I 
SESS 
©6666 
69110 
9/821 
6268< 
84606 


61460 
с6911 
Icror 
96006 
<6866 
64616 
8/96 
8</66 
100<0 
SOILL 
64868 
09920 
169¢2 
SOSLG 
S8546 
116+%8 
66699 
8S9GF8 
9€661 
£9660 
$0114 
e196 


62166 
LOGIE 
©0616 
89168 
996/с 
©9646 
SSOPG 
L00c* 
#0966 
ПТ» 
68108 
11219 
99816 
90ғ29 
PS666 
16426 
E096 
02212 
9468 
2069 
+0660 
S66L6 
10<<6 


96996 
18208 
98962 
21292 
04819 
90621 
+086 
+981 
81688 
S1088 
89680 
16060 
84649 
6089 
62946 
16098 
62618 
2440 
28009 
42742 
SS68 
92091 
2106 


94956 
12861 
18666 
01/9 
р2218 
©1661 
18012. 
90609 
18262 
6971F 
#9664 
81145 
LYSIS 
98002 
ЄТЄ 
98898 
90291 
18258 
2619 
86906 
196+ 
F650 
ROL 
02112 
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t9804 
6£994 
LLSSL 
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V8046 
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59666 
9#066 
85009 
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E180 
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968/1 
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#1964 
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11160 
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8£F6£ 
12092 
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РР896 
БІРЕб 


19ҒЕР 
бР861 
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16666 
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86669 
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80268 
46649 


iara 
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14686 
[143274 
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66666 
62864 
14166 
©0969 
89164 
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6969 
60680 
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868FI 
64166 
66890 
15661 
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S86F8 
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62811 
121554 


9608 
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88616 
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88566 
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69968 
02988 
61266 
[12:144 
16499 
GF806 
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TABLE 8 POWERS, ROOTS, AND FACTORIALS OF NUMBERS 
(n--1,2,..., 25 


n п? n? nt n> n n! 

1 1 1 1 1 1.000 1.000 1 

9 4 8 16 39 1.414 1.260 9 

5 9 97 81 243 1.732 1.442 6 

4 16 64 256 1024 2.000 1.587 24 

5 25 125 625 8195 2.236 1.710 120 

6 36 216 1296 7776 2.449 1.817 720 

7 49 343 9401 16807 2.646 1.913 5040 

8 64 512 4096 32768 2.828 2.000 40320 

9 81 729 6561 59049 3.000 2.080 3.6288 x 10° 
10 100 1000 10000 100000 3.162 2.154 3.6988 x 10% 
11 121 1331 14641 161051 3.316 9,994 3.9917 x 107 
12 144 1728 20736 248832 3.464 2.289 4.7900 x 108 
13 169 2197 28561 371293 3.605 2.351 6.2270 x 10° 
14 196 2744 38416 537824 3.741 2.410 8.1178 x 10% 
15 225 3375 50625 759375 3.873 2.466 1.3077 x 10"? 
16 256 4096 65536 1048576 4.000 2.520 2.0923 x 10 
17 289 4913 83521 1419857 4.123 2.571 3.5569 x 104 
18 394 5839 104976 1889568 4.243 2.621 6.4024 x 10” 
19 361 6859 130321 2476099 4.359 2.668 1.2165 x 10” 
20 400 8000 160000 3200000 4.479 2.714 9.4399 x 10!8 
21 441 9961 194481 4084101 4.583 9,759 5.1091 x 10% 


22 484 10648 234256 5153632 4.690 2.802 1.1940 x 10% 
23 529 12167 279841 6436343 4.796 2.843 2.5852 x 10% 
24 676 15894 331776 7962624 4.899 2.884 6.2045 х 10% 
25 695 15695 390625 9765625 5.000 9.924 1.5511 х 10% 


IE 


TABLE 9 PROBABILITY OF ZERO UNITS IN THE QUEUEING SYSTEM (Ро) FOR MULTIPLE SERVER MODELS 


System Number of Servers (s) 
Utilization 
Ratio 
р = A/sp 

0.05 0.9048 0.8607 0.8187 0.7788 0.7408 0.7047 0.6703 0.6376 0.6065 
0.10 0.8182 0.7407 0.6703 0.6065 0.5488 0.4966 0.4493 0.4066 0.3679 
0.15 0.7391 0.6373 0.5487 0.4724 0.4066 0.3499 0.3012 0.2592 0.2231 
0.20 0.6667 0.5479 0.4491 0.3678 0.3012 0.2466 0.2019 0.1653 0.1353 
0.25 0.6000 0.4706 0.3673 0.2863 0.2231 0.1738 0.1353 0.1054 0.0821 
0.30 0.5385 0.4035 0.3002 0.2228 0.1652 0.1224 0.0907 0.0672 0.0498 
0.35 0.4815 0.3451 0.2449 0.1731 0.1222 0.0862 0.0608 0.0428 0.0302 
0.40 0.4286 0.2941 0.1993 0.1343 0.0903 0.0606 0.0407 0.0273 0.0183 
0.45 0.3793 0.2496 0.1616 0.1039 0.0666 0.0426 0.0272 0.0174 0.0111 
0.50 0.3333 0.2105 0.1304 0.0801 0.0490 0.0298 0.0182 0.0110 0.0067 
0.55 0.2903 0.1762 0.1046 0.0614 0.0358 0.0208 0.0121 0.0070 0.0040 
0.60 0.2500 0.1460 0.0831 0.0466 0.0260 0.0144 0.0080 0.0044 0.0024 
0.65 0.2121 0.1193 0.0651 0.0350 0.0187 0.0099 0.0052 0.0028 0.0015 
0.70 0.1765 0.0957 0.0502 0.0259 0.0132 0.0067 0.0034 0.0017 0.0009 
0.75 0.1429 0.0748 0.0377 0.0187 0.0091 0.0044 0.0021 0.0010 0.0005 
0.80 0.1111 0.0562 0.0273 0.0130 0.0061 0.0028 0.0013 0.0006 0.0003 
0.85 0.0811 0.0396 0.0186 0.0085 0.0038 0.0017 0.0008 0.0003 0.0001 
0.90 0.0526 0.0249 0.0113 0.0050 0.0021 0.0009 0.0004 0.0002 0.0001 


0.0256 0.0118 0.0051 0.0022 0.0009 0.0004 0.0002 0.0001 0.0000 


Note: А = arrival rate (Poisson); s = number of servers; н. = service rate (per individual server and exponential service time). 
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ANSWERS ТО 
EVEN-NUMBERED PROBLEMS 


ва‏ ا 


Chapter 2 Introduction to Linear Programming 


9. (а) А В С р Е 
(0, —1) (0.75, 0) (0,6) (3,3) (6,0) 
(b A 
(с) "B, DPE 
(d) E, (6, 0); maximum Z = 18. 
(e) B, (0.75, 0); minimum Z — 2.25. 


Optimum: x, =2 
x,=0 Maximum Z = 3(2) – 100) =6 


Optimum: x, *2/3, x; * 11/3; Maximum Z *68/3 
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10. 


12. 


14. 


Answers to Even-Numbered Problems 


Let: x, = number of hanging flowerpot holders 
x, = number of wall hangings 
Maximize (sales) Z = $3x, + %4х, 
subject to: 17x, + 5х = 150 (rope A) 
109х, + 13x, = 210 (rope B) 
3x, + 18x, = 130 (rope C) 
6x, + 8x, 190 (горе D) 
with x, 20,x. > 0 
Let: x, = number of “competition” soccer balls 
x; = number of "professional" soccer balls 
Minimize (production cost) Z = (2 hours) ($5.50 per hour)x, 
+ (4 hours) ($8.50 per hour)x, + (3 hours) ($5.50 per hour)x; 
+ (6 hours) ($8.50 per hour)xy = $45.00x, + 367.50x; 
subject to: 2x, + 3x, = 80 (semiskilled hours) 
4x, + 6x = 150 (skilled hours) 
1x, = 15 (“competition” balls) 
lx, = 10 (“professional” balls) 


with xı = 0, хә = 0 (implicitly, from third and fourth constraints) 


Let: x, = pounds of ingredient 1 
Xə = pounds of ingredient 2 
x3 = pounds of ingredient 3 
x, = pounds of ingredient 4. 
Minimize (production cost) Z = $28.00x, + $35.00xs + $52.00x4 + $26.00x, 
subject to: 
хі = 22 (Ib) 
хә = 18 (Ib) : 
vi < 20 (Ib) Supplies 
x4 = 24 (Ib) 


0.55x, = 0.45х, - 0.45х; - 0.45x, = 0 

0.40x, = 0.60x. - 0.60x, — 0.60x, = 0 
—0.10x; + 0.90x, - 0.10х; = 0.10x, = 0| Mixing 
—0.10x, — 0.10х; + 0.90x, — 0.10x, = 0( requirements 
—0.25x, + 0.75х + 0.75x, — 0.25x, = 0 
—0.50x, — 0.50х; - 0.50x, + 0.50х, = 0 


xy + х + Xs + ха = 25 (total requirement) 
with x, =0,x%.=0,x;20,x,=0 
Let: x; = number of barrels of crude stock i; 
i = 1, 2, 3, 4, used in oil brand j; j = 1, 2,3 
1 (crude stock 1) j = 1 (“regular” brand oil) 
2 (crude stock 2) 2 (“multigrade” brand oil) 


3 (crude stock 3) 3 (“premium” brand oil) 
4 (crude stock 4) 


Maximize (profit) Z = ($8.50 — $7.10)x,, + ($9.00 — $7.10) x15 
+ ($10.00 — 87.10)х|; + ($8.50 — $8.50)x4, + ($9.00 — 88.50)х.» 
+ ($10.00 - $8.50)х, + ($8.50 - $7.70)x4, + ($9.00 - $7.70) x59 
+ ($10.00 — 87.70)х;; + ($8.50 - $9.00)х, + ($9.00 - $9.00) x49 
+ ($10.00 — $9.00)x4 


j 
j 


i 
i 
i 
i 
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subject to: 

= бху + 15хы + бхз + 30x4 = 0| Viscosity 
-Ібхр + xs — 5Х + 20x4 = 06 requirement 
-Ә0хі = 10х — 20x53 + 5x43 = 0| constraints 


хи + хә + хз = 1000 

Хәр + Xə + хәз = 1100| Supply availability 
Хз Ху + ху € 1200 | constraints 

хы + хә + хаз 5 1100 


ху + хә + Хз + ха = 2000] Demand 
Хә + Хә + Хә + x42 15006 requirement 
Ха + хәз + X33 + хаз = 750) constraints 


with хи = 0, xi; = 0, xis = 0,х, = 0, хо = 0, 
хәз = 0, хз = 0, x32 = 0, хз = 0, ха = 0, 
X49 = 0, x44 = 0. 
16. Let: x, = number of women's magazine ads used 
x» = number of radio ads used 
xs = number of television ads used 
x, = number of newspaper ads used 
Maximize (advertising effectiveness) Z — 1,505,000x, + 2,948,000х 
+ 6,960,000x, + 3,280,000x, 


subject to: 
$1000x, + 81500х; + $3500x3 + $500x, < $100,000 (total spending limit) 
x) = 10 2 
4 = Minimum number of 
Ы 3 advertisements 
E 15 required constraints 


with ху = 0, хо = 0,х = 0, x4 2 0 (implicitly from last four constraints) 
18. Let: x, = percentage used (recommendation 1) 
x; = percentage used (recommendation 2) 
x, = percentage used (recommendation 3) 
Minimize (cost) Z = 15x, + 30x, + 20x, ($ million) 
subject to: 60x, + 40х„ + 50x, = 50 Desired reduction 
75x, + 60x, + 40x, = 60 in emission 
60x, + 90x, + 80x, = 70 | rate constraints 
Ardet; +, sym 1.00 
with хі > 0, х5 20, х3 = 0 
90. Let: x, = gallons of paint manufactured at plant 
i(i = 1, 2) and shipped to contractor 
jG = 1,2, 3) 
Minimize (cost of production and shipping) 
Z = [blending (plant 1) m 
(хи + X12 + х1)(0.10 hour/gal)($3.80/hour) + tinting (plant 1) 
(ки + Xi + x3)(0.25 hour/gal)($3.20/hour) + blending (plant 2) 
(xo) + xa + %2s)(0.15 hour/gal)($4.00/hour) + tinting (plant 2) 
(xq, + xs + хәз)(0.20 hour/gal)($3.10/hour)] + 1.80x,, + 2.00x» 
" 2.60x jo F 9.90хге = 2.10xis L3 9.95хәз + 2.98x | ur 3.78х19 Ж 3.28х1з 
+ 3.99х, + 3.42х» + 3.4 7x95 


714 


22. 


24. 


Answers to Even-Numbered Problems 


subject to: 

Order size constraints: xj ^ xs = 750 
Хә + Хә = 1500 
хз + Хз = 1500 


Blending constraints: 


(хи + хі» + хіз)(0.10 hour/gal) = 300 (plant 1) 
(Xo + хә + Хоз)(0.15 hour/gal) = 600 (plant 2) 


Tinting constraints: 
(х + хь x13)(0.25 hour/gal) = 360 (plant 1) 
(хоу + хә + Хәзҙ)(0.20 hour/gal) = 720 (plant 2) 


with x, z 0 for alli andj 


Let: x, — bags of blend of tea used, i = 1, 2, 3, 4 
(x; = 0) 
Maximize (profits) Z = (0.05 — 0.03)x, + (0.05 — 0.09)х; 
+ (0.05 — 0.04)x, + (0.05 — 0.01)x, 

subject to: 

Average oiliness coefficient: 2x, + 4x9 + lx, + бх; = 4(5000) 
Average bitterness coefficient: бх, + 5x; + 4x, + 2x, = 5(5000) 

Total sales constraint: x, + хә + хз + x, = 5000 


x, = 2000 
"CH : xs = 2000 
Tea bag availability constraints x, = 1000 
x, = 3000 
Indonesian tea limit constraint: хә = 0.30(5000) 


with xı = 0, x = 0,x,z 0), ха = 0 


Let x, = the number of majority students from neighborhood i (i 


2, 3, 4) bused to high school j (j - 1, 2). 


yj = the number of minority students from neighborhood i (i 


2, 3, 4) bused to high school j (j - 1, 2). 
Minimize (total busing miles) Z = 1.7х + 1.7уц + 2.6x9; + 2.670) 
+ 25x, + 2.5ys + 2.6х + 2.бу + 1.3) + 1.Зу + 2.3x99 
+ 2.3у + 2.7х + 2.7у9 


Note: Omit 3.2x4 + 3.2у from the objective function because of the 


requirement that no student be bused more than 3 miles; that is, 3.2 > 3.0. 


subject to: 

хи + Ху = (0.90)(2200) = 1980 

Ха + Ха = (0.80)(2100) = 1680| Majority students 

Хар + Xs = (0.50)(1500) = 750( in each neighborhood 
хи + Ха = (0.30)(1800) = 540 

yu + у = (0.10)(2200) = 220 


J2 22 Jn = (0.20)(2100) 
ys + уз = (0.50)(1500) 
Ya + ya = (0.70)(1800) 


420 | Minority students 
750 | in each neighborhood 
1260 
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yu + Jn + уз + ya = 0.25(х + уң + Xni 
+ уз + Ху + Ys + Ха + ya) 
Әп + Yor + Ja + ya = 0.50(х + уп + хә 


+ уз + X31 + уз + X41 + уа) Integration 
yis + Yoo + узо = 0.25(х1 + ig + Xo + у» жерге 

АЕРУ) constraints 
Уә + Yoo + уз S 0.50 12 + у + Ху + Joo 

+ X32 + уз») 


0.75(у + Ya + уз + 9a) - 0.25(х + Ху 
+ ху + ха) = 0 
0.50(y11 + yor + 9n + yar) — 0.50(х + ха Integration 
+ xsı + ха) = 0 requirement 
0.75(уө + Js + узг) = 0.2512 + Хор + Хз») constraints 
=0 in standard form 
0.50(yis + уз» + ум) — 0.5012 + Хә + хуз) 


=0 
хи + ўип + Xa + Yor + Xs + ўз = 2200] High school 
(since x, = 540, y4, = 1260) capacity 


Хә + Jig + Xo + Yor + Xss + уз; = 4000 | constraints 
with xj = 0,5; = 0 for all i andj 


Let: ху - the number of tons of cargo i allocated to compartment /; 
poU Ga: by a A 


3 3 
Maximize (total profit) Z = $125 (5 2 * $160 (5 sa) 
j=l 


ігі 
3 3 
+ $130 (X s) * $110 (5 s) 
jel j=l 
subject to: 


xy + хә + xis 520 

хи + ха + xw = 18 Cargo weight constraints 

ху + Ха + Ху 5 22 

ха + Хе + X43 = 10 

хи + Ха + Хи + Ха 15 

xig + Ха + Xs + ха 5 20 Weight capacity constraints 
Xis + Xos + Хз + х; 5 12 


Xi + Xn + ху + Хи *- 1$ or 0.319 
=н=р үа . 


УУ» 


іші jul 
+ xy + х і 
Ха + Xoo + Ха 4. 38 or 0.426 ИХ 
> ED constraints 


ied j=) 
xis + Ха + Хз + Хз /— 
<3 = = Н or 0.255 


> 5%, 


TIE! 


Answers to Even-Numbered Problems 


500x,, + 800x; + 600xs + 400x, = ml Space 


500х + 800xss + 600х + 400x42 = 16,000 > capacity 
500х|; + 800х; + 600х:; + 400x43 = 12,000 | constraints 
with — X= 0,2 = БАЗУ У: = Е 

Production Taco Number Number 

Hours Slingers Quitting Remaining Slingers 

Month Required Required (20%/Month) Епа of Month Required 
January 1000 10 2 13-2211 0 
February 1000 10 2 11-2 = 9 1 
Магсһ 1000 10 2 9527128 2 
April 1500 15 3 8-3+2=7 8 
Мау 1500 15 3 7-3+8= 12 3 
June 1500 15 3 12-9 + 538 = 12 3 


Let: х; = the number of taco slingers hired in month i 
and put to work on a regular basis in month j 


Minimize (total personnel cost) Z = [(5)(400) + 1000]x;s 
+ [(4)(400) + 50 + 1000]x;s + [(4)(400) + 1000]x»s 
[(3)(400) + 100 + 1000]x,, + [(3)(400) + 50 + 10001х., 
+ [(3)(400) + 1000]x34 + [(2)(400) + 150 + 1000]x;; 
(9)(400) + 100 + 1000]х» + [(2)(400) + 50 + 1000]xs; 
+ [(2)(400) + 12501х,; + [400 + 200 + 1000]хь 
+ [400 + 150 + 1000|х. + [400 + 100 + 1000] xa 
+ [400 + 50 + 1250]х, + [400 + 1250] x26 
= 3000х|; + 2650х |; + 2600х2; + 2300х|, + 2250x04 
+ 2200x34, + 1950х + 1900x5; + 1850x3, + 2050x4; 
+ 1600х6 Yi 1550x265 + 1500x536 Ta 1700x465 + 1650x 56 


subject to: 
Хо + хз + хи + Xi + Xi 4 


Хз + Ха + Хз + Xo 5 4 Maximum 
monthly 

Хи + Хау + X = 4 лар 
hiring 

X45 + Xa = 4 11 d 

ГТ allowe 

ху = 1 

хз + ху = 2 Monthly 

хи + Xs + хи = 8 hiring 

X15 + Х + X35 + X45 = 3 requirements 

хв + X% + Хе + X46 + ХУ = 3 


with x; 20 for all i and j 
Let: ху — the number of acres in section i to be planted 
with cropj;i = 1, 2,3;j = 1,2,3 
Minimize (total labor cost) Z = $120x,, + $225х + $168x,, 
+ $210х» + $160х, + 8160х;; + $169х, + $143x4, + 168x55 
subject to: 


хи + Xz + ху © 200] Land 
хи + Ха) + Хау © 500 > availability 
хи + Ха + Хз = 260] constraints 
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Хи + Хә + Хз = 225 | Demand 
Хә + Хә + Хә = 1606 requirement 
X13 + хәз + Хаз = 275] constraints 


with 270; = 1, 2, = 1, 2,3 

Let: x, = the number of Clamp systems manufactured 
X» = the number of Vise systems manufactured 
xs = the number of Clamp systems subcontracted 
x4 = the number of Vise systems subcontracted 


Maximize (total profit) Z = $45x, + $50x, + $30x, + $25x, 


subject to: 

x, + xs = 14,000 
хо + ха = 11,500 
0.15x, + 0.17x, = 2400 


| Demand requirement constraints 


0.12x, + 0.15х; = 2700 > Production hour availability constraints 


0.10x, + 0.14x = 3000 

xs + ху = 10,000 (subcontracting availability constraint) 
with 
Let: 


Kin Хз, 233,24 0 
: alternative; j = 1,...,7 
(public utility stocks) 
(public utility bonds) 
(government securities) 
(industrial stocks) 
(industrial bonds) 
(municipal bonds) 
(real estate trust) 
Maximize (total return on the portfolio) 7 = 0.08x, 


NOOR COON = 


+ 0.10xs + 0.07x, + 0.11х, + 0.12х; + 0.09х + 0.15x; 


subject to: 
x, + хә = 0.50 
x4 + х = 0.50 


(public utility securities constraint) 
(industrial securities constraint) 


x, = 0.10 (industrial stock constraint) 
x, € 0.07 (real estate trust constraint) 
x» = 0.35 (public utility bonds constraint) 
x, = 0.25 (government securities constraint) 
ху + xg + xg + x, + Xs + x6 + ху = 1.0 
with x, 20;j=1,....7 
Organizational Financial Quantitative 
Behavior Paper Management Test Methods Test 
:الا‎ ec лгал: mca iiie аас کے‎ 32 
Hours Grade Hours Grade Hours Grade 
0 70 0 60 0 40 
4 85 5 80 10 70 
8 100 10 100 20 100 
ټسټ س‎ 
1 hour of study 1 hour of study 1 hour of "id 
is worth | is worth is wort 
75 4.00 points 3.00 points 


3.75 points 
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x, = the proportion of funds to be invested іп the jth investment 


38. 


40. 


Answers to Even-Numbered Problems 


Let х; = the number of hours devoted to course j; j = 1, 2, 3 
j = (organizational behavior) 
j = 2 (financial management) 
j = 3 (quantitative methods) 
Maximize (overall grade point average) Z = (0.50/0.95)(70 + 3.75x,) 
+ (0.25/0.95)(60 + 4.00x,) + (0.20/0.95)(40 + 3.00х;) 
= 1.9725x, + 1.059х, + 0.633x, + 61.04 
subject to: 
x,= 0.0 
X= 2.5 р Lower-bound constraints on study time by course 
x3 = 10.0 
х= 8.0 
Xy = 10.0 > Upper-bound constraints on study time by course 
xs = 20.0 
xı + Xo + x3 = 20.0 (total study time availability constraint) 
with х/-0;) = 1,2,3 


3 
1 


the number of acres planted of crop i in 
season j; i = 1,2,3;7 = 1,2 
J; = the size of herd i in season j; i = 1,2,;7 = 1,2 
z; = the number of unused labor-hours in season jj = 1,2 
Maximize (profit) 7 = ($350 — $4)(х + хі) + ($250 — $2)(хә + хо) 
+ ($400 — $1)(xs; + хь) + ($450 — $250)(у + у) 
+ ($200 — 8125), + у») + $2.35z, + 69.50: 
= $346x,, + $346хь + $248x5, + $24 8x9 + $399x,, + $399x,, 
+ $2001. ар $200), + $755 2g $75y09 + $2.35z, + $3.50, 
subject to: 
4x1, + 4х + 2x, + 9х5 + lxs + 1x50 
+ 250у + 250у, + 195у; + 195у; = 25,000 (investment constraint) 
Х + Хә + Хә + Xo + ХХ 
+ 2у + 2yig + yor + وور‎ = 300 (acreage availability constraint) 
20x, + 15x; + Ох + 30 
+ 20sı + zı = 1500 (fall/winter labor availability constraint) 
40x12 + 35x29 + 50ху + 15у 
+ 10у» + 25 = 5000 (spring/summer labor availability constraint) 
хз = 0 (season constraint for peaches) 
уп + ym = 50 (сом herd size constraint) 
Jn + y» = 100 (pig herd size constraint) 


with xy = 0; i= 1, 2,337 = 1,2 
y =O; = 1, 2;ј = 1,2 
2р =0;7 = 1,2 


Let: х; — the number of gallons of diesel fuel from company 
j to be purchased in city i; i = 1,..., 4; 
qx 122239 
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Minimize (fuel purchasing cost) Z = 0.80x,; + 0.90x,, + 0.92х|; 
+ 0.87xa, + 0.75xss + 0.70х; + 0.75x4, + 0.70х + 0.92х;; 
+ 0.90х + 0.85x42 + 0.80x45 


subject to: 
хи + хә + хз = 350,000 
Хо) + хоо + xə = 400,000 Ё ; 
ә 5903) 614500000 Demand requirement constraints 
Ха + Хо + X43 = 500,000 
ху + Хә + Хз + ха = 450,000 ана 
xu + ха + ty + хаз = 700,000} SUPPIY availability 
хуз + хоз + хаз + хаз = 800,000 тар 
with ху 0і-1,...,67- 1,...,3 
Products Resource 
Resource A B с Availability 
Machine 1 4 3 2 180 
Machine 2 2 5 4 155 
Machine 3 1 2 5 160 


Profit: A, $35; B, $45; C, $40. 

Let: x; = the number of units of product j to be manufactured; 
211,23 

Maximize (total profit) Z = $35x, + 845х; + $40x, 

subject to: 


4x, + 8x, + 2x, = 180 
9x, + 5х» 4x4 = 155 р Resource availability constraints 
Ix; + 2x, + 5x, = 160 


with x, =0; = 1,2,3 


779 


Let ху the number of units produced in month i by production type 
j, and shipped in month k; i = 1,..., 6jj = 1, 2; Ж = 1, 


Norris 
Minimize (total production and inventory costs) Z 
= 8(xui + Xue + хиз + Xia + Хи + Xis 


+ хәз + Xos + Xon + Хә + X216 Regular time 


+ хаз + Xon : Xs15 + X316 production 
+ Xa + Ха T X416 сона 
+ Xsis + X516 
+ X616) 

+ 10(хуә + Xi + Хәз + X24 + Хз + X126 
+ Xog + Хоу + Xog + Хору + Ха Overtime 
+ хуз + Хэн + X325 + X996 production 
+ хан + Ха + X426 сай 


+ Хуу + Хув 
+ X626) 
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Mer 


bare (хур + Хоз + Ха + X4j5 + “| 
j=l 
2 
+ 4 b (хуз + Ха  Xgjs + 21 
ізі 
Inventory 
(хуа + Xas + s] holding 
d costs 


Mer 


+ 
ос 


(xys + s 


x i. 


C 
u 


Mer 


+ 
көй 
© 


+ 

a 
tee ЕЕ ed 

Мм» 


oe 
a 


subject to: 


6-2 
> У У ха = 16,000 (constraint to ensure no ending inventory) 
іші j= k=l 


(= А) 
6 
> хш = 1700;4:- 1; 2266 
ігі Production capacity 
6 constraints 
У, xm = 1100;¢ = 1,...,6 
kzi 


2 
Y хл = 1000 

jel 

2 

У, (куз + хауз) = 4000 
ізі 


? 
У (куз + хуз + хау) = 3000 
j=l 


Shipment 
2 requirement 
У (nya + ха + Xs + ху) = 2000 constraints 


Ле 


2 
У, (куз + ху; + хуу + Ху + хоу) = 3500 

ізі 

° 

У, (кув + хов + ху + хав + хув + хөв) = 2500 
jel 


with x4 0;іт 1,...,6;] = 1,2;k = 1,...,0;:i Sk 


Д _ Jl, if route i to j is taken 

LP b otherwise 

Minimize (total distance traveled) Z = 50x, + 75x + 60x, 
+ 50х 90x54 + 120х, + 75х;, + 90х,, + 135х,, + 60x, 
+ 1920х,; + 135x4 
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subject to: 

ху + Хз + #4 = 1 

Xo; + Хә + X9, = 1 | Constraints that ensure опе 
Хз + Хә + ху = lf route is taken from each city 
Ха + Хо + X. = 1 

ха + хі + Ха = 1 

Хо + X39 + xq? = l | Constraints that ensure one 
Х + X93 + Ха = 1 | route is taken to each city 
хи + xo4 + Хи = 1 


хы + = à : 
cd c feasible routing to and from 


хоз + хз S 1 UH durs д 
с 25 all four cities is achieved 


X19 + X21 =I 
ха + X4 S 1 : 
ы 1 Constraints that ensure а 
Хи +x = 1 
Хи + X43 =5 1 

0; 


with xj = О: КЕ EC: 


a 
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Note: For Problems 3-2 to 3-10, the optimal solution(s) is(are) indicated in 
each table of basic solutions by an asterisk; also, the variables that are set 
equal to zero to obtain a given basic solution are indicated by the use of 
parentheses around the zero values. 


2. ——————— 


Value of 
Basic Solutions Feasible/ | Objective 
хі х $1 5% Nonfeasible Function 
(0) (0) 7 10 Feasible 0 
(0) -і (0) 4 Nonfeasible -і 
(0) 5 22 (0) Feasible 10* 
і (0) (0) LS Feasible i 
10 (0) -13 (0) Nonfeasible -20 
6.2 1.9 (0) (0) Feasible 10* 


OE 
Vi 


alue of 


Basic Solutions Feasible/ Objective 

xi х 58 5; Nonfeasible Function 
(0) (0 9 60 Feasible 0 
(0) 30 (0) -30 Nonfeasible 150 

(0) 20 30 (0) Feasible 100* 

45 (0) (0) = 120 Nonfeasible 135 
15 (0) 60 (0) Feasible 45 
-15 40 (0) (0) Nonfeasible 155 


182 
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Value of 
Basic Solutions Feasible/ Objective 
хі X3 51 $5 Nonfeasible Function 
(0) (0) -10 -8 Nonfeasible 0 
(0) 2 (0) -6 Nonfeasible 14 
(0) 8 30 (0) Feasible 56 
5 (0) (0) 7 Feasible 15 
§ (0) -4 (0) Nonfeasible 8 
# 8 (0) (0) Feasible 14.46* 
Value of 
Basic Solutions Feasible/ ^ Objective 
хі хә 51 5% 53 Nonfeasible Function 
(0) (0) -10 -12 12 Nonfeasible 0 
(0) 5 (0) 2 18 Nonfeasible 10 
(0) 6 2 (0) 24 Feasible 12* 
(0) 2 -6 -8 (0) Nonfeasible 4 
2 (0) (0) -8 -10 Nonfeasible 8 
6 (0) 20 (0) -6 Nonfeasible 24 
12 (0) 50 12 (0) Feasible 48 
— 0.66 6.66 (0) (0) 27.33 Nonfeasible 10.67 
1.285 1.78 (0) —5.86 (0) Nonfeasible 8.70 
1.8 1.2 16.4 (0) (0) Feasible 21.60 
Value of 
Basic Solutions Feasible/ ^ Objective 
хі x2 Xs $1 5% Nonfeasible Function 
(0) (0) (0) -9 11 Nonfeasible 0 
(0) (0) 8 (0) T Feasible 5.4 
(0) (0) =f -64 (0) Nonfeasible — 33 
(0) 3 (0) (0) -1 Nonfeasible 18 
(0) 4 (0) = (0) Nonfeasible 16.50 
(0) H $ (0) (0) Feasible 17.09 
} (0) (0) (0) v Feasible 2.57* 
E (0) (0) y (0) Feasible 11 
H (0) -ж (0) (0) Nonfeasible — 2.88 
№ a (0) (0) (0) Feasible 16.363 
x, =0 
z 2$ Maximum Z - 10 
Ss = 0 
x, = 0 
i x: ы; Maximum 7 = 100 
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10:- 


2 
ІІІ 


E 
ы 
Е- 
3 
= 
3 
N 
1 
3$ 


м 
LJ 
uy ow wy y 


207721 


2 
0 Maximum Z - 66 


e 
yu ow won Ww 


99. wy 


Minimum Z - 15$ 


> 
калала 


мәс ocoocoow€!doeoowwqe 7 


24,.—-% 


Minimum Z = 3 


a 
иол о! 


обла; 


Maximum Z = 70 


к 
e 
ШІ... 


сассоскымы 9229 co 


98. х 


Maximum Z = 93 


ио 


30. xi 


Minimum Z = 18 


> 
"Ow Won now п 
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32 ее 
хә = 
Xs 
51 


Maximum 7 = 48 


Ш 
Nnooor 


$9 — 
34. (a) Let: xs = ху — х" 


Maximize Z = 3x, + 4x, + бх; — 6x4 + Os; — MA, + 05 — МА» 


subject to: 2x; + 9x; + ls = 30 
5x, + 2x; + 3х; — 3x9 + 1А, = 40 
8x, + 10x; — 10х! — 1s, + ІА, = 40 


with Xi» Xo, X3, Х3,51, Аһ, $9, А» = 0 


(b) Initial simplex tableau: 


Solution 


3 + 13M 4+ 2M 6 + 13M -6- 13M 0 


Initial basic feasible solution: x, = 0 

X9 = 0 

x3 = 0 

х5 = 0 

ғ, = 30 Z = -80М 
A, = 40 

$9 = 0 

А» = 40 


(c) First iteration: 


Basic 
Variables 


-M -0.6 — 0.3M 


0.6 + 0.3M 


0.6 + 0.3M 
-1.3М - 06 


26M-18 4+2М 


Chapter 3 The Simplex Method 785 


Second iteration: 


-2M 3.25M + 3.75 —3.25M - 3.75 0 
4+2M -3.25M + 2.25 3.25M - 2.25 0 0 0.625M + 0.375 —1.625M — 0.375 


36. (а) Minimize Z = 
Ix, — 3x; + 3x4 + Os; + MA, + Os. + МА; + МА; 


subject to: 
—2х + 1х + 1x — ls; + 1A; = 18 
Ix, + 1x» + 3x3 - 1% + lAs = 36 
—]1x, + xs + lxs + 1А; = 24 


with Xis Хэ, Хз, 51, Аһ» $2, Аҙ, Аз = 0 
(b) Initial simplex tableau: 


Basic 
Variables 


1 + 2M -3 — 5M 3 — 5M 

Initial basic feasible solution: x, — 0 
xy = 0 
хз = 0 
5, = 0 АҢ, 
Ars M 2 - 78M 
5 = 0 
A, = 36 
A; = 24 


(c) First iteration: 


M 


-MIS + 1 -3 10М/3 - 1 = : 
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Second iteration: 


Variables 


3 
y 


3 


Ce 
0 0 


1 M/4 + $ 


M -М/4 +31 -M/4 – $ 
0 %4-М/4 


5М44-% 5М/4 + $ 


М 
М 
38. (a) Let: x, = xix 


Minimize 7 = 2x, — Ixy + 4x, — 3х) + 3x1 MA, + 0s, + 05; 
+ 0s, + Os, + МА; 


subject to: 
lx, + Ох + 4x, + 2х4 — 9х + 1A, = 8 
1х, + 3x4 - 3х; + Is, = 10 
Ix, + lxs 5 2x, + 2x7 + 15, = 5 
2x, + 4х — 8x3 + Ix} — 1х4 F Iss - 15 
2x, + 4x, — 3x, + Ix} — Ix" ТАШЫБА, = 5 


Initial basic feasible solution: x, =0 53 = 15 
x» = 0 Sy = 0 
x, = 0 А = 5 
%4 = 0 Z = 13M 
х = 0 
A, = 8 
5, IO 
5 = 5 
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с 


(с) First iteration: 


Basic 
Variables 


2M/4 +4 


6M/4 – 1 -6М/4 + 1 


-6MA – 4 


22M/4 + 4 
—22M/4 + تا‎ 


6M/4 + 4 -2М/4 -і 6M/4 +1 


6j 


Basic 
Variables 


Second iteration: 


Alternative optima indicated 


Alternative optimal solution (obtained from introducing x; into the basis): 


х = $ 
x = 3 
п=0 2-24 
sg = ў 
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42. Optimal simplex tableau: 


Alternative optima indicated 


Alternative optimal solution (obtained from introducing x; into the basis): 
x, = 12 A, = 0 
х = 0 s = 0 
8-50 А = 0 
A, = 0 7005194 
So = 10 
44. Optimal simplex tableau: 


Basic 
Variables 


Alternative optima indicated 


Alternative optimal solution obtained from introducing ху into the basis): 
x, = y 
x, = 23 
$70 
$9 = 0 


46. Initial simplex tableau: 


Basic 
Variables 


Unbounded solution indicated 
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48. Final simplex tableau: 


Basic 
Variables 


$ j Unbounded solution indicated 
50. Final simplex tableau: 


Basic 
с, УагіаМев 


n 
Unbounded solution indicated 
59. Final simplex tableau: 


Basic 
Variables 


Since no су = Z; value is positive, the solution appears to be optimal. How- 
ever, since the artificial variable A, which should have been driven to zero, 
is present as a positive (i.e., А) = 2) basic variable in the solution, no feasible 


solution exists. 
54. Final simplex tableau: 
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Since по с; — 7, value is positive, the solution appears to be optimal. How- 
ever, since the artificial variable А), which should have been driven to zero, 
is present as a positive (i.e., A, = 4) basic variable in the solution, no feasible 
solution exists. 


56. Final simplex tableau: 


-1 1 1 
2s 0 -1 
-21 + 2M +M -M | *M-7  -M*7 


24 — 2M 0 -М +7 


Since по с; - 2; value is positive, the solution appears to be optimal. How- 
ever, since the artificial variable A,, which should have been driven to zero, 
is present as a positive (i.e., A, = 5) basic variable in the solution, no feasible 
solution exists. Note: For Problems 3-58 through 3-96, solutions were ob- 
tained using the Chang and Sullivan microcomputer software package. For 
these problems, the solution values of the decision variables that are greater 
than zero are provided along with the optimal value of the objective func- 
tion. 


58. See the answer to Problem 2-8 for formulation. 
x, = 1.087 xs = 7.041 Maximum Z - $31.43 


60. See the answer to Problem 2-10 for formulation. 
x, = 15.0 хә = 10.0 Minimum 7 = $1350.00 


62. See the answer to Problem 2-12 for formulation. 
= 11.25 хә = 2.5 хз = 2.5 ха = 8.75 
Minimum Z = $760.00 
64. See the answer to Problem 2-14 for formulation. 
xj = 998.5 Xj = 1.454 Xo = 1100.0 ху = 1001.5 
Xs» = 198.54 хр = 201.46 хь = 898.54 Maximum Z = $3910.00 
66. See the answer to Problem 2-16 for formulation. 
= 10.0 хо = 5.0 x3 = 3.0 x, = 144.0 
Maximum Z = 522,989.75 
68. See the answer to Problem 2-18 for formulation. 


= 0.5333 xo = 0.0667 xs = 0.400 Minimum Z = $18 
(million) 


70. See the answer to Problem 2-20 for formulation. 


xu = 750.0 хз = 6900 ху = 15000 — x4 = 810.0 
Minimum Z — $12,438.90 
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72. 


74. 


76. 


78. 


80. 


82. 


84. 


86. 


88. 


90. 


92. 


94. 


See the answer to Problem 2-22 for formulation. 
x, = 1750.0 х = 1500.0 x, = 1750.0 Maximum Z = $150.00 


See the answer to Problem 2-24 for formulation. 


1980.0 х = 660.0 Хә = 1020.0 ху = 750.0 

540.0 уь = 220.0 ys = 420.0 yu = 390.0 

360.0 Уа = 1260.0 Minimum Z = 16,389.988 total busing 
miles 


Xi2 
X41 


Js 


Іі! 
ІІ! 


See the answer to Problem 2-26 for formulation. 


хз = 6.9483 хә» = 18.00 ху = 14.977 xs 2.00 
Хз = 5.0235 Maximum Z = $6608.60 


See the answer to Problem 2-28 for formulation. 
Хә 1.0 хоз = 2.0 Xu = 2.0 X94 = 2.0 
ха = 4.0 ху = 1.0 X4 = 20 x = 3.0 
Minimum 7 = $37,100.00 


See the answer to Problem 2-30 for formulation. 
Xu = 200.0 Хз = 275.0 Ху = 25.0 Xs: = 160.0 
Minimum Z = $94,930.00 


See the answer to Problem 2-32 for formulation. 
x, = 11,750.00 x, = 3750.0 х = 2250.0 x, = 7750.0 
Maximum Z = $977,500.06 


See the answer to Problem 2-34 for formulation. 
= 0.35 x3 = 0.25 xs = 0.33 ж = 0.07 
Maximum Z = 0.1026 


See the answer to Problem 2-36 for formulation. 


x = 7.5 9-95 xs = 10.0 
Maximum Z = 61.04 + 23.75 = 84. 79 (grade point average) 


See the answer to Problem 2-38 for formulation. 
= 75.0 ху = 106.30 у» = 50.0 Maximum Z = $72,712.44 


See the answer to Problem 2-40 for formulation. 
350,000 хе = 400,000 — x» = 450,000 хь = 100,000 
400,000 Maximum Z - $1,280,000 


хи 
X43 


See the answer to Problem 2-42 for formulation. 
- 84.17 x, = 21.67 Maximum Z = $2062.50 


See the answer to Problem 2-44 for formulation. 
300.0 хе = 1200.0 хиз = 200.0 x12 = 1700.0 
1700.0 x44 = 1000.0 ха 700.0 хы» = 1700.0 


1700.0 xim = 700.0 хол = 11000 xs» = 1100.0 
1000.0 ху. = 1100.0 xg = 800.0 Minimum Z = $144,200.00 


Xni 
X313 
X616 


Www 
wow wow 


Www 


X424 
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96. See the answer to Problem 2-46 for formulation. 


Xp = 1.0 Xo3 = 1.0 x4 = 1.0 ха = 1.0 
Minimum Z = 335.0 miles 


Os 


^ Z-4x, +6x, 


(а) The optimal solution is x, - 0 and x; - 40; max 2 — 240. 

(b) There are three extreme points: x, = 0, ху = 0,2 = 0; x, = 20, 
Хә = 0, Z = 80; and x, = 0, хо = 40, and Z = 240. 

(c) The redundant constraint is 2x, + 3x, = 150. 


100. (a) х2 


Alternative optimal solution: x, *2.5, x, =3; 
Max Z= 24 
х;<3 


3x,*3x,« 18 


Alternative optimal solution: x, =4, 
x3*0; Max 2=24 


(b) The problem has more than one optimal solution. The alternative 
optimal solutions are x, = 2.5, x, = 3, max Z = 24; x, = 4, xy = 0, 
max Z = 24. All points lying on the line segment connecting these 
alternative optimal extreme point solutions are also optimal solutions 
to the linear programming problem. 

(c) This problem contains a redundant constraint: 3x, + 3x, = 18. 
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102. ж 


Unbounded solution 


-х|%2х;<14 


Ы] 


104. Inconsistent constraint set—no feasible solution. 
106. X2 


3x, *2x,« 12 


Point х 
А 0 0 
B 0 2 
с FLY 
D 4 0 
E -2 0 


(b) A,B,C, D. Yes, E, but E is not an extreme point of the feasible region. 
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(с) Feasible Extreme Points Objective Function Values 


A Z=0 
B Z=8 
C 2= % 
р 2-8 


(d) Тһе optimal solution is x; = $, x» = X5, which yields an objective 
function value of Z = € (extreme point С). 
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2. Minimize Z, =  7y, + 10у; 
subject to: 2y, + ігі 
-3у + 2-2 
with yı = 0,92 0 
4. Maximize 2, = 18x, + 12x, + 16x; 
subject to: 6x, + 9х, + 2х; 55 
3x, + 4х, + 8х: = 4 
with x, = 0, хо 2 0, хз > 0 
6. Maximize Z, = 7x, + 5x + 8х3 
subject to: 9x, + 2x: =2 
2x, + 4х 59 
5x, + х + 3x, 55 
with x, = 0,х = 0, х; = 0 


8. Minimize 2, = —12y, + 10у + 15y, 
subject to: -3y + 2%бе 1 
=23 = lye + 142-8 
4y, ы-і Зу» = 5 
2y, + 4% z-] 


with yı = 0, y; unrestricted in sign, у; = 0 
10. Maximize Z, = —12x, + 10х; + 18x, 


subject to: "Ju + 1xs-2 
3x, с 2х, 27-4 
—2x, + lx- 2х,= 9 


with x, = 0, x2 = 0, x, unrestricted in sign 
12. (a) Maximize Z, = 5x, - 3x, 
subject to: 2x, — 6х; 5 -20 
6x, - 2х, = 2 
-бх, + 2х,5 -2 
-4x, + 1х, 5 0 
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14. 


16. 


with x,20,x,=0 
(b) Minimize Z, = -20у, + 2у; - 9у; 
subject to: 2у + буз — 6); - 4y3= 5 
—6y, = 2) + 2y3 + ly, = —3 
with y = 0, уз = 0, y3 = 0, ys = 0 


(a) Minimize 2, = 2x, — 5х, — 3x, 


subject to: 2x, — 4x9 + 3x3 = -14 
Slee + I=, 10 

lx — lx; = —10 

4x, - 952 -6 


with xı = 0, хо = 0, хз = 0 
(b) Maximize Z, = - 14y, + 10у - 10y% - бу; 


subject to: 2y; + 4y s= 2 
—4y, — lyt 1% z-5 
Dit aie — 193—295 $ —8 
with 7120, уз = 0, уз = 0, уз = 0 
Optimal Values of 
Corresponding 
Primal Variables Dual Variables 
Basic: x; = 5.0 (2nd primal decision Nonbasic: s, = 0 (2nd dual surplus 
variable) variable) 
s, = 22.0 (Ist primal slack yı = 0 (Ist dual decision 
variable) variable) 
Nonbasic: x, = 0 (Ist primal decision Basic: sı = 0 (Ist dual surplus 
variable) variable) 
sı = 0 (2nd primal slack yo = 1.0 (2nd dual decision 


variable) variable) |||. 


Optimal Values of 
Corresponding 
Primal Variables Dual Variables 
Basic: yı = 2.0 (Ist primal decision Nonbasic: s, = 0 (Ist dual slack 
variable) variable) 
y, * 2.0 (2nd primal decision з, = 0 (2nd dual slack 
< variable) variable) 
s, = 4.0 (3rd primal surplus з, = 0 (3rd dual decision 
variable) variable) 
Nonbasic: s, = 0 (Ist primal surplus Basic: ху = § (Ist dual decision 
variable) variable) 
% = 0 (2nd primal surplus x, = 4 (2nd dual decision 


variable variable 
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22. 
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Optimal Values of 


Corresponding 
Primal Variables Dual Variables 
Basic: yi = 2.5 (Ist primal decision Nonbasic: s, = 0 (lst dual slack 
variable) variable) 
ж = 2.0 (2nd primal decision $70 (2nd dual slack 
variable) variable) 
sı = 4.5 (Ist primal surplus xı = 0 (із dual decision 
variable) variable) 
Nonbasic: у; = 0 (3rd primal decision Basic: $s = 1.75 (3rd dual slack 
variable) variable) 
ss = 0 (2nd primal surplus x» = 1.00 (2nd dual decision 
variable) variable) 
з = 0 (3rd primal surplus xs = 0.75 (3rd dual decision 


variable) variable) 


Dual formulation: 


Minimize Z = 5y, + 15, 


subject to: - ly =2 
ly + ly = 1 

with yı 20,» 20 

Final tableau: 


Since no c; — Z, value is negative, the solution to the dual problem appears 
to be optimal. Hoawever, since the artifical variable А, which should have 
been driven to zero, is present as a positive (i.e., А, — 2) basic variable in 
the dual solution, the dual problem has no feasible solution. 


Dual formulation: 

Minimize 2 = —10y, - бу, 

subject to: —2y, = Зу, = 3 
-5y - ігі 

with yı = 0, yo = 0 
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Initial tableau: 


Since no c; - 7, value is negative, the solution to the dual problem appears 
to be optimal. However, since the artificial variables A, and Ag, which should 
have been driven to zero, are present as positive (і.е., А, = 3 and A; = 1) 
basic variables in the dual solution, the dual problem has no feasible solution. 


26. Dual formulation: 
Minimize Z = 20у, + 215 — 5y, 


subject to: 4y, + Tyo = ly 2 3 
4y, + 3)» =5 


with Yı = 0, у = 0, уз = 0 


Final tableau: 


Basic 
с Variables 


1 
Unbounded solution indicated 


28. Dual formulation: 
Minimize Z = —ly, - Зу» 


subject to: —ly, + 3y2 2 1 
ly, — 1» = 3 


with Jı = 0, уз = 0 
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Final tableau: 


Т 
Unbounded solution indicated 


30. (а) and (b) 


Basic: 


Nonbasic: 


Optimal Values of 


Primal Variables Corresponding Dual Variables 
ха = 0.33 (2nd primal decision | Nonbasic: s, = 0 (2nd dual slack 
variable variable) 
5з = 0 (3rd dual slack 
variable) 
x, = 0.67 (3rd primal decision 30 (1st dual decision 
variable) variable) 
з = 1496.7 (1st primal slack = 0 (3rd dual decision 
variable) variable) 
ӛз = 28.33 (2nd primal surplus %-0 (4th dual decision 
variable) variable) 
5,7 8.33 (3rd primal surplus ys = 0 (5th dual decision 
variable) variable) 
ss = 8.33 (4th primal surplus y= 0 (6th dual decision 
variable) variable) 
x, = 0 (Ist primal decision Basic: sı = 0.03 (Ist dual slack 
variable) variable) 
$70 (1st primal surplus ye = 0.0012 (2nd dual decision 
variable) variable) 


ys = 0.108 (7th dual decision 


variable) 
—_— il) 


(с) 


Economic interpretation of the primal problem: The primal problem 
seeks to determine the quantities of the various ingredients that should 
be blended to meet the established standards for the dog food, while 
minimizing the cost of the dog food. Note that the objective function 
expresses the total cost of the blend in dollar units, 


Economic interpretation of the dual problem: inasmuch as the objec- 
tive function of the primal problem is in dollar units, its dual coun- 
terpart must also be in dollars. Consider that the right-hand-side con- 
stants in the primal are physical units of the respective nutrients, so 
that the dual decision variables with which they appear in the dual 
objective function must be in units of dollars per unit of the respective 
nutrients. In other words, the dual decision variables denote the im- 
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puted values of the various nutrients. In this light, each dual constraint 
may be interpreted to mean that the total value imputed to the nu- 
trients contained in one unit of every ingredient should be no greater 
than the price of that ingredient. Actually, common sense prohibits 
the purchase of the jth ingredient if its price exceeds the imputed 
value of its nutrient content because a person would not be getting 
his money’s worth. Therefore, the optimal solution will only specify 
the purchase of those ingredients for which the imputed values of 
| their respective nutrient contents are exactly equal to their respective 
| ргїсез. 
l The objective of the dual program is to maximize the total imputed 
value of minimum nutrient requirements, subject to aforementioned 
| constraints. 


| 32. Initial dual simplex tableau: 


Basic 
Variables 


Basic 
c, Variables 


Basic 
Variables 


38. 


Answers to Even-Numbered Problems 


Optimal tableau: 


Solution 
4 


Вавіс 
Variables 


(a) Produce 25 units of toy 2. | 


(b) 
(c) 


(4) 


(е) 


Produce 28 units of toy 3. 

No alternative optimal production schedules are possible. | 
J = $, y = $, y = 0. | 
51 = $, s2 = 0,55 0. | 


Масһіпе Shadow Price 


A $7/9 
B $8/9 
С $0 


$3.50, every unit of toy 1 that is produced under the present set of 
circumstances will cost the company $3.50. 
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40. 


42. 


(a) 


(b) 


(c) 


(d) 


(e) 


(f) 


(g) 


(a) 


Optimal production schedule: 
0 units product 1 
12 units product 2 
21 units product 3 
No alternative optimal production schedules exist. 


Marginal value of an additional hour of time on machine 1 = $7.50. 
Range for б: 
0 


4 -4 0 || 90 + 8, 
NN NU 54 > 
-4---4-1 93 0 


30 + &/3— 18 = 0— 12 + 8/32 0 $,/3 = -12 > 8, = - 36 
—15 - 8,/6 + 36 -0->21- 5/6 = 0-> $,/6 = 21 8, = 126 
—60 — 28,/3 — 18 + 93 = 0 —15 — 28/3 2 0 > 28,/3 = 15 
md 
-і5<б<% (90 - 36) = bi € (90 + %) 

54 <b; = 112} 
Opportunity cost associated with product 1 = $12.50. Each unit of 
product 1 that is forced into production will cost the company $12.50. 
Yes, this would change the optimum production schedule because the 
marginal value for product 1 would become $43.00 — $42.50 = $0.50. 
Thus, this variable (ху) would enter the basis resulting in a change in 
the optimum production plan. 


0 


Range for сә: 

-59 65/5308 2-42 

-% - 8/30 = -Ë 

—10 + 8/3 = 0 $, = 30 

.-% <8 = 30 (40 — Ф) = с; = (40 + 30) 


(B) = ch = 70 
Dual decision variables: J, = 7.5 
y» = 10 
ys = 0 


Marginal value = $55 (contribution margin) — [4 hours on machine 
1 ($7.50/hour marginal cost on machine 1) + 2 hours on machine 2 
($10.00/hour marginal cost on machine 2) + 3 hours on machine 3 
($0.00/hour marginal cost on machine 3)] = $55.00 — $30.00 — 
$20.00 — $0.00 = $5.00 

Therefore, this new product should be produced because it has a 
positive marginal value of $5.00. 


Let x, = number of units of feed 1 used 
x, = number of units of feed 2 used 


Primal problem: Minimize Z, = $0.05x, + $0.03x; 


subject to: 20x, + 30x, z 200 
40x, + 95х = 350 
30x, + 45x, = 430 


ху = 0, х 2 0 
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Initial tableau: 


— 0.029 —0.038 0.038 

0.043 0.004 -0.094 

0 — 0.667 0.667 
—0.0013 + 0.0013 0 
+0.0013 М — 0.0013 0 


Optimal values for primal variables: 


x, = 4.762 


x, = 6381 Minimum Z, — $0.43 


(b) Shadow prices: nutrient 1 = 0 
nutrient 2 — 0.0013 
nutrient 3 = 0 
(c) Third feed cost $0.02 per pound: 
Marginal value of third feed — (35 units of nutrient A x 0.00 marginal 
value for nutrient A) + (30 units of nutrient B x 0.0013 — marginal 
value of nutrient B) + (50 units of nutrient C x 0.00 — marginal 
value for nutrient C) — $0.039 per pound. 
2. Third feed should be used and will change the optimal mix of feeds. 


New solution: 


Wy = 0 
х = 0 Minimum Z, = $0.23 
х = 11.67 


(d) Equivalent to adding a row: 
20x, + 30x, = 250 
20(4.762) + 30(6.381) = 250 
94.4 + 191.43 = 250 

285.83 = 250 


2. Solution does not change. 


X4 ТМЗ а” 
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44. 


46. 


48. 


(а) 


(b) 
(c) 
(d) 


(e) 


(b) 
(с) 
(4) 


(е) 


(а) 


(b) 
(c) 
(d) 


x, = 13,333.33 (fertilizer 1) 
хә = 3,333.33 (fertilizer 2) 
хз = 0.0 (fertilizer 3) 


There are no alternate optimal solutions to the problem since the 
c; — Z; values associated with the nonbasic variables all аге less than 
zero. 

dI Af? y» m 0, ys = 40. 

sı = 0,5 = 0, s; = 5. 

Raw Ingredient Shadow Price 


Nitrite $153.00 
Phosphate 0.0 
Potash 93.33 


Тһе opportunity cost associated with fertilizer 3 is $5.00. 


x, = 200 acres (tomatoes) 

xs = 400 acres (corn) 

Xs 0 acres (cabbages) 

There are no alternate optimal solutions to this problem, since the 
су — 2) values associated with the nonbasic variables in the optimal 
solution are all less than zero. 


yi = 100, у; = 0, уз = 0,5, = 100. 


sı = 0,5, = 0,5, = 380 
Resource Shadow Price 


Labor $100 
Water 0 
Fertilizer 0 

Crop Opportunity Cost 
Tomatoes $0 
Corn 0 
Cabbages 380 
x, = 4 (large-sized trucks) 
x» = 5 (medium-sized trucks) 
x, = 10 (large-sized trucks) 


There are no alternate optimal solutions to this problem, since the 
c, - 2) values associated with the nonbasic variables in the optimal 
solution are all greater than zero. 

= 0, y, = 25,000, уз = 20,000, y, = 10,000, ys = 0,% = 0. 


2 
з = 0,5 = 0,55 = 0. 

Resource Shadow Price 
Purchasing funds $0 
Storage space 0 
Maintenance facilities 0 
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(e) Truck Size Opportunity Cost 


Large $0 
Medium 0 
Small 0 


Chapter 5 The Transportation and 
Assignment Problems 


2. Allocation, Route Cost 
оу en a St LR 
16,000 barrels, А, > $, $ 960,000 
6,000 barrels, В, > 5, 360,000 
12,000 barrels, R > 5; 480,000 
2,000 barrels, R > S, 160,000 
4,000 barrels, В, > 5, 200,000 
10,000 barrels, R; > 8; 500,000 
Totals 50,000 barrels $2,660,000 
4. Allocation, Route Cost 
25 units, O, > D, $ 50 
15 units, О, > D, 30 
20 units, О, > D, 60 Мое: There 
15 units, О, > D, 30 are alternative 


25 units, O; D; 125 optimal solu- 
50 units, Оз > D, 150 tions to this 


5 units, О; > D; 30 problem. 
30 units, О, > Dg 60 
30 units, O, — D; 150 
Totals 215 units $685 


6. Same answer as Problem 5-4. 
8. Same answer as Problem 5-4, 
10. Allocation, Route Cost 


40 units, O, > D, $ 40 


15 units, O; > D, 45 
35 units, Оз > D; 35 
30 units, О, > D, 60 
10 units, Оз > D; 30 
10 units, O, > D, 50 
10 units, O; > D, 40 
30 units, 0, — Di 60 
Totals 180 units $360 


12. Same answer as Problem 5-10. 
14. Same answer as Problem 5-10. 
16. Same answer as Problem 5-10. 
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18. 


20. 


22. 


24. 


26. 


Totals 


Totals 


Totals 


Totals 


Allocation, Route 


4(1000 barrels), R, > S; 
3(1000 barrels), R, > 5; 
17(1000 barrels), Rj > 5, 
20(1000 barrels), Rə > 5) 
10(1000 barrels), Rə — 5; 


16(1000 barrels), Ёз > 5; 
70(1000 barrels) 


Allocation, Route 


15 units, DC; > APA, 
5 units, DC, — АРА, 
25 units, DC; — APA, 
20 units, DC; — APA, 
5 units, DC; > APA, 


5 units, DC; — APA; 
75 units 


$120.00 
50.00 
312.50 
240.00 
55.00 
57.50 
$835.00 


Allocation, Route Cost 


30 units, O, > D, $I 


0 units, Og > D, 0 
20 units, О» > D; 120 
20 units, Оз > Dg 160 
10 units, Оз > 1% 70 
50 units, O, — D, 250 
20 units, О; > Ds 80 
10 units, O, — D; 90 

0 units, O, — D, ono 

160 units $920 

Allocation, Route Cost 


20 units, P, > SM, $ 60 


30 units, P, > SM, 30 
0 units, P, > SM; 0 
10 units, P; > SMe 20 
35 units, P; > SM; 35 
10 units, Р, > SM, 40 
50 units, P4 — SM, 200 
20 units, Рз > SMe 20 
60 units, Р, > SM; 120 
235 units $525 
Allocation, Route Cost 
20 units, O, > Ds $ 140 
30 units, O, — D, 150 
20 units, О, > D, 160 
20 units, O; — D; 120 
20 units, O; — D; 160 
20 units, Оз — D; 140 
50 units, O, — D, 250 


28. 


30. 


22: 


34. 


Answers to Even-Numbered Problems 


40 units, О, > р» 160 
0 units, 0, > Ds 0 
Totals 220 units $1280 
Allocation, Route Cost 
30 units, 5,-> D, $ 150 
50 units, $, > D; 500 
10 units, $, > D, 150 
70 units, S — D, 1750 
0 units, S > D, 0 
200 units, $, > D; 4000 
25 units, $, — D, 375 
70 units, $,— D, 350 
Totals 455 units $7275 
Allocation, Route Cost 
18 units, О, > D, $1080 
2 units, O; — Slack 0 
5 units, Oy > D, 300 
12 units, О, > D, 480 
5 units, О» > Slack 0 
5 units, Оз > D, 250 
10 units, О, > р, 50 
50 units $2610 
Allocation, Route Cost 
3,500 units, О, > D, $ 35,000 
2,500 units, 0, > D; 22,500 


0 units, 0, > D, 0 


4,000 units, O, — D, 12,000 
7,000 units, O, > D; 126,000 
500 units, O, D; 5,500 
1,000 units, О, > D; 6,000 
3,500 units, О, > D, 52,500 
7,500 units, 0, > D 0 
29,500 units $259,500 
Allocation, Route Cost 
55 units, Los Angeles — Cleveland $ 1,100 
100 units, Los Angeles — Reno 2.000 
45 units, Los Angeles — Tampa 1,350 
75 units, Dallas — New York 3,000 
15 units, San Francisco — New York 750 
20 units, San Francisco — Cleveland 500 
70 units, San Francisco — Slack 0 
150 units, Denver — Tampa 5,250 
530 units $13,950 
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36. Allocation, Route Cost 
5(100,000 bushels), Moscow — Corn 150 (100 rubles) 
20(100,000 bushels), Moscow  — Wheat 500 (100 rubles) 
75(100,000 bushels), Minsk — Barley 1875 (100 rubles) 
0(100,000 bushels), Minsk — Wheat 0 (100 rubles) 
100(100,000 bushels), Kiev — Wheat 2000 (100 rubles) 
35(100,000 bushels), Volgograd — Corn 1750 (100 rubles) 
5(100,000 bushels), Volgograd > Wheat 250 (100 rubles) 
40(100,000 bushels), Dummy -> Barley 3200 (100 rubles) 
Totals 280(100,000 bushels) 9725 (100 rubles) 
38. Allocation, Route Cost 
40 truckloads, North Wilkesboro — Raleigh $ 8,000 
0 truckloads, North Wilkesboro — Asheville 0 
15 truckloads, Boone — Charlotte 3,000 
15 truckloads, Boone — Burlington 5,250 
20 truckloads, Hendersonville — Burlington 7,000 
5 truckloads, Hendersonville — Asheville 1,750 
30 truckloads, Dummy — Asheville 21,000 
Totals 195 truckloads $46,000 
Note: All dummy routes prices at $700/truckload. 
40. Allocation, Route Cost 
50 cartons, Plant 1 — Distribution Center 1 $ 3,750 
75 cartons, Plant 2 -> Department Store 1 9,000 
50 cartons, Plant 2 — Department Store 3 6,500 
(Transshipment) 35 cartons, Plant 3 — Plant 2 1,575 
(Transshipment) 50 cartons, Distribution Center 1 —^ Department Store 2 5,000 
$25,825 
Note: Net shipments from Plant 9 = —35 + 75 + 50 = +90 cartons. 
49. Allocation, Route Cost 
25 truckloads, Boise — Sacramento $ 1,500 
75 truckloads, Denver — Albuquerque 3,375 
5 truckloads, Omaha — Albuquerque 300 
45 truckloads, Omaha — Tampa ы 
Тү; і ickloads, Albuquerque -> Houston _ 3,000 
(Transshipment) 50 tru querq $13,800 


44. 


Note: Net shipments to Albuquerque = +75 + 5 — 50 - 30 truckloads. 


Assignment 


Sue — Job 6 
Alice — Job 3 
Elton — Job | 
Janet = Job 4 
Bill -» Job 5 
Yvonne — Job 2 


Time 


5 hours 
3 hours 
5 hours 
4 hours 
3 hours 
2 hours 
22 hours 
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46. Assignment Revenue ($, hundreds) 
Customer 1 — Car 6 16 
Customer 2 — Car 4 17 
Customer 3 — Car 2 15 
Customer 4 — Car 5 14 
Customer 5 — Car 3 15 
Dummy =» Car | _0 

77 

48. Assignment Time, hours 


Mechanic 1 — Job 4 4 
Mechanic 2 — Job 6 4 
Mechanic 3 — Job 5 4 
Mechanic 4 — Job 3 1 
Mechanic 5 — Job 7 7 
Mechanic 6 — Job 2 1 
Mechanic 7 — Job 1 26 


Chapter 6 Goal Programming 


(Note: The solutions to problems 6-2, 6-4, 6-8, and 6-10 were obtained with 
the use of Sang M. Lee's linear optimization for management code; a listing 
of this code can be found in Goal Programming for Decision Analysis (Phila- 
delphia; Auerbach Publishers, 1972). 


9. Let x, = number of hours line / is in operation; j = 1,2 


j=1 lineA 
j72 line B 
Minimize Z = Pd + Pad} + 3Pjdg + 2P4dg + 2P4dj + 3P,di 
subject to: 
Зх + 2x; + аг — df = 228 (production goal constraint) 
xi + 45 - 43 = 40 (operation time goal 


constraint, line A) 
X» + dy — d$ = 40 (operation time goal 
constraint, line B) 
dic чы d 7 5 (overtime operation goal 
constraint, line A) 
with 5&20,j571,2;dy,dt,das,di,ds;d$,dz;,dtzeo 
where 


d; - underachievement of the production goal 
production in excess of the production goal 
underutilization of regular working hours, line A 


шоқ 
мі ғғ 
tou 
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di = overtime operation, line А 
d; = underutilization of regular working hours, line В 
4; = overtime operation, line В 


d, = difference between the actual overtime operation of line A and the maximum 
desired overtime operation of line A 


41 - overtime operation of line A in excess of the maximum desired overtime op- 
eration of line A 


Computer solution: 

45 ді -0 а; 
465 df =0 а; 
Summary of goal achievement: 
Priority ^ Underachievement 


хі 
хә 


А. 
- 

ШЕ! 
= 


N оо A‏ سم 
ооо 5‏ 


The goals that were assigned priorities 1, 2, and 3 were exactly achieved: 
the production goal was exactly satisfied, the overtime operation of line A 
was limited to five hours and the underutilization of regular working hours 
for both lines was avoided. However, both lines did utilize an overtime 
operation that, when weighted by the differential weights assigned to over- 
time operation, yielded an underachievement figure of 29.5 for the fourth 
priority goal: 2(5) + 3(6.5) = 29.5. 


4. Let: ху = number of units of food type j that are included іп 
the diet menu 
1 (cottage cheese) 
9 (fruit) 
3 (yogurt) 
4 (bread) 
5 (carob candy bar) 
Minimize Z = Рі; + Psdj + Psd; + Pyd; + Psd; 
subject to: 9.00х, + 0.10х; + 1.10х + 0.08x, + 0.75х = 25 
(budget constraint) 
995x, + 200x, + 175х; + 150x, + 400х; = 10,000 
(calorie intake constraint) 
0.15x, + 0.95х; + 0.15х; + 0.05x, + 0.08х; = 9.5 
(protein consumption 
constraint) 
x, + dî = 100 (cottage cheese goal constraint) 
xo + dy = 100 (fruit goal constraint) 
x, + 45 = 100 (yogurt goal constraint) 
x, + di = 100 (bread goal constraint) 
x, dg; = 100 (carob candy care constraint) 


with 20, = 1,...,5;47 20j=1,...,5 


uou wow 


1 
J 
J 
7 
) 
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where 


d; = underachievement of the aspiration level for food type /, which was set to ап 
arbitrarily large value, that is, 100; note that the minimization of d; has the 
effect of maximizing the value of x, subject to the constraints specified and the 
prioritization of d. 


Computer solution: 


x, = 0 d; = 100 
ху = 35.714 dg = 64.286 
x, = 0 4; = 100 
x, = 0 d7 = 0 
x, = 7.149 d; = 92.857 


Summary of goal achievement: 
Priority | Underachievement 


100 

100 
64.286 

100 
92.857 


The underachievement figures for the five prioritized goals cannot be in- 
terpreted literally, since the aspiration levels for the goals were set to ar- 
bitrarily large values. However, it can be concluded that the resultant diet 
included Sally’s first and third choice foods (carob candy bars and fruit), 
since the underachievement figures associated with the priority levels were 
less than the arbitrarily assigned values of 100. 


~ N) دن‎ 4 Gg 


Let: x, = number of acres planted in cropj;j = 1,..., 4 
(a) Linear programming formulation and solution: 
Maximize Z = 253х + 443x, + 284x, + 516x, 
subject to: xı + x; + xy + ху = 200 (acreage availability constraint) 
30x, + 45x, + 35x, + 60x, = 10,000  (labor-hour 
availability 
constraint) 
=x; + Xx; = ху + x, = 0 (rotational and market outlet 
constraint) 


with «4207 У: 


Computer solution: 


x, = 0 
x, = 0 
хз = 100 
x, = 100 


Maximum Z = 80,000 (total gross margin) 
(b) Goal programming formulation and solution: 
Minimize 2 = P\dj + Pd; 
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subject to: 253x, + 443x, + 284x, + 516x, + dî — dj = 103,200 
(gross margin goal constraint) 
xı + хә + x3 + x4 dg = 200 (acreage goal constraint) 

30x, + 45x. + 35x, + 60x, = 10,000 (labor-hour 


availability 
constraint) 
—x, + xg — хз + x4 = 0 (rotational and market outlet 
constraint) 
with x = 0, =1,...,4;d7,di,dz =0 


where 
аг = underachievement of the target gross margin level; note that the aspiration 
level for the gross margin goal constraint was set to the highest possible value. 
that is, 516 x 200 


di = overachievement of the target gross margin level; note that this deviational 
variable will be forced to assume a value of zero due to the structure of the 


acreage goal constraint 
d; = underutilization of available acreage 


Computer solution: 
x =0 х= 100 dj = 23,200 dz = 0 
x = 0 x = 100 dj =0 
Note that the goal programming formulation in part (b) yielded the same 
solution as the linear programming formulation in part (a). Total gross 
margin achieved was 80,000 and there was no underutilization of available 
acreage. 
(c) Goal programming formulation and solution: 
Minimize Z = Р.г + Pad; + 5P.dz 
subject to: 253x, + 443x, + 284x, + 516x, + di — dí = 103,200 
(gross margin goal constraint) 
x, + xg ox bx, + 05 = di = 900 (acreage goal 
constraint) 
30x, + 45x, + 35x, + 60x, = 10,000 (labor-hour 
availability 
constraint) 
=x, + xy — x, + x, = 0 (rotational and market outlet ' 
constraint) 


with 5-0)-1,...,444,41,4,44 20 


d; = underachievement of the target gross margin level 
di = overachievement of the target gross margin level 
d; = underutilization of available acreage 

4: = overutilization of available acreage 


Computer solution: 


133.33 x, = 0 dî 10,402.32 d; =0 
IE d dj = 66.67 


пи 


хі 


x, = 133.83 x 
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For this particular goal programming formulation, total gross margin 
achieved was $92,797.68, and the farmer acquired additional acreage to 
achieve this gross margin level. 

(d) Comparison: 

The solution in part (c) provided the higher total gross margin level; how- 
ever, to obtain this higher level, the farmer was forced to acquire 66.67 
additional acres of land. 


Let: x; = number of units produced of product j 
j = 1 product A 
j = 2 product B 
Minimize Z = P,\(dj + dz) + Ps(d$ + dł + dł) + P3(dz + аҙ) 


subject to: xı +d; -dř = 7 (production goal constraint, 
product A) 
х + dg - dł = 10 (production goal constraint, 
product B) 
7x, + xs + dg — dł = 95 (material usage goal con- 
straint) 
3x, ¬ 5x + di — dł = 125 (labor-hour usage goal 
constraint) 
6x, + 4x; + dg — dł = 110 (equipment-hour usage- 
goal 
constraint) 


30x, + 25х + dg — dé = 550 (profit goal constraint) 
with x =0,j = 1,2;d7,d* =0,i = 1,...,6 


where 


d; = underachievement of the desired minimum level for product A 

di = overachievement of the desired minimum production level for product A 
d; - underachievement of the desired minimum production level for product B 
di = overachievement of the desired minimum production level for product B 


ds = amount by which material usage remains below the desired maximum material 
usage level 

d$ - amount by which material usage exceeds the desired maximum material usage 
level 

d; - amount by which labor-hour usage remains below the desired maximum labor- 
hour usage level 


di - amount by which labor-hour usage exceeds the desired maximum labor-hour 


usage level 

d; - amount by which equipment hour usage remains below the desired maximum 
equipment usage level 

dj - amount by which equipment hour usage exceeds the desired maximum equip- 
ment usage level 


46 - underachievement of the target profit level 
d = overachievement of the target profit level 


Computer solution: 
х= 7 dj = 0 а; 
x = 10 4{=0 dj 


ДИ] 
о е 


= 0 dj = 54 d; = 98 dg = 90 
= 0 а; - 


1 
© 
2; 

l 
с 
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Summary of goal achievement: 


Priority ^ Underachievement 
1 0 
2 4 
3 90 


The highest priority objectives of manufacturing at least 7 units of product 
A and 10 units of product B were satisfied. One of the second highest 
priority goals was not achieved: the material usage level exceeded the max- 
imum desired material usage level by 4 units. Also, the resultant profit fell 
short of the specified aspiration level by $90. 


Let: x; = number of pairs of ski j produced; j = 1,...,7 


` Minimize Z = d; + 2d; +4; + 2d, + d; + dg + d; 


subject to: 

3x, + Sx. + 2x3 + 7x, + 5x, + 5x + 3x, = 600 
(resource availability constraint — resource 1) 

9х + 9х + lx+ 3x, + 4х5 + 9х6 2x, = 350 
(resource availability constraint — resource 2) 

бх + 5xot 4x3 + 4x, + 3x, + 2% lxs 450 
(resource availability constraint — resource 3) 

3x, +  9xg-b. Sxy d 9x, 95% 2% lxs 300 


(resource availability constraint — resource 4) 
100x, + 125x + 275х + 275x, + 350х + 250x; + 125x; = 30,000 
(profit constraint) 


subject to: x, + dy — dj = 10 (sales forecast goal constraint 1) 


х + dg — dł = 40 (sales forecast goal constraint 2) 
x, dg — dł = 40 (sales forecast goal constraint 3) 
x, + d7 — dł = 40 (sales forecast goal constraint 4) 
xs + dg — dł = 30 (sales forecast goal constraint 5) 
% + dg — dé = 30 (sales forecast goal constraint 6) 


6 
x, + d; — dj = 30 (sales forecast goal constraint 7) 


with x = 0,ј = 1,..., 7% 47,4) 2 0,ј= Жыт 
where 
d; = underachievement of the sales forecast for ski j; j = 1,....7 
d; = overachievement of the sales forecast for ski j; j = 1,...,7 


Computer solution (weighted linear goal programming formulation): 


x, =0 d; = 10 
х, = 38906 dz = 6.94 
x, = 15.55 dz = 2445 
x, = 26.694 4; = 13.306 
х, = 8.57] dg = 21.429 
x, = 30.0 d; =0 

x, = 30.0 4; =0 


Summary of results: 

The sales forecasts for skis 6 and 7 only were achieved. The failure to meet 
the sales forecasts for the other ski types, especially skis 2 and 4, will result 
in a loss of goodwill for the company. Note that minimum Z = 10 + 
2(6.94) +24.45 + 2(13.306) + 21.429 + 0 + 0 = 96.37. 
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Chapter 7 Network Models 


10. 


12. 


14, 


Flow Assignments 


4 to path 124-7 

4 to path 13-67 

4 to path 1357 

1 to path 124-57 
1 to path 1257 
14 = maximum flow 


Flow Assignments 


2 to path 1247-9 

2 to path 13-689 

2 to path 1->3->8->9 

2 to path 159 

2 to path 125-9 
_2 to path 1252247559 
12 - maximum flow 


Flow Assignments 
14 to path Oilfield-A—D— G— Refinery Note: There is 
15 to path Oilfield— B E— G— Refinery an alternative 
18 to path Oilfield- C F—H-— Refinery optimal solu- 
5 to path OilfieldCA—B—E—G—H tion to this 
— Refinery problem. 
2 to path Oilfield >C—B-D—-E->G—>H 


— Refinery 
_1 to path Oilfield>A—D—E-G- Refinery 
55 = maximum flow 


Flow Assignments 


5 to path Sydney— 1— Beargrass Zoo 

З to path Sydney 3 Beargrass Zoo 

1 to path Sydney» 1—3— Beargrass Zoo 
_1 to path Sydney— 2 Beargrass Zoo 
10 - maximum flow 


Shortest route: О->С->В->А->Е->Т 
Length = 8 days 
Shortest route: О->С->Е->С->Т 
Distance - 19 (hundred miles) 
Shortest route: Center 1center 5—>center 7—center 9—center 10 
Distance — 10.2 miles 
or 


Shortest route: Center 1—center 4— center 5—center7— 
center 9— center 10 
Distance — 10.2 miles 
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16. Shortest route: Entance (1)->4->6->8->ехі (11) 
Distance = 2.4 miles 


18. Resurface now, year 0, and at the end of year 2 or 3, for a minimum total 
cost of $55,000. 


90. Minimum spanning tree — 12 days (time). 


99. Minimum spanning tree — 4500 miles (length). 


24. Minimum spanning tree — 33 miles (length). 


26. 
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2 Event Earliest Time, Latest Time, Slack 
Number Ts T, (Т, — Tz) 
1 0.0 0.0 0.0 
5.0 6.0 1.0 
3 2.0 2.0 0.0 
4 4.0 5.0 1.0 
5 8.0 9.0 1.0 
6 8.0 8.0 0.0 
7 9.0 11.0 2.0 
8 11.0 11.0 0.0 
9 10.0 12.0 2.0 
10 16.0 16.0 0.0 
Critical path 1->3->6->8->10; length = 16.0. 
Чынлы Se a HET TET ee 
Event Earliest Time, Latest Time, Slack 
Number T, T, (Т, - Ту) 
1 0.0 0.0 0.0 
2 6.0 6.0 0.0 
3 13.0 13.0 0.0 
4 19.0 19.0 0.0 
5 16.0 18.0 2.0 
6 25.0 25.0 0.0 
7 32.0 32.0 0.0 
8 40.0 40.0 0.0 
n 00 
Critical path 1->2->3->4->6->7-8; length = 40.0. 
6. (a) 
ee eS ЕН ЕТТЕ АГ ЕТ - 
Activities Estimates Expected Standard 
Predecessor Successor Elapsed Deviation Variance 
Event Event 627 b Time, t, Cue о}, 
ИШЕ ny santa ҮП AI MEE iu 
1 3 1 2 4 2.17 0.5 0.25 
2 3 1 5 5 3.00 0.67 0.45 
2 4 6 8 12 8.33 1.0 1.00 
3 4 2 3 5 3.17 0.5 0.25 
3 5 I 2 2.17 0.5 0.25 
4 6 4 5 9 5.50 0.83 0.69 
5 6 4 6 11 6.50 1.17 1.37 
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(b) 


Earliest Time, T; Latest Time, T, 
Event Expected Expected Slack 
Number Value Variance Value Variance (Т, — Ty) 
1 0 0 0 1.94 0 
2 4.16 0.25 4.16 1.69 0 
3 7.16 0.70 9.33 1.19 2.17 
4 12.50 1.25 12.50 0.69 0 
5 9.33 0.95 11.50 1.37 2.17 
6 18.0 1.94 18.0 0 0 


Critical path: 1->2->4->б; length = 18.0 weeks. 
(c) Probability (meeting scheduled completion time of 16 weeks) 
16.0 — 18.0 
= P| z = == 
( V 1.94 


Ёз p(z = 34) = P(Z > -1.436) 


= 0.0749 
8. (a) Critical path: A3CO D—HoT: length — 30 days 
Total project completion cost = $2705 (regular basis) 


(b) 
Days Shortened Incremental 


by Crash Cost 

Activity Program per Day 
АУС 2 $150 
CD 2 175 
D-H 3 200 
HI 3 200 


1. Crash activities А->С by 2 days and activity C+D by 2 days at an 
added cost of 2($150) + 2($175) = $650. This would reduce the 
total project completion time along path А->С->)->Н->1 to the 
desired 26 days. Note, also, that path A>C->D>GI (originally 
28 days in length) would be reduced to 28 - 2 — 2 = 24 days 
(і.е., below the desired completion time) by the crashing of activity 
А->С by 2 days, and the crashing of activity C>D by 2 days. 

9. Path A—B—E-H-I (29 days) is now the critical path and is 
above the desired 26 days. 


Days Shortened Incremental 


by Crash Cost 
Aetio epum „4...5 
A—B 1 $100 
BoE 2 125 
Е-Н 2 175 
Ше 3 200 
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Thus, crash activity А->В by 1 day and activity BE by 2 days at 
an added cost of 1($100) + 2($125) = $350. This would reduce 
the total project completion time along path A—B—E-H- to 
the desired 26 days. Note, also, that path A>B—D—H-I (orig- 
inally 27 days in length) would be reduced to 27 — 1 = 26 days 
(i.e., the desired completion time) by the crashing of activity AB 
by 1 day. 

Path A C—E-H-I (which has been crashed to 27 days) is now 
the critical path and is above the desired 26 days. 


Days Shortened Incremental 
by Crash Cost 
Activity Program per Day 
АУС 9 5150 
(already crashed) 
СЕ 1 225 
E>H 2 175 
HI 3 200 


Thus, crash activity CE by 1 day at an added cost $225. This 
would reduce the total project completion time along path 
А->С->Е->Н->11027 — 1 = 26 days (i.e., the desired completion 
time). 


Path Activity Shortened Amount Added Cost 

A—C—DHI АС 2 аауѕ $ 300 
C+D 2 days 350 

A—C—D-GI AC 2 days — 
А->В->Е->Н->1 А-В 1 day 100 
BoE 2 days 250 

A—>B—>D>H>I AB 1 day — 
A>C>E>H>] C>E 1 day 225 
$1225 


Total project completion cost = $2705 + $1225 = $2930 
P(meeting schedule for activity A) = 1.0 
P(meeting schedule for activity B) 


107-4110 
= P| Z so 
( v0.50 ) 


ie , — 590 ай 
= p(z = а P(Z = 9.11) 
= 0.017 


P(meeting schedule for activity С) 


“Hes 
0.4 


- p(z = 74) - P(Z < 0.89) 
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P(meeting schedule for activity D) 


Ж (z 414- ЛЫ 
70.80 


4 

-Р(7<---|- - 

( а) P'S = 1:57) 
= 0.058 
P(meeting schedule for activity Е) 

CS ERIT 

= P| Z s — 

( v0.80 ) 


= »(z = a = P(Z = 1.24) 


= 0.893 
12. (а), (b), (с): 


Exp. Activity Earliest Latest Earliest Latest Slack 


Activity Time (Days) Start Start Finish Finish (LS - ES) 
A 3 0 4 3 7 4 
B 5 0 0 5 5 0 
C 6 0 3 6 9 3 
D 2 3 7 5 9 4 
E 8 5 5 13 13 0 
Е 5 3 20 8 25 17 
G 9 6 9 15 18 3 
H 5 13 13 18 18 0 
1 7 18 18 25 25 0 

8 25 25 33 33 0 


(d) Critical path: В->Е->Н->І->). 
Total project completion time = 33 days 


BEEN ORI 
Chapter 9 Integer Programming 


2. x, 21x71 Maximum Z - 3.7 
4. Let x, - the number of a particular type of auditing personnel j(j = 1, 
9, 3); assigned to a particular job ili = 1, 2, 3) 
59500(х + хы + ха) + $1500(х1 + X22 
+ ху) + $500(x13 + Ха + хаз) 
subject to: 5.0x,, + 3.0ху; + 1.0x4, = 20.0 (hours, job 1) 
4.0xg, + 2.5x2 + 0.5x23 = 15.0 (hours, job 2) 
4.5хз + 9.0ху + l5xs = 18.0 (hours, job 3) 


Minimize (total audit cost) Z = 


хи + Xo + ху S15 (senior auditors available) 
Xi + Xo + х0 = 20 (junior auditors available) 
хз + хв + х3 5 25 (clerks available) 


x, = 3, all i and j 
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with xy = 0, all i and j; x, integer, all i and j 
Optimal solution: x, = 3 Xn 2 x43 
rı “| xa "^ $ ry «0 minimumZ = $28,500 
ma? 34-0 xy 3 
Let: ven of games scheduled on court i = 1, 2) of game 
№ = 1, 2, 3). 
Maximize (total hours scheduled) Z = Lx, + 05x, + 1.25x4, + 1.33x,, 
subject to: 1.0x,, + 05x, = 12 hours (availability, indoors) 
1.25 + 1.33x— = 14 hours (availability, outdoors) 


хи = 3.0 games per day 
хи ~= 2.0x,,20 At least twice as many racquetball games 
: = Parl wice mm 


Optimal solution: - = % Xn те Maximum 2 = 24.81 hours 
„= ае 


. X4 = Ox, = 2x, =? Maximum Z = 14 


Let: x, – number of units of ingredient j(j = 1, 2, 3) used. 
Minimize (cost) Z = $1.10x, + $1.25x, + $1.00x, 
subject to: — 30x, + 35x, + 17x, = 100 (reg., vitamin A) 
20x, + 40x, + 11х, = 200 (reg., vitamin B) 
Vx, + 31x, + 9x, = 160 (reg., vitamin С) 
x, zl 
Xs > | 
х, 2 1 
with ху, x, integers 
Optimal solution: x, = l, x: = 4,393, ху =] 
Minimum Z = $7.50 
Optimal routing: A>D+B+C-£-+4 Cost = 610 


Optimum Sequence Changeover Time 


Red to yellow 14 hours 
Yellow to green 8 hours 
Green to blue 12 hours 
Blue to red 15 hours 

49 hours 


Allocation, Route Cost 
ет: мыш 
25 units, 0,— D, $ 50 


25 units, Q0, D, 50 
10 units, 0,—D, 30 
15 units, 0,—D, 30 


45 units, O.>D, 225 
30 units, 0,— D, 90 


22. 


ш 
30 units, О,-+ 0, бо 
30 units, OD, 0 
20 units, OD, 40 
15 units, О, 75 
Total 275 units $650 
x, = 2,x, = | Maximum Z = 10 
Let: x, = 0,1 — the assignment of applicant i to machine j 
Maximize (overall applicants’ ability) Z 
= 30x, + 60х + 60x,, + Әік; + Мк, + Мк,» 55x, + Ake 
+ 40х,, + 35х,, 25x, + 70x, 
subject to: — xy * xg ті 
ЕЛГЕ 
Xs) + х, = 1 (each applicant can be assigned 
X + xa * 1 to only one machine type.) 
ТЕГЕ 
ха + хе 1 
хи + Xa + X4 + x4 + xX + xX, SS 
Хи + Хр + Ху + Хе + Tye + × 5 3 
(no more than three applicants can be 


assigned to any one machine type) 
Xn + ху + хе 2 1 (at least one female applicant must be 
Ха + ху + хе = 1 assigned to each machine type) 
with x, = 0, 1 and integer, for all i and j 
Optimal solution: ху = 0 xy = 1 
xX, = 1 ха = 0 


maximum 7 = 335 


халі xe =0 
ху = 1 xy =0 
x 70 xe = 1 


Let x,y = 0,1 fori = 1,2,...,5;j = 1,2,..., 4 represent the construc- 

tion of plant i in year j 

Minimize (total construction cost) = $100,000x,, + $125,000x,; 
+ $110,000x,, + $130,000x,, 
+ $150,000x,, + 8125,000х. 
+ $175,000х,, + $140,000x;, 
+ $125,000x,, + 8110,000х,; 
+ 8100,000х.; + $170,000x,, 
+ $175,000x,, a $200,000x 4» 
+ $220,000x,, + $250,000x,, 
+ $140,000x,, + $105,000x,5» 
+ $155,000x,, + $135,000x,, 


subject to: хц = E (plant A must be constructed in year 1 or 2) 
хи = 


Xs = d (plant B must be constructed in year 1 or 2) 
х = 
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$100,000s,, + 9125000. + $110,000, + $130,000x,, + $150,000x,, 
+ $125,000, 
* $175,000, + $140,000, + $125,000, + $110,000x,, 
+ 5100.000, 
+ $170,000, + $175,000x,, + $200,000 + $220,000x,, 
+ $250,000 


+ $140,000х„, + $105,000x,, + $155,000x,,  $135,000x,, 
= $500,000 (total company spending limit) 
Xa =y OF к= xy, = 0 
Xe 9X9 OF Xe ~ xs = 0 (plants D and E must be built in the 
хо = Xy ОҒ Xo 7 Xs = 0 same year.) 
Xu Ж, ОҒ Ku “xy, = 0 
with x, = 0, 1 and integer, for all i and j 
Optimal solution: x, = 0 xy = 0 x, * 0 xy = 0 
xn = 0 x» = 0 х. = 0 хн = 0 ( inimum 
x, = 1 ty, =0 x» = 0 x = 0 2 = $500,000) 
540 хот 0 xo, =| xy = 0 ы 
x = 0 Xe = 0 Xs = 1 X4 = 0 
Let: ху = the number of type j Christmas cakes to be baked: j = 1, 
ТАРЕ; 
1-1 (Fudge/Walnut) 
j = 2 (Angel Food) 
j = 3 (Cherry Berry) 
LE „= {у if honey is substituted for sugar 


Я = J 1, if margarine is substituted for butter 
md | 0, otherwise 
Maximize (profit) Z = 5.25x, + 5.89%, + 5.75х, 

ject to: 

3.00x, + 3.75x, + 2.75x, = 500 (flour supply constraint) 

Either sugar or 
1.00%, + 1.25%, + 1.75х, 5 425 + My, 
0.75x, + 1.50%, + 1.375x, = 494 + M(1 - MIS Ep con- 


straint 


0.75x, + 0.50к; + 0.875x = 300 + Му, Either butter б. 
0.625x, + 0.75x, + 0.75х, = 299 + M(1 — y,) | "18: supply 


with x = 0,j = 1,..., 3; yı, = 0 or 1; M is a very large constant 
La: = { if investment j is selected 


i= 1, 20 

Maximize Z = 4.0x, + 8.1х, + 9.3x, + 44x, + 5.0x, + 7.0х 

+ 7.5х; + 3.0х + 5.5ху + 6.3% 
subject to: 125x, + 235x, 2d 320x, + 155x, * 500x, 4 450х, 

+ 100х; + 85x, + 175x + 425хь = 1150 (budget 

constraint) 

Xs 5 X; or x, - x; 0 (contingency constraint) 

X7 Xs + хә + ху = 2 (diversification constraint) 
with x, = Oorl;j = 1,..., 10 
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28. Let: x, = the amount to be shipped from warehouse i to customer j; i = 
i... 2 ТТУ " 


1, if warehouse i is leased 
*" 10, otherwise ie hub 
General notation: 


Ж % 
Minimize Z = Y Y (о, + ty)xy + By 


subject to: zd ы 


Ex, = dij = 1...,5 (demand requirement constraints) 
іі 


ensure that y, = 1 
* 
fSx,>0 


mi 

with х2 0;і = 1,...,5;ј = 1,....5;у -Оогі|,і-|,...,5 

Кемтіцеп: 

Minimize 2 = (0.50 + 0.75)x,, + (0.50 + 0.71)x,, + (0.50 + 0.80)х,, 
+ (0.50 + 0.50)x,, + (0.50 + 0.76)x + (0.55 + 0.82)х„, 
+ (0.55 + 0.89)x + (0.55 + 0.75)х; + (0.55 + 0.65) хь, 
+ (0.55 + 0.75)х, + (0.45 + 0.77)х, + (0.45 + 0.63)х,, 
+ (0.45 + 0.85)х,, + (0.45 + 0.45)х,, + (045 + 0.65)xs 
+ (0.57 + 0.71)х,, + (0.57 + 0.65)x,, + (0.57 + 0.95)xy 
+ (0.57 + 0.80)x,, + (0.57 + 0.59)х„, + (0.48 + 0.68)xy, 
+ (0.48 + 0.55)x4 + (0.48 + 0.99)x + (048 + O.82)x,, 
+ (0.48 + 0.89)x,, + 500у, + 515y, + 5305, + 498, 
+ 505у, 


Zu -a (4) = 21h... 


subject to: 
5 
Y ха = 100 (demand requirement constraint — customer 1) 


5 
Y x = 200 (demand requirement constraint — customer 2) 


5 
У ха = 350 (demand requirement constraint — customer 3) 


5 
У, х. = 400 (demand requirement constraint — customer 4) 


5 
У) хь = 175 (demand requirement constraint = customer 5) 


5 ! 5 
» хі) - 1225y, = 0 (constraint that ensures y, = Қ “Ух, > 0) 
jel 1" 


5 Р 5 
> хә, - 1995у; = 0 (constraint that ensures у; = 1, i xs, > 0) 
ізі i. 


5 5 
У) хз; - 1225y, = 0 (constraint that ensures y = 1, it xs, > 0) 
үзі = 
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5 5 
x» ха) - 1225y, = 0 (constraint that ensures y, = 1, if > x4; > 0) 
ізі ізі 

5 


> хуу - 1225y, = 0 (constraint that ensures y; 
ізі 


LIE ль > 0) 
із! 


with ж c0; = Ba Osh = 1525259 or © Ly 


30. Let y | 1; cat site jas БИШНЕ с МЕКТЕ: 


0, if otherwise 
Let ху = { 1, if district i is assigned to site j } IM 5 


, 


со 


0, otherwise 
General notation: 


5 8 
Minimize (total distance) Z = Ў; br d;xij 
i=l j=l 
8 (constraint ensures that district 
subject to: > xj=l;i=1,...,5 iis assigned exactly one fire sta- 
j= 


tion) 
5 кыр ү (constraint ensures that dis- 
7 MJ 7777 tricts are assigned to a site 
only if site is selected) 
5 А . 
P ue (E Rd cu (constraint is used to 
5; p po; d ЫН tally the number of peo- 
ple assigned to site j if 
site j is selected) 

-»8 (constraint ensures the num- 
ber of people assigned to 
site / is less than 40,000 if 
is selected and 0 if j is not 
selected) 


n; = 40,000y; j = 1,.. 


8 

> c(nj)y; ЕВ (budget constraint) 

j=l 

with xj = Oorl,i=1,...,5;7 = 1,...,8;9; = Oor1,j = 1, 

ARES 

Rewritten: 

Minimize Z = (2х + Зх» + 4x 3 + 5х + 7х + 7хь + 8ху + 11x18) 
+ (Txa + 2х + 1хҙ; + 2x4 + 4x95 + 7x05 + Txa + 8x28) 
+ (бху + 4x39 + 7x33 + 7x34 + lxs, + lxs + 3x57 + 5x58) 
+ (10х + 6x4 + 9хаз + 5х + 3x45 + 7х + Оху + 9хн) 


+ (Пху + 9x52 + 11х53 + 10х + 6x55 + 5xj + 2X57 
+ 4x58) 


8 
subject to: >) x; =1 
j=l 
8 
> ха) = 1 
j=l 
8 
5 хз = 1 
j=l 
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8 
2, ху T 
j=l 
8 
2, 5j EE 


j=1 


5 
> ха 5y, 


5 
b» Хә € бу» 


5 
x xis = буз 
5 
2 ха = Dys 
ігі 
5 
2 Xis = Bys 
5 
2 х = 5) 
5 
> ха = 59? 


5 
> Xis = буз 
із! 
ny = (5000х |, F 2000хә\ 8 2500x3, + 4500х.| 
. + 3000x;5) -0 


ng — (5000х1 + 2000.5 + 2500x535 + 4500х% 
: + 3000x4) = 0 


n, = 40,000), 


ng = 40,00094 
50,000), + 40n, + 55,0005. + 50л: + 60,000y, + 35ns 
+45,000у, + 45n, + 58,000; + 38n; + 48,0005 + 35% 
+50,000у; + 45n; + 52,000y, + 40n, = 1,000,000 
with x; = дог 1,7 = ТРИ ee or вутага ils 


1 if employee j is selected for the team|, ; _ | 7 
. а ы» 

0, otherwise 

1 if Joe Score is selected for the team 

0, otherwise 
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Maximize (total height) Z = 7x, + 5x; + Txs + Ixy + 3x, + 5x; + 4x; 


subject to: 


A 
+++ + + 
= 
N N N 


x + x, = 1 


Xo + Xs FIRES +x +x, = 5 


(constraint to ensure a 
five-person team) 


1 (constraint to ensure at least one forward starts) 

1 (constraint to ensure at least one center starts) 

9 (constraint to ensure no more than two centers start) 
(constraint to ensure at least one guard starts) 


Constraints that ensure 


100y = 0 
ху = 100(1 — y) <0 
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2, 


a 


6. 
8. 


(a) Global maximum at —4 and +4 


Global minimum at 0 
(b) Global maximum at —2 
Global minimum at +2 


See the following graph. 
40 


Local 
maximum 


Local 
minimum 


Global minimum -40 
Local maximum at x, = 2, x = 0 


Kuhn-Tucker Conditions 


(la) 4—X,(2x,— 4)50 
(Ib 3 — (2x: - 9)5 0 
(2a) x,[4 — A,(2x, - 4) = 0 


(2b) x[3 = 1,(2x = 2) = 0 
(3) x — 4x, + x8 - 2x, - 3 50 


Global maximum 


either Joe Score or Nick 
Toss is held in reserve 


x = 0orl,j = 1,...,7;у = бог1 


(c) Global maximum at +5 
Global minimum at —5 
(d) Global maximum at —3 
Global minimum at +3 
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(4 Мо-4 + x3 — 2x, 3) = 0 
(5). „<=! xo O 
(6) ео 
10. Optimal product mix: x, = 80, x» = 0; maximum profits = $773 
12. x, = 4.955, xo = 2.045, А, = 8.405; minimum Z = 21.63 
14. x, = 0.75, x; = 1.25; maximum Z = 3.13 
16. ži 11.111, x; = 27.778; maximum 7 = 211.118 
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2. Shortest route: O—4—B-—D-T Length = 13 


4. Assign first player to AA team 
Assign second player to AAA team 
Assign third player to A team 
Probability (all four teams will win pennant) = 0.1706 


6. 
Assigned Expected 
Course Study Hours Grade Grade Points 
Accounting 20 A 5 
Finance 10 B 4 
Management Science 10 с 3 
Business policy 5 B 4 
Management 5 с us 
8. 
Month Production 
1 6 
2 0 
3 4 
à E: 
Total 16 
Total cost = $35 
Total cost per month = $8.75 
, Number of Power Probability of 
Component Cells Assigned Cost Functioning Properly 
1 3 $ 24,000 0.92 
2 1 40,000 0.94 
3 4 36,000 0.96 
$100,000 


ғасын АЛЫНАЧАК о OU CETERAE 
Maximum overall reliability = 0.92 x 0.94 x 0.96 = 0.8302 
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12. Investment В should be used each year. 
Maximum expected profit = $2200 
Total accumulation = $5000 + $2200 = $7200 


ү. қы КС TT icm 
School District Allocation Test Score 

1 $1 million 50 

2 2 million 80 

3 2 million 2/5 

$5 million 205 
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2. Player A: strategy A, (maximum gain criterion) 
Player B: strategy B, (minimax loss criterion) 
Value of game = 20 (saddle point) 

4. Player E: strategy E, (maximin gain criterion) 
Player F: strategy F, (minimax loss criterion) 
Value of game = 65 (saddle point) 


6. (a) Will not work because V = —§, and it is impossible to obtain a feasible 
solution. 
(b) pı = à (strategy A1) 
f» = 3 (strategy А») 
V = -8 (ie, V' = 0, V" = 8) 
8. (a) Player A: row А; is dominated (eliminated) 
Player B: column B; is dominated (eliminated) 
(b) pi = 4 (strategy Aj) 
p» = 8 (strategy A») 
Үү ={ 
(с) pı $ (strategy Bj) 
po = § (strategy В») 
У = { 
(d У =} 
10. Minimize management's expected wage increases. 
pı (strategy Mı) = 0.00 
p» (strategy Ms) = 0.00 
ps (strategy Мз) = 0.10 
Ра (strategy M4) = 0.90 
V = $0.178 (wage increase) 


12. South Carolina’s Mixed Strategy 


pı (Veer) = 0.714 
p» (Pro-Set) = 0.286 
= 19 points/game scored 
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829 
Clemson’s Mixed Strategy 
qı (5-4-2) = 0.50 
4% (6-3-2) = 0.50 
qs (8-3) = 0.50 


V = 19 points/game allowed 
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2: 
4. 


12. 


L = 3 orders, L4 = 2.25 orders, W = 0.10 hours, Wq = 0.075 hours 
Alternative 1 should be chosen, since the total annual cost for this alternative 
will be approximately $60,500 compared to a total annual cost of $112,500 
for alternative 2. 

Eleven plumbers necessary. 

(а) Ө = 12 customers per minute, s = 1 


A=5 A= 10 А = 11.5 
customers/minutes customers/ minutes customers/ minutes 
b 0.714 customers 5 customers 23 customers 
14 0.298 customers 4.17 customers 22.04 customers 
Ww 0.143 minutes 0.5 minutes 2.0 minutes 
Wq 0.0595 minutes 0.417 minutes 1.917 minutes 


(b) ш = 12 customers per minute, s = 2 


А = 5 A= 10 = 11.5 
customers/minutes customers/minutes  customers/minutes 
L 0.4359 customers 1.0085 customers 1.2443 customers 
14 0.0189 customers 0.1752 customers 0.2860 customers 
Ww 0.087 minutes 0.1008 minutes 0.1083 minutes 
Ид 0.0038 minutes 0.0175 minutes 0.025 minutes 


Keep station as is, since neither alternative will reduce waiting time enough 
to offset additional operating expenses and capital costs. 


N = 4 milling machines needed. 


30 per hour А = 30 per hour 


Аш 

= 35 per hour (decrease by 5) = 45 per hour (increase by 5) 

P, = 0.1429 P, - 0.333 

L = 6.0 orders (increases by 100 L - 9.0 orders (decreases by 33 
percent) percent) 

14 - 5.14 orders (increases by 128 Lq — 1.333 orders (decreases by 41 
percent) percent) 

W - 0.2 hours (increases by 100 W - 0.0677 hours (decreases by 33 
percent) percent) 


Wq = 0.1714 hours (increases by 128 Wq — 0.0444 hours (decreases by 41 
percent) 


percent) 


Answers to Even-Numbered Problems 


16. 
A = 1 car per minute A = 1 car per minute 
» = 0.6 саг per minute p = 0.6 car per minute 
s = 2 tellers s = 4 tellers 
P, = 0.091 P, = 0.1859 
L = 5.429 cars L = 1.74 cars 
14 = 3.763 cars 14 = 0.073 cars 
W = 5.43 minutes W = 1.74 minutes 
Wq = 3.763 minutes Wq = 0.073 minutes 
Results indicate worse queueing system performance with two tellers and 
better queueing system performance with four tellers. 
18. P, = 0.5124 


0.0078 customers 
0.674 customers 
0.002 hour 

W = 0.169 hour 


All operating characteristics of the queueing system decrease. 


20. Waiting time cost (queueing system) = $436.90 
Waiting time cost (queue) = $311.30 


4 
Е 
Т 


Chapter 14 Markov Processes 


2. Brand A = 0.36 (36 percent) 
Brand B = 0.36 (36 percent) 
Brand C = 0.28 (28 percent) 
4. 
(а) 0.56 0.08 0.36 
ре 02,0 0 (not regular) 
04 02 04 


0.56 0.08 0.36 


(b) 08 0 02 
Р = |0 Th (not regular) 


0.584 0.112 0.304 
P’ = | 0.4 02 04 (гершаг) 


0.8 0 0.2 


ТАДА | 
(с) |t 0 021 


UP 
P’ = | 0.8 0 0.2] (not regular) 
0 


Р? = | 0.42 0.16 0.42] (not regular) 
070 0.7 


0.447 0 0.553 
Р' = | 0.642 0.064 0.294 | (not regular) 


0:79 0 0.21 


Chapter 14 Markov Processes 


12. 
14. 


16. 


18. 


20. 


a3 
ЖЕ 


0.2857 
0.3214 
0.3929 


From state 1: Cannot leave. 
From state 2: Can move to state 3. 


From state 3: Can move to state 2. 


..Not ergodic. 


From state 4: Cannot leave. 


Expected first passage time from state 2 to state 3 = uy; = 5. 


и = 2.6, ие = 1.63 


(а) 


(b) 


(a) 


(b) 


Next Week 
Win Lose 
s Win |07 0.3 
This Week Tose E, А 
ті = 3 
тә =} 


ті = 0.40 (probability that Joe decides to go home while in tav- 


ern 1) 

тә = 0.20 (probability that Joe decides to go home while in tavern 
2) 

та = 0.40 (probability that Joe decides to go home while in tavern 
3) 


Expected number of beers from tavern | to tavern 3 = 3.88. 


(a) Beginning State Expected Steps Before Absorption 


(b) 


(c) 


Ss 1.162 + 0.278 + 0.180 = 1.620 
$, 0.147 + 1.162 + 0.163 = 1.472 
5; 0.163 + 0.180 + 1.292 = 1.635 
5 5; 
5, | 0.5842 0.4158 
Probability of absorption = $, | 0.4400 0.5600 
55 | 0.3783 0.6217 
КЎ 5% 
Т' = ($20,316 $24,684) 
Probability 
GIVEN: STARTED AT STATE 2 
(NO CHANGE) 
-10% NO CHANGE +10% 
0.1 0.6 0.3 
0.13 0.52 0.35 
0.139 0.504 0.357 
0.1417 0.5008 0.3575 


Sell after day 2, since the profit probability is increasing at a decreasing 


rate. 
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Chapter 15 Inventory Models 


2. 0% = 2449 candles 1% = 1.9945 months 


4. Q* = 42,425 unis X* = 7071 units ¢* = 5.66 
35,355 units 


6. Q* = 117.3 pairs (use 117) 8% = 85 pairs /* = 0.4692 month 


8. Q* = 34,641 cans 


10. Lowest-cost economic order quantity = 250 units 
Lowest cost — $49,184 


12. Lowest-cost economic order quantity 
Lowest cost (monthly) - $2038 


14. 0; = 72 cases 0” = 384 cases Savings — $117.67 
16. Q* — 11.54 units (use 12) F(R*) — 0.933 


R* = 19.44 units (use 20) 
Reordering cost $ 83.33 
Inventory holding cost (normal inventory) 90.00 
Inventory holding cost (safety stock) 75.00 
Total $248.33 
18. (а) Q* - 70.71 cases (use 71) 
R* = 40 cases 


(b) F(R*) — 0.95 
(c) Safety stock — 5 cases 
Annual safety stock holding cost — $50 per year 


(d) R* = 22.625 cases (use 23) 
$$ = 2.625 cases (use 3) 


(e) Annual safety stock holding cost — $30 per year 


20. Optimum economic order quantity — 500 units 
Expected profit (Q* — 500) - $110 
22. Q* = 23,350 cardboard sheets 


Chapter 16 Simulation Modeling 


2. х„, = 5x, (modulo 3) with Xo = 4 


х=2 x= 1 
= |. x = 9 
х= 2 x= 1 
х= 1 xy =2 
x, = 2 Xi = 1 
4. (а) p=6,0=3 


15,000 gal per month 


Chapter 16 Simulation Modeling 


10. 


12. 


14. 


20. 


12 12 

2 Ю.М. x= 33, RN; -12 

i= іс! 
6.77 x = 3(6.77) – 12 = 20.31 — 12 = 8.31 
3.04 x = 3(3.04) – 12 = 9.12 — 12 = -2.88 
5.84 x = 3(5.84) – 12 = 17.52 — 19 = 5.52 
2.51 x = 3(9.51) – 12 = 7.58 - 12 = —447 
5.12 x = 3(5.19) - 12 = 15.36 — 12 = 3.36 


(b) Mean = 1/6 = 5, 6 = 3. 
aan Іп(1 — К.М.) 


EN 
RN,, x = —5ln(1 — RN) 
0.093 x = —5 In(1 — 0.93) = —51n(0.907) = -5(-0.097) = 0.485 
0.885 х--5іші — 0.835)  —51n(0.165) = —5(—1.807) = 9.035 
0.534 x = —5In(1 — 0.534) = —51n(0.466) = —5(—0.763) = 3.815 
0919 x = —5In(1 — 0.212) = —51n(0.788) = -5(-0.238) = 1.190 
0.201 x = —5In(1 — 0.201) = —51n(0.799) = -5(-0.224) = 1.120 


Note: The following answers are dependent upon the generation and use 
of random numbers. Thus, they should be considered as approximate an- 
swers, and your answer may vary from those shown. 


Average waiting time in the system ~ 20 minutes. 
Percentage of time store is idle — 29 percent. 
Expected probability of arrival = 0.47. 
Based on the simulated number of orders received over 25 days (~ 75) and 
the total number of machine days required to process these orders (=210), 
the company would need to have nine machines. With nine machines, the 
Ace Job Shop will have 25 days in which a machine is idle (total cost of idle 
machine time = $375) and 33 days in which there is a back order (total 
cost of back ordering = $330). 
Based оп 50 plays of this game, you would lose = $175 or = $3.50 per 
play of the game. 
(а) Ending monthly balance = $2400 
(b) Highest monthly balance = $2400 

Lowest monthly balance = $800 

Average monthly balance = $1763 
(a) Average trip time = 8.5 days. 
(b) Average trip time = 7.7 days. 
r = random number = P{X = x} = | 3/24 

0 


е-е 

x = Wr, usen = 20 observations. 

(a) By crude Monte Carlo method, mean = 0.75. 
(b) By complementary random numbers, mean = 0.76. 
High: 8 forwards 

Low: 3 forwards 

Average: 6.2 forwards 

Nite: There are no maior injuries in the simulated 15 


-game season. 


Answers to Even-Numbered Problems 


22. Research and development strategy 1: Average yearly profit = $43 million 


24. 


26. 


Yearly profit range: $39 million — 


$49 million 
Research and development Strategy 2: Average yearly profit = $86.5 mil- 
lion 
Yearly profit range: $78.5 million 
- $98.5 million 


Aqua Tech, Inc., can expect higher profit with research and development 
Strategy 2. 


(a) Observation Random Observation Generated Value 
ر ا © 0 اا ب ا‎ ше اال‎ 


1 0.923 4 
2 0.658 3 
3 0.207 2 


(b) Cumulative distribution function: 0, х<0 
F(x) = 4x/10, 0<х<10 


1, 4 70 
Random Observation Generated Value 
0.923 9.23 
0.658 6.58 
0.207 10107 
(c) Cumulative distribution function: 0, х<0 
F(x) = 44х°, 0<х<9 
in xu 
Random Observation Generated Value 
0.923 1.921 
0.658 1.622 
0.207 0.643 
_ In[R.N,] 
EIE: 
Observation Random Number Generated Value for x 
1 0.111 0.7327 
2 0.459 0.2596 
3 0.987 0.0044 
4 0.334 0.3655 
5 0.285 0.4184 


Chapter 17 Decision Analysis 


22 


(а) а), аҙ (minimax loss = —9) 

(b) a,(maximax payoff = 15) 

(c) а:(тіпітах гертеї = 3) 

(d) a,(minimum expected loss = — 12.2) 


Chapter 17 Decision Analysis 


12. 


(а) a;(minimum expected loss = — $4220) 


Weather Optimal Bayes’s Expected 
Forecast Action Loss 

Excellent а, —$4782 
Good а, - 4139 
Роог а - 9918 


(c) Expected value of the optimal decision with sample data = - $4222. 

(d) Expected value of the sample information = |-$4222 — $4220) = 
$2. 

(e) Expected value of perfect information = $55. 

(f) Efficiency of information, E, = % = 0.036 = 4 percent. 


(а) a,(minimum expected loss = — $4,000,000). 


(b) 
Geologic Optimal Bayes’s Expected 
Classification Action Loss 
Uranium deposits highly likely а, — $6,885,500 
Uranium deposits possible а, - 4,710,000 
Uranium deposits unlikely a, - 3,990,000 
Uranium deposits impossible аз - 1,227,750 


(с) Expected value of the optimal decision with sample information = 


— $4,128,440. 
(d) Expected value of the sample information = |-84,128,440 - 


84,000,000| = $128,440. 
(e) Expected value of perfect information = $600,000. 
(f) Efficiency of information, E, = $128,440/600,000 = 0.214 = 21 per- 


cent. 


Тһе decision tree analysis should produce results that parallel those ob- 
tained for Problem 17-4. Thus, the expected loss at the initial decision 


node = —$4222. 
The decision tree analysis should produce results that parallel those ob- 
tained for Problem 17-6. Thus, the expected loss at the initial decision 


node = —$4,128,440. 
Note: Answers will vary according to the set of certainty equivalents you 
select. A typical answer might be: 


Monetary (Certainty Utility 
Point Payoff Equivalent) Index 


1 $ 1,000,000 0.00 
2 100,000,000 1.00 
3 60,000,000 0.50 
4 40,000,000 0.25 
5 80,000,000 0.75 


Utility function—see following graph. 


Answers to Even-Numbered Problems 


Utility 


-100 -90 -80 -70 -60 -50 -40 -30 -20 -10 0 10 20 30 40 50 60 70 80 90 
Monetary payoff (50,000) 


UTILITY TABLE 
State of Nature 


0,: Bad 05: Average Өз: Ideal 

Farming Plan Weather Weather Weather 
Plant small acreage 0.12 0.20 0.25 
Plant half of acreage 0.05 0.25 0.47 
Plant entire acreage 0.00 0.37 1.00 


EMV (prospect 1) = $122.50 

EMV (prospect 1) = $160.00* (optimal decision, expected monetary 
value) 

EU(prospect 1) = 0.55* (optimal decision, expected utility) 
EU(prospect 2) = 0.52 
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ABC classification, inventory control, 
569—570, 597 
Absolute maximum, 418, 442 
Absolute minimum, 418, 442 
Absorbing Markov chains, 552—554, 
559 
Absorbing state, 550, 559 
Achievement function, goal 
programming model, 250, 279 
Ackoff, R. L., 219 
Activity, 292, 320, 332, 349 
most likely, 334 
optimistic, 334 
pessimistic, 334 
time, 334 
Adding constraint, linear 
programming problem, 160—162 
Adding variable, linear programming 
problem, 162-163 
Additive congruential method, 609, 
644 
Additivity, linear programming, 35— 
36, 48 
Advertising allocation, linear 
programming, 44—46 
Airline production problem, integer 
programming, 360—361 
Algebraic approach, linear 
programming, 77-80 
Algorithm, 9, 20, 74, 80, 362 
Aliasing, 637, 644 
All-integer programming problem, 
368, 373—377, 400 
Alternative optimal solution: 
assignment problem, 226 
goal programming, 269 
linear programming, 100—101, 124 
transportation problem, 215 
Analog models, 10, 20 
Analytical technique, management 
science, 607, 644 
Anticipated price change model, 
inventory control, 579-581 
Applications of Markov models, 554— 
556 
Arc, 292 
Aristotle, 4 
Arnoff, E. L., 211 
Arrival distribution, 514-515 
Arrival rate, queueing models, 513, 
534 
Artificial variable, 89—93, 124 
Aspiration level, 250, 279 


Assad, Arjang A., 346 
Assignment model, 14, 20 
Assignment problem, 183, 218-226, 
229, 390 
balanced, 219 
branch-and-bound method, 390-397 
column reduction, 220—224 
converted cost matrix, 226 
Hungarian method, 219-225 
matrix reduction, 219 
maximization problem, 225-226 
row reduction, 220—224 
total opportunity cost matrix, 219 
unbalanced, 225 
Avranches Gap Situation, game theory, 
499-501 


Babbage, C., 4 
Babcock, G. D., 4 
Backorder, 571 
back-ordered, 571, 597 
cost, 571 
Backward induction process, 454, 480 
Backward pass, 349 
Bacon, Е, 4 
Balanced assignment problem, 219, 
229 
Balanced transportation problem, 183, 
229 
Balas, E., 362 
Balking, queueing models, 511, 534 
Bartee, E. M., 633 
Basic feasible solution, 76, 124, 751 
Basic infeasible solution, 76, 124, 751 
BASIC programming language, 7, 626 
Basic solution, 75, 124, 750-756 
Basic tree, 194, 229 
Basic variable, 55, 77, 82, 750-756 
Basis, 750-756 
in linear programming, 77, 124 
in transportation problem, 186 
Basis matrix, 81, 86, 124, 157-158, 
163 
Bayes’ decision procedure, 667-670 
with data, 668-670, 684 
without data, 667-668, 684 
Bayesian probabilities, 659, 686 
Bayes’ Theorem, 726-727 
Bell, Walter, 320 
Bellman, R., 451, 453 
Bellman's Optimality Principle, 453 
Best bound rule, 397, 401 
Beta distribution, 334, 349 


Bill of materials, 589—590, 597 

Biles, W. E., 642 

Binary variables, 362, 401 
decision variable, 363 

Binomial distribution, 731-732 

Bird, M. M., 271 

Bivalent variables, 362 

Bland, R. G., 99 

Blackett, P. M. S., 5 

Blending problem, linear 

programming, 38-40, 88-93 

Blocker, J., 271 

Bradford, D. A., 16 

Bram, J., 638 

Branch, 249, 292, 320 
capacity, 293-302 

Branch-and-bound algorithm, 362, 

377-397 

bound step, 380 
branch step, 379-380, 401 
completion step, 380 
fathomed by bounding, 380 
fathomed by infeasibility, 380 
fathomed by integrality, 380 
fathoming step, 380 
initialization step, 378-379 
stopping rule, 380 

Branching rules, 381 

Brown, D. С., 714 

Buchanan, B. G., 715 

Buckles, B. P., 16 

Busacker, R. G., 292 

Byrn, Judson E., 718 


Calculus, 739-741 

Calculus-based solution procedures, 
423-436 

Calling population, queueing theory, 
511, 534 

Candy bar formulation problem, linear 
programming, 88-93 

Capital budgeting problem: 

integer programming, 369 

Cardinal scale, 679, 685 

Car wash simulation example, 612-614 

Cauchy-Schwartz inequality, 427 

Central composite designs, 639, 644 

Centralized activity, 710, 718 

Certainty equivalent, 680, 685 

Chain, 292, 320 

Chance node, 612 

Change, Yih Long, 211, 308, 315, 340, 
384, 494, 531, 549, 613, 675 


837 


Change in basis, 84-87 
Change in coefficients of objective 
function, 155-157 
Change in right-hand side values, 157— 
159 
Channels, queueing system, 512, 534 
Chapman-Kolmogorov equations, 
543-546, 559 
Characteristics of input process, 
queueing models, 512 
Characteristics of queueing theory, 
510-511 
Charnes, A., 919, 249 
Chemical blending problem, linear 
programming, 32 
Chi, Uli H., 480 
Chi-square goodness-of-fit test, 630— 
631 
Choypeng, Paibon, 228 
Churchman, C. W., 219, 702-703 
Classical probabilities, 659, 686 
Classification of basic solutions, 151 
Cleaning of New York City, simulation 
case study, 642—644 
Cochran, W. G., 633, 637—638 
Coefficients: 
column minima, 188 
column minima rule, 188, 229 
column reduction, 221-224 
combinatorial analysis, 727 
commensurate goals, 279 
constraint set, 81 
objective function, 29, 33, 81 
Communications network problem, 
spanning tree, 312-317 
Comparison of queueing models, 521- 
523 
Complementary random numbers, 
636, 644 
Completion of branch and bound, 380, 
401 
Components, simulation, 621, 644 
Computerized linear programming 
package, 109-121 
Computers: 
management information systems, 
711 
management science, 5, 7,711 
solving linear programming 
problems, 109-116 
Concave function, 419—423, 443 
Concavity, 419-423 
Conditional distribution, 668 
Conditional probabilities, 668, 725 
Conditional relationships, 363 
Conflicting goals, 255-257, 264-269, 
279 
Congruential methods, additive, 
multiplicative, mixed, 609 
Connected set of cells, 194, 229 


Connected graph, 292, 320 
Constant demand-no stockouts, 
inventory model, 572-573 
Constant demand-shortages allowed, 
inventory model, 574-575 
Constrained optimization, 424-425, 
428-429 
multivariate, 428—429, 443 
univariate, 424—425, 443 
Constraints, 7, 12, 21 
Constraint set, 7, 29, 33, 48, 81 
Contingency relationships, 363, 402 
Continuity, linear programming, 36, 
48, 360 
Continuous change model, 632, 644 
Continuous probability distribution, 
611, 732—734 
Continuous review inventory system, 
572, 597 
Continuous time process, 542, 559 
Continuous uniform distribution, 734 
Control report management 
information system, 711, 718 
Converted cost matrix, assignment 
problem, 226 
Convex function, 419—423, 444 
Convexity, 419—423 
Convex set, 58, 422, 444, 753—754 
Conway, R. W., 630, 632, 634 
Cooper, R. W., 249 
Corollaries to dual theorem, 142-146 
Cost: 
curves, 625 
determination process, 624—626 
effective model, 701, 718 
function, 32 
minimization problem, linear 
programming, 32 
Cox, G. M., 633, 637-638 
Cox, J. F., 15, 16 
Crash, activity times, 350 
Critical actitivies, 350 
Critical path, 335, 350 
Critical Path Method (CPM), 14, 332- 
349 
Crowder, J. G., 5 
Crude Monte Carlo sampling 
approach, 635-636 
Cumulative distribution function 
continuous, 611 
discrete, 611 
Current basic variable, 81 
Customer arrivals, queueing model, 
511-513 
Customer order frequency 
distributions, 622-624 
Cut, maximum flow problem, 303, 320 
Cutting-plane, 372-377 
algorithm, 372-377, 401 
constraint, 372-377, 401 
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Cycle, 292, 320, 572—573, 597 
Cycling, in linear programming, 98, 
124 


DaCosta, J., 16 
Dannenbring, 6 
Dantzig, G. B., 5, 28, 74, 99, 204 
Dash, Gordon, 266, 440, 578 
Data Base, 21, 718 
Data Base, management information 
systems, 17, 711 
Davis, Ronald R., 559 
Davis, E., 346 
Davis, O. L., 637—638 
Decentralized activity, 710, 718 
Decision alternative, 659—660, 685 
Decision analysis, 15, 659—686 
anlaysis models, 15, 21, 659-686 
general framework, 659—661 
postal automation technology, case 
study, 682—684 
Decision making under certainty, 661— 
664, 666—672, 685 
Bayesian approaches, 666—672 
decision-making under certainty, 
664—666, 684 
decision-making management 
information system, 712, 718 
expected loss, 661—663 
Ew opportunity loss, 661, 663— 


expected value, 661—662 
gaming approaches, 664—666 
Decision node, 672—673 
Decision Sciences Institute, 16, 702 
Decision Sciences, 16 
Decision support system, 17, 21, 713- 
714, 718 
Decision theory, 659-686 
Decision tree, 672—678, 685 
chance node, 673—674 
decision node, 672—673 
diagram, 673 
Decision variable, 7, 12, 21, 29, 33 
linear programming problem, 29, 82 
transportation problem, 200-203 
Degeneracy, 95-99, 124, 200-904 
Degenerate basic feasible solution, 55, 
85, 96, 124 
Degenerate solution, 203, 229 
Dekluyver, C. A., 271 
Demand destination, 183, 229 
Demand during lead time, 581—584 
Dependence relationships, 363 
Dependent demand, 587, 597 
Descriptive model, 10, 21 
Descriptive statistics, 727-729 
Determinant, 426, 444 
Determining target inventories of 
wood chips, 595—597 


Index 


Deterministic coefficients, linear 
programming, 36, 48 
Deterministic demand, 572 
Deterministic dynamic programming, 
456—471, 480 
Deterministic inventory models, 572— 
581, 597 
anticipated price change, 579— 
581 
quantity discounts, no shortages, 
577-579 
simple-lot-size model, constant 
demand, no stockouts, 579-579 
simple-lot-size model, constant 
demand, shortages allowed, 574— 
575 
uniform replenishment rate, 
constant demand, no shortages, 
575-577 
Deterministic model, 11, 21 
Deviational variables, 251-254 
Diet problem: 
goal programming, 271-273 
linear programming, 36-38 
Differential calculus, 423-436, 739— 
741 
Differential weights, goal 
programming, 251, 280 
Digital computer, 5 
Dijkstra, E. W., 304 
Directed branch, 292, 390 
Discrete change model, 632, 644 
Discrete functions, 611 
Discrete probability distribution, 611, 
729-730 
Discrete time process, 542, 559 
Discrete uniform distribution, 731 
Distribution, probability, 334, 339, 
611-612, 729-737 
beta, 334 
conditional probability, 668 
continuous probability, 611-612 
discrete probability, 611 
exponential, 517 
joint, 668 
marginal, 668 
normal, 339-340 
Poisson, 518 
posterior, 668 
prior, 667 
uniform, 608-609 
Distributions systems simulation 
model, case study, 705-707 
Dixon, W. Ј., 633 
Doig, A. F., 362 
Dominance, 498 
Dominated strategies, 497-498, 501 
Draftee Assignment in the Royal Thai 
Navy, 227-228 
Dual basic solution, 145 


Dual problem, 140-146, 160 
economic interpretation, 146-150 
standard form, 140 

Dual simplex algorithm, 140, 150-154, 

166, 373-377, 390 

Dual Theorem, 142 

Dual Variables, 143-144, 166 

Duality, 140-146, 160 

Duality Theory, 140, 166 

Due date, 592, 597 

Due date of planned order receipt, 592 

Dummy activity, 333, 350 

Dummy column, 209-210 

Dummy destination, 209 

Dummy origin, 213, 229 

Dummy row, 213, 229 

Dynamic model, 11, 21 

Dynamic programming models, 14, 21, 

451-480 
Bellman's optimality principle, 453 
multiperiod production scheduling 
problem, 459-468 
multiplicative recursion relationship, 
468-471 
policy decision, 452 
recursion relationships, 454-456 
shortest route problem, 456-459 
stages, 452-454 
states, 452 
under certainty, 456-471 
under uncertainty, 471-473 
Dynamic Programming for Improving 
Log-Cutting Operations at 
Weyerhauser Company, 478-480 
DYNAMO programming language, 
626, 640-642 


Earliest finish time rule, 337 

Earliest time, 335, 350 
earliest finish, 336, 350 
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